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The electrostatic contribution to the excess free energy of mixed micellization, considered to be the most
important contribution for ionidnonionic mixtures of hydrocarbon-based surfactants with similar tatl
lengths. was calculated for mixtures of sodium dodecyl sulfate and three different nonionic surfactants
at two salt concentrations. A simplified analytical molecular thermodynamic approach was used where
the electrostatic free energy contributions of both the pure ionic and mixed micelle were obtain~ by
applying an approximate solution of the Poisson-Boltzmann equation. The results show that in geri~8l
the excess free energies are not symmetrical with respect to the micellar composition. However, it is shO.'WIi
that even in this case the equations for the micellar properties given by the molecular thermodyn~jc
approach at the optimal micellar composition remain identical to the ones produced by the phase separation
approximation. including the expressions for the activity coefficients as a function of the excess free energy.
Important differences in the activity coefficients, which determine the system behavior, are illustrated
when either symmetric or asymmetric excess free energies are considered.

Introduction
Surfactant systems used in applications of surfactants

are often mixed. Considerable theoretical and experi-
mental work 1-18 has been done in the last several years
to understand the properties of these complex systems.

A molecular thermodynamic theory of mixed surfactant
solutions. which allows the prediction of certain thermo-
dynamic properties. has been developed recently.z-4.,16-18
At the optimal micellar composition. an equation for the
mixture critical micelle concentration (cmc) is obtained
which is identical to the expression derived in the context
of the pseudophase separation model using the regular
solution theory with an empirical (constant) interaction
parameter p:4.

ofthemixrore and puresurfactants A and B. respectiy;ely.
as is the overall surfactant composition. and Y A andys are
the micellar activity coefficients of surfactants A and B.
respectively.

The micellar activity coefficients can be calculated using
the expressions

YA = expfP(l - (l)~/k71 (2)

YB = exp{pa.2/k7) (3)

I/~mlx = a/YACMA + (I - aJ/YBCMB (I)

().{mtx. l:MA. and ().{B are the critical micelle concentrations
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where fJ is the interaction parameter for mixed micelles
and a is the optimal micellar composition, namely, the
composition at which the free energy for mixed micelli-
zation attains its minimum value, k is the Boltzmann
constant. and Tis the temperature. The values a and a.
= 1 refer to pure surfactant A and a and a. = 0 refer to
pure surfactant B.

Unlike the case of regular solution theories which
involve an empirical parameter fJ by fitting experimental
cmc values, the molecular thermodynamic approach
provides a way of predicting fJ for a given surfactant
mixture.2-4.16-18 The rigorous theoretical treatment re-
quires a very complex calculation of all contributions to
the free energy of micellization including the micellar
mixing nonidealities resulting from electrostatic and steric
interactions between the surfactant hydrophilic heads and
from the packing of the surfactan+.: hydrophobic tails of
unequal lengths in the micellar core. A simplified version
of the theory assumes that. for binary mixtures of
hydrocarbon-based surfactants. the main contribution to
the interaction parameter comes from the electrostatic
interaction between the surfactant's charged heads. The
approximation is made that the electrostatic free energy
contribution to the mixed micelle is proportional to the
square of the average charge per monomer, and an
approximate analytical solution to the Poisson-Boltz-
mann equation is applied to calculate the electrostatic
free energy contributions of the pure ionic surfactant in
order to obtain the proportionality constant. This simpli-
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them. This difference in the activity coefficients is likely
to become more important when more rigorous calculations
of the nonlinear contributions to the free energy of
micellization are done. particularly for more complex
surfactant structures.

Theory
In the molecular thermodynamic approach. a simplified

analytical model for the free energy of mixed mlcelllzation
per monomer gives the following equation:2

gmic(a.)
al'mk: + (I - a)g8m1c + «(I - a)~~ +

k71«ln « + (I - a) In(1 - a») (4)

where ~iC and ~c are the free energy of micellization per
monomer of pure surfactants A and B. respectively. ~c
reflects contributions due to specific intrarnicellar inter-
actions.and the last temt corresponds to the free energy
(entropy) of mixing the tails of the two surfactant species
in the mixed micelle.

The excess free energy. given by the tenn 11(1 - a) /'m':c

is zero for an ideal system. In the case of real systems
there are two main contributions to the excess free
energy: one associated with interactions between the
hydrophobic moieties of the two surfactants A and B in
the micellar core and another asscciated with the elec-
trostatic interactions between the charged hydrophilic
moieties of both surfactants. For binary mixtures of
hydrocarbon-based surfactants. the first contribution is
considered negligible. particularly when the tail lengths
are not too different.z-4 Therefore. in this approximation.
to calculate the interaction parameter b given by gA~c' we
only need to calculate the excess free energy due to the
electrostatic interactions. This is done here for a nonionid
ionic surfactant mixture.

The following expression will be used to calculate the
electrostatic free energy per monomer of creating a charged
surface for both the pure surfactant and the mixed
micelle:4.19.20

g(a) = 2kTz(a){ln[x(a) + (I + x(a.}~I/ZJ -
[(I + x(a)z)1/Z - 1)/A'(a) -

[2/~a)r(a.)K.(a») m[I/2 + 1/2(1 + x(a)~1/2)} (5)

where z(o.) is the magnitude of the average charge per
monomer and is given by the abso11.rte value of

OZA, + (1 - a)~
z(a) (6)

with ZA and '4J being the charges of the surfactants A and
B. respectively; x(a.) is given by

x(a.) = (1/2) [4.1t"oo(a.)/ kTEK(a.) I (7)

where e is the electronic charge. e is the solvent dielectric
constant, and "(0.)-1 is the Debye screening length given
by

fied Mworking modelw has been used to calculate P values
for a number of anionidnonionic and cationidnonionic
systems with and without salt added. Values for a few
anionic/cationic systems have also been obtained.4

For ionidnonionic mixtures. the interaction parameters
calculated in this way are dependent only on the molecular
structure of the ionic surfactant and on the amount of salt
added to the system. The nonionic surfactant is not
considered at all in the calculation.

We have calculated excess free energies for mixed
micellization considering the electrostatic contribution to
be the most important one for hydrocarbon-based surf-
actants having tails of similar lengths. However. these
contributions are obtained by using directly the ap-
proximate~olution to the Poisson-Boltzmann equation
(or the calculation of the electrostatic free energies in both.
the pure ionic surfactant and the mixed micelles. The
excess free energies obtained by these calculations depend
on the molecular structure of both surfacta:nts and are
found not to be. in general. synunetrical with respect to
the micellar .tomposition. To illustrate this dependence.
a simple molecular model of the micelle will be used to
treat mixtures of an ionic surfactant. sodium dodecyl
sulfate (SDS). and three different nonionic surfactants at
two salt concentrations. The three nonionic surfactants
differ only by the length of their hydrocarbon tails. being
equal. 12 greater .16 and smaller8 than 12 carbons. the length
of the ionic hydrocarbon tail. Since the nonionic heads do
not contribute to the electrostatic free energies. they are
not considered in this approximation.

Excess free energies which are proportional to 0.(1 - 0.)

are characterized by a constant interaction parameter p.
as the ones used in regular solution theory}S However.
when asymmetrical excess free energies are considered.
P parameters become a function of the micellar composition
and eqs 2 and 3 can no longer be used to calculate the
activity coefficients. It will be shown that asymmetrical
excess free energies (which yield P(o.) parameters) in the
molecular thennodynamic theory require the use of the
same more general expression for the activity coefficients
as in the pseudophase separation approach.9 In other
words, the relationships obtained using the molecular
thennOdynamic approach at the optimum micellar com-
position are identical to those obtained using the
pseudophase separation approach. for both the symmetric
and asymmetric excess free energy cases. The expression
for the activity coefficients is the same in both approaches.
having a dependence on dfJ/do. which becomes zero when
P is a constant.

It will also be shown that the interaction parameter
calculated for an ionidnonionic surfactant mixture at a
value of the ionic micellar molar fraction close to zero is
equal to the negative of the electrostatic contribution to
the free energy of micellization of the pure ionic micelle.
This particular P value is the previously reported constant
interaction parameter for all values of the micellar molar
fraction.4

The activity coefficients calculated for symmetric excess
free energies of mixed micellization may differ to a large
extent from those obtained for asymmetric ones. To
illustrate this point. a comparison was made between the
activity coefficients calculated using the asymmetric
~cess free energy corresponding to a nonionidionic
surfactant mixture and the activity coefficients obtained
for the same system but using a symmetric excess free
energy corresponding to a constantp equal to its average
value. Although our simple molecular mOdel and theo-
retical approach only allows for qualitative estimates of
these quantities. a significant difference is found between

K(a) = (SnC(a)if/Ek7)l/2 (8)

where C(a) is the bulk ionic concentration. q(a) is the
surface charge density. and r(a) is the radius of the
spherical charge distribution.

This equation is valid for charges distributed over a
spherical surface of radius r and for fully dissociated I: 1
ionic surfactants and salts. This expression. derived from
an analytical approximation to tho nonlinear Poisson-
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Figure 1. /{a) and.8(a) in units of kTasafunctionofmicellarcomposition for a mixture of sodium dodecyl sulfate and a C12 nonionic
surfactant at a salt concentration of 0.5 M.

Boltzmann equation. is precise as long as the product
"(0.) 1'(0) > 1/2.19.20

For the case of an ionidnonionic surfactant mixture (ZA
= 1. Z8 = 0), the excess free energy per monomer g;.(o.) due
to the electrostatic interactions can be expressed as

g(a) -If
~(a) = a(1 - a)p

and therefore
(9)

(10)
P(o.) = g(o.) - a./'

0.(1 - a.)

Equation 5 will be used to calculate the electrostatic free
energy of micellization per monomer for both the pure
surfactant (g') and the mixed micelle (g(a)).

There are two particular cases when the value of the
interaction parameter is constant and given by the
negative of the electrostatic conbibution to the free energy
of micellization of the pure ionic micelle. To show it, we
will write the electrostatic free energy of micellization as
g(a) = 2kTaJ(a). where J{a) is given by the curly brackets
in eq 5. Substituting this expression for g(a) in eq 10. we
get

previously.4 However. there is no reason for this ap-
proximation to be always valid. and therefore jJ values
are in general dependent on micellar composition. whiCh
only means that the excess free energies may not be
proportional to the product a(l - oJ.

On the other hand. for any system. /(0.) goes to zero for
small values of a.. and hence. we have from eq 11

(1(0) = -2kTJ(I) = -~
which is the constantjJ value given earlier. As mentioned
before. this expression depends only on the properties of
the ionic sulfactant but not on those of the nonionic one.4

In the next section. eqs 5 and 11 will be used to calculate
electrostatic excess free energies and jJ(oJ values for
mixtures of sodium dodecyl sulfate (SDS) and three
different nonionic surfactants with different tail lengths.
at two salt concentrations. When the excess free energy
is proportional to the product of a and (1 - oJ. the jJ will
be constant. Otherwise. these parameters will be a function
of the micellar composition.

In these calculations we will assume the existence of
spherical micelles only. To make sure that this is the case.
bulky heads for the nonionic surfactants and a maximum
salt concentration of O. 5 M of added salt will be considered.
The bulky heads create a large steric repulsion which
does not allow the formation of cylindrical micelles. Salt
concentrations larger than 0.5 M screen the electrostatic
interaction to such an extent that SDS cylindrical micelles
begin to form.2.2-Z4

(11)

When the assut:nPtion is made that the excess free energy
is proportional to the square of the average charge per
monomer,4 g(a) = aZ2kTf(l) and then 1{<X) = a.f(l).
Equation 11 yields .B(ci) = (-2k7) J{1) = -g' in this case.
which is the expression for the constant p value given

Results

To use eq 5 for the calculation of the electrostatic free
energy. it is necessary to know several parameters as a

(19) Mitchell, D. J.: NInharn, B. W. J. Phys. Chem. 1983, 87, 2996.
(20) Evans, D. F.; Nlnham, B. W.. J. Phys Chern. 1983, 87, 5025. (21) Nlshlkido. N. J. Colloid Interface Sci. 1977. 60. 242.
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micellar compo$ition (alpha!.
Figure Z. Excess free energy in units of kTas a function of micellar composition for two mixtures of sodium dodecyi sulfate: one
with a C 12 nonionic surfactant at a salt concentration orO.5 M and the other one with a C 16 nonionic surfactant at a salt concentration
of 0.08 M.

function of the micellar composition. These are the average
charge per monomer z(o.). the bulk ionic concentration
C(a.). the surface charge density a(a.), and the radius of
the spherical surface charge distribution 1"(0.).

For an ionic/nonionic surfactant mixture, the average
charge per monomer is equal to z(a) = a.. for monovalent
surfactant heads. The bulk ionic concentration will be
given by the monomer concentration plus any salt added:

C(o.) = Csurt<a.) + Csalt (12)

The surface charge is given by

,Ma)z(a)e
A(a)

<1(0.) = (13)

where N(00) is the total number of surfactant molecules
in the micelle and A(a) is the area of the spherical surface
charge distribution. The change in the total number of
surfactant molecules in the micelle as a function of the
micellar composition is approximated by a linear rela-
tionship. N(00) = aNA + (1 - Oo)f-le. where NA and Na are
the aggregation numbers of the pure micelles. These
aggregation numbers have been obtained by4

3 3
(4/3)nrcA-

VcA
~~

VcBNA= Ns= (14)

where rcA and roB are the radius of the micellar core of

(22) Missel. P. J.; Mazer. N. A.; Benedek. G. B.; Young. C. Y.; Carey
M C. J. Phys. Chem. 1980. 84. 1044.

(23) Mlshlc. J. R.; Fisch. M. R J. Chem. Phys. 1990. 92. 3222.
(24) Hayashi. S.; Ikeda. S. J. Phys. Chern. 1980. 84.744.

pure surfactants A and B and V cA and V cD are the volumes
of the hydrocarbon chains that make up the micellar core
for pure surfactants A and B, respectively. The values for
these radii have been estimated by assuming that they
are approximately equal to the fully extended (all trans)
length of the linear hydrocarbon chain of the surfactants.
However, an assumption is made that the CHz group
adjacent to the hydrophilic moiety lies within the domain
of hydration and therefore does not belong to the micellar
core.4

The area of the spherical surface charge distribution
A(a) is given by 41Cr(a)Z, where r(a) is equal to the radius
of the micellar core plus the distance of the surface of
charge from the micellar core water interface. This
distance is estimated from the known chemical structure
of the ionic hydrophilic moiety and includes the length of
one CHz group and will be approximated as a constant for
all values of the micellar composition.

We selected to study a combination of an anionic
surfactant, sodium dodecyl sulfate, and three different
nonionic n-alkyl poly(ethylene oxide) surfactants with t4e
same,lZ larger ,16 and shorter' number of carbon atoms in
the tail than the ionic surfactant. To minimize additional
free energy contributions to the excess free energy due to
the mixing of tails of different lengths, the maximum
difference studied is of 4 carbon atoms in the tail. In this
work only the electrostatic contribution to the excess free
energy is considered, and therefore the free energy
contributions due to the difference in tail lengths between
both surfactants or due to the heads of the nonionic
surfactants are not taken into account.

The function /(a) for the above systems was calculated
for two cases. The first one corresponds to a salt concen-
tration of 0.5 M and the second one to a salt concentration
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micellar composition (alpha)

Figure 3. 1(a) andfJ(a) in units of kTas a function of micellar composition for a mixture of sodium dodecylsulfateand a Cl6 nonionic
surfactant at a salt concentration of 0.08 M.

centrations due to the screening of the electrostatic
interactions between the charged heads.

In general, it can be seen that the interaction parameters
are seldom constant, which means that the excess free
energies involved will not be symmetrical.

Discussion
The main conclusion from the above results is that the

excess free energies of mixed micellization are found, in
general, not to be symmetrical with respect to micellar
composition. This conclusion is in agreement with fmdings
obtained by some authors.9.21 It then becomes important
to find out what are the consequences of having fJ values
which are not constant.

In the molecular thermodynamic approach! eqs 1-3
are derived when the mixture cmc is expressed as a
function of the optimal micellar composition for the case
of symmetric excess free energies (constantfJ values). Since
the excess free energy should be written, in'general, as

~(a.) = P(a)a.(l - a)

this expression was used for the optimization of the
micellar composition in this thermodynamic approach.
The result of this derivation for the cmc was found to be
eq 1 again. However. the expressions for the activity
coefficients are now given by

Y A = exp(l/ k1) (P(o.) (I - «)2 + 0.(1 - 0.)2 dfJ(o.)/do.)

(15)

(16)YB = ~p(l/k7}IP«(1)(12 - (12(1 - (1) dP«(1)/d(1)

of 0.080 M. The highest salt concentration is 0.5 M to
avoid the formation of cylindrical micelles. The lowest
concentration is 0.08 M because then the condition that
,,«<)1'(0.) is equal to or greater than 1/2 is satisfied at all
micellar molar fractions. This condition is required for eq
5 to yield reliable results. Figure 1 shows a plot of J{o.) and
.8(0.) versus 0. for the SDS/CI2 ionidnonionic surfactant
mixture with 0.5 M NaCI. It can be seen that the J{o.)
graph is close to a straight line where J{o.) = aJ(1). A plot
of the excess free energy for this system as a function of
micellar composition shows it to be symmetrical as
illustrated in Figure 2. Therefore. the calculated.8 values
should remain practically constant over the whole com-
position range, as they do in Figure I. It should also be
mentioned that the .8(0) = -1.41 value a~ees with the
constant value predicted for this system. Thus. a sym-
metrical excess free energy which can be written as g(o.)
= 0.2 f(l) will be characterized by a J{0.)=aJ(1) straight line
plot and will yield a constant .8 value.

Figure 3 shows a plot of J{o.) and .8(0.) versus 0. for the
SDS/CI6 ionidnonionic surfactant mixture with NaCI
0.080 M.. Since the cmc for the pure ionic surfactant is 10
times smaller than the salt concentration. there is no need
to consider the contribution of the SDS monomers to the
solution ionic strength. According to eq 11. the magnitude
of .8(0.) will be given by the slope of the line drawn between
J{l) and f(o.). It can be seen from Figure 3 that this slope
is low at micellar molar fractions close to I. and higher
at 0. values close to zero. The.8 calculated for this system
shows the expected change from higher to lower values
in magnitude as the value of 0. is increased. The corre-
sponding asymmetrical excess free energy for this system
is given in Figure 2.

The.8 values obtained for the three different surfactant
mixtures at the two salt concentrations are shown in
Figures 4 and 5. All .8(0) values for the three nonionic
mixtures at a given salt concentration are the same since.
as mentioned previously. these particular values depend
only on the ionic surfactant and the salt concentration.
Furthermore. these values decrease at higher salt con-

These expressions are identical to the activity coef-
ficients produced by the phase sepal dtion approximation.'
Thus. both the molecular thermodynamical approach at
the optimum micellar composition and the phase separa-
tion approximation yield the same results for symmetrical
and asymmetrical excess free energies. This conclusion is
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Figure 4. .8 values in units of kTas a function of micellar composition for three mixtures of sodium dodecyl sulfate and a C8, C 12,
and Cl6 nonionic surfactant at a salt concentration of 0.5 M.
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Figure 5. p values in units of kTas a function of micellar composition for three mixtures of sodium dodecyl sulfate and a C8. C 12.
and C 16 nonionic surfactant at a salt concentration of 0.08 M.

in agreement with a recent paper on the subject. IS excess free energies are considered. a comparison was
Naturally. for the symmetric case the terms with the made for the SDS/nonionic Cl6 surfactant mixture with
derivative do not contribute and eqs 2 and 3 are obtained. 0.08 M salt added. The activity coefficients calculated using

To illustrate the differences between the activity the corresponding asymmetric excess free energy and the
coefficients produced when symmetric and asymmetric activity coeffICients obtained for the same system but using
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a syrnrnetric excess free energy COITesponding to a constant
f3 equ.al to its average value are shown in Figure 6.
Although our simple theoretical approach and molecular
model allows only for qualitative estimates of these
quantities. a significant difference is found. This difference
in the activity coefficients. whim are the parameters which
control the system behavior. may become more important
when more rigorous calculations are done using more
complex molecular structures.

Activity coefficients for surfactant systems are generally
obtained by using experimentally measured critical micelle
concentration values and applying well-known equations
developed using the regular solution theory which involve
the use of eqs 2 and 3. where a symmetrical excess free
energy and a constant f3 parameter is assumed.Z5 However.
composition-dependent f3 parameters obtained by this
procedure have been reported for some surfactant
systems. 10.26- 30 It is important to note that these reported

values are just an indication that the excess free energy
is not symmetrical. but should not be used to calculate it.
Instead. eqs 15 and 16 rather than eqs 2 and 3 should be
used in the determination of the activity coefficients.

.
I.
I
l

,

!

!

l

I
I

therefore the system behavior. may- be quite different
depending on whether symmetric or asymmetric excess
free energies are considered.
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ing the correct asymmetric excess free energy and those calculated
If sodium dodecyl sulfate and a C 16 nonionic surfactant at a salt

Conclusions

The electrostatic contribution to the excess free energy
of mixed micellization. considered to be the most important
one for ionidnonionic mixtures of hydrocarbon-based
surfactants with similar tail lengths. was calculated for
mixtures of sodium dodecyl sulfate and different nonionic
surfactants with taill2ngths of 16. 12. and 8 carbon atoms
at two different salt concentrations. A simplified analyticaJ
molecular thermodynamic approach was used where the
free energy contributions of both the pure ionic and mixed
micelle were obtained by applying an approximate solutiOil
of the Poisson-Boltzmann equation. The following con.
clusions are arrived at from the above: (a) Excess free
energies for mixed micellization are generally asym.
metrical. and therefore the interaction parameters arE
not constant with respect to micellar composition. (b) ThE
molecular thermodynamic and the phase separation
approaches yield the same equations for the mixed cm<
and activity coefficient-.. for both the symmetrical ant
asymmetrical cases. (c) The activity coefficients. ant


