Fair Allocation Over Time

Stergios Athanassoglou * Jay Sethuramanf

June 2008

Abstract

We consider the problem of allocating an over-demanded, divisible resource over a fixed time
horizon. We assume a very high number of agents, competing for the same infinitesimal fraction
of the resource in each time period. An agent makes the decision whether or not to compete
after observing a randomly distributed utility that will be derived if the resource is actually
granted. In the interest of fairness, priority classes at each time period are determined taking
into consideration an agent’s past behavior. To agents within a certain class the resource is
randomly distributed. We provide a thorough treatment of 2-period models and comment
on efficiency, monotonicity, and uniqueness properties that equilibrium strategies exhibit. We
describe the form of the Nash equilibrium strategy for the multi-period game and compute the
strategy explicitly in some special cases. When aggregate demand is high enough, the game
admits an equilibrium strategy that is insensitive to it. We provide a simple recursive procedure
to efficiently compute this strategy. We close with a brief comment on generalizations of our

priority framework.

1 Introduction

Motivation. The need to allocate a scarce good in an efficient and fair manner arises in several
contexts. In this paper, we propose a mechanism for allocating repeatedly over time an over-
demanded, divisible resource to a continuum of identical agents, each of which has the same
demand for the resource and derives an independent and identically distributed random utility
from its consumption. Over the course of a multi-period time horizon an agent will have the
opportunity to consume the resource multiple times. Thus, if the history of an agent is not taken

into account when deciding present allocation decisions, inequities may well build and magnify
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over time. The primary aim of this paper is to design a dynamic allocation procedure that restores
fairness over time without placing an undue burden on the system’s efficiency.

Our work is motivated by the management of scarce divisible resources such as Internet band-
width. In the case of bandwidth, there exist a multitude of users who each wish to satisfy their
individual demand for access, but the available supply is not able to cover aggregate demand.
The intensity of this demand may vary across users according to their potential online activity.
Furthermore, it is reasonable to assume that users cannot observe the actions of others, since
the scale of the overall population is so huge. In this environment a central planner would like
to institute a procedure that reduces congestion to the system and ensures a fair allocation of
bandwidth over time without sacrificing too much economic efficiency.

An additional real-life application of this work could be found in the large-scale dynamic man-
agement of natural resources. For example, imagine large fisheries, where the government has
restricted the total catch to a fixed upper bound. We may imagine individual fishermen as agents
competing for access to the ocean (the resource). How much an individual fisherman values going
out to sea on a particular day will vary according to a host of unpredictable considerations. In the
interest of fairness, the government would like to ensure access to the ocean to every fisherman
while at the same time making sure the ocean is not overfished. It would also wish to do so in a
manner that is not completely arbitrary, in that it takes into account the intensity of a fisherman’s
desire to go to work. Another example of such an application of our work could be found in the
management of forest logging. In this setting, the relevant economic output which needs to be
capped is total timber production and individual loggers face a similar kind of constraint as the

fishermen do.

Contributions. In this paper we devise a priority-based framework for the repeated allocation
of a divisible resource to a continuum of agents. We focus on two intuitive priority mechanisms
in which agents need to weigh the desire to compete for immediate access against the resultant
loss in priority such a decision would cause. In Mechanism 1, an agent loses priority if she re-
quests the resource, whereas in Mechanism 2 if she receives it. We provide a thorough treatment
of both mechanisms for the 2-period case. First, we describe the Nash equilibrium, discuss its
uniqueness features, and derive it explicitly when utilities are Uniform [0,1]. Restricting ourselves
to market-clearing equilibria, we are able to meaningfully compare our priority mechanisms to
generic random and efficient allocations. In this context, we show that they are ex-ante more
efficient than the random allocation and afford a greater ex-ante probability of access than both

the random and efficient allocations. We further show that arbitrary equilibrium strategies may



fail to be monotonic in aggregate demand. In the multiple-period case, we provide conditions
for the Nash equilibrium and investigate its structural properties. We carry out our analysis for
Mechanism 1, but note that similar results can be established for Mechanism 2. When aggregate
demand is high enough we show that the game admits an optimal strategy that is insensitive to
it and we provide a simple recursive procedure to efficiently compute the equilibrium thresholds.
Similarly to 2-period models, market-clearing equilibria are shown to be ex-ante more efficient

than the random allocation.

Organization of the Paper. The rest of the paper is organized as follows. We discuss the
model more formally in Section 2 and provide an overview of the related work in Section 3. In
Section 4 we provide a thorough treatment of the two-period model. In Section 5 we discuss the
general multi-period mode and in Section 6 we briefly extend the scope of our mechanisms to a

more general priority framework. We conclude in Section 7.

2 Model Description

2.1 Preliminaries

We assume a single resource with a total supply normalized to 1 unit. We further assume a
continuum of agents, each requesting an infinitesimal amount of the resource, resulting in a
cumulative market demand indexed by x, which exceeds supply (i.e. such that z > 1). Demand
and supply are present and unchanging for the duration of a multi-period market with N time
periods. In each time period, agents are endowed with random utilities associated with the
fulfillment of their demand. In particular, each agent’s utility is represented by an identical
non-negative random variable U ~ F(-), which we assume to be independent and identically
distributed (iid) over all time periods and other agents. In each time period an agent observes
her utility realization and decides whether she should attempt to fulfil that particular demand.
Once this decision has been made, the resource is allocated to all or a subset of those agents who
requested it in accordance to some predetermined scheme.

We assume that the utility of an agent is private information, and that her past utility real-
izations and behavior are also not publicly knowable. Instead, the best agents can do is make
ex-ante expected-value judgments about the behavior of their peers. This assumption is not a
trivial one, but it can be justified on the grounds that we have a continuum of agents. In such a

setting, it may be unreasonable to assume that a particular agent has the logistical capability to



have detailed information about the actions of a non-trivial segment of the population.

2.2 Allocation Mechanisms

A mechanism is a mapping that determines which agents will have their demand met at a given
time period, as a function of their past and present reported utilities and decisions. Concentrating

on a particular agent at time ¢, the relevant information from the mechanism’s point of view is:!

e Her stated utility realization and decision whether or not to compete for the resource at

time ¢.
e Her stated utility realizations for time periods 1 through ¢ — 1
e Her decisions on whether or not to compete for the resource in time periods 1 through ¢ — 1.
e Her prior history of receiving the resource in time periods 1 through ¢ — 1.

Aggregating all this information across all users, a mechanism then decides to whom to allocate

in the current time period. Obviously, the resource is allocated to an agent only if she actually
requested it. A mechanism induces a multi-period non-cooperative game in which each agent tries
to maximize her expected profit.
Two Canonical Mechanisms. Before we introduce priority based allocation mechanisms, it is
worth discussing two straightforward ways of tackling this problem. In what we will refer to as
the efficient mechanism, the agents with the highest utilities in each time period are awarded the
good. Provided that agents declare their utilities truthfully, this mechanism has the advantage
of being a priori fair (recall that utilities are iid) and of maximizing social welfare. But, these
advantages are compromised by the fact that in the underlying revelation game truth-telling is a
dominated strategy: Agents have an incentive to lie and state that their utility is the maximum
possible.? Thus, the theoretical welfare gains will not be be realized. In addition, while this
mechanism is a priori fair, it is not fair in the interim since it fails to take into account who has
received the good in the past when deciding how to allocate in the present.

By contrast, the random mechanism allocates the resource arbitrarily among all agents in
each time period. This mechanism is clearly a priori fair since all agents have an equal shot at

the resource. Furthermore, there is no incentive for agents to lie and announce anything else

1'We avoid more formal notation because it would complicate the exposition without providing much additional
insight.
2Recall that utilities are private information and must be elicited from the agents.



but their true utility realizations, since the utility reports are ignored anyway. However, this
mechanism is inefficient since it completely fails to consider the magnitude of agents’ utilities
when it arbitrarily decides which agents’ demands to satisfy. In addition to this undesirable
characteristic, and similarly to the efficient mechanism, it too fails to address inequities over time.
Priority Mechanisms. A reasonable way of reducing congestion, encouraging truthfulness, and
restoring fairness to the allocation process over time is by introducing priority classes of agents
in each time period. The priority class to which an agent belongs would depend in some fashion
on her behavior in previous time periods. Consider the case where agents may compete for the
resource in periods 1 and 2. In this context, we may think of granting priority in the second time
period to all those agents who chose not to participate in the first. Or, alternatively, priority
classes could be determined according to how many times an agent has competed for and actually
been granted the resource in the past. Thus, an agent who chooses not to compete for the
resource in the present time period is rewarded for her “restraint” with a higher priority in later
time periods.

An important feature of priority mechanisms is that they give rise to intuitive threshold strate-
gies. Indeed, it would be natural for agents to defer their consumption of the good in cases where
the utility they would derive falls below a certain threshold. This is because after a certain utility
level, an agent would prefer to not even try to obtain the resource in the current time period.
This makes intuitive sense: If an agent’s utility is close to zero, why should she choose to compete

for the resource and potentially lose priority in later rounds?

3 Related Work

Priority schemes arise naturally in the analysis of stochastic queueing systems. Modeling queueing
processes as non-cooperative games and examining the equilibrium behavior that a particular
process induces has been the subject of much research. In this context, the idea of using priority
classes as a way of regulating the outcome of such a game has been frequently employed. Adiri
and Yechiali [1] introduce a queueing game in which entering customers have to choose between
purchasing distinct priority levels when wishing to optimize a certain objective. In their setting,
and along the same vein as our work, Hassin and Haviv [11] derive Nash equilibrium threshold
strategies that determine which of two priority levels an agent should purchase, given the current
length and class make-up of the queue. Mendelson and Whang [15] analyze an M/M/1 queue and
derive the optimal incentive compatible mechanism that assigns prices to different priority levels.

Optimality in this context is taken to mean the maximization of the system’s profits as a whole.



Similar efforts regarding priority pricing schemes include papers by Balachandran [2], Dewan and
Mendelson [8], and Glazer and Hassin [9]. For an excellent general survey of this literature the
reader is referred to Hassin and Haviv [12].

An additional line of research that is relevant to the work presented in this paper has been
pursued in the economics literature on sequential voting. In a notable paper, Casella [3] introduced
the concept of storable votes as a way of improving a multi-period voting procedure. Inspired
in part by European Union decision-making institutions, she proposed a process whereby, as
individual binary voting decisions arise, countries are not required to vote instantly but are able
to store their votes for future use. So at any given point in time, a country may either store its vote
and abstain or cast any number of votes that it may have accumulated in previous rounds. This
allows it to assert its voting power with greater intensity when it cares the most about the outcome
of a particular vote. In [3] Casella showed that storable votes yield efficiency gains over the
regular “one decision-one vote” voting procedure. However, due to the complexity of the dynamic
game, she was unable to quantify these gains or to get an analytical solution for the equilibrium
strategies for all but the simplest case of two countries and two time periods.® In light of these
analytical difficulties, Casella et al [4], in a follow-up paper, performed an experimental study of
the storable votes procedure. They were able to show that theoretical predictions about efficiency
gains closely matched what was actually observed in the laboratory, even though the strategies
that agents adopted were not consistent with the theoretical equilibrium. They concluded that
concerns about the intractability of computing equilibrium strategies can be tempered by the
procedure’s apparent practical benefits (which accrue even in the absence of equilibrium behavior).
In an extension of this work, Casella et al [5] study storable votes and their effect on minority
stakeholders. They provide theoretical as well as experimental justification for the assertion that
storable votes strengthen the voice of minorities, allowing them to have greater influence on issues
that they feel especially strongly about.

Jackson and Sonnenschein [13], inspired in part by the work of Casella [3] and its efficiency
implications, examine in a more general framework the effect of linking decisions over time as a way
of improving on static procedures. In particular, in traditional non-dynamic models, incentive
constraints often preclude certain outcomes from ever being achieved.* A famous example of
such a model is the bilateral bargaining game introduced by Chatterjee and Samuelson [6], for
which, as Myerson and Satterthwaite [16] demonstrated, there is no Pareto efficient, individually

rational and incentive compatible mechanism. In the face of these kinds of challenges, Jacskon and

3We run into a similar kind of intractability with our model.
“In economic theory terms, not all social choice functions are implementable.



Sonnenschein were able to circumvent impossibility results present in static models by examining
independent copies of individual decision problems and requiring agents to participate in all of
them. In this augmented problem space, they introduced a mechanism that compels agents to
declare their types in a way that mirrors the underlying type distribution.® Assuming that the type
distributions are independent, they showed that this linking mechanism truthfully implements any

ex-ante efficient social choice function.

4 2-Period Model

4.1 Priority Mechanism 1

First, we focus our attention on the priority mechanism where an agent loses her priority when
she decides to compete for the resource. Thus, in a 2-period context, the only decision that needs
to be made is in period 1: after an agent has seen her utility she must decide whether or not to
compete for the resource. If she does, then she loses priority in period 2 to all agents who chose
to delay their participation.

To fix matters and derive a Nash equilibrium for this game, let us suppose that in this context
agents will employ a symmetric threshold strategy denoted by u. That is, let us assume that
an agent will participate in the mechanism if and only if she observes a utility of u or higher.
Let us also assume that utilities for each agent are iid and distributed according to a continuous
distribution F' having non-negative support [tmin, umax}(j- We allow for the case 4, = o0 but
impose E[U] < oo.

To estimate the probability that an agent obtains the resource in the first time period we
consider the ratio of the available supply (which we have assumed to be 1) over the average
demand. The demand reflects the agents who observe a utility level that is higher than @. In the
second time period, we need to distinguish between two groups of agents: those who participated
in period 1 and those who did not. The second group is granted priority over the first. Thus, the
available supply for these agents (“class 17) will be equal to 1, whereas the available supply for the
other group of agents (“class 2”) will be whatever is left after the high-priority group has gotten
its share. In the first case, the demand will reflect those agents who chose not to participate in

period 1, while in the second those agents who chose to participate in the first time period.

SFor example, if we have K copies of the original problem and the probability of being type u is P(u), then an

agent should declare that she is of type u approximately K x P(u) times.
SFor simplicity set wmin =0



resource or not.
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Figure 1: 2-period Priority Model I. “Yes” and “No” denote an agent’s decision to request the

In this context, we can approximate the probability that an agent receives the resource in

period 1, given that every other agent is using the same strategy, by

min {1, xﬁl(u) } = o(1,1,4).

Similarly we can estimate the probability that a class 1 and class 2 agent receive the resource

in period 2. In particular, given a threshold strategy @ in round 1, the probability that a class 1

agent is granted the resource in period 2 is given by

min {1, xFl(a)} = a(l,2,u),

while the probability that the resource is granted to a class 2 agent is

uin {1, 02F "} QsFla)”

zF(u

In order to derive a Nash equilibrium threshold strategy we need to find the utility level at

which an agent is indifferent between participating in period 1 or delaying her participation for



period 2, provided that every other agent is behaving in the same way. Such a utility level would

by definition satisfy the following equation:
u-a(l,1,u) + E[U])a(2,2,u) = E[U]a(1,2,u) (1)

The left hand side of Equation (1) denotes the expected utility an agent derives upon observing
% and deciding to participate in period 1. The right hand side denotes the expected utility an

agent gets if she decides not to participate in period 1.
Proposition 1 FEquation (1) has a solution. This solution is unique only if x > 2.

Proof. Proving existence is straightforward. Consider the function:

min q 1, min {1 L(_))Jr
@) =u- E[U Skl { 2i0 }=a—E[U]g<a>

min {1 xF(u) }

This function is continuous. Furthermore, we have f(0) = —E[U](1—1/x)z < 0, while f(tmqez) =
Umaz — E[U]/x > 0 since x > 1. So, this establishes the existence of a zero for f(-) in the interval
[0, Umaz] which in turn implies the existence of «.

Now we turn to uniqueness. Consider the function

} mln{l LW}

min {1 (@)

g(a) = o)
mln{l @ )}

oF
Let us first assume & > 2. This implies that 1/ < (z — 1)/x. The function g(u) assumes
different forms in the consecutive intervals [0, F~1(1/x)], (F~*(1/z), F~Y((z — 1)/z)], (F~'((z —
1)/z), F~1(1)]. However, in each case, g(u) is monotone decreasing, so we can conclude that g(-)
as a whole is monotone decreasing. This implies that f(u) = u— E[U]g(u) is monotone increasing
and therefore can have only one zero.

When, x < 2, the uniqueness result no longer holds. The function g(u) once again as-
sumes different values in consecutive intervals [0, F~((x — 1)/2)], (F~'((x — 1)/z), F~Y(1/x)],
(F~Y(1/z), F~1(1)]. But when @ € (F~((x — 1)/z), F~1(1/x)] we have:

g(u) =

r—1

oF(u)’

which is monotone increasing, so we cannot use the previous reasoning. In fact, we will exhibit a
distribution for which all 4 € (F~!((x — 1)/z), F~!(1/x)] will be Nash equilibria. To wit, recall

that @ is a Nash equilibrium if and only if

i — E[U)g(a) =0



which implies that for < 2 a threshold policy 4 € (F~'((z — 1)/x), F~'(1/xz)] will be a Nash
equilibrium if and only if
r—1 . r—1

a—E[U]xF(a):O:aF(a)_ . E[U]

Now, consider the distribution of U having support [b;, b2] and such that E[U] =1 and

P =2"tpw)t =211

€ U T U

To make sure we avoid contradictions we pick b; < 1, bg > 1 so that indeed the mean will equal

1, i.e.

b2_ ba —-11
E[U]:/O F(u)du:bl—i—/b T Cdu=1

7
This implies, by + (x — 1)/zIn(ba/b1) = 1. This dictates that b; and by will have to satisfy the

following relation,

by = b1 exp [(——)(1 — by)]

z—1
Given this choice of distribution we have the following holding,
_ z—1 1
F(u) = ElU]-
() = =BV

which implies that for all u € [F~1(21), F~1(1)] we will have:

xT

aF() =" e

So, for this distribution of U, all @ € [F~(1 — 1/z), F~1(1/z)] will be Nash equilibria. [ |

4.2 Priority Mechanism 2

Now suppose that we have a mechanism where agents lose priority only if they actually receive
the resource in period 1. The analysis is quite similar to the preceding model. Given a threshold
strategy @ we can once again estimate the probability of being granted the resource in period 1
by min{1,1/(xF(@))} = a(1,1,%). The only change is in the probabilities of getting the resource
in period 2. An agent becomes class 2 only if she participates in period 1 and is granted the
resource.

In this context, given a threshold strategy u, the probability that a class 1 agent is granted

the resource is given by

| 1
min {1, 2F (u) + xF(ﬁ)(l — min {1’ ﬁ(a)p

} = a(1,2,4),
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while the probability that the resource is granted to a class 2 agent is

. {17 [1—aF(u) —2F(a)(1 — min {1, xﬁl(a) })]+} = (2,2, )

— i
zF (@) min {1, T(E)}

Now, let us consider the threshold level at which an agent is indifferent between demanding
the resource in period 1 and delaying his participation until period 2. Once again, equalizing

the payoffs from participating and not participating in the first round we obtain the following

equation:

@+ E[U]a(2,2,9)]a(1,1,4) + E[U]a(1,2,3)(1 — a(1,1,4)) = E[U]a(1,2,7) <
-+ E[U]a(2,2,4) = E[U]a(1,2,4) & @ = B[U][a(1,2,4) — a(2, 2, )]

Thus we obtain the following equilibrium condition:
1— ZF(q) }
F(u) —i—xF(a)(l min{l, xpl(ﬁ)})

B min{l [l—xF(a)—xF(ﬂ)(l—min{l,mF}(ﬁ)})]JrH
’ wﬁ(ﬂ)min{l,m%(u_)}

u = E[U] [min{l, .

In a manner similar as before we may note the following proposition.
Proposition 2 Equation (2) has a solution. This solution is unique only if x > 2.

Proof. Identical to Proposition 1. In fact, the same infinite equilibria counterexample will apply.
[ |

4.3 The Uniform [0,1] Nash equilibrium

In this section we explicitly derive the Nash equilibria for the two models when utilities are

distributed according to a Uniform [0,1] random variable.

Proposition 3 Fiz U ~ Unif|0,1]. The unique Nash equilibrium for the two stage game induced

by priority mechanism 1 is given by

11



Proof. Here Equation (1) reduces to the following:

. . —za)t
o }mm{l, %} — mln{l, (i(lig) }

2 min{l,ﬁ}

Let us solve for the Nash equilibria. We distinguish between 2 cases, according to whether x < 2
orx > 2.

Case 1 - z > 2. Here we have 1/2 < 1—1/x. Now there are potentially three cases to consider:

(a) 0 <u < 1/x. In this case, if we solve for u we obtain @ = (z — 1)/2. Unless z = 2, this is a

contradiction since for z > 2 we have 1/x < (x —1)/2 and @ < 1/z.

(b) 1/z <@ <1—1/z. In this case, if we solve for & we obtain @ = 1/2. This is a valid solution
since 1/ <1/2<1—1/z for z > 2.

Since we know that the solution is unique for x > 2, we do not need to examine the third interval
and can conclude that for z > 2 the only Nash equilibrium is @ = 1/2.7

Case 2 - © < 2. Here we have 1/x > 1 — 1/z. Now there are three cases to consider:

(a) 0 <@ < 1-—1/x. In this case, if we solve for & we obtain © = (x — 1)/2. This is a valid

solution since for x < 2 we have u = (zr —1)/2 <1 —1/x.

(b) 1 =1/ < @ < 1/x. In this case, if we solve for & we obtain a quadratic equation such
that 2u =1 — (1 — zu)/(x(1 — @)). Now we have, x + (V2x — 22)/(22) > 1/x on x € (1,2)
so this solution is infeasible for all z < 2. In addition, we have that 1 — 1/ > z — 1 —

V1—=2(1—-1/x)/2 for all z € (1,2). So, both solutions are infeasible.

(c) 1/z < @ < 1. In this case, if we solve for 4 we obtain u = y/1/2z. This is a contradiction

since 4/1/(2x) — 1/x < 0 for x < 2.

So we may conclude that when 1 < z < 2 we may have exactly one Nash equilibrium: (z —1)/2.

Hence, the unique Nash equilibrium for the two-stage game is given by
_ . [x—-11
4 =min{ ——, =
2 72
[ |

We see that the equilibrium threshold is weakly increasing in x, the total demand. This makes
intuitive sense, since if x is small an agent would expect to have a good chance in getting the

resource in both time periods, and would therefore be more inclined to participate in period 1.

"It is clear that following the same analysis, we can deduce that for any symmetric distribution the Nash

equilibrium will be the mean/median of the distribution.
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Proposition 4 Fiz U ~ Unif[0, 1]. The unique Nash equilibrium for the two stage game induced

Proof. Applying Equation (2) performing the identical analysis as for Proposition 3 yields the
result. |

by priority mechanism 2 is given by

In this case, and in contrast to Mechanism 1, the equilibrium threshold tends to zero as x

becomes large.

4.4 Mechanism Comparisons
4.4.1 Market-Clearing Equilibria

In order to intelligently compare the two mechanisms we need to somehow refine our notion of the
Nash equilibrium of the game. As we saw, absent any refinement, we can be led to situations with
a multiplicity of equilibria. In that case it is not clear how we would go about making meaningful
comparisons between the two models.

Therefore, let us introduce the following definition:

Definition 1 An equilibrium that exhausts all available supply in period 1 is called a market

clearing (MC) equilibrium.

In other words, a MC equilibrium strategy u is a solution to the equilibrium equation such
that zF(u) > 1. It is quite natural to wish to examine equilibria of this sort, since they have the
appealing efficiency property of using up all the available supply of the resource. Furthermore,
such equilibria have attractive analytical properties.

Before we begin our analysis we should note that MC equilibria need not in general exist.
Consider the following example.

Example 1. Consider the setting of either mechanism with U ~ |N(0,1)|,z = 2.01 Since = > 2
a sufficient condition for the unique equilibrium of the game to not be MC is if u = E[U]/(xF(u))
and F'(u) >1—1/x.

In our case, we note that F(u) = P[|[N(0,1)] < u] = P]—u < N(0,1) < u] = 2®(u) — 1.

Furthermore,

u

© 1 2 1
EU| =2 e 2du=92— =
[ ] /0 \/27ru " V2T
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Thus we wish to find u such that - (2®(u) —1) = \/2/7/2.01 = .3970 and 2®(u)—1 > 1—1/z =
505 = ®(u) > .7525 = u > .68. But since &(.69) = .7549 and .69 - (28(.69) — 1) = .3518 < .3970

and the function u - (2®(u) — 1) is monotone increasing, this will indeed be the case. [ ]

Now, let us focus our attention on the cases where MC equilibria do exist. A number of

attractive properties emerge.

Corollary 1 If priority mechanisms 1 and 2 induce MC Nash equilibria, then these equilibria are

UNIQUE.

Proof. For mechanism 1, please refer to the proof of Proposition (1). Once we restrict ourselves
to thresholds @ such that #F(u) > 1 it is straightforward to see that uniqueness will hold. For

mechanism 2, the reasoning is identical upon applying Equation (2). |

Now we note the following intuitive fact regarding the MC equilibria of the two mechanisms.

Corollary 2 The MC equilibrium of priority mechanism 1 is weakly greater than that of mecha-

nism 2.

Proof. Again refer to the proof of Proposition (1) and let @, us denote the MC equilibria of

models 1 and 2 respectively. Now let us distinguish between two cases:
(i) < 2. In this case, both market clearing equilibria will equal @1 = @2 = (z — 1) E[U].

(ii) > 2. In this case we will have 4y = E[U]/(x — 1). On the other hand, if F(u;) < 1/,
uy will equal (x — 1)E[U] and if 1/ < F(u;) < 1 — 1/x @; will have to satisfy a1 =
E[U)(1/(F(u1)) —1) > E[U)(z/(x — 1) = 1) = E[U]/(x — 1) = @ag. In either case we have

ur > us.

4.4.2 Comparing Priority Mechanisms 1 and 2

Now, we can compare the two mechanisms and their unique MC equilibria in terms of their welfare
and fairness properties. Let u; and us be MC equilibria for Mechanisms 1 and 2, respectively.
We refer to the ex-ante expected utility of mechanism 1 (2), as a function of the equilibrium

strategies, as U'(u1) (U?(ug)). Furthermore, the ex-ante expected probability that an agent is

14



granted the resource in mechanism 1 (2) is denoted by P!(ui) (P?*(u2)). Given that we are

restricting attention to MC equilibria we may, after some simplification, write:

} LB (1— JJZ;(U1))+ + /umam u = dF(u)

Ul(u1) = F(up)E[U]min {1,

2F () SO
_imm+fi;f?)

U(ug) = xglE[U]mm{ } é $)++A:maz“asf%mdF(“)
=P fn;p?jj .

Pl(w) = F(ul)mln{l, th)}+i+(1_xpiu1))<1—wi(ul))

P(up) = $_1m1n{1,11}+:16

From now on we suppress the dependence of these quantities on u; and us. We are ready to state

the following proposition.
Proposition 5 The MC equilibria of mechanisms 1 and 2 satisfy the following:
(i) U > U?
(ii) P' < P?
Proof.We begin by proving (7). Note that we can write, for general :
Umazx
W ~Lewwsa

This is a function which is increasing in 4. We may rewrite U' and U? in the following way.

U= lE[U] I W — l(E[U] +E[UIU > w])
x v F(u1) x

W::lmm+h2;mw”z%mm+EmU>WD
T rF(uz) x

Now, from Corollaries 1 and 2 we know that for > 2, u; > g, unless F(u1) =1 —1/x when we
have u; = ug = E[U]/(z — 1), whereas for z < 2 we have u; = ug = (x — 1)E[U]. In any case we
have uy > ugy = E[U|U > u1] > E[U|U > ug] and therefore U! > U?.

We turn to proving (i) and distinguish between two cases:
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(a) o > 2. In this case we can easily see that P? = 2/z. To get the value of P! we can consider
different cases on whether zF(u1) > 1 or xF(u;) < 1. In the first case P! = 2/x, whereas
in the second P! = 2/x — (1 — 2F(u1))/(x?F(u1)) < 2/x. Thus, we will have P! < P2

(b) z < 2. In this case P? =1 and P! < 1.

4.4.3 Comparing Priority Mechanisms 1 and 2 to Canonical Allocations

This section compares the two priority based approaches to the canonical efficient (EF) and
random (RD) allocations in terms of their efficiency (as measured by ex-ante expected utility)
and equity (as measured by the ex-ante probability of being granted the resource). We assume
that the two priority mechanisms give rise to MC equilibria. The efficient allocation satisfies the
demand of the agents with the highest utility realizations, whereas the random one selects agents
arbitrarily. Both clear the market in each time period.

What we deduce is that mechanisms I and II are ex-ante more efficient than RD. They also

afford a higher ex-ante probability of receiving the resource than both EF and RD.

Ex-Ante Utility Comparison. Clearly the efficient allocation will dominate every other. But
let us look at the welfare ratio between mechanism 1 and EF. Let ug denote the value of u such
that zF(ug) = 1. The ex-ante utility of an agent in the EF allocation is 2E[U|U > ug]/z. So,
denoting the MC equilibrium of mechanism I by w; the ratio of its ex-ante utility over that of EF
LEW] + BUW > w))  (BU] + BUIU > w))

22E[U|U > ug]  2E[U|U > ug]

Similarly, for mechanism 2 we get

(EU]+ E[U|U > ug))
QE[U‘U > UE]

On the other hand, bearing in mind that the efficiency of the random allocation is equal to
2E|U]/z, we obtain the following ratio for mechanisms i = 1,2 and the random allocation:

E[U] + E[U|U > u]
2E[U]

Ex-Ante Probability Comparison. In this case, we do not need to distinguish between EF
and RD since they both give a probability of 1—(1—1/z)2. But we do need to distinguish between

different values of x. Let Ry (R2) denote the ratios for mechanisms 1 (2).
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Let us first focus on the case when x > 2. Here we have:

2
= 2z
R'= —*t o = >1
— (=12~ 2r—1
X
2 2z .
L (2L T 2a-1 7 L if eF(u1) > 1
R = 2_1—a;zf‘(u1) F( ) .
z 22F(u + _ .
ot =t 2 i eF(w) <1

We see that both mechanisms 1 and 2 outperform the generic allocations.
Now consider = < 2. This (together with the fact that the equilibria are MC) immediately
implies that xF (u) < 1. Mechanism 2 clearly dominates either generic allocation since P? = 1.

Writing down the ratios again we obtain:

1 z?

R? = = > 1
1— (=12 221
R1:x+xF(u1)—1 51
2¢ — 1

Once again, Mechanisms 1 and 2 dominate the generic allocations.

4.5 Monotonicity Comments

Are Equilibrium Thresholds Monotonic in Demand for Mechanism 17 As we saw in
Proposition 3, the equilibrium strategy for the Uniform [0,1] case grows linearly in x, the total
demand. Furthermore, for > 2 we can easily see that this would be true for any distribution.
The same assertion would be true if we restricted ourselves to (unique) MC equilibria for either
value of z (see proof of Corollary 2. But, the question arises, does this monotonicity property hold
in general? In particular, given a utility distribution, are equilibrium thresholds weakly increasing
in 7 Intuitively, such a relationship would seem to be true, since a higher x implies that there
is more to lose by participating in the first round, since participation in the second as a class 2
agent will be less profitable due to high demand. Our numerical experiments seemed to support
this fact. However, this turns out not to be true.

Refer to the proof of Proposition 1 and the utility distribution which we constructed. Consider
a demand x; < 2 and the associated utility distribution F'(u) = (z1 — 1)/(z1u) on a suitably
defined support [b1, ba] such that we have E[U] = 1. In the proof of the proposition we showed

that this distribution will have a continuum of equilibria, namely the whole interval [F~(1 —
1/z1), F~1(1/21))].
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Now, let us fix the distribution and consider a demand x5 such that x1 < x9 < 2. We will
show that for a suitably chosen z3, the equilibrium threshold will be strictly less than F~1(1/z1),
and therefore will be strictly less than some of the equilibria for .

Let us consider u such that u > F~!(1/x3). In this interval we know that the equilibrium

equation can be written as:

1
— ElU =0
which implies:
1 z1—11
U——————— = 0 u-z9(1 — —)=1
za(1 = = 0) T
r1 —1 1 1 — 1 $1+($1—1)$2
u- Ty — T2 = lsu=— =
il i) I X129
Now if we can show that this choice of w is such that:
FUL) <u< P
To T X1

then we will be done. So, let us calculate F'(u). We have:

_ r1—11 (x1 — 1)xo
F = — =
(u) r1 u r1 + ({131 - 1)%2
-1
Py = 1@ - Dr2 ol

1+ (x1 — 1)xo Cox (1 — 1)zo
Now, if we can find x1, x9 such that 1 < 2,29 > 21,22 < 2 and

1 X1 1
i S < —
T9 xr1 + ($1 — 1)1‘2 1

then we are done. But this can be easily found. Consider, for example, z1 = 1.1, 2o = 1.3. This

choice of x1, xo yields:

1 1
S = 769 < 7 — 894 < — = .909,
T2 xr1 + (:L’l — 1)1‘2 €1
and the result is established. [ |

The Monotonicity of the Probability of Receiving the Resource. Once again, we would
be reasonable in expecting that in both Mechanisms I and II the probability of a class 1 agent
receiving the resource is higher in period 2 than it is in period 1. This turns out, however,
to not always be the case. Let us take the utility distribution to be the following: F(u) =
(1 —e®)/(1 —e*) for u € [0,k] and F(u) = 1 for u > k. Now, consider the equilibrium

18



condition for the last threshold @, and assume that demand is exhausted in both time periods.®
The equilibrium equation then reduces to:
u E[U] F(u) Uk

70) :W:Q:E[U]%:(l—e’k—ke’k) —

Let k now be very large so that ke™* ~ 0 and the above equation is close to @ = E[U]e™%/(1 —
e~%). This equation has a unique solution @ ~ .807 < 1. Hence, we will have F(u) > F(u). Now,
take x such that total demand is exhausted in both time periods. So, we pick x large enough to

satisfy the following:

xF(.807)

Y
—_

2F(807) > 1

Denoting the probabilities of receiving the resource as a class 1 agent in periods 1 and 2 by

a(1,1),a(1,2) respectively, we now obtain,
a(l,1) =

a(l,2) =

Now, F(i) > F(u) immediately implies a(1,2) < a(1,1). Picking = so that F(.807) = 1
establishes the result for Mechanism 2. [ ]
Again, this is a somewhat unexpected result, since we would expect, if we fix a class ¢, our

probability of getting the resource «(i, k) to be weakly increasing in k.

5 N-Period Models

5.1 General Framework

When there are N time periods, we need to make certain assumptions to fully define the problem.
In particular, we assume that the players are able to observe in which class they belong, but
are unable to tell the composition of the other classes. Thus, they can only infer the expected
value of the composition of other classes, given a certain threshold policy. Let us also define some

notation.

8Total demand x will be adjusted to make sure this condition holds.
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. uf threshold strategy of class ¢ agent at time k

o UF: expected utility of a class i agent at time k

° Sf : supply of resource for class ¢ agent at time k
e DF: demand of resource for class i agent at time k
e PF: probability of being a class i agent at time k

e a(i, k): probability of a class i agent receiving the resource at time k, assuming she partici-

pates

All the above quantities are determined by our threshold policy. At this point, we restrict our
attention to the analysis of Priority Mechanism 1. Similarly to the 2-period case, a treatment of

Mechanism 2 would be virtually identical. So, fixing Mechanism 1, we note the following;:

DF = xPikF(uf)

Sk = (1—xZPfF(u§)>+=<1—ZD§>+

j<i J<i
Pik = PikilF(Ufil)+Pik:11F(Uf:11)
Sk
i) = min{1, 7% }
Umazx _
Uk = / 7 wali )R (u) + USE F () + U ()
U,

7

Figure 2 depicts the way that an agent can either stay in the same class or get bumped down
a class according to her decision. For example, at time k an agent who is class ¢ (where 1 <14 < k)
can either demand the resource and be bumped down to class ¢ + 1 in time k£ + 1 or she can
decline and remain at class i. Now, following the same logic as before we may conjecture that the

following vector of thresholds u¥, will be a Nash equilibrium.

Uk+1 _qrk+1
uf = min {W, um(w} (3)

If the denominator of the above fraction is zero (ie. if the supply for an agent of type ¢ at time

k is zero) then this means that an agent will get the good with probability 0. Hence, in this case
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Period k

Period

@2
Period
k+2

Figure 2: An illustration of priority classes in a multiple period problem. “Yes” and “No” denote

an agent’s decision to request the resource or not.
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it is not worthwhile to participate in the mechanism and we assign a threshold of u,q;, thereby
ensuring non-participation.

We begin our analysis with the following lemma.

Lemma 1 Let uf be a solution to Equation 3. We have a(i, k) > a(i + 1,k) for all i and k.

Furthermore, given a time period k, we may have exactly one i such that 0 < (i, k) < 1.

Proof. Clearly, if we have Sfﬂ = 0 the above inequality holds trivially. So let’s assume that
Sﬁ_l > 0. This implies that:

St >0e1l-2 Y PFul)>0e

j<i+l
1—2) PfF(u}) — 2P F(uf) >0 1—2) PfF(uf) - Df >0«
j<i j<i
k N
S—ik >1 :>min{17 SiN} =
D; D;
Hence we will have:
Sk Sk
a(i +1,k) = min{1, DZI;H }<1= min{l, le} = a(i, k)
i1 i

and the result is proved. Furthermore, notice that the above argument establishes that we can
have at most one class receiving the resource with positive probability that is strictly less than 1.
|

Proposition 6 Let uf be a solution to FEquation 3. We have the following holding:
(i) UF > US+
(ii) UF > U,

)

for all i and k.

Proof. First we establish (). Recall that
k41 k+1
o = minlY Y
! a(i,k) 7
Umax _
Uk — / wali, K)dF (u) + USHLF(ub) + U P (ub)
u

k
[
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If uf = Upqe then Ui’“ = UikH. If uf < Umaz, then we have ufa(z’,k) + Ulgfll = Uf“, which

implies that ua(i, k) + Uik_”:rll > UF for all u > uf. Thus, W ua(i, k)dF (u) + Uﬁrllﬁ’(uf) >

F(uf)UFM™ | which establishes UF > UF. l [ ]
Now we prove (ii) by backward induction on the time period k.

Base Case. First we establish base case:

v > Ul

(3

Since U} = E[U]a(i, N) and U}, = E[U]a(i + 1, N), we simply need to prove:

SN SN
min {1, v} > min{1, ZJJ\;l }
D; Dity
But this is true by applying Lemma 1 to k = N. Hence, the base case is proved.

Inductive Step. Let us assume that:

k41 k41
Ui 2 Uiy

We remind ourselves of the following relations:

k+1 k+1
ko . U —Uh
u; = Min{ —————— Umax
a(i, k)

k+1 k+1
Uz‘+1 T Uz‘+2

Ufﬂ = min{a(H_lk)ﬂmax}

Uk = / ua(i, k)dF (u) + UKL (uf) + UFTUR (ub)
uk

7

Umaz _
Uz'k+1 = / ua(i+ 1, k)dF (u) + UfJ:rle(ufH) + Uz‘kfllF(ufﬂ)
u

k
i+1

and consider two cases:

Case 1 - Szk—i-l = 0. In this case we have ufﬂ = Umaz and consequently UZ-IfH = Uz-lfll. On the
other hand Uik is the sum of a non-negative number and a convex combination of two numbers
weakly greater than Uf_ﬂl. Hence we will necessarily have:

ks rrk
Ui 2 Uiy

Case 2 - Sfﬂ > (. Recall that by Lemma 1 we have:

alik) > ai+1,k)
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Hence, it suffices to prove the result for the sub-case (i + 1, k) = a(i, k) = 1. We may rewrite
Umazx
k n k
Uk = /k wdF(u) + UKL (ub) + U LR (ub)
uj
Umazx _
Ul = / udF(u) + UL F(uf ) + U F (ufy)
u

k
i+1

Let us, once again, distinguish between two cases:

Case 2a - u,’f < uf_ﬂ. In this case we have:

/maz udF (u) Z/ o udF (u)

k k
i Uity

Furthermore, by the inductive hypothesis we have:

UBH P(ub) + US F(ub) > UR Fubyy) + UR PGl )

These two inequalities establish the result.

Case 2b - u} > uf " 1- In this case, it is useful to write UF and Uik+1 in the following ways.

Umazx uf uf
Uk — / (u+ UK AP (u) + / U R () + / UM AR (u)

k k
i 0 Uit

k

k
Umazx ui+1 U;

vhe = [ e vtare + [T iR+ [ e vkara)
Uy Uit

Now we note the following three inequalities:

[ e vtare > [ e kg ar

k uk

wli wi
/0 UF dF (u) > /0 UL dF (u)

uk uk uk
/  UfHdF(u) > / o (wt UEY)dF () = / o (ut UL dF (u)
Uity Uiy Uity

It is clear that the first two inequalities follow directly from the induction hypothesis. The third
follows from the definition of uf as the threshold value of utility above which it is profitable to
participate and compete for the resource for an agent of class ¢ at time k. In particular, recall

that for a(i, k) = 1 we will have:

k+1 k+1
E . Uz‘ o Uz‘+1
U; = MIN{ ———————, Umaz { =
a(i, k)
k _ k+1 k+1
uj = U7 =0, i+l
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This implies:
Uk‘H > u+ UI"’Jrl for all u < uf

Since in this case we assume uz 1 < u , this establishes that

k

uf ul
/uk Ui’““dF(u)z/uk (u+ U HAF (u)

i+1 1+1
Then we simply use the induction hypothesis to establish the inequality. Putting the three
inequalities together concludes the proof of the inductive step. |
We now turn to proving that the above solution will in fact constitute a Nash equilibrium in

the multi-period setting.
Proposition 7 The solution of Equation 3 is a subgame-perfect Nash equilibrium threshold policy.

Proof. Let {uf} denote the solution to Equation 3. This solution (and any other set of thresholds
for that matter) uniquely determines the UZ-’“. We wish to show that any deviation from this vector

will yield a (weakly) lower expected profit. Recall that:

k
Umazx Uj
k . E+1 E+1
Uk — / (wali, k) + USSP (u) + /0 UF dF ()
i
Assume that all the agents are behaving according to {uf} and suppose some agent uses a different
vector of thresholds o = {&f} where 4 # u, which gives rise to a different set of expected utilities,
ﬁf . We will show that, at every point in time, this threshold strategy can do no better than the

equilibrium one. That is, we will prove that:
UF <UF, for all i,k

To wit, let us consider u L £ u®, where k; is the highest time period index among all elements of @

’Ll’

that are not equal to w. We note that U; k for k > k; are not affected by this change in thresholds,
ie. Uj k= U k for all k > k; and i. We will have the following holding:

ok - /:mm(ua(zl,kl)—kUle dF (u / Ukl“dF ()

1] !
i

IN

[ watii) + Ul + / UkHaR() = O
uil
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The inequality follows from the definition of ufl’ and the fact that afll # ufll. We can similarly
prove U]k’ < Ufl for any other j such that ﬂ?l #* ufl. For all other j we have U]k’ = Ufl. Thus we
have Uikl < Ul-kl for all ¢ =1, ..., k;. This will in turn imply for ¢ =1, ..., k; — 1,

=1

oF = [ el = 1)+ Ol aF@ + [ ORap
U 0

ky—1
i

Umaz ’llf171
< /ﬁh1 (uaeli, by — 1) + UL, )dF (u) +/O U dF (u)

; ut

" (wali k= 1) + UL dF@) + [ URdB@) = U8
>~ u’?lfl 5 V] i1 ; i =U;

The second inequality follows from the previously shown ﬁg’ < Ui]j !, while the last equality follows
from the definition of ufll__ll . Recursing backwards the result is proven. |

The following lemma suggests that the maximum in the equilibrium equation is attained by
Umaz Only if the probability of an agent receiving the resource is zero. This shows that agents with
a positive probability of receiving the resource will always participate in the process, provided

their observed utility is high enough.

Lemma 2 Let uf be a solution to Equation 3. Then for every (i,k) such that a(i, k) > 0, we will
have uf = (UF — Uﬁ_ﬁl)/a(i, k) < Umqz. In other words, the minimum in Equation 3 will not
be attained by Umay -

Proof. We consider two cases, according to the value of a(i, k).

Case 1 - 0 < a(i,k) < 1. Recall that we have defined a(i,k) = min {1, S¥/DF}. Hence we
will have 0 < a(i,k) = S¥/DF < 1. This implies that S¥ > 0 and DF > 0. But recall that
DF = zPFF(uf). Thus, DF > 0 = u} < wmas, since F(u) = 0 for all u > Upqee. This in turn
implies that we must have uf = (UF! — Ui]fll) Ja(i, k) < Umag. Note that we do not consider
the degenerate case when Sf = Df = 0. Since Sf = 0 we can simply take «(i, k) = 0, no matter

what demand we may have.

Case 2 - a(i,k) = 1. Let us look at the quantity Uik — Uz'k+1~ By Proposition 6, we have

k k+1
Ui 2 Uiy

Thus we obtain that,

Uf Ul < UF=URY = ali, k) / o udF(u) + F(u)USH + F(u)UF = UEY

i

< umaxF(uf) + F(uf)(Uz'k—i_l - Uz"i:_ll)
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Now we can establish the desired inequality via a simple backward induction argument. Clearly

Ukt _ gt

we will have UiN — UiJYH < Umaz- Now, assume the inductive hypothesis i1 < Umaz-

Then the previous inequality will imply:
Uz‘k - Uz‘lif—l < uma:r(F(uf) + F(uf)) = Umax

This completes the inductive step and the proof is complete since u* Uik — Ui]H'1 < Umaz- [ ]

S

Finally, we note the following lemma.

Lemma 3 The equilibrium thresholds satisfy the following relation:

Umaz

ai,k—Dul™ = a(i,k)uf + a(i, k) /k (u — uF)dF (u)

Umazx

= ai+ 1) [ darw
u;€+1
Proof. We begin with the following observation:
UF = /u’? (ua(i, k) + Uikfll)dF(u) + Fuh) UM =

Umax

UE = a(ik) / T wdB () + Pa)USE - U U
u;
Umazx _
Uk, = a(i+1,k) /k udF(u) + F(uf (U — U + U
Uit1
Subtracting the last two equations leads to:

Umazx

Uik - Ui]ii-l = Uik—H - U’L']{ijll +/ a(i’ k)u + Ui]i:_ll B Uzk_HdF(u)
uk
- [ et ke URY - RSP ()

k
it+1

Recall that the equilibrium thresholds are such that:

k41 k41

po_ o JUTT U

u; = min{ —————— Uz
a(i, k)

Thus the last equation becomes:

ali k= 1)t = (i, k)a + i, k) / (u— uBYIF () — ali +1, k:)/ (u — b, )AF ()
k k
uj Uit1
Note that if uf = Umae We have that a(i, k) = 0 so the equation still holds. |
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5.2 Limiting Equilibrium as =z grows

In this section we note an interesting property of our model. Namely, that given any utility
distribution U ~ F(-) and any number of time periods N, there exists a high enough value of
aggregate demand z, call it x(F,N), such that for all x > z(F,N) we can easily identify an
equilibrium strategy that is insensitive to aggregate demand.

Our intuition derives from the simple fact that a(i, k) < 1 = «a(i,k+1) = 0. So, if we assume
that «(1,k) < 1 for all k then we are left with a simple set of N — 1 equations which can be solved

via backwards recursion. We formally state our result with the following proposition.

Proposition 8 Given a utility distribution F(-) and a time horizon N, there exists a threshold

demand level x(F, N) such that for all x > x(F, N) there exists a common equilibrium strategy.

Proof. The proof is by construction. First, let us assume that «(1,k) < 1 for all time periods
k and that a(j,k) = 0 for all j # 1 and k. So we need only consider class 1 agents at any time
period. We thus suppress the thresholds’ dependence on class and let u; denote the threshold for

time period k. The equilibrium conditions can be rewritten as:

Recall that,

EU]

uN = a(l,N)E[U]ZxF(ul)F(m)...F(uN_l)

Umaz [mer ud F(u)
Uk = / a(1, k)udF (u) + UM F(ug) = Uk = + UM F

With these equations we can easily recurse backwards and compute the thresholds. This leads
to a set of thresholds wuy such that ux € (0, upqs) for all k € {1,..., N — 1} (obviously, uy = 0).
Now, having computed the ug, let us take x(F, N) to be the minimum value of = such that the

following conditions hold:

X F(ul)F(UQ) F(UN_1> Z 1
X F(ul)F(UQ) F(UN_l) Z 1
- F(u1)F(ug)..Fluy_2) > 1

r-Flu) > 1



This will ensure feasibility of the threshold vector we have computed via the recursive procedure
outlined above. Since for z > z(F, N) feasibility is not affected, the same vector will still be an

equilibrium. ]

Proposition 9 The equilibrium vector computed above is unique and strictly monotone decreasing

in the time period k.

Proof. First let us show the monotonicity property. We have for 1 <k < N — 1,

h _ gkt
o F(up)F(ug)...F(uy) Uy
and,
U = ElU]
' xF(u1)F(u2)...F(un—1)
f = ! umazu U k+1 u
o xF(u1)F(ug)...F(u) L dF (u) + Uy F(uy,)

Since (1, k) > 0 for all k, this implies that ug < g, for all k. From the proof of Proposition 6
we can immediately note that
Uf > Ukt

Now let us compare uy and ug4q for k € {1, N — 2}. We have the following holding;:

U _ pk+l
Ukl — k2
xF(ul)F(uQ)...F(uk+1) 1
denoting C = x - F(u1)F (u2)...F (ug_1), we get
Uk k+1
= Cc-U
F(uy) !
Uk+1 k+2
= = C-F(u,)U
Flunsn) (k)0
Thus we can write:
23 Uk+1




And since the function f(z) = fo) is strictly monotone increasing we will have that:

Uk Uk+1
= > = + = Uk > Uk41

Fug) = Fluggr)
We finally note that uy = 0 so that uy_1 > un.

Now we show that the solution computed with the above procedure will be unique. This
follows from a simple observation. Let us begin solving for uy_1 and then recurse backwards to
compute the other thresholds. We will have:
F(’LLNfl)
F(’LLNfl)

F(uN_l)
Flun—1

step backwards and compute uny_o. We will have:

un_1 — E[U] =0

which clearly admits a unique solution since is monotone decreasing. Now let us go a

UN-2 N-1
TFa)Fw). Flay s ~ 00 7
UN—-2 o qu:,n_aj UdF(u)
.TF(’U,l)F(UQ)...F(uN_z) N xF(ul)F(uQ)...F(uN_g)F(uN_l)
n E[U]F(un-1) N
xF(ul)F(uQ)...F(uN_g)F(uN_l)
Fror gy P2 = gluv-)

Thus, since uy_2F(uy_2)/F(ux_2) is monotone increasing and since g(uy_1) is a function of
upny_1 and therefore a uniquely determined constant, uy_s will also be uniquely determined.

In general, as we recurse backwards we will be solving equations of the form:

up,
—-—F = _
Flug) (ur) = g(Upy1, Up42, s UN—1)

Thus, at every step of the way the thresholds will be uniquely determined. |

5.3 Comparison to Canonical Allocations

In this section, we generalize the results of earlier sections and show that the efficiency of market
clearing equilibria is not too much lower than that of the efficient allocation, and in fact outperform

the random one. Let ug denote the value of u such that F'(u) = i

Proposition 10 Market clearing equilibria of priority mechanisms are ex-ante more efficient
than the random allocation. The ratio between the ex-ante efficiency of market clearing equilibria

to the efficient allocation is bounded from below by the quantity E[U|/E[U|U > ug].
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Proof. It is clear that the ex-ante utility of the efficient allocation is equal to:
_ N
NF(UE)E[U’U > uE] = ;E[U‘U > uE]

By contrast, the random allocation’s ex-ante utility is given by:

B[]

Now let us fix a market clearing equilibrium strategy. Let Pf denote the probability of being a

class ¢ agent at time k, and let Rf denote the expected reward such an agent derives at time k.

The market clearing equilibrium utility will be equal to the following quantityzzi\;l Zle PFRE.
Consider the term Zle PfRf for arbitrary k. Since we assume the equilibrium is market

clearing, there exists i* such that a(i, k) = 1 if i < i*, a(i*, k) < 1, and «(i,k) = 0 if 4 > i*.
Thus, we have that:

7
k T
i

Umazx k
PFRF = Pf/ wdF(u) = 2P P P > 0] ey

L— 2 PEE(uk) fumes _ B k

l wPPF (uy) ; i< v

PFRE = 0,ifi* <i<k
Since E[U|U > u¥] > E[U|U > 0] = E[U], we will have:

k

E
> P'RF > ElU] o,
X
=1

which in turn implies:
N k
ElU
SyorntzntY
, x
k=1 i=1
So immediately we note that priority mechanisms outperform the random allocation. Further-
more, the ratio between the ex-ante efficiency of market clearing equilibria to the efficient alloca-

tion is bounded from below by:

NEY E[U]

X —

N EUIU>d] B E[U|U > ug|
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6 Extensions

6.1 Inefficiency of non-MC equilibria

Unfortunately, we cannot guarantee that the canonical priority mechanisms will always be efficient.
In the following example we illustrate how a non MC equilibrium strategy can do worse that even
a random allocation. This suggests that, in certain cases, our mechanism introduces a non-trivial
tradeoff between efficiency and equity.

Example 2. This argument applies to both Mechanisms. Fix x < 2 and consider the
distribution in the proof of Proposition 1. We have a multiplicity of equilibria to choose from, so

let’s pick the highest one, namely 4 = F~!(1/z). Since F(u) = z — 1/(wu) we will have:

_ -1 —-11 -1
I—Fa)=-=Fa)="—="—— -2 s q—1

SR

T r u T

Recall that E[U] = 1. Thus, the utility of the random allocation will simply be 2/x.

Now, for our choice of & we will have the following utility:

br g 11 1 r—1 1 z-1 1
—d —FE|U| = In(by) — In(1 - = In(b —
| wt it B = T )~ (1) + 1 = T (k) +
For concreteness, let us fix by = 1/2 = by = 1/26(“_901)2. Now if we pick x = 1.9 we will have

by = 1/26% < e = In(by) < 1. This in turn implies that

1 1 2
a In(by) + — <1<

T

6.2 A Priority Generalization

The discussion of the previous section exemplifies the inefficiency that may arise in the priority
scheme we propose. Unfortunately, there is no way to guarantee that a non-MC clearing equilib-
rium will be able to do at least as well as a completely random allocation. To rectify this problem,
we need to be more flexible in our priority scheme.

Recall that in Mechanism 1 we assume that if an agent chooses to not demand the resource
then he retains his priority class status in the next time period with probability 1. Conversely, if
she chooses to demand the resource then she gets bumped down a priority class in the next time
period with probability 1. This 0-1 dimension of our priority scheme needs to be relaxed if we

want to get rid of non-MC equilibria and the efficiency issues they might pose.
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We introduce the following generalization to our model. Consider a class ¢ agent at time k.
Assume that, given that she chooses to participate, her probability of “getting lucky” and keeping
her priority status is pilj€ (u). If she chooses to delay participation, then her probability of keeping
her priority status is pfk(u) (for simplicity the above are abbreviated by p', p?). Then, our notion
of fairness would imply that p? > p! -indeed if this is not the case, there is never any incentive
not to participate. Note that this is a direct generalization of Mechanisms 1 and 2. In Mechanism
1 we assumed p! = 0,p? = 1, while in Mechanism 2 our scheme was p' = 1 — a(i, k), p* = 1.

Given this new environment we can rewrite the equilibrium equations as:
: 1 E+1 1 E+1 2 k+1 2 k+1
a(i, k) + pig (U7 + (1= pi (W)U = pip()U + (1= pi () U3,

which may be rearranged into:

(Uik—i_l Uzlz:rll)
; Umazx
a(i, k)

Furthermore, the dynamics of the game can be generalized to:

uf = min {<p%,k<u> ()

DF = gcpk‘( k)

+
Sk = ( D)
1<t

. Sf
a(ik) = mln{ ’Df}
PF = PFUF(u 7
+ Plk_ 1[ (u; )(1 _p?—Lk—l(u)) "‘F(Uf__f)(l _le—l k—l(u))

Uk = /k ua(i, k)dF (u) + [F(uf)pzlk + F(uf)p; k]UkH

Yk (u) +F(ui‘€71)pi1,k:—1)]
k-
11—

+ [Ff)( = pip) + F(uf) (1= pf U
Now we are ready to state some easy results:
Proposition 11 Let uf be a solution to Equation 4. We have the following inequalities holding:
(i) UF > UL,
(ii) UF > UF

Proof. Identical to Proposition 6. ]

Given this new structure, we can always find probabilistic priority schemes which yield MC

equilibria.
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Corollary 3 The following scheme yields MC equilibria:
o pip(u) =1—a(i k), pj(u) < p7yu)

Proof. We note the attractive property that when (i, k) = 0 an agent always keeps her priority
in the next time period. Now, assume that we have an equilibrium that is not MC. This would
imply that all a(i,k) = 1. But, applying this to Equation 4 would in turn ensure that u¥ = 0 for
all . But then the market would most certainly clear since z > 1. |

This brief argument establishes that an enhanced priority framework can do away with the
kinds of inefficiencies that plague simpler models, while still maintaining their appealing fairness

properties. For this reason, it deserves a vigorous investigation, which is left for future research.

7 Conclusion

In this paper, we develop a novel framework for the repeated allocation of a scarce resource. We
focus on two intuitive priority mechanisms that aim to instill a measure of fairness to the dynamic
allocation procedure. They do so by dynamically placing agents into priority classes in a way that
takes into account their prior allocation history.

Focusing on market-clearing equilibria, we are able to show that, in addition to having appeal-
ing fairness properties, priority mechanisms are relatively efficient. However, the bounds that we
establish are extremely crude and do not provide much insight as to the actual efficiency of a pri-
ority mechanism vis-a-vis the generic allocations. In addition, a major concern is that sometimes
market-clearing equilibria may not exist. In those instances our mechanisms can be considerably
inefficient, faring worse than even a completely random allocation. A way of overcoming this
problem is by relaxing our priority framework adding flexibility to the way that priority classes
are determined. We have only scratched the surface of this topic in Section 6, and a more complete
examination is warranted.

While our treatment of the 2-period case is comprehensive, multiple-period models present
significant challenges. In some special cases, as when aggregate demand is high enough, we are
able to make detailed and meaningful statements about the structure of equilibrium strategies.
Unfortunately, we cannot extend the scope of our insights much further. The complexity of
the dynamic game that we examine makes the establishment of even the most basic structural
results, let alone the actual computation of closed-form equilibria, extremely difficult. It is not
entirely clear how this situation can be remedied, but we note that such concerns are common in

these kinds of models. Even Casella’s [3] notable work in storable votes suffers from this kind of
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intractability. One potential avenue of future research that may be amenable to more structural
insights would be to examine models having any or all of the following properties: a limited
number of priority classes; a discrete number of agents; an infinite time horizon.

A deeper criticism of this work involves its most basic assumptions regarding agents’ ability
to collect information. Recall that in the outline of our model in Section 2, we stated that as the
allocation procedure moves forward, agents are not able to observe the composition of different
priority classes and adapt their strategies accordingly. Instead, the best they can do is make
ex-ante expected value calculations about the status quo in the market. So, in a sense, while our
problem is a dynamic one, we are imposing a non-adaptive static structure to it. We view this
assumption as a serious objection to our model, but note that it is not completely unreasonable
in the context of very large markets. Furthermore, an adaptive model would present even greater

analytical difficulties than the -already substantial- ones that we encounter in our work.

References

[1] I. Adiri and U. Yechiali (1974), “Optimal priority purchasing and pricing decisions in non-
monopoly and monopoly queues”, Operations Research, 22, 1051-1066

[2] K.R. Balachandran (1972), “Purchasing priorities in queues”, Management Science, 18, 319
326

[3] A. Casella (2005), “Storable Votes”, Games and Economic Behavior, 51, 391-419

[4] A. Casella, A. Gelman, and T. Palfrey (2006), “An experimental study of storable votes”,
Games and Economic Behavior, 57, 123-154

[5] A. Casella, T. Palfrey, and R. Riezman (2005), “Minorities and storable votes”, Quarterly

Journal of Political Science, forthcoming

[6] K.Chatterjee and W. Samuelson (1983), “Bargaining under Incomplete Information”, Oper-
ations Research, 31, 835—851.

[7] P. Crampton, R. Gibbons, and P. Klemperer (1987), “Dissolving a Partnership Efficiently”,
FEconometrica, 55, 615—-632.

[8] S. Dewan and H. Mendelson (1990), “User delay costs and internal pricing for a service
facility”, Management Science, 36, 1502-1517

35



[9]

[10]

[11]

[12]

[13]

A. Glazer and R. Hassin (1986), “Stable priority purchasing in queues”, Operations Research
Letters, 4, 285288

R. Hassin (1995), “Decentralized regulation of a queue”, Management Science, 41, 163-173

R. Hassin and M. Haviv (1997), “Equilibrium threshold strategies: The case of queues with
priorities”, Operations Research, 45 966-973.

R. Hassin and M. Haviv, “To Queue or not to queue: Equilibrium behavior in queueing

systems”, Springer, 2002.

M. Jackson and H. Sonnenschein (2007), “Overcoming incentive constraints by linking”,
FEconometrica, 75, 241-257.

R. P. McAfee (1991) ,“ Amicable Divorce: Dissolving a Partnership with Simple Mecha-
nisms”, Journal of Economic Theory, 56, 266—293.

H. Mendelson and S. Whang (1990), “Optimal incentive-compatible priority pricing for the
M/M/1 queue”, Operations Research, 38, 870-883

R. Myerson and M. Satterthwaite (1983), “Efficient Mechanisms for Bilateral Trading”, Jour-
nal of Economic Theory, 29, 265—-281.

36



