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MULTISCALE ANALYSIS OF LINEAR EVOLUTION EQUATIONS
WITH APPLICATIONS TO NONLOCAL MODELS FOR HETEROGENEOUS
MEDIA ey ek, Kk

QIANG Du', ROBERT LiPTON? AND TADELE MENGESHA®

Abstract. The method of two scale convergence is implemented to study the homogenization of
time-dependent nonlocal continuum models of heterogeneous media. Two integro-differential models
are considered: the nonlocal convection-diffusion equation and the state-based peridynamic model in
nonlocal continuum mechanics. The asymptotic analysis delivers both homogenized dynamics as well
as strong approximations expressed in terms of a suitable corrector theory. The method provides a
natural analog to that for the time-dependent local PDE models with highly oscillatory coefficients
with the distinction that the driving operators considered in this work are bounded.

Mathematics Subject Classification. 74Q05, 74E05, 74H10, 45F99, 45P05.

Received January 17, 2014. Revised February 20, 2015. Accepted September 14, 2015.

1. INTRODUCTION

A popular approach to model and analyze the effect of heterogeneities across macroscopic length scales is given
by the theory of homogenization. This approach is now highly developed for continuum models described by
partial differential equations. Recently, studies of nonlocal models have attracted much attention. For example,
for the mechanics of materials deformation and failure, a nonlocal peridynamic (PD) continuum theory has
been introduced by Silling in [31] and subsequently extended in [32,33].

The PD formulation is distinguished in its ability to seamlessly evolve both smooth and discontinuous de-
formation in a way useful for describing propagation of singularities. Peridynamic modeling in the presence of
heterogeneities is challenging; however recent work offers proposals for the modeling and simulation of composite
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material systems using peridynamics [6,7,18,19,21]. These approaches are of the top down type and are based
on a volume averaged approach so that forces acting across macroscopic length scales are spatial averages of
forces acting across smaller length scales. A more explicit account of heterogeneities has also been considered
within the peridynamic model at the computational meshing level, see for example [21]. On the other hand,
in the peridynamics framework, bottom up multiscale approaches are given in [2,25]. Here local field interac-
tion between heterogeneities are modeled directly. The work in [2] provides a systematic and rigorous method
for developing multiscale approximations to solutions of bond based peridynamic problems in fiber reinforced
media. The approach delivers homogenized dynamics and strong approximation using correctors. A similar but
mathematically distinct analysis for the stationary case is provided in [25] for the more general time-independent
state-based model. In contrast to the latter, the present work is focused on time-dependent model problems.

Besides the nonlocal peridynamic theory, there are also other nonlocal evolution equations of practical in-
terests. The so called nonlocal convection-diffusion equations [13] provides nonlocal extensions of the classical
convection-diffusion equations. It can be used to describe general stochastic jump processes. For heterogeneous
media, we may encounter cases in which the jump rates are spatially dependent and vary on both fast and slow
scales. This leads to another example of homogenized dynamics of nonlocal evolution equations.

In this paper, we build on earlier work on local homogenization [3,9,14,15,27,29,34] and develop a framework
for identifying the homogenized evolution and corrector theory for linear evolution equations associated with
integral bounded operators defined over a heterogeneous medium. To describe the main results in this paper, let
us consider the nonlocal convection-diffusion equation for simplicity. Suppose that 2 is an open and bounded
subset of RY, and Y is the unit cube in R? for some d > 1. Given a continuous function ©(x,y) that is periodic
in y, and an integrable even function p(&€) we consider the nonlocal highly oscillatory operator

cat) = [ o =) (€ (x. 2 ) utx) 0 (x. X)) ) ax

and the nonlocal convection-diffusion equation

ug(x,t) = Leut(x,t), for x € 2, >0

e _ X (1.1)
u®(x,0) = ug (x, ;) , for x € 2,

for a given sufficiently smooth initial data ug(x,y). For 1 < p < oo, the operator L. : LP(§2) — LP(£2) is
a uniformly bounded (in €) linear operator. As a consequence, corresponding to each ¢ > 0 and 7" > 0 a
unique solution u® € C([0, T]; L*(£2)) exists to (1.1). Moreover, the sequence of solutions € is also bounded in
C*([0,T]; L*(£2)). One of the main results of this paper is the qualitative study of the asymptotic behavior of
u® as € — 0. It is not surprising that reflecting the presence of high oscillations in the “coefficient” ©(x,x/¢),
the solutions u® will also have high fluctuations. We will use the notion of two scale convergence to capture the
fast and slow scales of fluctuation of u¢. To that end, we will prove the following theorem.

Theorem 1.1. The sequence of solutions u® to (1.1) two scale converges to u(x,y,t) in LP(£2 X Y'), where u
solves the two scale evolution equation

{ut(x,y,t) = Lou(x,y,t), for (x,y) € 2xY, 0<t<T
u(x,y,0) = uo(x,y), for (x,y) € 2.

X
Moreover, for each t € [0,T], x — u(x, —,t) gives a strong approzimation in the sense that
€

i 1) = (3 ) iy = 0

€
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The two-scale operator Ly presented in the above theorem is given by
Lontey) = [ [ ol =) Oy )ulx ) - Ox.y)ulx.y)) dx’ dy

is a bounded linear operator on LP ({2 xY"). We notice that from the two scale convergence, u® actually converges

weakly in L? to u (x,t) = / u(x,y, t)dy making it the effective or homogenized solution. Rewriting u(x,y,t) =
Y

uf(x,t) + w(x,y,t), the implication of Theorem 1.1 is that w(x,x/e,t) serves as a corrector as the strong
approximation result in Theorem 1.1 states that for each ¢ € [0, T

luc(-,t) — uH(~,t) —w(-/e,t)]|r — 0, ase— 0.

A similar result as Theorem 1.1 will be proven for the heterogeneous peridynamic equation of motion in Section 4.
We note that the results and the approach used have similar structure as in the work in [2]. However this work
is distinct from [2] in many technical details. To begin with, the focus in [2] is the implementation of the method
of two scale convergence to the study of the homogenization of bond-based peridynamic models. The current
work is focused on the more inclusive and technically involved state-based model. The bond-based peridynamic

model considered in [2] was also specific and is based on the interaction kernel p(&) = E in R? (this corresponds

to the linearized bond-stretch model given in [31]), whereas in this paper we consider any positive even integral
kernel p, based on the linearized model given in [33]. To handle this major difference, the technical approach
implemented is also significantly different. A consequence of this is that, for example, the strong approximation
results in [2] is valid for 3/2 < p < oo and uses the function space C(§2; LF . (Y)), while in this work it is
valid for all p € (1, 00) and uses the function space LP((2; Cper(Y')). The implementation of the approach to the
convection-diffusion equation is also another distinctive feature of this paper.

In this paper we consider nonlocal multiscale convection diffusion equations with kernels having oscillations
over the length e relative to the horizon size. This choice is made to illustrate how a non-local homogenized
operator is recovered in the limit. The analysis of the heterogeneous multiscale equation of motion is carried out
in the presence of two length scales of interaction. The small length scale is associated with small inhomogeneities
interacting over a microscopic horizon of length e. The larger length scale is fixed and represents nonlocal
interaction over a mesoscopic horizon of order unity. Other choices for the scaling of horizon and kernel can be
made and this is the subject of future study. See the discussion in Remark 4.1 in Section 4.

The plan of the paper is as follows. The notion of two scale convergence and other main ingredients are
reviewed in Section 2. In the same section, we will provide a rundown of the asymptotic analysis program we
will be using. In Section 3, the proof of the above theorem is given with proper detail for the non-local linear
convection-diffusion equations. Homogenized and corrector evolution equations will be provided for v and w
as coupled systems. The program will also be implemented to the state based peridynamic evolution system in
Section 4. In the two model problems, the solution of the original evolution equation is represented by a strong
L? approximation of the sum of the homogenized evolution and the corrector that directly encodes the effects
of local oscillations in the medium.

2. TOOLS AND PRELIMINARY RESULTS

We develop the asymptotic analysis of time-dependent problems of the form
{ ug(x,t) = Pouf(x,t) + be(x,t), forx € 2.t >0 2.1)
u‘(x,0) = uf(x), for x € £2, '

where for positive integers k and d, 2 € R? is an open bounded domain, and P, : LP($2; R*) — LP($2; R*) is a
family of bounded linear operators parametrized by € > 0 with the uniform bound

sup ||Pe|| < M < oo,
e>0
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for some positive constant M. Here, the parameter € characterizes, say in the case of nonlocal diffusion models,
the scale of heterogeneities or fine scale oscillations of material properties, and ||- || denotes the operator norm for
operators defined on the space L?(£2; R*) with 1 < p < co. For notational convenience, we write u(t) = u‘(-, t),
and b.(t) = b.(-,t) in the sequel.

The above uniform bound on P., with respect to €, is a special feature that distinguishes this discussion from
the homogenization theory of time dependent PDEs where the associated operators are typically unbounded
elliptic partial differential operators from LP(§2;RF) to LP(£2;R¥).

For applications to periydnamics, we are also interested in the equation of motion which involves second
order time derivatives such as

{ uy, (t) = Peu(t) + be(t) (2.2)
u‘(0) = uf and uf(0) = v§. '
It can be formulated as an abstract evolution equation in LP(£2;R¥) x L? (12 R*) given by
Us(t) = PBU + b,
U= 0
UL(0) = U

where

Ue(t) = (8?;22)), Us = (38) b (1) = (beo(t)), and B, = (78 é)

Here the notation I denotes the identity map in LP(£2; R¥) and we also have
sup B[ < C,
>0

We easily see that the forms of (2.1) and (2.3) are the same except formal notational change. Thus any result
presented for (2.1) can be readily modified for (2.3). For completeness, we present the results for (2.1) and (2.2)
in parallel without repeating the technical proofs.

2.1. Existence of a solution to the abstract equation

The following theorem presents the existence of a unique solution to the abstract time-dependent Prob-
lem (2.1) which can be proved by standard semigroup theory [17,26,28]. Our main objective is to state the
appropriate bounds on the solution which will be used in the multiscale analysis.

Theorem 2.1. Assume that the sequence ug is uniformly bounded in LP ({2 Rk) with respect to € > 0. Suppose
that T > 0 and that b*(-,t) is uniformly bounded in C([0,T]; LP(£2;R¥)) with respect to € > 0. Then we have
the following result.

(1) Equation (2.1) has a unique classical solution u® € C*([0,T]; LP(£2;R*)) which is given by
t
u‘(t) = e'Peuf +/ et=5)Pch(s) ds. (2.4)
0

(2) The sequences (u)eso is a uniformly bounded sequence in C([0,T]; LP(£2;R*)) with respect to € > 0. i.e.

sup sup {[lu(t)|[zr + [|Ou(t)|zr} < oo

€e>0t€[0,T]
The proof of the theorem follows from standard semigroup theory, see for example [28]. The uniformly bounded
sequence of linear operators P is a generator of the uniformly continuous semigroup {etpﬁ }+>0, where for each ¢

o

m
tPe __ n
€ - Z;) E(Pe) :
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As a consequence the inhomogeneous abstract time-dependent problem (2.1) has a unique classical solution
u € C([0,T]; LP(£2;R*)) given by the “variations of parameters” formula (2.4). Moreover, from (2.4) there
exists C' > 0 independent of € such that

sup [[u(t)| Lo (o;re) < C.
te[0,T]
that follows from the assumption of the uniform boundedness of u§, b, and the fact that ||| < '™ where

M = sup||P.].
e>0

By the equivalence between (2.2) and (2.3), we get as a direct consequence to the above the following result.

Theorem 2.2. Assume that the sequences ug, vg are uniformly bounded in LP(£2;R®) with respect to € > 0.
Suppose that T > 0 and that b*(-,t) is uniformly bounded in C([0,T]; LP(£2;R¥)) with respect to € > 0. Then
we have the following result.

(1) The sequence P is a sequence of uniformly bounded linear operators on LP(£2;R*) x LP(£2;R¥).
(2) Equation (2.2) has a unique classical solution u® € C*([0,T]; LP(£2;R®)) which is given by

u®(t) = C(tPe)ug + S(tP) v + /0 S((t — 7)Pe)b®(7) dr. (2.5)

(3) The sequences (U)o, is uniformly bounded, with respect to € > 0, in C*([0,T]; LP(£2;R*)). i.e.

sup sup {[u(t)][ s + [Opu(t)llze + 1070 (B)][Lr } < oo.
e>0te[0,7)

In the above theorem the operators cosh and sinh are defined as

oo
t2n

C(tpg) = Z W (’Pe)n
n=0 '
e t2n+1
S(tP) = @nt 1) (Pe)"

n=0

Using the equation (2.4) on the abstract time-dependent problem (2.3) and taking out the first component
of U¢, we obtain an explicit formula for the solution u® of (2.2) given in (2.5).

2.2. Two scale convergence

In this paper we apply the method of two scale convergence to study the homogenization of equations of
type (2.1) and (2.2). We begin with the definition of two scale convergence and state some results. The content
of the discussion in this subsection is standard. We are presenting it here to introduce the necessary definitions
and to clarify their relations especially for functions that are defined in space and time, as most often such
properties are only used for functions of spatial variables in the literature.

2.2.1. Definitions of two scale convergence

1 1
Let p and p’ be two real numbers such that 1 < p,p’ < oo and = + — = 1. We rely on the definition
p p

and properties of vector-valued function spaces such as L'(£2; Cper(Y)) found in [23]. We want to point out
quickly that if f € L'(£2;Cper(Y)), then f can be identified with f(x,y) in £2 x R?, f is of Caratheodory type,

f €LY xY), and that for all € >, f(x, f) is measurable. See ([23], Thm. 4) for other function spaces.
€
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Definition 2.3 (Two-scale convergence [3,27]). A sequence (v) of functions in LP({2), is said to two-scale
converge to a limit v € LP(2 x Y) if, as e — 0

/Qvf(x)w (x, %) dx — /QXY v(x,y)U(x,y) dxdy

for all ¢ € LP/(Q; Cher(Y)). We often use v° 2 v to denote that (v) two-scale converges to v.

We note that if (v) is bounded in LP({2), the space Lp/((); Cper(Y)) can be replaced by CZ°(§2; Cpe,(Y))
in Definition (2.3) (see [23]). A motivation for Definition 2.3 is given by the following compactness result of
Nguetseng (see [27] and Allaire [3]).

Proposition 2.4. Let (v°) be a bounded sequence in LP((2). Then there exists a subsequence and a function
v € LP(2 xY) such that the subsequence two-scale converges to v.

For time-dependent sequence of functions v°(x, t) one slightly modifies the above two-scale convergence to allow
for homogenization with a parameter, see [9,14,15,29,30]. In this case, the variable ¢ will serve as a parameter,
and the modification involves devising a convergence mechanism that does not seek oscillatory behavior in
ve(x,1) in the ¢ variable. To do that in the definition of the two scale limit we restrict the class of test functions
to ¢ € L” (2 x (0,7T):; Cher(Y)) instead of ¢ € LV (22 % (0,7T); Cher(Y x [0,1])). The following definition makes
this precise.

Definition 2.5. A sequence (v°) of functions in LP(£2 x (0,T)), is said to two-scale converge to a limit v €
LP(2x (0,T) xY) if, as e — 0

/ ve(x, 1) (x, t, §> dxdt — v(x,y, t)(x,t,y) dxdtdy
2x(0,T) € 2x%(0,T)XY

for all ¥ € L? (2 x (0,T); Cper(Y)).

A two-scale compactness result similar to (and as a consequence of) Proposition 2.4 holds for time dependent
bounded sequence of functions as well and is stated in the following proposition.

Proposition 2.6. Let (v°) be a bounded sequence in LP(£2 x (0,T)). Then there exists a subsequence and a
function v € LP(£2 x (0,T) X Y') such that the subsequence two-scale converges to v.

Proof. Applying Proposition 2.4 over the domain §2 x (0,7) and Y x [0, 1] being the corresponding unit cube,
there exists a subsequence (not labeled) and o(x,t,y,7) € LP(£2 x (0,T) x Y x [0,1]) such that

/ ve(x, t) (X,t, E, E) dx dt — o(x,t,y, T)Y(x,t,y,7)dxdt dy dr
Q € € 2x[0,T]xY x[0,1]

for all ¥ € L (22 x (0,T); Cher(Y x [0,1])). Observe that the space inclusion LP (2 x (0,7); Cher(Y)) C
Lp/((Z x (0,7); Cper(Y x [0,1])) holds and that in Definition 2.5 we test the sequence v.(x,t) against ¢ €
LY (2 x (0,T); Cper(Y)). It then follows from the preceding convergence that as e — 0,

/ ve(x, 1) (x, t, §) dx dt — o(x,t,y, T)¥(x,t,y) dxdt dy dr
Q € 2x[0,T]xY x[0,1]

for all ¢ € L (£2x(0,T); Cper(Y)). Applying Fubini’s theorem and iterating the integral, the limit integral can
be written as

Bty 7)) dxdidy dr = | v, £,y (%, 1, y) dx dt dy

/_QX[O,T]XYX[O,I] N2x[0,T]xY
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1
where v(x,t,y) = / 0(x,t,y,7)dr. To complete the proof we apply Fubini once again to observe that v €

LP(92 % (0,T) x V). 0

For a function u(x,y) € LP(£2 x Y;R*), we may define the average function (u)(x) for almost all x € £2

() = [ ulxy)dy.
Note that (u) € LP(£2;R¥) and that applying Fubini’s theorem and Minkowski’s inequality

{WllLe ) < lullzeexy)
Based on the above definitions and together with their natural extensions to vector fields, we record two well
known results on two-scale convergence that can be found in [23].
Lemma 2.7.
1. Let (v¢) be a bounded sequence in LP(2 x (0,T); R*) that two-scale converges to v € LP(£2 x Y x (0,T); R¥),
then v¢ — (v)(x,t) weakly in LP(£2 x (0,T); R¥) as e — 0.
2. Suppose 1 is in LP(£2; Cper (Y3 RY)), or LP (Y5 C(82; R¥)). Then (x, E) two-scale converges to P(x,y) and
€

the sequence of morms also converge:

ti [ fwe D) ax = [ [ iy ayax

Remark 2.8. Given a function u(x,y,t) € C([0,T]; LP(£2; Cper(Y;RF))), for each t € [0,T], u(-,-,t) €
LP(02; Cper (Y R*)) and as a consequence, as € — 0,

u (x, §,t> N u(x,y,t)in LP(2 x Y;R)
€

with the sequence of norms converging as well; that is for all ¢ € [0,T7],

lim/ ‘u(x,E,t dx—//\uxy, )|Pdx dy.
e—0 0 €

Two scale convergence combined with norm convergence is usually referred to as strong two scale convergence,
see [3,14].

2.2.2. Two scale convergence and convolution

For the problems we will be studying in the next section, the underlying operators are given by finite sums of
convolution-type operators. It is thus important to understand the relationship between two scale convergence
and the kind of convolution-type operators of interests here. We should mention that the two scale limit of a
convolution of an integrable function with a two scale convergent sequence is given in ([14], Prop. 2.13). We
will not be using ([14], Prop. 2.13) however, as our operators involve convolution of an integrable function with
sequences of functions of both spatial and time variables with the convolution only in the spatial variables. In
this direction a result that we will need later is contained in the following theorem. Before stating the theorem,
let us give the following elementary result. Given a function f defined on {2, we denote its extension by zero
outside £2 by f.

Lemma 2.9. Suppose that v(x,t) € LP(£2 x [0,T];R¥) and g € L*(R*). Then the convolution of g and v in
the x-variable defined as

(g4 8) = [ gl x)¥( )
Rk
is in LP(§2 x [0, T); R¥) with the estimate

9 *x VlLr2xio,17) < IVIlLr(2x[0,17)
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Proof. Although not difficult, let us show that the function (x,t) — (g *x v)(x,t) is a measurable function in
R* x R. Clearly the function (x',x,t) — g(x — x')¥(x’,t) is a measurable function in R¥ x R* x R. Tterating
the integral, and applying Young’s inequality for each ¢, we obtain that

/ //ﬂm»«mmwwwmmwwmp/u/wmwmw
—oco JRE JRE —oo JRE
T
S/ /|v|(x,t)dxdt<oo
0 0

where the finiteness of the last integral follows from the assumption. And therefore, by Fubini’s theorem,
(x,t) — (g *x V)(x,t) is a measurable function. The estimate

lg *x Vlzr(2xior) < gl vIiLeexo,m)

follows from the standard Young’s inequality.
O

Theorem 2.10. Suppose that u(x,t) is a bounded sequence in C([0,T); LP(2;R¥)), and two scale converges
to u(x,y,t) in LP(2 x Y x [0, T];R¥). Then given g(&) € L*(R¥), there exists a subsequence u*" such that the
following holds.

(1) For any ¢ € C[0,T], as n — oo the sequence of functions
Uy (x,1) / / (x = x")x[o,7 (' — t)p(t')u (x', t')dx’ dt’
Rk
strongly converges in LP(£2 x [0, T]; R¥) to

o(%,1) / /R x — x)xio.0y(# — F(E )W, ¢)dx’ dt

where X[o,1)(s) is the characteristic function on [0,T].
(2) Asn — oo, the sequence of convolutions (in x)

G T (X, 1) 2 gy (W)(x,8) in LP(2 X Y x [0,T]; R¥)
where the convolution xx is as defined in Lemma 2.9.

Proof. 1). We begin noting that since u® N u, in LP(2x[0,T]x Y;R¥), by Lemma 2.7, we have u — (u) weakly
in LP(£2 x [0, T]; R*), and therefore for any ¢ € C[0,T], p(t)u(x,t) = o(t)(u)(x,t) weakly in LP(£2 x [0,T]) as
well. Defining W (x, s) = g(£)xo,77(s) in L LRI, we observe that for any ¢ € C[0,T], (x,t) € R,

UG (x,t) = W (1) (x, ).

Now using the compactness of the convolution operator (see [8]) and the weak convergence of ¢u‘, we can
extract a subsequence (that may depend on ¢) so that as € — 0,

W (6T (x, 1) — W (6(W) (x, 1)

strongly in LP(£2 x [0,T7; Rk). We use now the separability of C[0,T7], to remove the dependence of the subse-
quence on ¢. Although the argument is standard, we would like to include it for completeness. Let {¢y } o, be
a countable dense subset of C[0, T]. For each k, there exists a subsequence ¢® such that as n — oo

W (G0 ) (x, 8) — W (6, (W) (x, 1)
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strongly in LP(§2 x [0,T]). Now using a standard diagonalization procedure, we can extract the subsequence
€,, = €y, such that for any k, as n — oo

W s (6T ) (x, 1) — W x (¢, (@) (x, 1)
strongly in LP(£2 x [0,T]). Now let ¢ € C[0,T], and ¢ C {dx} such that ||¢p — ¢p/| L~ — 0, as k" — oo. Then
using triangular inequality, for each n and &/,
[W s (gua) — W s (@) Lo (ox o)) < W (6 — b )T || Lo(2x [0,7))
F W s (@) = W (G (@)l Lo (2xf0,77) + W 5 (6 = b3o) (@) | Lo 20, 77) -

Fixing k" and letting n — oo, we observe that

lim [[W s (T") = W (6(@)l|roxforn < lim W (¢ — dp )T™) [ Lr(2xi0,1)

n—oo

T Tim [ W (6~ B ) (@) (0.1 (26)
Let us estimate the right hand side. For each n and %, using Young’s inequality
W s (¢ — & )T o (2xo,r1) < W llLawasny 1@ — )T )| Lo (2% j0,17)

S |NW L1 asnyll@ — brr | oo, 1 [T (| Lo (2% [0,77)
< COllg = dw | Loeto,m)

where C' is independent of n as [[0 ||Lo(oxo, 1)) < [[0llc(o,r)Lr2irr)) < C’ < o0, by assumption. Therefore
the right hand side in (2.6) will approach to 0 as k" — 0. That concludes the proof of part 1).

Let us now prove part 2). We begin by noting that applying Lemma 2.9, g *x Uc(x, t) is a bounded sequence
in LP(£2 x [0, T]; R¥) and so up to a subsequence two scale converges in LP(£2 x Y x [0, T];R¥). Let us identify
the two scale limit. Let {(t) € C[0,T] and ¥(x,y) € LY (02; Cper(Y; RF)). Now using the strong convergence of
Ut (x,t) in LP(£2 x [0, T]), we see that as n — oo

nlin;O/OT/(Zqﬁ(xé) ~UZ’"(x,t)dxdt:/OT/Q/Yw(x,y)~U<(x,t)dydxdt.

Let us rewrite each of these integrals separately. We begin iterating the integral in the left hand side, which is
allowed using Fubini’s theorem as the integral is finite in the product space. It follows then that

/ / ( ) U (x,t)dxdt
<[ (= Z) [T ot =m0 o i ataea
= /j:o /Q Y (Xv 2) '/Rd g(x' —x) (/OT X017t — t)dt) C(ta (x',t")dx" dt'dx dt

=T h ') (x, i) . / g(x' —x)u™ (x', t')dx’ dx dt’
0 22 €n R4
T
=T ¢y (X, i) (g %x T™)(x, ") dx dt’
0 (9] €n

T T
where we used the fact that for all ¢/, / X[0,7] (t' —t)dt = / X[ —7,¢)(t)dt = T Similarly,
0

///¢XY -Ue(x, t)dy dxdt = ///C ) - (g #x (@) (x, ') dy dx d’
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Recaping, we have just demonstrated that

nler;oT/OT/(ZC(t)w (x$> (g #x T (x, t) dx dt
7 / : /Q /Y LB, Y) - (g4 (@) (x, £) dy dx .

From the arbitrariness of ( and ¢ we conclude that the two scale limit of the sequence g *x U™ is g *x (u). O

Remark 2.11. An important consequence of the above theorem is that if G(x) is an integrable RF** matrix

function and u® is a bounded sequence in C([0, T]; LP(£2; R¥)) that two scale converges to u(x,y,t), then as a
finite sum of a sequence of convolutions, we can extract a subsequence ¢, such that, as n — oo, the sequence of
functions

(G #x T™)(x,t) = /Q G(x' — x)u (x', £)dx’ 2 G #y (W) (x,t) = /Q G(x' — x){u)(x', t)dx’
in LP(£2 x [0,T] x Y;R¥).

2.3. Two scale convergence and time derivatives

As we have seen at the beginning of the section, we will be dealing with both sequences of functions and
their time derivatives. Recall that from our existence result, if uf(x) is bounded in LP({2) and b®(x,t) is
bounded in C([0, T]; LP(£2; R¥)), then a unique solution u(x,t) to the evolution equation (2.1) exists and
the sequence of solutions is uniformly bounded in C'([0,T]; LP(§2; R¥)). Similarly, in the event that U§(x) is
bounded in LP(§2;R¥) x LP(£2; R¥), then the sequence of solutions u®(x,t) to (2.2) is uniformly bounded in
C?%([0,T]; LP(2;R*)). The following lemma relates the two scale limit of the sequence of functions with the two
scale limit of the sequence of time derivatives.

Lemma 2.12 (two-scale convergence and time derivative). Given a bounded sequence u® €

CY([0,T]; LP(2;R*)), d.e.  sup {|[u‘(t)|zr + |0su(t)||zr} is bounded. Suppose also that for almost all
t€[0,7]

x € 2, u(x,0) = u§(x), u§(x) = u(x,y) in LP(2 x Y;R¥) and du® > u*(x,y,t) in LP(2 x Y x (0,T); RF).
Define the function

¢
ll(X, Y, t) = / u” (Xa Yy, T)dT + g (Xa y)
0
for almost all (x,y) € 2xY and allt € [0,T]. Then u® N u(x,y,t) in LP(2xY x (0,T); R¥) and dyu(x,y,t) =
u*(x,y,t). As a consequence Opu’ 2 O in LP(2xY x (0,T);R¥), and u‘(x,0) N u(x,y,0) in LP(2 x Y;R").

Proof. Noting that for almost all ¢ € [0,T], u*(-,-,t) € LP(£2 x Y;R¥), it is not difficult to see that u is in
C([0,T]; LP(2xY;RF)), dyu(x,y,t) = u*(x,y,t) € LP(2xY x[0,T];R*), and that for almost all (x,y) € 2xY,
u(x,y, ) € C[0,T]. By definition, for all almost (x,y) € £2xY, pointwise evaluation of u(x, y, -) makes sense and
u(x,y,0) = up(x,y). Let us show that u® two scale converges to u(x,y,t). Let ¢ € Lp/(Q % (0,T); Cper(Y;R¥)).
We will show that as e — 0,

/ uf(x,t) -9 (x, E, t) dxdt — u(x,y,t) - ¥(x,y,t)dxdtdy.
2x[0,T) € 2x(0,T)xY

Define .
X = X dr — x dr.
S(x, 1) /Ow< ¥, 7)dr / P(x,y,7)dr
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Then ¢ € Lp/(() x (0,7T); Cper(Y'Rk)) Ot = 1, and ¢(x,y,T) = 0. Integrating by parts we obtain that
T
x
// Opuf(x,t)¢ ( )dtdx-/ (w())/ z,b(x 6,T)dex
/ / (3 %.t) dxar.

Takmg the limit on both sides and using the facts that d;u* N , ug e 2 up(x,y), and the function (x,y)

/ 1 (x,y,7)dr is an admissible test function, we have
0

T
. € X
llﬁrrg/ﬂ/o u(x,t) ’(,[J(X, ,t> dxdt
T
=/ / uo(x,y) - Y(x,y, t)dxdydt — / (x,y,1) - P(x,y, t)dt dx dy
2xYy J0 XY

Integrating by parts the second integral in the right hand side shows that

T Sy [ S R———

Combining the above and using the definition of u we have

T
lim// ue(x,t)-'tp X, — t) dxdt
e—0 nJo

t
-/ (uo<x, v+ [ u*(x,y,ﬂdT) (. y, )dxdydt,
2xY x(0,T) 0

= / U(X, Yy, t) : ’llJ(X, Yy, t)dXdydta
2xY x(0,T)

proving that u® = u in LP(2 x [0,T] x Y;RF). O
Remark 2.13. Given a sequence u‘(t) that is bounded in C*([0, T]; LP(£2;R¥)) and an LP- bounded sequence
of initial values u®(0), the lemma provides a means of constructing a two scale limit u(x,y, ) € C([0,T]; L* ({2 x
Y;RF)) for a subsequence u* with the additional property that the sequence of initial values u®* (0) N u(x,y,0),
in LP(2 x Y;R*) and the sequence of time derivatives 9;u* 2 dyuin LP(2 x [0,T] x Y;RY). Indeed, starting
with the LP-bounded sequences, dyu® and u(0), we can extract a subsequence ¢ such that, as k — oo, du*
and u* two scale converges to u*(x,y,t) and ug(x,y) in L? respectively. We now use Lemma 2.12 to construct
u(x,y,t).

The following is a consequence of Lemma 2.12 as well as its counterpart for (2.2). We notice that the results

follow exactly the same argument as in the proof of Lemma 2.12. For an alternate proof of the following lemma
see [2].

Lemma 2.14. Let u® € C%([0,T]; LP(£2;R*)) be a bounded sequence; i.e.

sup sup {Hu Olle + 100a (@) Lo + |70 ()| Lo} < o0.
e>0te[0,T

Suppose that for almost all x € §2, u(x,0) = ugf(x), du(x,0) = vi(x), uf EN up(x,y), v§ N vo(X,y) in
LP(2 x YV;R¥) and 9?u® A u*(x,y,t) € LP(2 x Y x (0,T); R¥). Define the function

X Ya / / X Y7 dldT + tVO (X7 Y) + up (Xa Y)
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for almost all (x,y) € 2 xY and all t € [0,T]. Then u® 2 u(x,y,t), o 2 ou(x,y,t), and d?u(x,y,t) =
u**(x,y,t). As a consequence 07u* A dPu(x,y,t) € LP(2 x Y x (0,T);R¥), d;u‘(x,0) N onu(x,y,0) and
u(x,0) > u(x,y,0) in LP(2 x YV;RF).

2.4. Standard asymptotic analysis

The asymptotic analysis program we are going to implement in the next sections to model equations of
type (2.1) and (2.2) involves two steps: identify the dynamics associated with the two scale limit of solutions,
and prove a strong approximation to the solution using a properly scaled solution to the two scale limit equation.
Let us discuss the two steps separately.

2.4.1. Two scale limit equation

We have seen that the sequence of solutions u® to (2.1) associated with uniformly bounded linear operators
P, is bounded in C*([0, T]; LP(£2;R*)) provided that the initial data u§ is bounded in LP(£2; R*) and the body
force b, (x,t) is bounded in C([0, T]; L¥(£2; R¥)). The sequence of solutions u®, thus, has a subsequence that two
scale converges to say, u(x,y,t) in LP(£2 x [0,T] x Y;R¥). One then inquires if there is a dynamics associated
with u. In fact, for the model problems that we will be dealing in this paper, we will prove the existence of a
“limiting” bounded linear operator Py in LP({2 x Y ]Rk) such that u actually satisfies the system

8tu(X7Y7t) = POU(XaYat) + b(X7Y7t)a (27)
supplemented with initial conditions

ll(X, Y, 0) = ll()(X, y)v (28)

where ug(x,y), and b(x,y, ) are two scale limits of uf and b, respectively. Applying the general existence
of a solution, if b(x,y,t) € C([0,T]; LP(£2 x Y')), then u is uniquely defined. This in turn implies not only a
subsequence but also the whole sequence u® two scale converges to u.

2.4.2. Strong approximation by two scale functions

The two scale convergence of the solutions u® of the evolution equation implies the weak convergence u, — (u),
weakly in LP(§2 x [0,T]), and that for any subdomain V' C (2, and any interval (to, t1),

lim u‘(x,t)dxdt = lim (u)(x, t)dx dt. (2.9)

=0 Vx(to,t1) e—0 VX (to,t1)

Defining u” (x) = (u)(x), we may write u(x,y,t) = u(x,t) + w(x,y,t). Then w € LP(£2 x Y x [0, T];R%)
and (w)(x,t) = 0 for all (x,t) € £2 x [0,T]. Plugging this decomposition in the two scale limit equation (2.7),
one may obtain dynamics of “the homogenized limit” u” (x,t) and “the corrector” w(x,y,t). The goal in this
second step is to prove that for each t € [0, T]

fu(t) = u (- 2t) flor — 0,

x x X
as € — 0, in the event that u(x, =, ) is a measurable function. Note here that u(x, =, t) = u” (x,t) + w(x, =, t)
€ € €
x
and we see that w(x, —,t) plays the role of corrector. We also observe that for almost all ¢ € [0,T1], u(-,-,?) is
€

merely in LP(£2 x Y;R*) and thus the function u(x, E, t) may not be measurable unless u(x,y,t) belongs to a
€

smoother function space. As a solution to a system of model equations, we know in fact that u does belong to
a smoother function space when additional regularity on the data b, uy and v is imposed.
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3. HOMOGENIZATION OF NONLOCAL CONVECTION-DIFFUSION

We consider a special variant of the homogeneous linear nonlocal convection-diffusion model studied in [13]
Oput(x,t) = Lou(x,t) for x € 2, t >0, (3.1)

for a real-valued function u® = u®(x,t) satisfying the initial condition given by
ut(x,0) = uf(x), Vxe . (3.2)

The nonlocal convection-diffusion operator L. is defined by

£.(0)(x) = /Q (e, 3)u(x) — e, ¥ o)) dx

for a non-negative interaction kernel ~..

When (2 is a bounded domain, the equation (3.1) imposes natural modifications to the nonlocal interactions
near the boundary so that no additional boundary or volume conditions are required [11]. We refer to [13]
for more detailed discussions. Here for mathematical convenience we specialize the kernel 7. to get a nonlocal
operator L. of the form

Le(u)(x) = / p(x" = x) (Oc(x)u(x') — Oc(x)u(x)) dx’ (33)
Q
where in this case 7. (x',x) = p(x' —x)O(x') and p = p(€) is a locally integrable, even and nonnegative density
and O(x) = O(x, E) measures heterogeneity. The function © = O(x,y) is assumed to belong to L (£2; Cper(Y))
€

and is uniformly bounded from above and below by some positive constants. Note that we have made p to be
independent of € which simplifies the analysis, and at the same time, also allows us to highlight the difference
from other kernels used in the peridynamic operators considered in the next section.

3.1. Two scale limit equation

It is not difficult to show that the nonlocal convection-diffusion operator £, given in (3.3) is a bounded linear
operator on LP(2) [13]. Moreover, the operator norm is uniformly bounded from above in e. One may easily
obtain the well-posedness of the equation from Theorem 2.1 (see also [13]). Let us introduce an operator Lo
given by

(Lou)(x,y) = /QP(X' —x) ((Ou)(x') - O(x, y)u(x,y)) dx’. (3-4)
It is not difficult to prove that Lo : LP(§2 x Y) — LP(2 x Y) is a bounded linear operator.

Theorem 3.1. Suppose that u.(x,t) is the sequence of solutions to the nonlocal convection-diffusion initial

value problem (3.1)—(3.2), with the sequence of initial values uj N uo(x,y) in LP(2 x Y). Suppose also that
Lo is the operator defined by (3.4). Then there exists a unique u = u(x,y,t) € C1([0,T]; LP(2 x Y)) such that

Ue 2w in LP and u solves the equation
du(x,y,t) = (Lou)(x,y,1), (x,y) €2 XY, t>0 (3.5)

with the initial condition
U(X,y,O) = UO(Xa y) (36)
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Proof. Step 1. By the existence result Theorem 2.1 and the remark following Lemma 2.12, there exists and
subsequence €, and u € C([0,T]; LP(£2 x Y')) with the property that dyu € LP(£2 x Y x [0,T]) and u(x,y,0) =
up(x,y) and as n — oo

2 2
u = u and Ju™ = du

in LP(£2 x Y x [0,T]). We further claim that there exists a sub subsequence €, such that as j — oo
Le, u™i 2 Lou.

in LP(£2 x Y x [0,T]). Indeed, we first write L, as a sum of two operators as

Lo, u(x,t) = prx (O, u)(x,1) — O, (x)u" (x, t)/ p(x —x')dx’.
Q

We then note the fact that O(x,y) € L*(£2; Cper(Y)), O N O(x,y) in LP(£2 x Y), as a result, when n — oo
the product two scale converges

O, u 2 O(x,y)u(x, y,1)

in LP(2 x [0,T] x Y). Now applying part 2) of Theorem 2.10 we can extract a subsequence n; such that as
J— 00

P (Oc, TM) (%, 1) 2 pos (OT)(x, 1)

in LP(§2 x Y x [0,T]). For this subsequence, the two scale limit of the second part of L., u® can be found as
J— 00

O, (x)ui(x,t) /Q p(x — x)dx' 2 O(x, y)u(x,y, 1) /Qp(x —x')dx’

€nj

in LP(2 xY x [0,T]). Combining the parts, and letting j — oo on both sides of (3.1) we compute the two scale
limits and obtain equation (3.5), u satisfying the initial value u(x,y,0) = uo(x,y) € LP(£2 x Y). Now using the
fact that Ly is a linear bounded operator on LP(f2 x Y'), we conclude, from the existence theorem, that u is
unique. Moreover, using the same argument as above, any two scale converging subsequence of u¢ will satisfy
equation (3.5) together with the initial value ug(x,y); and by uniqueness of the solution the two scale limit
must be u. And therefore, the entire sequence 1 two scale converges to the solution to equation (3.5). O

Remark 3.2. We make two remarks. The first one is that for each ¢, the solution u(x,y,t) to (3.5) will belong
to the same space as the initial condition ug provided that the operator Ly is a bounded operator on that
function space. An important space that we use in the sequel is LP(£2; Cher(Y)) for any 1 < p < oo. From
the simple structure of the limiting operator Ly, it is not difficult to show that Ly is indeed a linear bounded
operator on LP(§2; Cper(Y)). The implication of having u € C*([0, T]; LP(£2; Cper (Y))), is that for each ¢, the
map x — u(X, %, t) is a measurable function. We will use this property to obtain a strong approximation result.

Second, given the fact that ©(x,y) is periodic in the y-variable, we note that the periodic extension of
u(x,y,t) (we will keep the notation the same) in the y-variable will also solve (3.5) in 2 x RY, provided the
initial data uo(x,y) is also periodic in the y-variable. This is the case if ug € LP(£2; Cper(Y')), for example.
3.2. Homogenized nonlocal convection-diffusion model

From the two scale convergence of u® to u, we obtain that as € — 0,

ut —ul(x,1) =/ u(x,y, t)dy
Y
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weakly in LP(£2 x [0,7T7]). In this subsection we obtain a dynamics for u. Let us begin by writing the operator
Lo given in (3.4) as

(Lou)(x,) = Layet™ (%) + (Loset™) (x,¥) + (M(u — u™))(x,y)

with the operators on the right hand side defined by

We note that

and

(Muw)(x) =/on(><'—X)(<@w>(X/)—<9w>(X)) dx’.

Now write u(x,y,t) = u(x,t) + w(x,y,t). Then w € LP(2 x Y x [0,T]) and (w)(x,t) = 0 for all (x,t) €
2 x [0,T]. We thus get
ufl (%,1) = Logou" (x,1) + (Logeu™) (x,1) + (Muw) (x, ).

and
wi(x,y,t) = (MOw)(x,y,t) + LXDu (x,y,1),

where (M(O)’U))(X,y,t) = (Muw)(x,y,t) — (Mw)(x,?) and
Lu (x,y,1) = Logeu™ (x,y,) = (Loseu)(x,1)

— (©)(0) ~ Ox.y) [ plox’ ~x)dx’ u"(x.0)
0
The initial data are given by
uH(Xa 0) = <U0>(X), w(X7Y7O) = wO(X7 Y) = UO(X, Y) - <u0>(X)
One may solve the initial value problem for w first as a function of u’ and may utilize the formula

t
© ERYVIO)
w(x,y,t) = M wo(x,y)—l—/ elt—sIM Légg)uH(x,y,s) ds,
0

to get

ull (x,t) = L1 uf (x,t) + (L uT)(x,1)

ave osc

t
* / (Me=IM LLO I (¢ 5) ds + (Me M wp) (x, 1),
0

The above equation actually demonstrates a nonlocal version of a well known fact from evolution PDEs that
whenever there is an oscillatory coefficient (in our case (©)(x)—O(x,y) is not identically zero), the homogenized
dynamics exhibits a history dependence, see [34].
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3.3. Strong approximation to nonlocal convection-diffusion

x
In this subsection, we prove that for each ¢ € [0,T], the re-scaled function u(x, —,t) of the solution to the
€

two scale limit problem, can be used to approximate the original u(x, t). The main theorem we will be proving
is the following.

Theorem 3.3. Let (u®) be the sequence of solutions of (3.1)—(3.2) with initial data uf = uo(x, §) where ug €
€
LP(82; Cper(Y)). Then the solution u of the two scale limit equation (3.5)—(3.6) is in C*((0,T); LP(§2; Cper(Y))).
Moreover, for each t € [0,T], u(x, E, t) give the strong approximation to u as
€

u (1) = ul, )|

€

=0. 3.7
) (3.7)
Proof. The fact that u € C*((0,T); LP(£2; Cper (Y))), when ug € LP(£2; Cpher(Y)) follows from standard Semi-
group theory as Lo is a bounded linear operator on LP(£2; Cper(Y)) as discussed in Remark 3.2. What remains
is to show the LP-strong approximation.

lim
e—0

Step 1. Let us identify an evolution equation for the error e®(x,t) = u(x,t) — u(x, E,t). We begin by first
€
writing the dynamics for u(x, E, t), by plugging y = Xin equation (3.5) to obtain that
€ €
Oru (X, E, t) = (Lou) (X, E,t),
€ €

x
together with the initial condition u(x,—,0) = wug(x, —). Subtract this equation from the original abstract
€

o

equation (3.1)—(3.2). Denoting the difference e®(x,t) := u(x,t) — u(x, E, t), it follows that
€

{atee =Lee(x,t) + D(x,t) x€2,t>0 (3.8)

e(x,0)=0,x€
x x
where D(x,t) = L(u(x, —, 1)) — (Lou)(x, —, 1).
€ €

Step 2. To make the evolution equation (3.8) wellposed in LP({2), and to be able to estimate the solution e€,
let us show that for all € > 0, D(x,t) € C([0,T], LP({2)) and

lim [|D°(-, #) ]| e () = 0, and sup sup [|D°(-,#)]|r(e2) < o0
e >0 t€[0,T]

To that end, let us first note that simplifying D¢ we have that

Dé(x,t) = /Qp(x’ ~x) (@ <x', ’%) u (x', X:t) - (Qu)(x’,t)) dx’. (3.9)

Tt is then clear that there exits a positive constant C such that for each t and e, D*(x,t) € LP({2) (after some
simplification)

1D )llLe () < Clluls, - t)||lLrxy)-
We then have that for each € > 0,

sup [[D(-, )|l ey < C sup |lu(, - t)||Lr(exy) < CllullLr(@:cpe (v)-
te[0,T te[0,T]

The last inequality shows that the estimate is uniform in e. Similarly, it is not difficult to show that for any
t1,t2 € [0,T] and any €

||D6('7t1) - DE('th)”LP(Q) < CHU(, "tl) - u(~, ‘th)HLP(_QxY)
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from which we use the fact that v € C([0,T]; LP(£2; Cper(Y))) to conclude that D (x,t) € C([0,T]; L*(2)).
Lastly, the strong LP-convergence of D(-,t) to 0 follows from the fact that the convolution operator is a
compact operator. Indeed, for each ¢, as € — 0

x x
] (X, z) u (x, = t) (O u)(x,t)
weakly in LP(f2). Therefore from (3.9) and the above observation we conclude that as ¢ — 0

DE(x,t) = p x (@ea ( gt) - <9u>(-,t)) (x) — 0,

strongly in LP((2).
Step 3. We are now ready to estimate [|e“(,¢)||z»(). The unique solution e¢ € C*([0,T]; LP(£2)) of (3.8) is

given by the formula,
t
t —
o= [ 3
0 n=0

For fixed ¢ € [0, T, we now estimate the L” norm of e to obtain that

! (L)" D (x, 7)dT.

e Dl o < / L L ID T av e

P

< /0 exp(M(t — 7)) D°(, 7)o () d7

| D(, T)l| L (2ydT

where we have used the uniform estimate assumption on the operators L.; that is there exists M > 0, so that
sup || L] < M.
>0

Using the facts we proved in Step 2 on D¢ and the uniform convergence theorem, we see that ||e(-, )|/ r(o;re) —
0, as € — 0. That completes the theorem. O

4. MULTISCALE APPROXIMATION AND HOMOGENIZATION OF LINEAR PERIDYNAMICS

We consider the state-based linear peridynamic model given in [32]. For convenience, we use the same notation
as that given in [24] which is consistent with the original definition given in [32]. A bond based peridynamic
model for fiber reinforced materials is considered in [2]. The elastic displacement inside the heterogeneous body
2 with density p. is denoted by u®(z,t) and satisfies the peridynamic equation of motion given by

Pe(x)0pu(x,t) = Louf(x,t) + b(x,t), for x € 2, t >0, (4.1)
The initial conditions are given by
uf(x,0) = ug(x), du(x,0) =vi(x), Vxe .
Here b®(z,t) is a body force and by the notation of [24], the operator L. is defined as,

L0 = | (au) + aclx X =) (o~ x) - (u() — u(x))dx

o — =P
re(®)perx — ) (¢ — %) ( [ o X = 2)(a =) (ute) - u<x'>>dz) &

+

.
o

ol x = X)) ([ pulxx = )la ) (ula) — ux)iz) a
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where

pe(x.€) = po®) 45 (2,555 ) it

B(-,+) is a continuous periodic symmetric function, 3(y,y’) = B(y’,y), that is bounded from above and below
by positive constants, po(£€) is an integrable, positive and even function supported on B(0, ), the ball centered

at 0 of radius 7, p5(§) = —p2(=), and p2(§) is an integrable, positive and even function with support contained

in B(0,¢). In addition, a.(x) and k.(x) are the shear and bulk moduli of the material occupying the position
X

AR
€

and
me(x) = / pe(x,x — x)|x' — x[2dx’.
o

where p, a, k € Cper(Y') are uniformly bounded from above and below by some positive constants, and the scalar
function

_ A’k (x) e (x) .

me(x)? Me(x)

Te (X)

Observe that for any x',x € 2

pe(x, X — %) = pe(x,x — X') = pe(x',x" — x).

Remark 4.1.

a) We would like to make the observation that L£.u® represents the linearized total internal force applied at
material point x and in our formulation is made up of the force due to long-range interactions (represented
by the kernel pg) and the short range one represented by p2. The function 3(x,y) tracks the properties of
two interacting material points. A simple change of variables shows that with the scaling given above, the
short range forces act within ed neighborhood of x. The e~ ¢ scaling is a technical artifact that is chosen
for p5(€) so that the asymptotic dynamics is of peridynamic form. Other choices can be made and this is
the subject of future study. For the derivation of the linearized peridynamics equation of motion (4.1) and
related discussion on peridynamics see references [12,22,24,32,33], see also [10,16] for recent reviews on the
mathematics of peridynamics.

b) We also note that since our interest is at the nonlocal level, we will take v and § as given parameters with
fixed values. Certainly, estimates for the operator and solutions will depend on v and § and we will neither
track nor quantify that dependance. In passing, we mention that for fixed ¢ and when ps = 0, with proper
scaling of py with respect to the horizon =, it is shown in [24,32] that for small

Lou = div(pe(x)Vu) + V](pe(x) + Ac(x))div u]
for a function u that is either smooth or have properly defined local and nonlocal derivatives. The asymptotic

relationship associate with different scalings of the heterogeneity length scale € and the nonlocal horizon ~
is a subject of future study.

Remark 4.2. From the conditions imposed above, the weighted volume

mo(x) = / po(x’ — x)|x" — x|?dx’
(0]
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is a positive continuous function on 2, (and so mig mo(x) > 0). Moreover,lirr(l) [me — mol[z= = 0 and there
x€E €—

exists €g > 0 and a constant C' > 0, such that

sup sup 7e(x) < C.
e€(0,e0) XEN

4.1. Properties of PD operators

To apply the preliminary results we obtained in Section 2 to the peridynamic model, we need to demonstrate
that the peridynamic operator satisfies the linearity and boundedness assumptions. Comparing operators, we
note that P. becomes p_'L.. Because of the nondegeneracy assumption on the density p., essentially all prop-
erties of L, can easily be shown to hold for P..

We present the following result on the uniform boundedness of the nonlocal peridynamic operators which
extends the uniform boundedness of £, : L*(£2;R?) — L?(§2;R?) demonstrated in [24] to any L? space.

Theorem 4.3. The peridynamic operator L. : LP(2; R?) — LP(2;RY) is a bounded linear operator. Moreover,
the operator norm is uniformly bounded from above in €.

Proof. We write £ = Lj + L, + L%,. We will show that each of these maps are bounded linear operators on
LP(£2;RY). In the above decomposition,

(x,x" —x)

cu(x) = /Q (e (3) + () 22

x — x|? (x' = x)(x = x) - (u(x) — u(x))dx’,

L) = [ pbex X)) ([ g ox = e ) (ata) ~ ux))an ) ax
and

i) = [ x| pulxox = 2)a ) (u(a) ~ ux))da ) ax.

It is obvious that they are all linear operators. Let us show that they map LP({2) into L”(§2). Let us begin
estimating. First
[Lyu(x)| < g°  [@](x) + f<(x)[ul(x)

where ¢g°(&) = 24po (&) + Bp5(€), and f€(x) = 2Am.(x) with A = meaé(oz(x), B = max, (y,¥'). Then we can
x vy’

estimate the LP norm of the first term in the right hand side as
g * [@lllr2) < gl L1 may [l L (2)-
It is not difficult to show that

sup |||l L1 (rey < 0o and sup sup f€(x) < oc.
e>0 >0 xenR

Combining the above estimates, there exists a positive constant C' independent of € such that
ILyullr(2) < CllullLe(o)-

To show the boundedness of other operators, define the sequence of operators u +— I'.(u) given by

Ir'‘(u)(x) = / pe(x',x' —z)(z — ') - (u(z) — u(x))dz.

9]
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Following the above procedure, we have the estimate

17| zr(2) < Cllullze(),

where C is independent of . Now we may write

LSu(x) = /Q 7o) pe(,% — XY (X' — %I (w)(x) Y,

and

Thus we can estimate
|LEullzr < CIT(w) oo, for i = 1,2.
after noting that

sup sup 7¢(x) < oo.
e>0 xe?2

Together, we get the boundedness of L°. g

We will also need to study the operator £, defined over the space LP(£2 x [0, T]; R?). Tt is clear that using
Lemma 2.9, for v € LP(£2 x [0, T]; R?), the function £.v(x,t) is also in LP(£2 x [0, T];R?). Moreover, repeating
the exact argument as above, one can show that £, is a uniformly bounded linear operator on LP(£2 x [0, T]; R%).

4.2. Two scale limit equation

As part of obtaining the two scale limit equation, let us discuss the two scale convergence of L. u®, for a given
two scale convergent sequence u®. The theorem we plan to prove is the following.

Theorem 4.4. Assume that L. is the peridynamic operator given above. Suppose also that u® €
C([0,T]; LP(2;R?) is a bounded sequence that two scale converges to u € LP(2 x Y x [0, T];R?). Then there
exist bounded linear Lo on LP(2 x Y x [0,T);R?) and a subsequence €, such that as n — oo

L u™ 2 Lou
in LP(2 x Y x [0,T];R%).

For simplification, let us introduce a few notations corresponding to the kernel po(x’ — x), we let

Ao(x' —x) =po(x' —x)(x' —x), A(x)= /Q Ao(x" — x)dx/,

mo(x) = / po(x' — x)|x’ — x|?dx’.
Q
The following is an elementary result that will be used to find the two scale limit of L u®.

Lemma 4.5. Suppose that the bounded sequence u®(x,t) two scale converges to u(x,y,t) in LP(£2 x Y x
[0, T];RY). Suppose also that o, k are in Cper(Y). Then we have the following. As € — 0,

(1) the sequence acu® N aly)u(x,y,t) in LP(2 x Y x [0, T]; R*);
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2 o
(2) the sequence T, A 7(x,y) where 7(x,y) := ij(gl — msyi) in LP(2 xY). Moreover, T — T(x) weakly in
LP(£02) with
LR )
T(X) - mo(x)2 - mo(X) - <T(( ’Y)>v
and

rout > 7(x, y)u(x,y,t) in LP(2 x [0,T] x Y;R¥).
Proof. We only proof part (2) of the lemma. Let us define

C Ph(x) ae(x) _

0 _
Te(x) = mo(x)2  mp(x)

Then noting that for all € > 0, for all x € 2, m.(x) > mo(x) > H}C_lg mo(x) > 0, and a and k are bounded
functions, it follows that there exists a constant C' > 0 such that for all € > 0

I7e = 7l (2) < C (IIm? = m{l Lo + [[me —mol|L=) ,

and therefore |7 — 72|z () — 0, as € — 0. As a consequence 7. and 77 will have the same two scale limit. We

now use the fact that o, — a(y) and ke A E(y) to conclude that 7° EN 7(x,y) as claimed. O

Next, similar to the steps taken in [24], we introduce an auxiliary operator Lj, given by

(€506, 0) = [ a0+ b)) PEE X 30 () (v )~ v, 0) X

+ /QTE(X’))\O(X' —X) (/Q Xo(z—x') - (v(z,t) — v(x’,t))dz) dx’
70460 | =) - (v(a.t) = vix. )iz

which is, as we prove below, is the first order approximation of £.. The uniform boundedness of £, and the
estimate on £, — L5, given below again extend related results in the L? case proved in [24].

Theorem 4.6. L, is a bounded linear operator on LP(£2 x [0, T],R%). Moreover, the difference of the operators
Le and Ly, Lo — Ly, — 0 in the operator norm, as € — 0.

Proof. For any u € LP(£2 x [0, T];R?), the difference of the operator values (£, — £§,)u can be written as

(Le— Li)u=Jju+ Jsu+ Jsu+ Jju+ Jiu+ Jsu

1
where using the notation A2(§) = p2(§)§, and the scaling A5(§) = — A2 <£>
€

€

stuixt) = [ n6matx = ([ 5.2 A5tz - x) - (uta ) - u(x'.0)d ) ax

€ €

x x

sutet) = [ 763 (222 ) x50 0 ([ dala = x)- (uta0) - u(x'0)a ) ax

€

€ € €

sgutet) = [ 76 (525 ) x50 <0 ([ 022 2) Xota ) (u(at) - ui )z o
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X Z

Jeu(x, t) = 7 (%) A(x) (/Q 3 (—, Z) AS(z — x) - (u(z, ) — u(x, t))dz)

€

Jeu(x, t) = <Te(x)/ﬁﬁ (f ’%) AS(x/ —x)dx’) (/Q Xo(z — %) - (u(z,t) — u(x, t))dz)

satet) = (700 5 (22 ) e = ax ) ([ 5(% %) e =) (alat) ~ utx ).

Using Lemma 2.9, it is not difficult to prove that Jf, for ¢ = 1,...,6 are bounded linear operators on
LP(22 x [0,T]; R%). Moreover, the operator norm of each of these operators goes to 0 as e — 0. In fact, after
simple estimating we obtain that

| Jeul| Lo {Ce if i =1,2,4,5

sup —_— = o ;
ueLr(2x[0,TRY) |[allLe Ce ifi=3,6

for a constant C' independent of e. O

The following lemma introduces the “limiting” operator £y and whose boundedness and linearity is not difficult
to prove.

Lemma 4.7. Define the operator Ly as

(Lom)x.y) =aly) | Kolx' =((u)(x) — ulx.y))dx’
+ [ Kol =) (@) () = (0)ue.y)x
[ A =20 [ Rola—x) - (7)) — (ru(x))dadx
Frx)AG) [ Mz x) - (w)(z) - ulx.y))dz

2

+ /B< 6)(a(y) +a(y)By,y)Ka(y —y)(u(x,y’) — u(x,y))dy’ (4.2)

where K;(z) = '0|Z(Zz) (z ® z) for i = 0,2. Then Lo is a bounded linear operator on LP(2 x Y;R?). As a
zZ

consequence, p~Lq is also a bounded operator on LP (02 x Y;Rd).

Remark 4.8. From the definition of operator £y and Lemma 2.9, if u € LP(2 x Y X [O,T];]Rd)7 then
(Lou)(x,y,t) € LP(2xY x [0, T]; R?). Moreover, L is also a bounded linear operator on LP(£2x Y x [0, T]; R%).

Proof of Theorem 4.4. Suppose that u, 2 uin LP(2xY x[0,T];R?). From Theorem 4.6, £ u, and L§ u, have
the same two scale limit. Thus it suffices to find the two scale limit of the latter. The derivation of the two scale
limit rests on Lemmas 4.5, and 2.10, the fact that £;_ u. is a finite sum of convolution-type operators and the
convolution is a compact operator. We first write

€ €, 1 €,2 €,3 €,4
bsUe = ‘Cbs uc + ‘Cbs ue + ‘Cbs + ‘Cbs U
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and we will compute the two scale limit of each of the terms. First writing it as a sum of convolution type
integrals, and then application of Lemma 4.5, Lemma 2.10 and the remark following it we see that

[,Z;lue(x, t) = /Q(ae(x) + e (x')Ko(x' — x) (u(x',t) —u(x,t)) dx’
2aly) [ AR s (¢ ()l 0) — ux.y. D)
o X —x
+/ M(x' —x) ® (x' — x)({au)(x,t) — (a)u(x,y,t))dx’.
(9]

X = x?

Again with a similar approach the two scale limit of ,/.:Z’Szu6 is computed as

Cituct) = [ o0+ ats (525) S (52) (0l - wx)ax
2 (aly) + a(y')B(y, ¥y ) Ka(y' — y)(u(x,y’, 1) —u(x,y, t))dy’".

B(y,s)

Indeed, write £§u.(x,t) = Ifu.(x,t) — Isu.(x,t), where

) = [ (a0 -t (22 X2

€

and

x i/) M(X’ —x) ® (x' — x)dx’ uc(x,t).

.t = [ () + ) (£,2) 2

€ €

We will find the two scale limit of each of these terms. Let us begin with Ifu.. For each x, after making the
change of variables x’ = x + ez, we have

Ku(x,t) = /B(O ; (a (%) +a (% + z)) g (%, ? + z) Ko (z) Ue(x + €z, t)dz.

Now suppose that ¥(x,y,t), is a given smooth test function. Then for each z, ¥(x,y) = (a(y) + a(y +
2))6(y,y + 2z)¥(x,y,t) is also an admissible test function. Then we have that

/OT/Q]fue(X,t).¢(x,x/e,t)dxdt—/B(05) PE (/ /z Uc(x+ ez, t)z- W(x - t) dxdt) dz.

Denoting the inner integral by Q°(z), and noting that U.(x + €z, t) 2 u(x,y + 2z,t) and using ¥ as a test function, it
follows from the two scale convergence of u® that for each z,

Q( —>// y)t+aly +2)8(y,z+2)z ulx,y +z,t)z ¥(x,y,t) dydx dt.
02XY

Also note that for each z, |Q°(z)| < Cllue|/r < C. Then applying uniform bounded convergence theorem, it follows that
as € — 0,

/T/ Ifuc(x,t) - ¥ (x,x/€, t)dx dt = /B p2(2) Q(z)dz

(0,8) |z|2

/ / / ¥) +aly +2)8(y,y + )z u(x,y + 2, )z P(x,y, ) dydx didz.
B(0,5) \Z\ 2xY
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Rewriting the last limit we observe that

T
lim/ / Ifuc(x,t) - ¥ (x,x/¢€, t)dx dt
o Je

e—0
T
/ / / / /
—[ ] (] @)+ at)By Kl ) utey' iy’ | by, o) dy dxde
0o Jexy \JB(y,s)
To find the two scale limit of I5u., we first observe after change of variables that

Iiuc(x,0) = (g (X)) + £(0) u’(x.0)

where p(y) is a Y-periodic continuous matrix function given by change variables to obtain that

o(y) = /B o () oy £ ) 8, £ 2) Ka(a) do

and for any x € 2
£00= [ (xixtea) - D(aly) + aly +2) vy + 2) Ke(a) da.
B(0,5)
Clearly f.(x) — 0 strongly in L?(§2) for any p > 1, and therefore, I5u®(x,t) and ¢ (§> u‘ have the same two scale limit.
€
We now apply Lemma 4.5 to prove that as e — 0,

¥ (%) u® 2 p(y)ulx,y,t) in LF(2 x Y x [0, T]);R%).

We can then conclude that as e — 0,

Isuf(x,t) > . 5)(a(y) +ay) B (y,y') Ko(y' — y)dy' u(x,y,t).

Finally the two scale limit (up to a subsequence ) of £5:’u® and E;f u‘ can be computed as follows using Lemma 4.5 and
Lemma 2.10

Cf,f’ uf(x,t) = /

2

Te(x ) Ao (x' — x) (/Q Ai(z — %) - (u(z,t) — ue(x',t))dz) dx’
2 / A(x" — x)/ Xo(z — x') - ((T)(x") () (z, t) — (Tu)(x',t))dz dx’
Q 19
and

EZ’S4u€(x, t) := Te(x) A(x) /“(2 Xo(z — x) - (u(z,t) — u(x,t))dz

2 7(x,y)A(x) /Q Az —x) - ((u)(z,t) —u(x,y,t))dz.

Finally we give the two scale limit equation of the heterogeneous peridynamic equaiton.

Theorem 4.9. Suppose that u(x,t) is the solution to the peridynamics equation of motion (4.1) with the
forcing term b® two scale converge to b(x,y,t), the initial data u§, and v§ two scale converge in LP(£2 x Y; R?)

to up(x,y) and vo(x,y) respectively. If Lo is the operator defined in Lemma 4.7, then u, 2 uin LP(2 xY x
[0, T];RY) where u(x,y,t) uniquely solves the nonlocal system of linear equations

p(y)Onu(x,y,t) = (Lou)(x,y,t) + b(x,y,1) (4.3)

with initial conditions
u(X,y,O) = uO(Xa y)a 8tu(x,y,0) = VO(Xa y) (44)
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The proof of the theorem exactly parallels that of Theoem 3.1, where we make use of Lemma 2.14 and Theo-
rem 4.4. We remark that given the linearity and the boundedness of the operator Ly, the two scale limit u is
uniquely defined by the equations (4.3)—(4.4). Moreover, if both the body force, b(x,y,t) and the initial data
up(x,y) and vo(x,y) are extended periodically with period Y, in the y-variable to the whole of R, then the
periodically extended function u will still be a solution to (4.3)—(4.4). From here on we assume that this is the
case.

4.3. Homogenized peridynamics

From Theorem 4.9 we obtain that the average value (u)(x) of u(x,y,t), over period Y, approximates on
average or the overall behavior of the actual field u solving (4.1). We also have and the weak convergence
ue — (u), weakly in LP(£2 x [0,T1]), and that for any subdomain V' C {2, and any interval (to,%1),

lim u‘(x,t)dxdt = lim (u)(x,t)dx dt.

=0 SV (to,t1) €20 JVx (to,t1)
We may write the operator £y given in (4.2) as
(Low)(%,¥) = Lave (W) (x) + (Lose () (x,y) + M (u = (0))(x,y) + (M u)(x,y), (4.5)

where the operators on the right hand side are defined by

1
L ave !

u'(x )=2<a>/(2M(X’—X)®(X’—X)(uH(X’)—uH(X))dX’

and
(Mw)(x,y) = / Ko<x'—x><aw><x'>dx’— | 2o =) [ Nofa=x) - (7 w) (< )dzax
¥) + (@) AGIW(x, ) — 7(x,3) A(x) & A (w(x,¥))
/KOX =)0 w) (<) dx = [ Nl = 0)46) - () (<) dx’ ~ Pl ) (w(x. )
where
x) = /Q Ko (x — x)dx’
and

P(x,y) = (a(y) + (@)AKX)) + 7(x,y)A(x) © A(x),
is the two scale limit of PY(x) which is defined as in [24] by,

H”S(x) = /Q(ae(x) + ae(x")Ko(x" — x)dx’ + TS(X)A(X) ® A(x).
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P%(x) is the so-called stability matrix and it has been shown to be uniformly positive definite [24]. And finally,
MPw(x,y) = /B( 5)(04(3’) +a(y)By, Y Ka(y — y)(w(x,y') — wix,y))dy".
¥

Defining u’’ (x) = (u)(x), and write u(x,y,t) = u” (x,t) + w(x,y,t). Then w € LP(2 x Y x [0, T];R?) and
(w)(x,t) = 0 for all (x,t) € 2 x [0,T]. We now present a means of obtaining the functions u” and w(x,y,t).
Notice that the two scale dynamic equation (4.3) can be expressed as

uy +wi =p(y)Laeu” (x,1) + 97 () (Lo ) (%, 1)
+p 7 (¥)Mw)(x,y,t) +p7 (y)b(x,y,1) (4.6)

where (Mw)(x,y) = (M'w)(x,y) + M?>w(x,y). Integrating over Y and using the fact that (w) = 0, we obtain
the equation for all (x,t) € £2 x [0, 77,

ugy (%, 1) = (p 1) Loget™ (3, 1) + (p 7 Logeu™) (x,) + (p~ Mw) (x, 1) + (p~'b) (x, 1). (4.7)
We now plug in (4.7) in (4.6), we obtain that for all (x,y) € 2 xY and ¢ >0
wie(x,y,1) = (Pyu’)(x,y,1) + Kyw(x,y. 1) + Bp(x,y,1), (4.8)
where the operator
(Peu)(x,y,8) = (071 (y) = (PN Lavet” (x,8) + 07 (V) (Loeu™) (3, 8) — (0 Logeu™) (x, 1)

and
KPW(Xv Yy, t) = p_l (Y)‘COW(Xv Yy, t) - <p_1[’0W> (X7 t)a

is defined over the set of functions w(x,y, t) such that (w) = 0 and the function By (x,y,t) := p~ ' (y)b(x,y, ) —
(p~'b)(x,t). The coupled system (4.7) and (4.8) together with the initial data

u'(x,0) = (uo)(x), uf’ (x,0) = (vo)(x),
W(X7Y7O) = uO(X’ Y) - <110>(X) and Wt(xay’ 0) = V(X’ Y) - <V0>
may be used to solve for both u”’ and w simultaneously. As discussed earlier, one may utilize the variation of
constant formula to decouple the equations for u” and w. In the presence of nontrivial heterogeneity, that is

when p., o, and k. are all nonconstant functions there is the expected history dependence in the final equation
for ul.

4.4. Strong approximation to heterogeneous peridynamics

In this subsection we give a strong approximation for u using the two scale limit function u(x,y,t) that is
uniquely determined by the system. We do this in the event of a smoother initial two scale data. Below is the
main theorem we would like to prove.

Theorem 4.10. Suppose that ug(x,y), and vo(x,y) are in LP({2; C’per(Y;Rd)), and that b(x,y,t) €
C([0,T); LP(2; Cper(Y;RY))). Suppose also that u(x,t) is the solution to the peridynamics equation of

motion (4.1) with the forcing term b® = b(x,ﬁ,t) and the initial data uf(x) = ug (X,E), and
€ €
vi(x) = vo (X, E). Then the unique solution to the nonlocal system of linear equations (4.3)—(4.4) u is in
€
C%([0,T]; LP($2; Cper(Y;Rd))). Moreover, for each t € [0,T),
x
lim |Juc(-, ¢ —u( ,—,t)‘ —0. 49
eg(l) ( ) x € LP(Q;Rd) ( )
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Proof. Given that the two scale initial data ug and vo belong to LP(£2; Cper(Y; R?)), the conclusion that the
solution u to the two scale limit equation is unique and belongs to C?([0, T; LP(£2; Cper (Y; R%))) follows from
standard semi group theory, provided we can show that p~!'L is a bounded operator on LP({2, Cper(Y;Rd).
The later can be proved using the fact that p, «, k and 3 belong to Cper(Y). Indeed, it is not difficult to show
from the definition of the operator Ly given in Lemma 4.4, for any u € LP({2; C'per(Y;Rd))7 and any x € {2,
Lou(x,-) € Cper(Y). Moreover, with tedious estimates we can find a positive constant C' (that may depend on
the bounds of p, o, k and also on py and ps) such that for any u € LP(£2; Cper(Y; RY)),

1/p 1/p
([ 1eoutx g ) =€ Il + ([ I egyax) |

Noting that for any u € LP(£2; Cper (Y;RY)),

1/p
Iablzocay < ( [ TG M%)

Lol Lr(2:0pe (viRY)) < CllUll L0250 0 (viRY)-

we have that

To prove the strong approximation given in (4.9), we follow the argument used in the proof of Theorem 3.3.

Denoting the error e®(x,t) = u®(x,t) — u(x, —,t), we see that it solves the evolution equation
€

e, (x,t) = p-'Leef(x,t) + D(x,t), x€ 2,tec0,T]
e(x,0)=0 x€ 1,
e;(x,0)=0 xe

where D (x,t) = p_'[L(u(x, E,t) — (Lou)(x, f,t)]. If we show that for each ¢ > 0, D(x,t) €
€ €
C([0,T], LP(£2;R?)), we may use (2.5) in Theorem 2.2 to write e in terms of D€ as

o t):/o S((t — 7)P.)D(r) dr

where P, = p_'L¢, and the operator S is as defined in Section 2. From the above formula, using the same
argument as in the proof of Theorem 3.3, we conclude that for each t, ||€‘||L» — 0, as ¢ — 0. The following
lemma proofs all assertions in connection with D¢ to complete the proof of the theorem. O

Lemma 4.11. For 1 < p < o0, assume that the two scale wvector function u(x,y,t) belongs to
C([0,T); LP(2; Cper (Y; RY))). Then
i) for each € > 0, D(x,t) € C([0,T], LP(£2;RY)),
i)
sup sup [|D(-, )| rr(0) < o0, and (4.10)
e>0t€[0,T]
iii) for allt €[0,T7,
lim [D*C, )| Lo (2) = 0.

Proof. (Part i) and ii)) Noting the fact that the operators £ and Ly are not intrinsically dependent in the time
variable and using their uniform boundedness as linear operators, the inequality (4.10) is not difficult to show.

1
To prove part i) we will drop the multiplier p~! as it independent of ¢ and is uniformly bounded by —. It then
Po
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suffices to show that both £¢(u(x, §,t)) and (Lou)(x, 5,1&) are in C([0,T]; LP(2;R?). To that end, let us pick
€ €
t1,t2 € [0, T] and estimate as

o)) o) ) )
< Cllu(,h) —u ( é,tQ) ey
< Clla(+t1) —ul, - t2)|[Leaxy),

where we used the uniform boundedness of the operator L£° in the first inequality and used the prop-
erty of the space LP (();Cper(Y;Rd)) in the second inequality. Now continuity follows from the fact that
u e C([0,T]; LP($2; Cper(Y§Rd)))-

Next we will work on (Lou)(x,

x
o t). By definition,

(o) (x,711) = Ll ) + (Lot (. T:8) + M= () (%, ,) + (M) (x, 1)

We show that each term in the above expression belongs to the space. For that we merely apply the boundness of
the operators together with the following list of elementary facts. Suppose that u € C([0,T]; LP(£2, Cper (Y RY))).
Then the following are true.

a) (u)(x,t) € C([0,T]; LP(;R)).
b) Ve > 0, u(x, %, t) € C([0, T); LP(£2; R?)), and so are P(x, %)u(x7 E,t), P(x, %)(u)(x, t).

¢) (M?u)(x, %,t) € C([O,T];Lp(Q;Rd)). ‘

Indeed, part a) can be shown as
[{w)(:,t1) = (u)(, t2)]| L < / la(y:t1) = ul,y,t2)ee dy < || sup{ul,y, 1) = uly, t2)}ee
Y ye
where the first inequality is obtained applying Minkowski’s inequality. Part b) follows from the estimate that

hu (o 2ot) = (2ot lre) < Cllut, ) = uls s )llsor

< Cllsup{u(,y,t1) —u(y,t2)} e
yey

Part ¢) follows from the estimate

[P0 (5 2otr) = (MPw) (4 2o ) oo < Aol [l palloo | supfuC v, 12) = (-, 12)} s
y
Now, we move to prove the Part iii) of the lemma. Recall for a fixed ¢t and v(x) = u(x, 5, t),

€

pelx,x —x)
X =P

£vi) = [ (a0 aulx) ('~ %) ® (' — %) (v(x) - u(x)) dx’
+ [ = ([ dia =) (vla) - vix)a) ax

+ 7 (x) A(x) /Q Ao(z — x) - (v(z) — v(x)dz + R(v(x)).
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Moreover,

(Lou) (x, %,t) =« (E) K (x' —x) ((u) (x',t) —u (x,

The difference £°(u(x, % t) — (Lou)(x, % t) can be written as
£ x 2.) = (8o (x 5.) = Lot
where
i o))
(x,1) /KO X - x (a () u (xx?t) () ( ))dx
st = [ Ko =) w) (1) — {a) () (¥, 1)) dx
aixt) = [ (@) =alx >>Ko<x—x>u(x,§,t)dx
d (xt):/T( N Ao (% —x)(/ Ao (z — x') - (u(z,% t)—u(x X? t))dz)dx
/AOX—X/AOZ ') [(7) (') (1) (z,£) — (ru) (=, 1)]dz dx
ds (x,t) = /)\Oz x) z _<u>(zt))dz
s (a2
and

dg§ (x,t) = /B(O,é) {XQ (x + €z) (a (%) +a (% +z))5 (§,§+z)
<Ky (z) (u (x+ €z, % +z,t) —u (x, %,t))} dz
S N 6 R ) Y G L] C ) B )

We show that for i =1,..., 8, |Id5(-,t)||z» — 0 as € — 0. The strong convergence of dj(-,¢) to 0 fori =1,..., 6
follows from the fact that the “operators” are of convolution type and applying Lemma 4.5. d%(-,¢) can be
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estimated as follows.
[d7( e = [R(u(x,x/€,t))||r < eCllu(x,x/€,t)|Lr < eCllullr(oxy)-

To estimate d§(-, t), we denote 7(y,y’) = (a(y) + a(y"))8(y,y’) and write d§(-,¢) = d$' (-, ) + d$>(-, ) with
dyt(x,t) = / xo(x + €z)n (E, Xy z) Ks(z)(u(x + ez, X4 z,t) — u(x, Xy z,t))dz
B(0,5) € € € €

and
s (x,t) = / (xalx+e2) = 1 (5,5 +2) Ka(2)(u(x, = +2,1) — ulx, =, 1)dz.
B(0,5) € € € €

Let show the strong convergence of each of this terms. Using Minkowski’s inequality,

1/p
1450y <€ [ oo ([ (el o) = Dt oy )
B(0,5) o)

For each z € B(0,0),
[ (el e2) = P ) g — 0
(9]

from which it follows that as € — 0, ||d§’2(-, t)||Lr () — 0. Moreover,

1/p
15 (o)l < © /B e ( /Q m<x+ez>|u<x+ez,-,t>—u<x,-,t>|fzw(y)dx) dz

which, by Lemma 5.2 of [25], goes to 0, as € — 0. For completeness, Lemma 5.2 of [25] states that if p € (1, c0),
then for any u € LP(£2, Cper(Y; R?)), we have

i [ e = ) dx = 0. O

5. CONCLUSIONS

In this work we have studied the homogenized evolution and corrector theory for linear evolution equations
associated with integral bounded operators defined over a heterogeneous medium. Our approach uses two-scale
operator convergence and captures the oscillations of a periodic medium in the high frequency limit. The ideas
have been illustrated in the concrete settings of bounded linear non-local operators described by state based
peridynamics and non-local linear convection-diffusion equations. In all settings the solution u‘(x,t) of the
evolution equation is represented by a strong LP approximation of the form ul(x,t) + w*(x,t). Here ul is
the homogenized evolution and the corrector w* is described by the coupled evolution w(x,y,t) that directly
encodes the effects of local oscillations in the medium. For state based peridynamic evolutions these oscillations
are given by the highly oscillatory short range forces and we recover a bottom up multi-scale analysis for the
evolution. A similar analysis is carried out for the non-local linear convection-diffusion evolution where the
oscillations correspond to highly oscillatory material heterogeneities of the medium. The results derived for the
two representative nonlocal continuum models provide good illustration to more general settings and they shed
light on how one may improve the effectiveness of nonlocal modeling of multiscale mechanical problems and
heterogeneous stochastic processes. We note that the heterogeneities remain when the nonlocal effect diminishes
so that the results derived here are not only valid for nonlocal models but are also consistent with the classical
homogenization theory for time dependent PDEs in the local limit.

Acknowledgements. The authors would like to thank the referees for their careful reading and their valuable comments
that improved the paper.
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