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1. Introduction

Nonlocal diffusion equations and their numerical approximations have been subjects of recent studies. Such models arise
in the studies of stochastic jump processes [10,18] and they also share common features with the peridynamic model of
continuum mechanics proposed by S. Silling [29]. The latter has been shown to be effective in modeling material singulari-
ties [4,8,13,27,31,32] since the model avoids the explicit use of spatial derivatives. Nonlocal models such as peridynamics are
often parametrized by a parameter § that is called the horizon measuring the range of nonlocal interactions.

A feature of nonlocal models, different from the local PDEs, is the treatment of interfaces and domain boundaries. Unlike
local boundary conditions, the nonlocal analog may be attributed to how the law of nonlocal interactions gets modified
in the presence of physical boundary. Discussions on a variety of nonlocal constraints has been given in [17]. It is known
that Neumann type problems presents substantial differences from that on Dirichlet type problems for nonlocal equations,
see [2,3,5,6,12,14,17,25,37] for various studies devoted to nonlocal Neumann type problems. Our study here provides new
understanding to the proper formulation of Neumann conditions. In particular, we demonstrate how a suitable formulation
leads to the second order convergence of the nonlocal models to their local limit in the horizon parameter § as § — 0.
Such results are new and are expected to be of optimal order while previous studies have provided at most linear (first
order) convergence [19]. Neumann problems are not only interesting on their own but also play important roles in interface
problems, free boundary problems, the coupling and domain decomposition of nonlocal problems.

Parallel to the derivation of Neumann problems and their mathematical analysis, it is natural to consider their numer-
ical approximations. For nonlocal models characterized by the parameter §, it has been known in the literature that as
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8 — 0, one often encounter consistency issues at both continuum and discrete levels between the nonlocal models and
the local PDEs, when the latter remain valid. On the continuum level, the consistency has been established either formally
using Taylor expansions of sufficiently smooth solutions [29,30], or more rigorously via functional analytic means without
extra regularity assumptions [23,25,34]. With the increasing interests in developing efficient codes for nonlocal models, it
is often asked if numerical schemes developed for nonlocal models would produce results consistent with that produced
by the local limit models when the horizon is small and with sufficient numerical resolution. Answering such questions
on the discrete level is an important task of code validation and verification. In [34], a theory of asymptotically compatible
schemes was developed. It was successfully applied to nonlocal models with Dirichlet type nonlocal volumetric constraints.
Given the extra complications involved in the nonlocal Neumann type problems, a separate study of similar issues in the
Neumann setting is worthwhile. Hence, another contribution of this paper is to demonstrate the applicability of the theory
on asymptotically compatible scheme for Neumann type problems.

To highlight the main issues addressed in this manuscript, we summarize several different limiting processes that are of
our particularly concern, namely: (1) limit of nonlocal continuum models as the horizon § — 0; (2) limit of discrete schemes
for nonlocal models as § — O for a fixed mesh parameter h; (3) limit of discrete schemes of nonlocal models as h — 0 for
fixed &; (4) limit of the discrete schemes for the nonlocal models with both § — 0 and h — 0. We present findings on these
processes in this work. A one-dimensional model is used for the simplicity in presentation. Our results offer a rigorous
mathematical theory behind the nonlocal Neumann type problems and an optimal order error bound between the solutions
of nonlocal models and their local limit. They also demonstrate the general applicability of the framework on asymptotically
compatible scheme to the numerical discretization of Neumann type problems.

The paper is organized as follows. In Section 2, we introduce the nonlocal Neumann type constrained value problems
associated to nonlocal variational problems. The well-posedness of the variational problem is given. A number of key results
are stated in Section 3, we analyze the asymptotic compatibility of our nonlocal model. The convergence of nonlocal models
to linear local problems is established. Furthermore, we formally estimate the convergence rate as the interaction horizon
tends to zero, which is new with regards to previous works. Discussion on the inhomogeneous Neumann type constraints
is also made. In Section 4, we present both quadrature based finite difference and finite element discretization schemes. In
Section 5, we first discuss how to numerically impose the Neumann constraints and then give related numerical results to
further substantiate our theoretical studies. Different limiting processes are examined numerically in this section. Finally, we
give some conclusions and remarks in Section 6.

2. Nonlocal variational problems

In this section, we first introduce a nonlocal variational problem with Neumann type volume constraints, along with
the associated nonlocal operators and the class of nonlocal interactions kernel to be focused on in this paper. Later, in
Sections 2.3 and 2.5, the natural energy space and the well-posedness of nonlocal problems are studied. The studies here
are parallel to the traditional analysis of local second order elliptic equations as well as the analysis of nonlocal diffusion
models with Dirichlet type constraints, but with necessary modifications. We refer to [17] for more discussions on the
differences and connections between local and nonlocal steady-state diffusion problems.

2.1. Nonlocal variational problems

Let Q c R? denote a bounded, open domain with a piecewise planar boundary. Consider the nonlocal energy functional
E(u) = l/ / s (X', %) (u(x') - u(x))zdx’dx, (1)
2Jala

where p; (X, X) = ps(x,X') is a symmetric, nonnegative interaction kernel with the property that ps(x’,x) = 0 if [X' — x| > §.
Here |x’ — x| denotes the distance between x’ and x.

Without loss of generality, for given data f = f(x) defined on €2, with the total net-flux assumed to be zero, the following
compatibility condition is assumed:

f FO)dx =0, @)
Q

This type of compatibility is also present in Neumann type problems associated with local elliptic operators. We then define
the total energy

Er(u) = %/Q/Qp(;(x’,x)(u(x’) —u(x))zdx/dx—/ﬂf(x)u(x)dx. 3)
2.2. Nonlocal kernel

We assume that the symmetric, non-negative kernel p satisfies, for all x,x" € RY,

os(IX' —x|) =0, if|x —x|<3$,

ps (X, X) = {o, if X — x| > 6, )
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and
/ ps(x.X)|X — x|dx’ = [ ps (%, X)X/ — x|%dx’ = 1. (5)
R4 |x'—x|<é

We note that, in this work, the normalization is taken over R? and independent of the domain €. Other formulations
such as heterogeneously defined or position aware horizons [26,35] are beyond the scope of the current work and will be
examined in the future. We will have more detailed discussions on the assumption (5) in later sections. A popular case to
study is given by

, c x—x ,
p(g(x,x):8d+2y<| 5 |> for all x,x’' € RY, (6)

with y being a non-increasing function having compact support in a unit ball. Here c is the scaler to make pg satisfy
condition (5). We will not attempt to make the study applicable to the most general kernels.

2.3. Function space

The space of interest to us, denoted by S(), is a subspace of [2(2) given by
S(Q) = {u cI2(Q): // 05 (% X)) |u(X') — u(x)2dx'dx < oo}.
eJa

S(R2) is often called the nonlocal energy space. Furthermore, with the compatibility condition (2), the nonlocal constrained
energy space is defined by

S5(Q) = {u cS(Q): / udx = o}.
Q
which is a real inner product space with the inner product ( -, -)s defined as
(u, w)s = Bs(u, w).

We use ||u||s to denote the induced norm /(Bs(u, 1)) of u in Ss(2). For {Ss} defined earlier, || - ||5 is equivalent to a full
norm, as demonstrated by the Poincaré inequality given later. Following the same argument as in [23], it can be established
that, for any nonnegative, radial kernel with a constant horizon §, the constrained energy space Ss(2) is a Hilbert space
with the norm || - ||s.

2.4. The variational problem

Consider the constrained minimization problem
min,so)Ef(u) subject to Ec(u) =0,
where E. = E.(u) denotes a constraint functional. For example, let

E.(u) = /Qu(x) dx=0. (7)

We then have the equivalent formulation as min,cg, (@)Ef ().
With the compatibility condition (2), the Euler-Lagrange equations for (3) becomes

By, ) = [ [ pa(. ) (u(x) ~u(0) (X ~ v0))dxdx = (£.0) (8)
where
(f.v) = [ Feoveodx

and Bg(-, -) defines a symmetric bilinear form. The Lagrange multiplier for the constraint on u vanishes for compatible f.
Thus, by defining the nonlocal operator

U Lgu = —2/ s (X', X) (u(X') — u(x))dx’, (9)
Q
we end up with a nonlocal integral equation
Lsu = in Q,
su=f (10)
Jou=0

for data f satisfying

/Q FX)dX =0
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One can see that the compatibility condition on f is a consequence of the anti-symmetry of pgs(x’, x) (u(x’) — u(x)) in x and
X’ so that

fﬂf(x)dx - fﬂﬁau(x)dx - _2/Q/ng(x/,x)(u(x/) — u(x))dxdx = 0.

We note that the difference between the above problem (10) with those corresponding to the Dirichlet type volumetric
constraints is that no values of the solution u is specified in any subdomain of €2, this is consistent to the nature of Neumann
conditions which are natural conditions implied by the variational principle. Moreover, for nonlocal models, the information
of the Neumann type conditions is encoded in the equations themselves, see [15,16] for detailed accounts on how one
may symbolically rewrite (10) as a combination of balance laws in a subset of 2 and a (nonlocal) flux condition in its
complement.

We also note that the operator L5 can be written as L5 = —DpsD* where D and D* are the basic nonlocal divergence
operator and its adjoint defined in a nonlocal vector calculus given in [16]. Such a formulation draws the natural analogy be-
tween nonlocal operators and local second order elliptic differential operators (or more specifically, second order derivative
operators in our current setting).

2.5. Well-posedness of nonlocal Neumann problems

Well-posedness of nonlocal Neumann volume-constrained problems has been shown in many previous studies with
some conditions imposed on the kernel. see for instance [3,5,6,15,23] and the references cited therein. For completeness,
we include a brief discussion on Neumann type problems here. The study utilizes extensions of the ideas in [9], see also
[1,21,22,24,25,28] for additional discussions. A key is the following nonlocal Poincaré-type inequality that holds over all
subspaces of functions in L2(2) satisfying certain compatible constraints. We begin with Proposition 1 of [23].

Proposition 2.1. [25, Proposition 1] Suppose that py satisfies (4), (5) and V is a closed subspace of L%(2) that intersects RY
trivially. Then there exists C = C(ps,V, 2) such that
lull? < c/ / s (X, X)X — X2 (u(X') — u(x))?dx'dx, YueV. (11)
QJo

A strengthened nonlocal Poincaré inequality is given later with a sharper constant C independent of the horizon §. A con-
sequence of the nonlocal Poincaré-type inequality is the coercivity of the bilinear form B = Bg(u, v). A standard application
of Lax-Milgram theory or Riesz representation theorem then yields the well-posedness of the variational problem.

Proposition 2.2. Suppose that ps satisfies (4), (5) and V is a closed subspace of [2(2) that intersects R? trivially. Then there
exists k = k (ps,V, 2) such that

llull2 < kBs(u,u), for allu eV NS(RQ).
Consequently, for a given f e L? satisfying (2), by taking V = S5(S2), we see that there exists a unique u € S5(2) such that
Bs(u,v) = (f,v), YveSs(R). (12)
Moreover, |uls = |f|$g(9) where S;(S2) denote the dual space of Ss(S2).
It follows then that the operator L; restricted on Ss(£2), that is, L5 : S5(2) — S5(€2) is an isometry. In addition, the

restriction of the inverse operator Lg1 to [2(R2), that is, 551 1 [2(R) — S5(R) and satisfies the inequality |Lg1f|s <ClIfll2-
This follows from the continuous embedding of L%(S2) into S;(€2) and ||f||$§(9) < ||f||L2(Q) for any f € [2(Q).

3. The local limit with vanishing horizon

Although we are interested in studying nonlocal models, it is important to get consistency with classical local models
when the latter are valid and applicable. For suitably defined kernels, limiting local models of nonlocal models are indeed
well-defined. While there have been existing studies on similar limiting process for Dirichlet type volume constraints, the
case for Neumann type problem presents some different issues.

For a point x € Q5 = {x € Q | dist(x,92) > §}, we know that

[ psx 0 —x0dx =0, (13)
Q
and
/ ps (X, X)X —x2dx' =1, / ps (X, X)(X —X)kdX' = 0(1) Vk=>2. (14)
Q Q

With these assumptions, for any smooth enough function u we have formally that £s represents a nonlocal diffusion
operator with a local limit

Lsu(X) — Lou(X) 1= —Au(x)
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for x € Qg, which is a fact widely stated in many earlier studies. What concerns us is, when taking into account the modi-
fications in the layer around the boundary of €2, the formal order of convergence rate as 6 — 0.

To better illustrate our idea, we let 2 be a finite bar in R. Without loss of generality, we can let 2 = (0, 1). Given data
f = f(x), we introduce a modified body force

5500 = £60 = 5 ([ x40 02 =)0+ Oy + [ psx-+y =Dy -2)0 =X + FO)dy ),

(15)
It is simple to check that:
Lemma 3.1. The modified function f5 satisfies the compatibility condition (2) and fs(x) = f(x) for x € Q;.
Instead of (10), we consider the following nonlocal equation
[
The limiting local model of (16) is given by
{Eouzf inQ, vO0)=u1)=0, (17)
Jou)dx=0.
Let
So=f{ueH(Q): /Qu(x)dx —0}
with an inner product and norm
1
)5, = [weovods, Julls, = ([ 1w Gorax)”,
and a bilinear form
Bo(u,v) = (U, v)s, = /Qu’(x)v’(x)dx, (18)

for u, v € Sp. The weak formulation of (17) can be cast in the same form as (12) with § = 0.

3.1. Convergence of variational solutions

To study the asymptotic property of the nonlocal model as § — 0, we need a “sharper” version of Poincaré inequality,
that is, the Poincaré constant in the inequality should be independent of the horizon 4. This can be worked out, for instance,
by following [24] to consider a sequence of radial kernels p,(n > 1) satisfying:

£72p,(£) is nonnegative and nonincreasing in |£], (19)
[ pnignag =1, (20)
and nl m on(lENdE =0, Vr>0. (21)

i
g |=r

Note that in our case, if we let p5(|€]) =& 2pn(J€|) and § = % then the kernel satisfies all the assumptions above. So
we have the following variant of the Poincaré-type inequality

Lemma 3.2. [26, Lemma 4.1] There exists C > 1 and §q < 1 such that
lul? <¢ [ [ 50 )~ u(0)?dxd (22)
e/

forall u e S5 and all § < §y.

From the lemma, we can get that
llul|> < CBs (u, u)

with the same constant C for all u € S5, independent of §. The uniform boundedness of 68“ in I? norm then follows from
the uniform Poincaré inequality (Theorem 3.2).
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Theorem 3.3. There exists a constant C which is independent of the horizon § such that
les' e <C
To study the limiting behavior of the nonlocal solution, we also need a compactness lemma that can be found in [24].

Lemma 3.4. Suppose uy € S, with §, — 0. If
sup/ / Ps, (X', %) (Un (X') — un(x))?dx'dx < oo,
n QJIQ

then uy is precompact in L*(Q2). Moreover, any limit point u € S.

Now we state some convergence results for the solutions of the parametrized variational problems as § — 0. We consider
the original problem (10) first and the same result for (16) with data fg is given in the subsequent Corollary.

Theorem 3.5. Suppose uy is the weak solution of (10) and uy is the weak solution of (17). Then we have
”U(; - U()”Lz —0 asé— 0.

Proof. Since Bs(us,v) = (f,v)2 for any v e S5, by Lemma 22 and uniform Poincaré inequality, for some constants C; and
C, we have

Cillusll, < Bs(us. us) = (fous)e < | fllzlluslliz: < Glifllzlluslls,.

which leads to the uniform boundedness of {ug € Ss}. Thus by the asymptotically compact embedding property, we get the
convergence of a subsequence of {ug} in L? to a limit point u, € Sy. For notational convenience, we use the same {ug} to
denote the subsequence. We claim that

Bo(uy, v) = (f, V)2, YveC®(Q).

Moreover, since C°(2) is dense in H'(2), we see that u- is the unique weak solution ug of (17) and the convergence of the
whole sequence also follows.
Indeed, let ¢ be standard mollifiers so
G (x)dx =1.
B(0,¢)
Let

Ua<e=u5*¢e=/
B(0

(0,

)Ua X —Yy)Pe (y)dy.
Define Q¢ = {x € Q : dist(x, 9Q2) > €}. Then for all v € C*(Q2),
/ / s (%, X)) (t15.c (x') — 15, (X)) (W(X) — V(X)) dX'dx
Qe J Qe
- / ¢ ®) ( f / ps (%X ) (U5 (X' — y) — s (x — y)) (V(x') — v(x))dx’dx)dy.
B(0,¢) Qe J Qe

Denote

B ) = [ [ s xX) ) o) () — vix))ddx,

BS (1, v) = / ' ()Y (x)dx
Qe
and u}(x) = us(x —y), we have
B (s, 1) = /B o, POIB . Dy (23)

We want to show that by letting § — 0 first and then letting ¢ — 0, the left hand side of (23) goes to By(u,,v) and the
right hand side goes to (f,v)2.
Consider the left hand side of (23), for fixed € and small enough 8, Q¢ c Q5. Then
B s t) = [ 05(e) (15 () 5 (0) (0(x) — vx) )Xy

—/ / ps (0. X) (115, (x') — (%) (V(X) — v(x))dX'dx.
e JQ\Qe
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For the first term, by the fact us . — u. in C°°(£2) and Dominated Convergence Theorem, we have

lim lim / / 05 (%.X) (Us « (X') — 3.0 (1) W(X') — v(x))dX'dx = lim BS (¢, v) = Bo (s, 1).
€~05-0Jq, Jo €—-0

For the second term, since the integrand is uniformly bounded, we have

timim | [ s (. () = 5 () (V) — v(0) X
€~06-0" Jo, Jo\Q. ! !
= Clim |Q[|2\ Q| = 0.
€—

Thus we have

B (us¢, V) — Bo(uy, v).
For the right hand side of (23), define

Ac = |B§ (1}, v) — Bs(us, v)|.

Since B (us, v) = (f, v);2 for all smooth v, it suffices to show that A, is bounded by some constant which is independent
of § and A¢ — 0 as € — 0. Now define QY = {x € Q : x —y € Q¢}, since the kernel is translation invariant, i.e. ps(x +y,x +
y) = ps(x,x') if x+y and ¥’ +y are in €2, we have

/ / ps (6, X) (15 (X — y) — 15 (x — ¥) (V(X) — v(x))dx'dx
Qe J Qe

= /Q /Q 05 (%, X ) (us (X)) — us (x)) (X +y) — v(x +y))dx'dx.
Therefore,
Ae <I+1I,
where
I= ’/ / Ps (X, x/)(uﬁ (X/) —Ug (X))(U(X/) — U(X))dx/dx _ / / Os (X, xl)(u5 (x/) — ug (X))(U(X/) _ v(x))dx’dx
@ I QJa

and

= ‘ / / P5 (X, X) (U5 () = us () (VX +y) = v(X') = W(x +y) = v(x)))dx'dx
Qr Joy

Note that

=2 / / s (%, X' ) (U5 (x') — 15 (X)) W(X') — v(x))d¥'dx]
o\ Ja

< / /N 2 4/ :

< 2|lusls, (/Q\Q{/st(x,X)(V(X) v(x))2dx dX)

< C(/ / ps (X, XYW — v(x))zdx’dx)z.
Q. J2

The last inequality holds because of Q,. c QY. Since v is also in Ss, by Bounded Convergence Theorem, we can get [ — 0
as e — 0.
Consider I, since v is smooth, we have

II'< luslls; [v(x +y) = vX) s,y = Clluslls; [vx+y) = v [l 5, 02)-

which also goes to 0 when € — 0 since |y| < €. O

Corollary 3.6. Suppose uy is the weak solution of (16) and uq is the weak solution of (17). Then we have
llus —ugllz— 0 asé— 0.

Proof. Let us assume that iy is the weak solution of (10). By the theorem stated above, it suffices to show that ||iy —
ugll;2 = 0 as § — 0, which can be derived from Theorem 3.3 and the fact that

||f—f5||1_2—>0 as d—0.
Indeed, denote by ¢5(x) = [o 05 (X +¥)(¥*> — x?)dy, then ¢; is compactly supported in x € [0, §] and

s (x)] s/ﬂpa(xw)lyz—ledysfﬂpa(xw)(xw)zdy,



Y. Tao et al./Applied Mathematics and Computation 305 (2017) 282-298 289

which is bounded for any x € [0, §]. Moreover, we also have
[ pstxry =26y =20 =0y = 651 <.

which is compactly supported in x € [1 —§, 1] and is also bounded. Therefore, when x ¢ [0, §],

1560 - 601 = LN [ sy 02 sy + 3] [ poixe 9067 ~r 0y

The first integral is bounded and by Schwarz’s inequality,
2
|[ s =y < [ psx+y) =202y [ ps ey e )20y

< / ps(X+ ) (x +y)*dy / F)2dy
Q Q
<1l

1
2

Then we can get that

If = fsllzio.s) < Cill fllizpo.6) + G268
which vanishes as § — 0. Similarly, we also have

| f = fsllzj1-6.y = O
as § — 0. Then the claim is true since f(x) — fs(x) =0 forxe[§,1-65]. O

The above theorem finally confirms that (17) is the limiting local problem of our nonlocal diffusion problems with Neu-
mann type constraints.

3.2. Order of convergence

Our next aim is to estimate the formal order of convergence rate as § — 0, in the presence of Neumann type constraints.
Towards this goal, we consider an even more general setting by imposing a mixed type of volume constraints. For simplicity
in presentation, we consider the case 2 = (0, 1) with a Neumann type volume constraint at x = 0 and a nonlocal Dirichlet
type constraint at Qp =[1, 1+ §]. In this case, the nonlocal operator given by (9) should be properly modified as

U Loui=—2 /QUQ ps (X %) (u() —u(x))dx’, (24)

Then the nonlocal equation to be solved is

Lsu=fl onQ,
) f,s (25)
u=20 on p,
where the one-sided modified body force fg is given by
1
0 =fx -5 Ps X+ ) =) (f(0) + fF(¥))dy
QuUQp
for any x € 2. The corresponding limiting local model of (25) is given by
Loll = in Q,
ou=f (26)
u(0)=0, u(l)=0.

Note that we always choose f such that the exact solution ug of the local problem (26) decays smoothly to zero on the
Dirichlet side and therefore we can zero extend ugy to p smoothly. We first remark that the use of the nonlocal §-layer
(such as ©Qp =[1,1+4] for the 1-D case) for imposing Dirichlet type of constraints is a feature of nonlocal interaction
that has been discussed in many previous works [15]. Effectively, we are now treating QU Qp = [0, 1 + §] as the material
body but assuming that u =0 over [1,1+ §], the § neighborhood on the right end, which is a typical feature of nonlocal
interaction that has been discussed in many previous works [15]. Due to mixed volume constraints, we have the nonlocal
maximum principle stated below.

Lemma 3.7 (Maximum principle). Let ps satisfy (13). If u € C() and Lsu(x) <0 for all x € , then

supu(x) < sup u(x) .
xeQ xeQp

Proof. Step 1. We are going to show that the claim is true if Lsu(x) < —e for x € 2, where € > 0. Assume that supy.q u(x) >
SUPyeq, U(X). Then since u € C(€2), we can find x* € Q such that u(x*) = supy.q u(x’) > u(x) for any x ¢ QU Qp. Thus

L5u(x) :—/M ps(Ix — X)) —u(x))dx' = 0.

which contradicts with Lsu(x) < 0, Vx € Q. So it must be true that sup,.q u(x) < SUPyeqy, U(X).
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Step 2. Now we show that the claim is true if £zu(x) < 0. Let w(x) = u(x) + €x2, then one can show that
Law0 = =€ [ pp(x—X D7~ )X = —e.
QU

Therefore, from step 1 we know that for any € > 0

supw(x) = supu(x) + € < sup w(x) = sup u(x) +€(1 +8)2.

xeQ2 xeQ xe2p xeQ2p

So we have the claim verified by letting ¢ — 0. O

Assume that ug and ug are the solutions to (25) and (26) respectively. Let us denote es(x) = ug(x) — ug(x) and Ts(x) =
(Loug — Lsug) + (fg — f), then Lges(x) = Lgug(x) — Lsug(x) = Tg(x). By Taylor expansion and the symmetry of the kernels,
we can get the following truncation error estimate.

Lemma 3.8 (Truncation error). Suppose i is the solution to local problem (26). Then

0(8%) forxels 1),
_ s
o (f (252x - § - 3x25>/05 (s)dS) ug'(0) +0(8?) forx e (0,8).

To get the formal order of convergence, we need the following important lemma.
Lemma 3.9. Suppose that a nonnegative continuous function ®(x) is defined on QU Qp, and
—LsDP(x)>Gkx)>0.
Then

|Ts (x)|
sup les(x)| < sup ®(x) - sup e

xeQp xeQ

1Ts (0|
G(x)

Lemma 3.7 (noticing that it can be applied since us e C() if f} € C(Q2) which implies es € C(2)), we have

Proof. Let K5 = sup,.q

. Then consider Ks®(x) + es(x), we have L£s5(Ks® + es) < 0. By applying the maximum principle

supes (x) < sup(Ks®(x) + e5(x)) < sup (Kz®(x) + e5(x)) = Ks sup ®(x),
cQ

xeQ X xeQp xeQp
where eg5(x) = 0 for x € Qp is used. Similarly, we can also get

sup —es(x) < Ks sup ®(x),

xeQ xeQp
which completes the proof. O
Now to find ®(x), the so-called barrier function (as in the PDE literature), we suppose that it is of the form
D(x) =x* +2x.
Then ®(x) is nonnegative on 2p. Moreover, let

2 forxe(5,1),
Gx)=—-LsD(x) =

s

2| ps(s)(s®+2sx+2s)ds  for xe[0,8].
—X

Therefore, G(x) > 0 for x € Q2 since when x ¢ [0, 4],

8 S
G =2 [ ps(s)sids + 4(1 +x)/ 05 (s)sds > 0.

Now if we pick a specific kernel, namely (6) with y being the characteristic function on (0, 1):

o
0s(x,X) = 2383)([011](“ (Sx |> for all x,x" e R. (27)

Then we have

4 _1683x — 24,2 1x4 \u” 4
Kazsup{sup 64— 165% —363%7 + 51 5 )] +06%) (> |

xe(0.8) 16(83 +382(1 +x) — x2(3 + 2x))
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where the first term can be proved to be 0(82). Indeed, let x = a8, o € (0, 1), then the first term is equivalent to
(1 —0a)|1 — 150 — 5102 — 5103 ||ug’ (0)]84 + 0(8°)

_ 2
48(1 - a?)82+ 0(83) =00

Combining Lemma 3.9 and the above calculations, we have the desired 0(§2) estimate.
More generally, for rescaled kernels (6), we have

12 ps(s) (252 — & — 3x25)ds‘
Ky =sup{ sup 5 lug’ (0)], 0(8%)
xe0.8)  [°, ps(S)(2s + 2sx + s2)ds

Let x = o where o € (0, 1). We can simplify the fraction in the above equation by plugging (6) into it and apply a change
of variable t = s/§ to get:

3

Jav(©)(20s? - % — 3805252)(15‘

I3 ps(s)(252x — % — 3x25)ds)

12 ps5(5) (25 + 25x + 52)ds I, ¥ (5) (25 + 2a8s + 8s2)ds
which can be proved to be 0(82). Indeed, by (14) we can get
1
/ 552y (s)ds = 0(3) .
—o
Moreover, the numerator on the right hand side

1 3 1 1
/ y(s) (20152 - % —38a252>d5 < Qa +38a2)/ v (s)s%ds + %/ y(s)s3ds

1
< <2a +38a? + %)/ y (s)sds.

and the denominator can be simplified to
1 1
/ ¥ (5)(2s + 2a8s + 8s%)ds = (2 +2(x8)/ y (s)sds +0(5) .

Then there exists a constant C independent of § and «, such that

3
[y (20[52 - % - 3805252> ds

I, v (5)(2s 4+ 2a8s + 8s2)ds

<C,

which again gives the 0(82) convergence order. We summarize in to the following key result of this paper.

Theorem 3.10. Suppose ug solves the nonlocal problem (25) and uy is the solution to local problem (26). Then when § < 8¢ for
some constant &g, there exists a constant C > 0 independent of & such that

sup |ug (x) — ug(x)| < C82.
XeQ

3.3. Inhomogeneous Neumann conditions

Now we discuss the nonlocal analog to the classical diffusion problem with inhomogeneous Neumann boundary condi-
tions. The latter is given by

{Cou:f in Q,

w(@)=a, u(1)=0, (28)

where a # 0.
We aim to impose Neumann type volume constraint at the left end point x = 0. In order to have the consistency, we
assume in addition that the first moment of y exists for any § > 0, namely

/1 y(s)sds < . (29)
0

Note that (29) may not hold for all kernels given by (6), for example, y (s) = 1/s2. However, among practical choices of y,
one often takes it to be integrable in many numerical simulations, then (29) is automatically satisfied.
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Instead of (25), the nonlocal equation to be solved is
Lsu=fL onQ
8 fa ’ (30)
u=20 on Qp,
where £5 remains the same as (24) but

- 0
fs(x) = fy(x) + 2a 15 ps (X, X) (X' —x)dx’ . (31)

By (30), it is easy to check that the extra integration in (32) is well defined since y(s) does not have singularities when
x # 0. Moreover, Lemma 3.8 and Lemma 3.9 still hold in this case since the last term in (32) cancels the new terms of
truncation errors due to the inhomogeneous conditions. Therefore, we still have the following result.

Theorem 3.11. Suppose ug solves the nonlocal problem (31) and ug is the solution to local problem (29). Then when & < 8¢ for
some constant §q, there exists a constant C independent of § such that

sup |us (x) — up(x)| < C8%.

xeQ2

Remark 1. We can generalize the last term in (32). Indeed, to solve for inhomogeneous Neumann boundary conditions, we
introduce an auxiliary function u;, which is supported on (-4, 0). Define

0
S = =2 [ pyex) ) - 1p0)dy
Then (32) can be written as
F5 ) = f5 00 + 25wy,
where up,(x) = —ax for x € (-6, 0). Here a # 0 is the local Neumann boundary data and the negative sign comes from the
outward normal direction at x = 0. The work [12] also discussed how to impose the inhomogeneous nonlocal Neumann
conditions, which shares some similarities with the discussions here.

In general, u;, does not have to be a linear function and the kernel in Lg does not have to be the same as that in L. It
is sufficient to choose the kernel B for L‘g’ and the auxiliary function u;, such that

0 0
/_ B X)) — 1y (0)d¥ = a / Ps () =) +0(8). (32)

where O(§) is some higher order term that is at least uniformly bounded by a constant multiple of §. We note that one can
use a similar approach to solve inhomogeneous Neumann problems in high dimensional spaces, details will be presented in
a separate work.

4. Numerical schemes

In this section, two classes of discrete schemes for (16) are studied, including the quadrature/collocation schemes which
are analogous to the ones presented in [33], and conforming finite element Galerkin approximations with piecewise constant
and piecewise linear finite element spaces. We refer to [7,11,34,36] for more discussions on different numerical schemes and
additional references. In this and the followed section we still use the kernel (27) which provides a good illustration of the
more general case without messy notations.

4.1. Geometric discretization

We consider a uniform mesh (grid) in this section. For a positive integer N, we set h = 1/N and let § = rh for an integer
r > 1. Furthermore, we assume § < % Introduce grid points on Q as {x; = (i — 1)h};cq, Where the index set is defined by
Qy={1,2,...,N+1}. Denote by I; = ((j—1)h, jh) for 1 < j < r. We also define the standard piecewise constant basis
functions by
1 for x e (xi_1,%)
0 i-1->4%i), .
J(x) = for i e Qy, 33
¢ {0 otherwise, N (33)
and the standard continuous piecewise linear hat basis functions by
(x—x;_1)/h for x € (Xi_1, X)),
¢l (x) = (X1 —x)/h for x € [x;, xi11), for i e Qy. (34)
0, otherwise

4.2. Quadrature based finite difference discretization

For x € Q;, since the integrating interval is symmetric with respect to x, we can follow [33] to get
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s
Lsu(x) =/0 p(S)(ux—s) —2ux) +ux+s))ds

~ Pux—s) = 2ux) +u(x+s) ,
_/O = s

05 (s)ds. (35)

We consider the discrete operator Lga given by

r

Ly ui=>" % / sY@l(s)ps(s)ds. i=r+1,...,N—r, (36)
m=1

m

where {u;} are approximations of {u(x;)}.
If we take « to be 1, then the discrete operator above can be written by

r—1 2
gt = o0 S W~ 20+ ) — oD 2w ), (37)
m=1
fori=r+1,...,N—r.

In [33], it was shown that such quadrature-based schemes are asymptotically compatible for linear nonlocal equations
with Dirichlet-type constraints. We now demonstrate in our numerical experiments that it is also true for Neumann volume-
constrained problems.

A distinction from [33] is that we also need to discuss here the case that x € 2\, for which the integrating interval
is no longer symmetric. We can either directly use the composite trapezoid rule to approximate the integral, or separate
the interval into a symmetric part where we can again exploit the quadrature scheme mentioned above and the remainder
where we can consider other quadratures. The details are omitted.

Given the above discrete nonlocal difference operators, the proposed quadrature based finite difference scheme of
(16) is

—Lhoui=fs(x;) ie{l,....N+1)} 38)

Let U be a column vector with entries {ui}?’;l], and F be that with entries {f; (X,')}f-\f]], we may rewrite the corresponding
linear systems as

ApU=F. (39)

Note that the above stiffness matrix is obtained without any compatibility constraints, so the matrix is singular and the
solution of corresponding linear system is not unique. This issue is to be discussed in Section 5.

4.3. Finite element discretization

Given the constrained energy space S;(£2) and the bilinear form in Section 2.3, the associated weak formulation of (16) is
given by: finding u € S5(2) such that Vv € S5(2),

B(u,v) = (fs. V).
Let S(’; C &S be a family of finite element spaces corresponding to a uniform mesh {x;} parameterized by the mesh size h, as
described earlier, with {qbl."}?l‘l being the nodal basis. Let uy, Sg be the Galerkin approximation of u given by

B(up, vy) = (fs. U)o Vup e SP. (40)

Now suppose uy, = Zﬁ’l U1¢ik (x), we pay particular attention to the cases k = 0 and 1 with the case k = 0 corresponding
to piecewise constant basis functions (34) (if the energy space admits such functions, which is guaranteed if ps has finite
first order moment), and the case k =1 corresponding to standard continuous piecewise linear elements with hat basis
functions given by (35) (which works for ps that has finite second order moment).

Similar to difference approximations, let U be the column vector composed of the nodal values {u,-}N”

i=1’
the vector with entries {(f;, d)l?‘)g /h}?ﬁ‘l that represent the weighted average of f5 around x;. Then (41) gives linear systems
Ap U= F* with {AE,,(}}(:O being the nonlocal stiffness matrices for the finite element approximation. The issue of uniqueness
of solution will again be discussed later.

and F¥ being

5. Numerical studies

We now report results of numerical experiments which substantiate the analysis given earlier and offer quantitative
pictures to the behavior of numerical solutions especially in the local limit. We first discuss how to impose the Neumann
constraint numerically in order to ensure the uniqueness of the numerical solution. The order of convergence for some
limiting processes are also examined. Through the numerical experiments, we can recover results analogous to those in
[33] for pure Dirichlet constraints. The kernel used in this section is again taken as (27).
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Table 1
Errors of quadrature collocation and piecewise finite element
approximations for fixed § = 1 to solution x* — 2x> + x2.

Quadrature collocation p.w. linear fem

lU" = Ryulle  Order |luh — Zyullc  Order

- 4.59 x 1073 - 8.23 x 1073 -

- 1.19 x 103 195 3.85x 1073 110

- 3.00 x 104 198 1.22 x 1073 1.66
7.53 x 10-° 1.99 3.37x 10 1.85

1.88 x 107> 2.00 8.82 x 1073 193
4.71 x 106 2.00 2.25x 1072 197
1.18 x 106 2.00 5.69 x 106 1.98
2.94 x 1077 2.00 1.43 x 10~ 1.99

l\‘)I\JNNNNNND‘
LLLLL LY

5.1. Numerically imposing the compatibility constraints

After numerical discretization, we get the stiffness matrices A that can be Ap, Agg or Ag . However, they all have a
one-dimensional kernel due to the non-uniqueness. We may impose the constraint that the average of the solution being
zero. Or we may modify the stiffness matrix obtained from numerical discretization. Let E be the column vector with entries
all 1. Then E is in the kernel of stiffness matrix A. Let B = A + EET, we solve the linear system BU’ = F instead of solving
AU =F, where F is the right hand side corresponding to different stiffness matrices. Then the vector U’ has the property
of mean zero. For homogeneous nonlocal Neumman condition, U’ is the numerical solution we want. If the compatibility
constraint is that average of u in (0, 1) is C, but not zero, we need to set U" = U’ + C,E, where C;, — C, as h — 0 (h is the
mesh size).

In our experiments, we adopt the second approach for the following reasons: (1) the order of convergence with mixed
type volume constraints is derived theoretically in Section 3.2. We want to see if there is any difference for pure Neumann
volume constraints; (2) previous studies in [33] contained a set of experiments with Dirichlet volume constraints, it is
desirable to impose pure Neumann type constraints numerically as in the model here in order to compare with the results
shown in [33].

We note that the compatibility constraint can be avoided if we impose Dirichlet type volume constraint on one end of
the nonlocal boundary region (2p = [1, 1+ §], for instance) and consider Neumman type constraint on the other end. In
other words, we discretize and solve (25) with the nonlocal operator given by (24). This also ensures the uniqueness of the
numerical solution without the need for imposing the compatibility constraint.

5.2. Example 1

We first fix the horizon 4. In order to get simpler benchmark solutions, we calculate the right hand side of the nonlocal
equation based on an exact solution u(x) = x2(1 —x)2. This naturally leads to a §-dependent right hand side f= ﬁ;(x).
Meanwhile, we need to modify our nonlocal constraints to match with u(x), which leads to our target inhomogeneous
volume constrained equation:

{E5U=f5 OIIQ, (41)
Jou=GC.

We solve the nonlocal problem on a uniform mesh and take & to be constant and reduce h to check the convergence
properties. As an illustration we choose § = % and refine the mesh with decreasing h. For each h, we use the second ap-

proach discussed above to numerically impose the compatibility conditions and the constant C, is chosen as G, =C; = 31—0
which is the integral of u over €.

Table 1 shows errors and error orders of the finite difference (columns 2 and 3) and the piecewise linear finite element
(columns 4 and 5) approximations to limiting solution x2(1 — x)2 with a fixed § = % while refining mesh with a decreasing
h, where R, denotes the restriction to the quadrature points {x; = ih}f"= o and 7, denotes the piecewise linear interpolant
operator. From the data in the table, we see that the convergence rate for fixed § is @ (h?) for both finite difference and finite
element approximations. We remark that the piecewise constant finite element approximation has the same convergence
behavior and the data is omitted.

5.3. Example 2

We now report numerical experiments to show the order of convergence at continuum level as § — 0, which was
discussed analytically in Section 3. We discretize and solve the following equation:

{Csua =f; onQ,

jQ Us = C5 . (42)
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Table 2

Errors and error orders of finite difference and piecewise
linear finite element approximations as § — 0 to solution
x3/3 —x5/6.

Quadrature collocation p.w linear fem

U} —Ryulle  Order  [luf —Tyull  Order

)

272 3.03 x 102 - 2.80 x 1072 -
2-3 7.26 x 1073 2.06 5.07 x 10-3 2.47
24 1.79 x 10-3 2.02 9.50 x 1074 241
275 445x107* 2.01 1.92 x 1074 2.31
2-6 1.08 x 104 2.04 413 x 10-° 2.21
2-7

2.59 x 10-° 2.06 8.48 x 106 2.27

Table 3

Errors and error orders of finite difference and piecewise lin-
ear finite element approximations as h — 0 with fixed r =2
to solution x3/3 — x6/6.

Quadrature collocation p.w linear fem

IU —Ryull  Order [lu!—Zyul.  Order

h

273 497x1073 - 1.13 x 102 -
274 120x1073 2.04 2.86 x 1073 1.98
275 296 x10* 2.02 7.21 x 1074 1.99
26 734x10°° 2.01 1.81x 104 2.00
277 183x10°° 2.01 453 x 103 2.00
2 8

4.55 x 106 2.00 1.13 x 10-° 2.00

fs is the modified body force given in (15). The constant Cs in the above equation is dependent of §, and goes to some
constant C, when & goes to zero, which means that the limiting local equation is

Lou=f on 2,
v(0)=u'1)=0, (43)
Jou=G.

We specify the local limit of the nonlocal solution as u(x) = x3/3 —x6/6, hence the right hand side of the local PDE
would be f(x) = 5x* — 2x. Denote by Ug the numerical solution of (43) with horizon § and mesh size h. Then from example
1, with fixed §, Ug’ are known to converge to the interpolant of nonlocal solution ug with decreasing h. Therefore, when
we keep & decreasing and pick a relative small enough h as our limit case, the result we get can approximate the limiting
process which we discussed in Section 3. In this example, since we only care about the limiting behavior of the numerical
solution of ug, we can directly choose Cs as 85—4 which is the exact integral of the local limit u. Moreover, we impose such a
constraint on the numerical solution Ug as well by setting

h(UR[1]/2 + UM[2] +... + UR[N] + U?[N + 1]/2) = 5/84.

Table 2 shows errors and error orders to the local limit of the quadrature collocation (columns 2 and 3) and piecewise
linear finite element (columns 4 and 5) approximations as § goes to 0 while fixing a small enough mech size h. From the
data in the table, we can see that the convergence rate to the local limit is 0(82), which is same as what we showed in
earlier analysis. We remark that the piecewise constant finite element approximations also converge to the local limit with
the same rates.

We also want to check the asymptotic compatibility of the model. Table 3 shows that the error orders as h — 0 with a
fixed r = §/h remain O(h?).

Furthermore, we now confirm that the nonlocal solution recovers the Neumann boundary conditions as § — 0 and the
derivatives also converge. For U’g with different § and h small enough, we have that

u5(0) ~ D UR[1] := (U§[2] - U%[1])/h
and
us(1) ~ Dy UYN + 1] := (U[N + 1] = U}[N])/h

where Dﬁ are the difference quotient operators associated to forward and backward differences respectively. Central differ-
ence quotient is used for other nodes, namely

us((j — Dh) ~ DyUZ[j — 1] := (U3[j] - Uj[j - 2])/2h

where j =2,3,...,N. Take the finite difference approximation as illustration, Table 4 shows that as § — 0, the derivatives
of nonlocal solutions converge with an order of ©(§). For more studies on nonlocal gradient recovery, we refer to [20].
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Table 4

Errors and error orders of numeri-
cal derivatives of finite difference ap-
proximations as § — O.

) DU — Rytt'|loc  Order
22 451 x 10! -

2-3 2.24 x 10! 1.01
274 1.17 x 10! 0.93
25 6.09 x 102 0.95
26 3.11 x 102 0.97
277 1.57 x 102 0.98

0.07 T T T T T T T T T

0.06

—u(X)=x*(1-x)?| |

0.05

0.04
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0 0.1 0.2 03 0.4 05 06 07 0.8 0.9 1

Fig. 1. The local limit of piecewise constant finite element approximation with fixed r as h — 0.

5.4. Example 3

In this example, we study another limit process. Recall in [33,34] that in the case with asymptotically compatible finite
difference and piecewise linear finite element discretization, the numerical solutions give the correct local limit but not
the case with piecewise constant finite element. For § = rh with a fixed integer r > 1, the continuous piecewise linear
finite element approximation provides a consistent difference approximation to the local limit as h — 0. Moreover, for
problems with sufficiently smooth solutions, the order of truncation error is still @(h?). However, for the piecewise constant
finite element approximation, it goes to a different and wrong local limit as h — 0, confirming that the conclusions in
[33,34] remain valid for the Neumann case. We take r =1 and start with § =24 and choose the local limit as u(x) =
x2(1 —x)2. Fig. 1 shows that with fixed r =1, the piecewise constant finite element approximation converges to a local
limit which is no longer u.

5.5. Discussions

The numerical experiments reported here are mostly restricted to smooth solutions. We leave experiments involving
singular solutions and more general limits to future works. Based on the results of this section, we see that it is possible to
recover most of the results in [33,34] where nonlocal diffusion and linear peridynamic models with Dirichlet type volume
constraints and a constant horizon have been studied. We also note that similar studies for spatially changing horizon can
also be done, which will be shown in the future works.

6. Conclusion and remarks

In this paper, we have analyzed a linear nonlocal diffusion model which is posed as a nonlocal boundary value problem
of Neumann type. We have considered a class of kernels associated with the some variational problems. Basic structural
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properties of the associated nonlocal energy spaces, such as completeness and compactness, are established, leading to
well-posedness for the variational problems. We refer to [21-23,25] for more properties of the energy space.

One of our main contributions in this work is a study of the limiting processes of both the nonlocal diffusion models and
the discrete approximations, including the quadrature based finite difference and conforming finite element disircretizations.
These are representatives of two classes of methods which can be applied to problems with very general nonlocal interaction
kernels having a finite second order moment. Note that much of the previous studies on Dirichlet type constrained nonlocal
diffusion problems have now been extended to problems with Neumann type volume constraints. We establish the local
limit of the nonlocal diffusion model as the horizon goes to zero, and estimate the convergence rate of such a limiting
process, which is confirmed by numerical experiments. In particular, we are able to numerically recover most of the results
presented in [33] of the problems with Dirichlet volume constraints. In Section 5, we discuss the similarities and differences
between the limiting behavior of numerical methods. These methods are all convergent with the same rate when applied to
the nonlocal problem with a fixed horizon é. However, they behave differently depending on the ratio of horizon and mesh
size (8/h) being fixed. The piecewise constant finite element approximation converges to a different local limit, which is a
scalar multiple of the local limit of other approximations. The surprising findings are again consistent to the results given
for models with homogeneous Dirichlet conditions.

Finally, the current study is largely based on a simple one-dimensional linear model for the sake of offering insight
without being impeded by tedious calculations. In our analysis here, the computational mesh is taken to be uniform and
the horizon parameter § is also assumed to be a constant. While these serve the purpose of illustration well, additional
complications may arise in practical implementations. In future works we plan to extend the results obtained in here to the
linear peridynamic model with a spatially varying horizon which mimics a spatial change of scales in nonlocal interactions.
The present work also serves as a useful step towards the study of nonlocal interface problems and the development of
domain decomposition strategies for nonlocal problems.
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