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INTELLIGENT AND INFORMATIVE SCIENTIFIC COMPUTING,
TRENDS AND EXAMPLES

QIANG DU

ABSTRACT. In this exposition, we consider some emerging issues in intelligent
and informative scientific computation. We present some examples to illustrate
the needs of such a computation paradigm, and discuss a few possible potential
applications with background ranging from microstructure evolution in alloys,
deformation of cell membranes, to multi-scale modeling of complex fluids.

1. INTRODUCTION

In recent years, we have been involved in a number of interdisciplinary research
projects on large scale scientific computation problems in diverse applications [15,
63, 29]. A recurring theme in these different problems is the need of intelligent and
informative scientific computation (12SC) which is the focus of this short exposition.

Starting from the later half of the last century, scientific computation is becom-
ing one of the most significant development in the practice of scientific research.
Indeed, we are witnessing the sweeping changes brought to the world by the power-
ful modern computers including both gigantic machines and diminutive devices. As
often quoted, computing is redefining the framework of information flow and human
interactions, and it is accelerating the pace of scientific discovery by enhancing our
ability to predict and understand the behavior of complex systems. The latter is
made possible by computational algorithms and softwares, which translate the ever
increasing computing power into sophisticated scientific tools which compliment
and bridge, and sometimes even surpass, the capabilities of physical experiments
and analytic studies.

With the advent of computing power, the landscape of scientific computation
changes over time. Here, we begin in Section 2 with some terse examination on a
couple of recent trends. We then discuss the needs of identifying useful information

and finding new scientific knowledge through simulation results in the subsequent
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sections. These are illustrated through several examples that include retrieving
useful statistics such as topological information on micro-structures, identifying
important modes and building reduced models. The applications range from mem-
brane deformation, micro-structure evolution and complex fluid simulations.

The study made in this paper is not intended to be a comprehensive review
but rather a brief account of several examples and issues confined to the particu-
lar problems we have worked on. They are nevertheless presented with a greater
perspective to reflect some emerging trends in the development of intelligent and
informative scientific computation. We have chosen a generic and less descriptive
title for the paper so that the issues discussed in the paper may attract the inter-
ests from readers of this proceeding volume who are outside the area of numerical
analysis. As most of our discussions are fairly rudimentary and limited in scope,
making connections to broader issues may seem excessive. Still. they serve our
purpose of provoking further discussions and debates on this important subject in

the community.

2. BACKGROUND: THE COMING OF I12SC

In more traditional applications of scientific computation, the O&O concept, re-
ferring to the fact that the computational tools and softwares must be operational
and optimized, has played a dominant role. A piece of computational software is
often compartmentalized and the pressing issue is to get the code operational and
then to improve the performance via optimization. Integrating existing software
components together seamlessly to form more complex problem solving environment
remains important [14, 23], yet, for many applications, as scientific computation is
the only viable approach and the expectation of making computation based vir-
tual laboratory is mounting, there are also many new trends emerging from recent
studies. For example, multi-scale modeling and simulation approaches are attract-
ing much attention in the community [39, 48, 50]. From a practical point of view,
there is also an increasing call for the expansion of the predictive power of the
computational tools, thus demanding a shift of emphasis from the traditional O&O
mode to the V&V paradigm, where the latter refers to the important validation
and verification processes that provide both quantitative confidence and reliabil-
ity assessment for computational simulations [2, 70, 73]. While validation assures
that the computer implementation represents the model and the solution from the
developer’s perspective, verification determines the degree to which a model is an

accurate description of the real world from the user’s perspective [71]. Naturally,
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the V&V paradigm relies even more on the interpretation of computational findings
in meaningful ways which is at the heart of the intelligent and informative scien-
tific computation (125C). Recall the famous quotation from Henri Poincare: just as
houses are made of bricks, so is science made of facts; but a pile of bricks is not a
house and a collection of facts is not necessarily science, an analogy can be made:
the objective of the O&O mode is to mostly provide factual data, but it is through
the predictive power gained from the V&V process that scientific computing is
ultimately making its impact in the advance of science.

Ever since the invention of computers, artificial intelligence has been a subject
of popular pursuit after the work of Alan Turing. Ironically, once a culture icon,
it also had risked to lose credibility in the scientific community near the end of
the last century. We do not intend to lead our discussion into this direction. For
the more solemn subject of intelligent scientific computation, there have also been
collections of works in the direction [1, 49, 89]. Intelligence at large is understood
as the ability to take actions that reflect the knowledge of the situation [69]. Intel-
ligence in the context of scientific computation may include the ability for model
selection and reduction, algorithm adoption, data retrieving and manipulation, as
well as reasoning and self-evolution, to say the least. Moreover, intelligence is also
embedded in the effectiveness of knowledge and data processing in the information
age, and being informative (or cognitive) goes side by side with being intelligent
in scientific computation. Thus, we have the term I12SC (intelligent and informa-
tive scientific computation). As much of the larger issues are beyond the scope
of this paper, we instead only focus on some aspects related to our earlier works
in this area. The examples we discuss include the ability of the numerical codes
to automatically retrieve useful statistics from the simulation results, a framework
for systematic closure approximations of complex systems and a simple tool for

identifying important modes and building reduced models.

3. RETRIEVING STATISTICS

We now illustrate an example of collecting useful statistics within a computa-
tional framework where the importance of such information has often been over-
looked in the earlier works. This example came from our recent study in [30] which

was motivated from a number of problems in different applications.

3.1. Phase field modeling. In the multis-cale modeling and simulation of multi-

component alloys, large scale numerical simulation of the micro-structures in the
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material plays an important step [63]. A recent development is the successful ap-
plication of spectral methods to solve the phase field models for microstructure
evolution [92]. Phase field methods employ diffusive interface representations of
the micro-structures. In contrast to the sharp interface approach, they are very
effective in handling complex evolutions in the morphology and are insensitive to
topological events. While working on the integration of the phase field modelling
with other simulation tools ranging from first principle calculations, phase diagram
computation and the computation of micro-mechanical effect, it becomes important
to be able to efficiently collect useful statistics on the underlying microstructure
such as particle numbers, average grain sizes, etc, from the computed data or im-
ages (see figure.1 for an illustration of both 2D and 3D micro-structures computed
in [63, 92]).

FIGURE 1. Two and three dimensional microstructure simulations
for the precipitate growth in different alloys: colored domains rep-
resent various precipitates.

Though the insensitivity to the appearance of topological event is regarded as an
advantage of the phase field simulation, it becomes very interesting to see if such
events can in fact be effectively detected and possibly even controlled. This has
many obvious applications such as collecting statistics during the microstructure
evolution. While we search for numerical schemes achieving such goals, we also be-
come strongly motivated from our recent study on the modelling of cell membrane
and lipid bilayer deformations. The detection and control of topological events in
the membrane deformation have significant implications in the design of bilayer li-
posome as drug delivery vehicles. A simple continuum mechanical model for bilayer
membranes studied by Helfrich [44] and others is based on minimizing the bending

elasticity energy given by

(3.1) E:/F(H—co)st,

subject to given enclosed volume and surface area. Here H is the mean curvature of

the membrane surface I' and ¢y denotes the spontaneous curvature. Earlier studies



INTELLIGENT AND INFORMATIVE SCIENTIFIC COMPUTING 5

using the Helfrich energy include [76, 77, 81]. In [29] and subsequent works [30, 33,
27, 31], a phase field bending elasticity model via diffuse interface approximations
has been systematically developed based on the bending elasticity energy model,
including extensions to membrane/fluid interactions and multicomponent and open
membranes [28, 88].

In the phase field formulation, a phase function ¢ = ¢(z), defined on the physical
(computational) domain €2, is used to label the inside and the outside of the vesicle
I'. We visualize that the level set {z : ¢(xr) = 0} gives the membrane, while
{z : ¢(x) > 0} represents the inside of the membrane and {z : ¢(x) < 0} the
outside. As ¢ is defined on the Eulerian reference coordinates, there is no need
to follow the motion of the specific level set, a feature that is similar to the level
set methods and volume of fluids (VOF) methods [7, 74, 82]. The modified elastic
energy used in the phase field bending elasticity model is given by:

(32) W) = [ $180= 5@~ Do+ Col da.

where € is a transition parameter that is taken to be very small and C' is v/2 times

of the spontaneous curvature. For the volume constraint, we use the functional
(3.3) A¢) = A ¢(z)dx

and for the surface area constraint, we define the functional

(3.4) B) = [ [§IVo + 162 =17

The problem of minimizing the bending surface energy with the prescribed sur-
face area and bulk volume constraints is now effectively transformed into the prob-
lem of finding, for small €, the function ¢ = ¢(x) on the whole domain that min-
imizes the energy W = W (¢) with prescribed values for the constrain functionals
A and B. Rigorous theoretical analysis have been made to explore the sharp inter-
face limit as € — 0 [33], and extensive simulations have also been carried out. For
different ratios of the volume and surface area, we effectively simulated the trans-
formation of the membrane shapes with the minimum bending elasticity energy.
Some examples are shown in Figure 2 which includes the well known discocytes
and stomatocytes shapes as well as confirms the existence of a nonsymmetric en-
ergy minimizing torus previously studied in [52, 61]. For each shape, the 3d view

and the cutting or cross-section view are presented.

3.2. Euler-Poincare index in phase field framework. As the phase field model
is based on the diffuse interface approximation of the surface curvature, it becomes

then natural for us to employ the Gauss-Bonnet formula, so that useful topological
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FIGURE 2. Discocyte, Stomatocyte and Dupin Cyclide.

information, in particular, the Euler-Poincare index, can be determined through the
computation of the Gaussian curvature. This in turn leads to statistics of practical

interests. Briefly, given the phase field function ¢, we define the 3 x 3 matrix

1 V|Vg|?- Vo
3.5 M;i(¢) = ———eo— (V% — —————V,;¢V.0) ,
where the constant parameters maybe taken to be a = 0.5 and b = —0.5; and

let F' denote the coefficient of the linear term of the characteristic polynomial of
M= (Mij), i.e.

F(M) = My Mag + My M3z + Moo Mss — M7, — M7y — M3 .

The Euler number can then be calculated by
(3.6) X / F(z)dx.
2 Jo<o(a)<a
In [30], simplifications based on the asymptotic profiles of the phase function ¢
for the energy minimizing membrane have also been considered, for instance, the

modified matrix with entries

(3.7 31,(0) = [ oo

can be used to give the Euler number [30]:

(1= ¢*)V2p +206Vi6V ;) |

Theorem 3.1. The Euler number x of the zero level set of ¢ satisfies:

(3.8) 5 = /QF(M(ZE)) dx +0o(1), as e—0

for the M and F given above. In the 2d case, it simplifies to

(3.9) X = lim L /Q (—A(b—i- 5_12(¢2 - 1)¢> dz +0o(1), as €¢—0.

e—0 471

Here we give an example on how the formulae (3.6) and (3.5) can be used to
detect topological change. In the left group of pictures of the Figure 3, the merging
of several smaller vesicles has been simulated. The change of the Euler number in
this experiment is shown in Figure 3 (right), illustrating the near stair-case jumps
of the Euler number from 5 to 0, demonstrating the effectiveness of our formulae.

For more detailed discussions, we refer to [30] and [31].
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FI1GURE 3. The Euler number comes from 6 to 0 after the 6 spheres
merges together.

The extraction of Euler number from the phase field models is only one of the
examples where useful statistics may be computed during the simulation runs and
such information can help users to gauge the development of important events and

thus make more intelligent decisions.

4. MODEL REDUCTION

As the multi-scale and multi-physics simulations become a popular approach in
modelling complex systems, intelligent schemes that help us understand the results
of such simulations and extract new physical laws are also becoming increasingly
important. We now discuss a few examples in our earlier works that illustrate

several techniques for developing new and reduced models for complex systems.

4.1. Closure approximations. With a large amount of cells present in a back-
ground fluid, the effective properties of the fluid become significantly different. Such
a situation also occurs in polymeric fluids where there is strong coupling between
the flow-induced evolution of polymer chains and macroscopic rheological response.
This coupling calls naturally for the development of multi-scale methods to analyze
the flow of rheologically complex fluids.

For example, using the incompressible Navier-Stokes equation as the background
fluid model, the dilute solutions of linear polymers can be described in some detail
by modelling the polymer chains as a single dumbbell, namely two beads connected
by an elastic spring. A configuration variable Cj is used to simply represent the
vector connecting the two beads of the dumbbell. Thus, the multi-scale approach
to modelling dilute solutions of flexible polymers (treated as dumbbells) involves
solving the coupled partial differential equations consisting of the macroscopic mo-
mentum equation, the incompressible Navier-Stokes equation, and a Fokker-Planck
equation describing the probability distribution function (PDF) f = f(Z, C}, t) of

the dumbbell orientation Cj on the microscopic level. One of such coupled system
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[5] reads
%+(J-V)ﬁ+Vp = V.1, +vAd,
Vi = 0,
a — —.
SV Vg (VIG) = Vg (VU@ + b1

In the momentum equation, p is the hydrostatic pressure, v is the fluid viscosity,

and 7, is a tensor representing the polymer contribution to stress,

(4.10) 5= [(VgU@ © D17,

—

where U(Q) is the elastic spring potential to be specified later, and A is the polymer
density constant. This induced elastic stress 7, in (4.10) can be derived from the
least action principle [13]. In the Fokker-Planck equation, ¢ is the friction coefficient
of the dumbbell beads, T is the temperature, and k is the Boltzmann’s constant.
One may associate with the F-P equation the following stochastic differential equa-
tion [51],

R - .2 [4kT -
(4.11) dQ + i - VQdt = (Vi —ZVQ\I/)dt—i— W

where Wt is the standard Brownian motion. This stochastic differential equation
defines Brownian dynamics of the connector vector C,j and the probability distribu-
tion of dumbbell polymers evolves according to the Fokker-Planck equation [90].
The simplest spring potential is given by the Hookean law W(C,j) = HQ?/2, where
Q = |C§| and H is the elasticity constant. It leads to a macroscopic differential
constitutive equation for the polymeric stress 7, from the Fokker-Planck equation,
and gives rise to the so-called Oldroyd-B fluids. However, for a more practical
FENE (Finite Extendible Nonlinear Elasticity) potential that takes into account
a finite-extensibility constraint, (@) = —(HQZ/2)log(1 — (Q/Qo)?), there does
not exist an exact macroscopic constitutive equation for 7,, and thus the FENE
model represents a truly multi-scale model. Here, @)y is the maximum dumbbell
extension. The FENE spring force law reads V5V = HG/(1—(Q/Q0)?). We refer
to [40, 59, 60, 62] for more recent mathematical works on the dumbbell models.
Simulating the coupled micro-macro system numerically is a demanding task, in
that at each spatial point Z, the configuration space of Cj needs to be resolved or at
least sampled. A widely used method to solve the coupled system is the so-called
CONNFFESSIT approach [57, 75] that simulates the stochastic differential equation

corresponding to the Fokker-Planck equation to achieve a Monte-Carlo sampling



INTELLIGENT AND INFORMATIVE SCIENTIFIC COMPUTING 9

of the configuration space. The latter approach has the advantage that the com-
plexity increases only linearly with the number of beads of the multi-bead polymer
chains. In our recent work [32], a finite-difference scheme has been developed that
shares several attractive features such as simplicity and positivity-preserving. A key
scientific computation issue, however, is on the so-called moment-closure approach.

To illustrate the idea of moment-closure approximations, we multiply the Fokker-
Planck equation in 2D by Cj ® Q, and perform integration by parts on the con-
figuration space |C§| < Qo. Denoting by A the conformation tensor (Cj ® Cj>,

where the brackets represent the ensemble average over the space |Cj| < Qo, i.e.

(Q®Q) = [i5/<q, @ ® Qf(#,Q,1)dq, we get

%—f + (@-V)A = (Vu)A — A(Vu)T
Sy I L 4RT
Q2/Q2 ( Q t)dQ + C

If we select the conformation tensor as the only state variable, to close the equation,
it is necessary to find an approximate relation to represent the ensemble average
term on the right-hand side in terms of A. If done properly, this closure approach
reduces the needs to resolve the probability space and thus results in dramatic
savings computationally. Certainly, the challenge is to find a good closure approx-
imation, which is often not an easy task, as a good closure model would be one
that agrees quantitatively with the FENE model at least for certain regimes of the
physical parameters. Among the well known ad-hoc closure models, the FENE-P
model and FENE-L model have been used extensively in the literature (see for
example [91] and references therein).

As opposed to the ad hoc closure, in [90], we adopted a more systematic strategy
to derive closure approximations by making an ansatz on the class of functions that
the PDF solution to the Fokker-Planck equation can take. In particular, our closure
model is backed up by some underlying PDF and thus is kept from producing totally
unrealistic predictions. Moreover, the resulting system still keeps certain energy
law. On the other hand, the success of such methods clearly depends on how well
the assumed class can capture the actual solution to the Fokker-Planck equation.
It is shown in [90] that excellent agreement is obtained with the FENE model for
shear flow with small shear rates, and for coupled simulation of two-dimensional
driven-cavity flow. However, it is also observed that the approximation deteriorates
as the distortion on the PDF by the flow becomes stronger. In order to improve
the closure approximation at larger shear or extension rates, an improved closure

is proposed in [32] that allows systematic inclusion of higher order moments. The
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higher moment closure relation is derived based on a similar framework, except that
the dependence of the ensemble average term needing closure on moments is linear,
while the relation is nonlinear in all the previous closure models. It has been shown
that, for moderate shear and extension rates, the closure based on higher order
moments produces much better stress predictions than the existing closure models,
and increasing the order of moments leads to better quantitative agreement with
the FENE model.

Regarding the above systematic closure approximation approach, though effec-
tive to some extent, its success is heavily dependent on the prior knowledge and a
good understanding of the models. As the ansatz is predefined, a rigid structure
is mostly employed for the model reduction. In the realm of intelligent computing,
we strive for more automated, adaptive and flexible approaches. One of our on-
going work in this direction is to couple a dynamically defined nonlinear Galerkin
approximations to improve the static closure approximations. Progress along this

line will be reported in the future.

4.2. Manifold learning and clustering techniques. Model reductions in con-
nection with large scale computation may be performed both in an off-line mode
or an on-line mode. While systematic moment closure scheme can often be viewed
as reduction in the off-line mode, there are many applications where on-line or real
time model reductions are needed, especially those being relevant to the concept
of cognitive computing. Some examples arise in Molecular Dynamics (MD) and
Monte Carlo (MC) simulations which are used to study problems of materials sci-
ence, nanoscience, and biology [41]. MD solves the equation of motion and MC
samples a statistical ensemble based on a microscopic description of the interaction
between particles.

In order to simulate bigger systems for longer times, both the MD and MC
techniques need to be improved to maximize their numerical efficiency. While the
small time step in MD often limits the simulation time, it is not the only concern.
The interactions between atoms, molecules, or other aggregates modelled by MD or
MC simulations are consequences of a fascinating quantum mechanical description,
via the Schrodinger equation, of the electrons and nuclei dominated by electrostatic
repulsions between like particles and attractions between different ones, as in the
first-principles or ab-initio methods. The complexity for evaluating the energy and
the forces of one configuration grows super-linearly with the number of particles in

most computational schemes which also leads to the size limitation.



INTELLIGENT AND INFORMATIVE SCIENTIFIC COMPUTING 11

A variety of methods have been created to deal with the limitation of ab-initio
methods. In the battle for efficiency, a constant pattern emerges: efficiency is
paid out of transferability and realism. The popular usage of pseudo-potential
approximations is a typical example of model reduction, again, based on prior
knowledge. In searching for more intelligent approaches for reducing the complexity,
recently, with colleagues from Penn State, we have adopted techniques developed
for data-mining to probe the potential energy surface (PES) via nonlinear manifold
learning [84] and clustering analysis [26]. In this learning process, when the data
interpolated PES enjoys good enough precision, it is to be used to replace the
costly ab-initio evaluation. We coined our approach CAMLET which stands for a
Combined Ab-initio Manifold LEarning Toolbox.

There are several critical issues in the development of the manifold learning
toolbox, such as dimension estimation, global manifold alignment, energy surface
interpolation, and clustering analysis in reduced dimensions. We leave systematic
discussions to our future works, while only discuss some existing works on the clus-
tering methods here. In the attempt to find important modes of a complex dynamic
system, the so called Proper orthogonal decompositions (POD) have been used to
systematically extract the most energetic modes. POD is closely related to the
statistical method known as Karhunen-Loeve analysis or the method of empirical
orthogonal eigenfunctions, and it is intimately associated with the more well-known
concept of singular value decomposition. There have been many studies devoted to
the use of POD for obtaining low-dimensional dynamical system approximations;
see, for example [3, 4,9, 12, 42, 46, 47, 65, 78, 79, 80, 83]. Such popularity is mostly
associated with its simplicity while it offers no assurance to success. In [20], we
introduced a new clustering approach by combing the POD with the concept of
centroidal Voronoi tessellations (CVTs) into a hybrid method for model reduction.
The optimality of such an approach and various practical implementation strategies
have also been discussed.

In the proper orthogonal decompositions (POD) technique, dominant features
from experimental or numerical data are extracted through a set of orthogonal
functions which are related to the eigenfunctions of the correlation matrix of the
data.

For n snapshots X; € RN, j=1,...,n,let {x; =X; — p}7_; be aset of modified
snapshots where 1 = (Z?:l X;)/n. Let d < n, the POD basis {¢; }¢_; of cardinality
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d is then found by successively solving, for : =1,...,d,

1 n
b= x2S TI0TxE ad 6lg =0 Brl<icol
=17 =

If n > N, this decomposition is known as the direct method; if n < N, then it is
known as the snapshot method. For the latter case, ¢, = ﬁAxi, where x; with
[Ix;|| = 1 denotes the eigenvector corresponding to the i-th largest eigenvalue \; of
the n X n correlation matrix K = (Kj¢), where Kj; = x] x¢/n. From now on, we
will only consider the case n < N.

The POD basis is optimal in the following sense [46]. Let {1,}" ; denote an
arbitrary orthonormal basis for the span of the modified snapshot set {x;}7_;. Let
P1/’ 4% be the projection of x; in the subspace spanned by {1,bi};-7l:1 and let the error
be defined by € = Y77, [|xj — P¢7dxj||2. Then, the minimum error is obtained
when ¢, = ¢, for i =1,...,d, i.e., when the 1,’s are the POD basis vectors.

A centroidal Voronoi tessellation (CVT) is a Voronoi tessellation of a given set
such that the associated generating points are centroids, i.e., the centers of mass
with respect to a given density function, of the corresponding Voronoi regions.
Given the discrete set of modified snapshots W = {x;}7_, belonging to RV, a set
{Vi}r_, is a tessellation of W if V; C W fori = 1,...,k, V;NV; =0 for i # j, and
UK, Vi = W. Given a set of points {z;}¥_; belonging to R" (but not necessarily to

W), the Voronoi set corresponding to the point z; is defined by
Vi={xeW | lx—z|<lx—zl forj=1,....k j+i

where equality holds only for ¢ < j. Other tie-breaking rules for points equidistant
to two or more of the z;’s can also be used. The set {171}5:1 is called a Voronoi
tessellation or Voronoi diagram of W [72].

Given a density function p(y) > 0, defined for y € W, the mass centroid z* of

any subset V' C W is defined by
S ooy -z > = inf > p(y)ly -z,

zeV*
yeV yev

where the sums extend over the points belonging to V' and the set V* can be taken
to be V or it can be an even larger set such as RV, In the latter case, z* is the

ordinary mean

2 ={)_ py}/ Y P},

yev yeV
in this case, z* ¢ W in general.

If z; =z} fori =1,...,k, where {z;}¥_, is the set of generating points for the

Voronoi tessellation {V;}¥_; and {z}¥_| are the set of mass centroids of the Voronoi
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FIGURE 4. Simplified vector field representation based on the
CVTs: 2d and 3d examples.

regions, we refer to the Voronoi tessellation as a centroidal Voronoi tessellation.
The concept of CVT’s can be extended to more general sets, including regions in
Euclidean spaces, and more general metrics. They have a variety of applications
including data compression, image compression, optimal allocations of resources,
territorial behavior of animals, optimal sensor and actuator location, and numerical
analysis including both grid-based and meshfree algorithms for interpolation, multi-
dimensional integration, and partial differential equations; see [6, 8, 10, 11, 16, 17,
18, 19, 20, 21, 22, 24, 25, 34, 35, 36, 37, 38, 45, 55, 56, 67, 85, 87].

Given a discrete set of points W = {x;}}_; belonging to RY | we define the error
with respect to a tessellation {V;}¥_, of W and a set of points {z;}¥_, belonging to

W or, more generally, belonging to RY by

k
F(zi,Vi)i=1,....k) =Y _ > p(y)ly —zl*.

i=1yeV;
It can be shown that a necessary condition for the error F to be minimized is that
the pair {z;, V;}¥_, form a CVT of W. We note that the above error is also often
referred to as the variance, cost, distortion error, or mean square error. The CVTs
of discrete sets are closely related to optimal k-means clusters and Voronoi regions
and centroids are referred to as clusters and cluster centers, respectively. Clustering
analysis provides a selection of a finite collection of templates that well represent,
in some sense, a large collection of data as illustrated in [20]. It has been shown
that, using the variance-based criteria to define optimality, the optimal clustering
corresponds to a centroidal Voronoi tessellation. In figure 4, we provide some
examples of using CVTs for vector field simplification and representation which
again are useful in dealing with complex flow fields [37]. For algorithms to compute
the centroidal Voronoi tessellations of a given set, we refer to [16, 17, 18, 55, 64, 66]

and the references cited therein.

4.3. CVOD. To generalize the CVT concept so as to combine it with POD, there

are essentially two ingredients that we need to redefine, namely, the concept of
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distance (which appears in the definition of and thus serves to define Voronoi tes-
sellations) and the concept of centroid.
First, the square of the distance from a one dimensional subspace spanned by a

vector x to a d-dimensional subspace Z can be defined by
1
P(x,2) =1~ < E x"60:,
X
i=1

where {6;}¢_, forms an orthonormal basis for Z. Then, given a set of vectors (e.g.,
modified snapshots) W = {x;}_; and a set of d-dimensional subspaces {Zi}k
(which are called the generators), we define the generalized Voronoi tessellation of
W by

Vi:{XjGW | 52(Xj,zi)§52(Xj,Zg), Vé?él} fori:l,...,k.

A tie-breaking rule may be applied to insure that in the case equality holds in the
above definition, each modified snapshot only belongs to one generalized Voronoi
region.

Second, given a set of vectors V = {x;} that span an m-dimensional subspace
of RV (e.g., again, for us these are a subset of cardinality m of the modified snap-
shots), the concept of d-generalized centroid (d < m) of ¥V may be defined by an
orthonormal basis {¢,}% , which minimizes

D= |x— Pxl?,
x; €V
where P denotes the projection operator into the d-dimensional subspace spanned
by {¢;}¢ ;. For simplicity, we call such a centroid or basis the d-g centroid of V.
Note that, the optimal basis {¢, }¢; is the d-dimensional POD basis for the set V.

Note that the generators {Z;} in general may not be required to have the same
dimension. Thus, if k¥ denotes the number of generators, we may use a multi-
index d = {d;}¥_, to replace the scalar index d. Then, the CVT based POD
can be properly defined as follows [20]: a set of finite subspaces {Z;}¥ , with
dimensions d = {d;}¥_,, respectively, along with the corresponding generalized
Voronoi tessellation {V;}%_; is called a d-g CVTif and only if the Z;’s are themselves
the d-g centroids of the V;’s. The union of basis vectors corresponding to a d-g
CVT is called a CVT based POD or a centroidal Voronoi orthogonal decomposition
(CVOD).

To recapitulate, CVOD can be viewed as a generalization of CVT for which
the set W of modified snapshots is divided into k clusters or generalized Voronoi
regions {V;}¥_, and for which the generators are d;-dimensional spaces each of

which is spanned by the d;-dimensional POD basis for the cluster. CVOD can also
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be viewed as a generalization of POD for which the set of modified snapshots is
divided into k clusters and then a POD basis is separately determined for each
cluster. In fact, if d; = 1 for ¢ = 1,...,k, then CVT based POD reduces to the
standard CVT. On the other hand, if £k = 1, then CVT based POD reduces to the
standard POD.

Algebraically, one may also interpret CVOD as follows. First, the original cor-
relation matrix for the whole set of snapshots W is replaced by a block diagonal
matrix with diagonal blocks being the correlation matrices for the snapshots in in-
dividual Voronoi sets {V;}; then, the POD analysis is separately performed on each
of the blocks. These Voronoi sets form a generalized centroidal Voronoi tessellation
of W. Thus, the role of CVT within CVOD may be viewed as providing, in some
sense, an optimal clustering of the modified snapshots; the role of POD is then to
provide an optimal reduced basis for each cluster.

There are cases where certain snapshots need to be weighted more heavily; thus,
weighted POD’s have been defined [9]. In light of the fact that a nonuniform density
function can be used in the standard CVT construction, we may also define the
weighted CVOD with a prescribed discrete density or a set of weights, i.e., we may
minimize

> p(x))8%(x;, Zi)
x; €V
over a d;-dimensional subspace of V for a given density function p.

Similar to the original CVT, we can easily prove[20]:

Theorem 4.1. For a density function with values {p;}}_,, the d-g CVT minimizes

the functional
k
g((Zi,Vi), 1=1... ,k) = Z Z pj52(Xj,Zi) .
i=1 x;EV;

The functional G also provides a natural error tolerance measure in the sense
that

k Vil
G((Z V), i=1..k) =3l Y A,
i=1 G=d;+1

where |V;| denotes the cardinality of the Voronoi set or cluster V; and the Ai,’s are
the eigenvalues (in decreasing order) of the (weighted) local correlation matrix of
the snapshots in the cluster.

For k large, it has been conjectured [18] that CVT’s enjoys the equi-partition of
error property; it is natural to extend such a conjecture to CVT based POD. Such
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an error equi-partition property leads naturally to adaptive strategies to refine the
CVOD analysis.

A reduced basis, being it POD or CVT or CVOD, can be used to define a
low-order model for a complex system in a more automated fashion, in comparing
with the closure approach discussed earlier. For instance, let F(¢, X, u(X,t)) =0
be a system of partial differential equations with suitable boundary and/or initial
conditions for the unknown function u. Here, ¢ could be the time variable or some

system parameter. Then, the CVOD based model reduction is performed as follows.

Algorithm 4.1. CVOD based model reduction procedure
1: Construct a set of modified snapshots {u;}7 by solving the system of dif-

ferential equations for different values of t.
2: Calculate the CVOD for the set {u;}7 for some integer k and multi-index
{dj}§:1 to obtain a set of basis vectors {(bm}lglzl.

3: With a suitable inner product, solve the reduced system:
Id|

(om F(LX,3 0160 ) =0 Jorm=1,2,...|d].
=1

The advantage of CVOD over POD is clear, POD mostly is a linear decomposi-
tion technique, while CVOD is nonlinear in nature and it introduces the concept of
clustering into the decomposition. Imagine situations where intermittency is impor-
tant or the dynamics are described by somewhat less related modes. By imposing
a clustering, each sub-CVOD basis for a specific cluster can be used to capture the
dynamics of that cluster. CVOD also reduces the amount of work relative to the
full POD analysis. POD involves the solution of an n x n eigenproblem, where n
is the number of snapshots; CVOD instead requires the solution of several smaller
eigenproblems.

Another interesting feature of CVOD which has been observed in other contexts,
e.g., image processing [18], is that it avoids the over-crowding of the reduced basis
into a few dominant modes which is viewed as one of the drawbacks of POD in
some practical simulations. There have been applications of the CVOD concept
to fluid control problems [6] and problems in homogenization. The application of
CVOD in MD and ab-initio simulations is also currently under investigation.

Yet, perhaps the important feature of CVOD is its simplicity, it can be devel-
oped as a on-line toolbox that can constantly probe the computation results and
seek for clustering patterns and identifying dominant modes. This serves the goal
of manifold learning, model reduction and knowledge discovery. For a complex

evolving system, how to efficiently compute the CVOD dynamically through some
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adaptive and hierarchical processes becomes important. In this regard, there has
been some recent works on multilevel methods for computing the CVTs [16] that

may be further extended in the future.

5. CONCLUSION

In the last couple of decades, we have witnessed the exhilarating development
in scientific computation which is widely viewed as the third approach in scientific
research, along with theory and experiments. The recent emphasis on virtual sci-
ence or cyber-science research symbolizes the central role now played by scientific
computation. It is expected that with the increasing demand of making scientific
computing as a virtual laboratory to replace physical experiments in many key
areas of sciences, the validation and verification (Vé&7V) process in scientific com-
putation is going to be more and more important. This calls more intelligent and
informative (or cognitive) scientific computing to provide not only robustness but
also confidence, assurance and intelligence on the computational findings. A closer
link between computational science and cognition science becomes a necessity. The
relevant modelling and algorithmic issues provide challenges to mathematicians
and computational scientists and they lay the foundation for technological break-
throughs in this direction.

In this paper, we discussed several examples taken from our recent research
projects. While their background are different, they all share features that are
consistent to our objective: making the scientific computation process more intelli-
gent and more informative (thus leading to the cognitive scientific computation) by
retrieving useful statistics and recognizing and extracting important modes. The
discussion is certainly rudimentary, yet, it is our intension to take this opportunity
to discuss some of the issues involved. We conclude with the observation that it
is absolutely critical that the research on mathematical analysis, algorithm inno-
vation, software design and practical applications are to be integrated together in

order to make scientific computation fulfill its great promise.
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