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Practice Problems- Solution

Question 1- Equilibria in a Cash-Credit Good Model

(a) Recursively solving for assets using the asset evolution equation yields:
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(b) If P, = 0 the household could purchase an unbounded amount of consump-
tion goods at date ¢. This cannot be part of an equilibrium in an economy
with bounded resources. Similarly for P, < 0. If W; < 0, the household
would supply no labor, and there would be no output. Yet, there would
be a demand for goods, owing to the fact that A > 0. Again, with de-
mand exceeding supply there could not be an equilibrium. If R; < 0, the
demand for money would be ubounded. If limp_, Z]T:o gj+11; = oo, the
demand for cash and credit good would be unbounded.

(c) The Lagrangian associated to the household problem can be written as:

. (B + M) = (1+ Ryy) (M, + BiL,)
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where 3 iy and B\ denote the Lagrange multiplier associated to the asset

evolution equation and to the cash-in-advance constraint, respectively.



The first order conditions are:

Ui
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Equations (2) and (3) imply:

—Ust - Wt
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Equations (4) and (5) imply:
(L+ Re) prygr = ppa + Mt

Substituting for 1, ; from (2), for (y,,, + A¢) from (1) and rearranging
we obtain

U2t
Equations (1) and (5) imply
— gl
pe =5 D,

Substituting into (4) and rearranging;:
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In addition we have the complementary slackness condition associated to
the cash-in-advance constraint:

>\t (Ptclt 7M£1) = O,Ptclt S Mtfi
Equations (1), (2) and (7) imply
At = Rtﬂt+1~

With the usual concavity assumptions the asset evolution equation will
hold with equality in equilibrium, implying 4, ; # 0. Thus, we can restate
the complementarity slackness condition as:

Ry (M{! — Pyery) = 0, Prery < M

The transversality condition can be seen in two ways. First, by recognizing
the equivalence between the transversality and flow budget constraint on



the one hand, and the intertemporal budget constraint on the other, we
see that the transversality condition simply corresponds to the situation
in which the household exhausts its budget constraint. That is, suppose
lim7_ o grAr > 0. Then the household could deviate from its plan and
consume more. This is inconsistent with optimization. Second, note that
if limy_, o gr A7 > 0, then eventually A; is growing at the rate of interest.
That is, eventually the household reinvests both the principle and interest
on A;, and does not consume the proceeds. No optimizing household
would engage in such a ‘reverse Ponzi-game’. It would prefer at some
stage to consume the proceeds of its investment.

Formally, the transversality condition can be written as:
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Thus, lim7_, o qTAdT =0.

(d) Recursively solving for debt using the government’s budget constraint:
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where s; is the real government surplus, including seignorage revenues.

Taking limits for 7" — oo and using limp_,, g Br = 0, we get
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— qt
=0
(e)

Definition 1 An Equilibrium is a sequence, {cy, cat, My, M{, By, BE, Py, Ry,
Tt, Dy, lt}, such that



(i) the household problem is solved at each t

(i) the firm first order condition is satisfied at each t

(#i) the monetary policy rule, Myi1 /M = u, is satisfied

(iv) the fiscal policy rule, limy_ o grBr = 0, is satisfied

(v) markets clear, i.e., M = My, B = By, Iy = c1 + ¢t + g.

(f) A-

B-

Suppose we have an equilibrium.

Given the assumed functional form for the utlilty function, equations
(6) — (8) simplify to:
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Combining (10) with the firm’s first order condition W;/P; = 1, we
obtain cg; = 1. Thus, from (11), ¢;,° = (1 + R:). Substituting into
(6) and simplifying

1
=pF=c11
Pt Pt+1 1t+1

Multiplying both sides of the previous expression by M;, and using
M1 /My = p

My M, Mt+1cﬂ,
B = -5 Cit+1
Pt Mt+1 Pt+1 *
B mip1
my = oo
RRS TN

(i) follows from the ‘complementary slackness condition on the house-
hold, and the fact that, ui/us = 1+ R reduces to ¢ = 1/(1 + R)
with our assumptions on utility. So, ¢4 < 1 corresponds to R > 0.

The upper bound on condition (iii) corresponds to the requirement,
R > 0, and the lower bound is just the non-negativity constraint on
Cy.

Finally, the transversality condition is obtained by combining the
household’s transversality constraint with the solvency condition of
the government. Now suppose we have a sequence of m;’s and c14’s
that satisfy (i)-(iv). It is easy to verify that the necessary and suffi-
cient conditions for household optimization are satisfied. For exam-
ple, the transversality condition of the household follows by combin-
ing (iv) with the solvency condition on fiscal policy.

Trivial.



G(m)

F(m)

C- Write the difference equation in m; as G(m;) = F(my41), where
G =m,and F = m'=93/pu. Graph F and G with m on the horizontal
axis and G, I on the vertical. Note that G is the 45 degree line. When
oc<1,then F — 0asm — 0, and F/ — oo as m — 0. So, F rises
above the 45 degree line and then cuts it from above. It cuts only
once since F' is concave. A sequence, my, that satisfies this difference
equation, with m; — 0 can be found by setting 0 < mg < (ﬁ/u)l/a .
Then, evaluate G(myg). Then, search horizontally for a value of m;
such that F(my) = G(myg). Since F' is concave, m; < myg. Keep
iterating in this way, and it is obvious that m; — 0. Obviously,
(i)-(iv) are satisfied, so that this is an equilibrium. Another way to
show this is to invert F' and write the difference equation in the form,
mey1 = [(1n/B) mg]'/ (=), Note that this is a convex function in m,
so that for mg less than the steady state, the iterates, m;, converge
to zero.

To determine inflation, note msi1/m; = p/meqr1, where mpy =




Pt+1/Pt. SO,

e )

7Tt+1 = =
Me41

as my — 0.
There is a continuum of exploding hyperinflation equilibria, one for
each possible 0 < mp < (ﬁ/u)l/g .

If Ry = 0 for all ¢, then it must be that ¢;; = 1, for all ¢t. Then,
(i) requires myy1 = (u/B) my for all t. Condition (ii) requires mgy >
1. Condition (iii) is satisfied trivially. The rate of inflation is ob-
tained from myy1/m: = p/B, or, my1 = B for all t. Also, qgr =
T (Po/te,0) e/ Pr = BTPO/PT = 1. This candidate equilibrium
does not satisfy (iii) because f'm; = ptmo - 0 as t — oo when
w > 1. If 4 < 1, then the transversality condition is satisfied. In
this case, Ry = 0 and deflation at the rate of time preference is an
equilibrium, even though p > .

In this case, the household transversality condition is satisfied for
all candidate equilibria, because of the nature of fiscal policy. As a
result, the candidate deflation equilibrium is an actual equilibrium.

Seignorage revenue is

(Mypr — M)/ P, = By —my =my (Bp—1) =
() e

in the deflation equilibrium. Under a Ricardian fiscal policy, My +
Br — 0 in the deflation equilibrium, while under the solvency condi-
tion, By — 0 in this scenario. So, under our solvency condition the
seignorage revenues are rebated in the form of tax subsidies, while
under a Ricardian fiscal policy, they are used initially to drive Br to
zero, and then to drive B negative so that My + Bp goes to zero.



Exercise 17.1

(a) Zero net inflation rate means that p;—:l =1, so that ay =1 as well.
b) 100% inflation rate means that 2= = 0.5. This time:
bt

1.02 -1 1

= —— = — = 0.038462.
1.02-0.5 26

Qi

Exercise 17.2

Note: questions (b), (c) and (d) are all solved together in question (b).

1. Definition 2 An equilibrium is a sequence of price {pt}:rzog, sequences
of household consumption and money holding {cs, mt+1}:_:08, sequences of

government policy {gs, T+, Mtﬂ};og such that the following conditions are
satisfied:

(i) Optimality: given {pt};og, {ct,mt_,_l};og solves the household prob-
lem.
1) Feasibility: the market for good and the market for money clear at
) g Y

allt>0:

ctt+ge = Yy
M1 = M.
(ii) The government’s budget constraint is satisfied for allt >0 :

My — M,
Dt

gt =T¢+

(b) We form the Lagrangian of the household problem:

+oo
Zﬁt{ln(ct)ﬁ-vln (mt+1> Y (CH_ Mert mt>}

—0 ya Pt Pt

The first order conditions are:

1
= )\t
Ct
v _ ﬁ _ /3@
Miy1 Dt Pt+1



Market clearing imposes that ¢, = y — g and myy1 = M,;41. This implies
in turn \; = y—ig. Replacing these expressions into the second first order

condition gives:
(L)
My y—g\pt  Piqr

Note also that the market clearing and the household budget constraint
imply the government budget constraint:

My — M,
b

Yy—T—C=9—T=

Therefore, equilibrium price sequences and money holding sequences are
characterized by the following system of difference equations:

1 1 1
Y- (—ﬂ ),tzo;
Miq Y—9g \Pt Pt+1
My — M,
g—T7 = M7t20
Pt

The first equation is the first order condition evaluated at the equilibrium
allocation and the second is the government budget constraint.

Anticipating questions (c) and (d), we rewrite this system of difference
Miya
pt

equations using auxiliary variables, the level of real balances h; =

and the return on currency R; = pfﬁ. We find, after some manipulations:
Y(y—9) = h(1-pBR),t>0;
M,
g—T7 = hO - 707 t= 07
Po
g—7 = hi— R ahi1, > 15
M
R, = Pt and hy = —L
Pt+1 Pt

The first equation allows to express h;_1R;_1 as a function of h;_;. Re-
placing this expression in the third equation yields to:

1 Yy —9)
R = —=-(1———~ t>0;
t B( ht 9 - Y
M,
g—7 = ho— —2, t=0;
Po
1
hy = 9—7—%(y—9)+5ht_1,t21;
M
R, = il andh,g:il
Pt+1 Dt

The linear difference equation for h; is easily solved. First we solve for
its unique fixed point A* =g —7— 5 (y—g) + %h*. Then we subtract



the equation defining h* to the difference equation to find hy — h* =
t
L (he_1 — h*). We iterate on it and obtain b, = h* + (%) (ho — b*).
Equilibria are constructed in the following way:
(1) Choose hy > 0.

(2) Solve for pg using g — 7 = hg — %.

B

(4) Solve for R; using R; = % (1 _ M)

)
)

(3) Solve for h; using hy = h* + (l)t (ho — h*).
) e
)

(5) Solve for p; and M1 using Ry = pfll and h; = %.

(6) Accept this equilibrium candidate only if pg, hy and R; are positive.

Stationary equilibria are such that the rate of return on currency R; is
constant. From the above equations it implies that h; is constant as
well. But the difference equation for h; has a unique fixed point A* =
ﬁ (v(y—g) —B(g—7)). Thus there is a unique candidate stationary

equilibrium:
W= 509 -Al-7)
o~ Laly-9--7)
By(y—9)—By—r7)
Mo 1

o m(v(y—g)—(y—ﬂ)-

The positivity restrictions on h;, R; and pg imposes the following necessary
and sufficient condition for existence of a stationary equilibrium:

Ty—9)>Hy—-1).
(c) See question (b).
(d) See question (b).

(e) Assume that there exists a stationary equilibrium, so that v (y —g) >
(y — 7). Candidate equilibria are described by:

he = h*+<1>t(h0—h*)

B
1 7(y—9)
R = -|1-—~~2Z
' /3( h
M,
g—7 = ho——"
Po
Ry = Pt and h; = Mia
Pt+1 Y43



(f)

The restriction h; > 0 imposes that hg > h*. Otherwise, h; would be
negative for ¢ large enough. Note that this implies that h; > h*. Since
the equation defining R; is increasing in h;, we also have R; > R* > 0.

Similarly, the equation defining % is increasing in hg so that % > ]I\){O >
0

0. This shows that any hy > h* defines an admissible equilibrium.

If hg > h*, then h; goes to infinity. Also Ry, the rate of return on currency,
goes to + > 1. Therefore, for ¢ large enough, an economy with hg > h*
will experience deflation, in spite of positive deficit.

In order to rank those equilibria, note first that they share the same con-
sumption stream ¢; = y — g. Thus the household utility in equilibrium hg
is:

ny—9 <
ﬁ+7;5tln(}lt)~

t
It is apparent that h; = h* + (%) (ho — h*) is increasing in hg and that
the utility is increasing in h;. Therefore the equilibrium with higher hg
will yield higher utility to the household.

We rephrase the old time religion as: “Larger sustained government deficit,
which leaves g unchanged, implies permanently higher inflation rate”. In
this event, a larger deficit corresponds to a lower tax rate 7. In the sta-
tionary equilibrium, a decrease in 7 implies a decrease in h*. As R* is an
increasing function of h*, this also implies a lower R*, i.e. a higher infla-
tion. Consider the non stationary equilibrium with initial money holding

ho # h*:
o ()

Since 8 < 1, h; is a decreasing function of A*. In this case a decrease in
7 decreases h*, which increases h; and thus increase Ry, implying a lower
inflation.

10



Exercise 17.4
(a) Consider the Lagrangian associated to the household’s problem:

0 Am e m m
Zﬁt cf <n t+1> + At [y—7t+t + B —ci — At —Bt+1Rt} )
t=0 “ D b P

where leisure has been substituted out and A; > 0 is the Lagrange multi-
plier associated to the household’s budget constraint.

The first order conditions are:

A m 11—« B
¢ M=la—n(1—-a)c <,7 t+1> I 1 (12)
Ct Dt
) _ o Amia 'Y (mea\
me41 ¢ )\t = ﬁ)\tJrlRmt + (1 - a) Cy - (13)
Cy Pt Dt
By At = BAy1 Ry, (14)

where R+ = pt/pe+1 is the rate of return on money.

Substituting for SA;4+1 from (14) into (13) and rearranging we obtain:

Ry A mt+1>1_a (mt+1)_1
A | 1— =1-a)c | — —_— .
t( R, ) ( ) K (C? Y4 Y43

Substituting for A\; (12), simplifying and rearranging:

Myl l—« Ct
Dt 06*77(1*05)1—%-

Next, using the result that R,,;/R; = (1+ it)fl, and that ¢; = (y — g),
one gets the demand for money given by:

Myl y—g 1
== =7<1+‘)(y—g), (15)

y2s ~ 0F I
where v = % From (15), the demand for real money balances is

clearly decreasing in the nominal interest rate.

(b) Since g is constant, ¢; = (y — g) is constant as well. From the money
demand equation (15), the demand for real money balances is constant.
From (12), since both consumption and the demand for real money bal-
ances are constant, also the Lagrange multiplier associated to the house-
hold’s budget constraint is constant. Hence, from (14), SR = 1, or

R=1/8.

11



(¢) The demand for money is:

Mi41 — Yy—g
Dt l_ﬁRm

>From the government’s budget constraint it follows that the deficit must
equal to the revenue from printing money:

B Mi41 — M
d = g+=sR-1)—-T=—"——""=
9+ 5 (R-1) o
_ Mugr M Pro1 M (1— Ru)
bt Pt—1 Dt bt "
d = 2" (1-R,)=T(Rn). (16)

v
1 - BRm
The deficit is decreasing in the of return on money:

T’(Rm)=7%(5—l)<0~

Hence, higher deficits are associated with higher inflation®.

(d) Money demand at time ¢ =T — 1 and at time ¢t = T is:

mroo_ o, Y=g o L1 BRe
Pr_1 1-BR, Y y—g
mry1 y—g 11—-06R,

= Y%7 =T Pr=_——"""Mr41
pT 1-BRy Y y—g *

Taking the ratio of the two expressions above:

br  Mr41

pPr—1 mr

Using the money market clearing condition, m; = M, and the fact that
Mgy = (14 p) My :

M 14+ p) M
pr _ T+1 _ ( lu) T _ (1 +‘u)
Pr-1 Mt My

(e) Consider the stationary economy before the announcement. Denote the
(stationary) price level by p. It follows that:

1-8 M
Y y-g
Consider next what happens after time 7. From then on, the economy is
stationary. Thus, for t > T, R,, = 1, and p; = p* = (1 + p) p.

1Recall that inflation, 7, equals Ryl

12



By &

PR p, Pr P

Figure 1: The path of p;.

>From time 0 to time 7T, the price level evolution is determined by the
money demand equation (15), which can be restated as:

Pr+1 = % = (p1), (17)

Pt M

and by the terminal condition pr = p*. Clearly, ® (0) = 0, ®(p) = p,
® > 0 and ®” > 0. Thus, for a sequence of prices to be an equilibrium,
it must be the case that pg > p. Since p*/p = 1 + p, the total rate of
inflation p* /pg is less than (1 + u). Since the sequence of prices is strictly
increasing?, the inflation rate in every period is smaller than 1 + .

2This implies that inflation is positive in every period from 0 to T, i.e. m¢ = ZZ‘Z—'H > 1.

13



Question 2.

(a) Market decentralizations.

Sequence of markets equilibrium. At each date, t, the house-
hold maximizes discounted utility from then on:

itu(e);
j=t

subject to a sequence of budget constraints:

Cj +ipj - Fikpj +Win i T; +Pj5 j . €

where w; and r; are market prices beyond the control of the
household. The household uses its entire endowment of time
for labor e®ort, n; because it does not value leisure. The rms
choose n; and Ky.: such that pro ts are maximized, where
pro ts are de ned as follows:

° (1i® i i .
Pt = I@;tng ' )kf?t i Wene i rekee

A sequence of markets equilibrium is a set of prices and quan-
tities, friwet _ 005 Yy i Ne; Kpts Kot e g T . 0g taxes,
fTy;t . Og; and pro ts, fP.g; such that
2 for each t; given taxes, pro ts and prices, the quantities
solve the household problem.
2 given the prices and sequence of government capital stocks,
the quantities solve the rm problem, for all t.
2 given the quantities and a value of s, the government bud-
get constraint is satis ed for all t.
2 the resource constraint is satis ed for all t.
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Date zero, Arrow-Debreu equilibrium. Let fp;g denote the
sequence of date t consumption goods prices, denominated in
date 0 consumption units. Let fr.g and fw,g denote the se-
guences of capital rental rates and wage rates, denominated in
date t consumption units. The household's budget constraint
is: x
Pe[Ct + ipt] - Pelrrkot + Wene § Ty +P:

t=0 t=0
At date 0, the household enters all markets, and selects quan-
tities to maximize utility.
Consider the rm problem. At date 0, the rm rents factors
of production at all dates in order to solve

P = maXfyckpeng,  PtlYt i Fekpe T Wene];
t=0
subject to the production function, and the given sequences
of prices and kg:
The government's budget constraint is:

Pefige i Te] - O:
t=0
A date 0 Arrow-Debreu competitive equilibrium is a set of
prices fp; re; Wy t . 0g; quantities, Fyy; ¢ Ne; Kot; Kgts Tpt; g t
Og taxes, fT¢;t _ 0g; and a level of pro ts,P; such that
2 given the prices and level of pro ts, the quantities solve
the household problem.
2 given the prices and sequence of government capital stocks,
the quantities solve the rm problem
2 given the quantities and a value of s, the government bud-
get constraint is satis ed.
2 the resource constraint is satis ed for all t:
A recursive competitive. First, de ne the household prob-
lem. To de ne the problem, for the household to know three
numbers: Kp; Kg; and ky; where the rst two objects are the
economy-wide stocks of private and government capital (note

=

2



the slight switch in notation regarding government capital),
and the individual household’s stock of capital. They also
need four functions P(Kp; Kg); r(Kp; Kg); W(Kp; Kg); T(Kp; Kg);
I (Kp; Kg); which are the level of pro ts, competitive rental
rate and wage rate, the level of taxes and economy-wide aver-
age level of investment. The problem is to choose an invest-
ment level, 1(Kp; Kg; kp); and a level of employment n(K; Kg; Kp)
to solve

V(Kp; Kg; kp) = maxigau(c) + V(K Ki: K):;
subjectto 0 - A - n;c _ 0; k)  0; k) = (1 i £)k, + ip; and
K§ = Qi )Kg+1(Kp Kg); etig - r(Kp; Kok +w(Kp; Ko)n i T (Kp; K):
The rm problem is to solve
P(Kp; Kg) = maxg ..y 1 F(Kp; Kg)Ry 1 W(Kp; Kg)R:

The government has to satisfy a period-by-period budget con-
straint, ig = T (Kp; Ky):
There are two consistency conditions:

kp = Kp; and i(K,; Ky Kg) = 1(Kp; Kg):

The rst of these says that everyone's individual stock of cap-
ital has to equal the aggregate (economy-wide average) stock.
The second says that everyone's individual investment deci-
sion has to correspond to the economy wide average.
A recursive competitive equilibrium is a set of functions: P(K;; Ky); r(Ky; Ky);
W(Kp; Kg); T (Kp; Kg); 1(Kp; Ky); 1(Kp; Kg; Kp)s N(Kp; Kg; Kp); VIKp; Kg; Kp);
which satisfy:
2 given P;r;w;T; I; the functions v; i and n solve the house-
hold problem, for each ky; K,; Kg:
2 for each Kp; Kgy; the quantities K,; P(K,; Kg) and n(Kp; Kg; Kp)
solve the rm problem, given r(K;; Kq); w(Kp; Ky):
2 the consistency conditions are satis ed

2 the resource constraint is satis ed, ¢ + ig + i, - y; for all
Ky, Ky:



(b) the st order condition for the household is
Uc:t = _Uc;t+1[rt+1 +1j ip];

and the rm sets fi,;t+1 = revq; Where fi g is the marginal
product of private capital. Combining these, and taking functional
forms into account:

7o A 'aie
Ce+1 :—[® r]kg;t+1 1o

Ct kp;t+1

+ 1 )]

Let g. denote the gross growth rate of consumption in a balanced
growth path. Then,

(0)° = " [®ns) M1 + 1 j ]

Suppose g, corresponds to some given positive net growth rate,
ie., gc > 1: Then,

G #) 1

The number in square brackets is positive, so that s is well de ned.
Thus the Euler equation is consistent with constant consumption
growth in steady state. To fully answer the question, we need
to establish (i) that the other equations - the household budget
equation and the resource constraint - are also satis ed with a
constant consumption growth rate and (ii) that the other quantity
variables display positive growth too. Let g, and g, denote the
gross growth rates of government and private capital, respectively.
Then, the government's policy for choosing kg.; implies:

9 =% =0,
say. Note that output can be written
kgt P kEN® I = kge(kp=ker) on1® = kg sni®):
Divide the resource constraint by Ky;:

_C -
kt + g1 i (L 2g) + 0 i (i %) =s"ni®:
gt



(©)

So, in a constant growth steady state (i.e., gi+1 = @; constant)
the consumption to public capital ratio is a constant, equal to the
following:

sPNCE®) + (1 1) + (L § 1) + 20

But, the consumption to public capital ratio being constant im-
plies:
0c =0

The household budget constraint is trivially satis ed, since it is
equivalent with the resource constraint given the rst order condi-
tions of rms, linear homogeneity of the production function with
respect to rms' choice variables, and the government budget con-
straint.

The planner's problem is: choose c; Kg.t+1; Kp;t+1; T . 0 to maxi-

mize discounted utility. After substituting out consumption using
the resource constraint, the problem becomes:

X _ ] ]
max Lk N IOKS, + (1§ 2g)kg:e + (1 i £p)Kpe
fkg;t+l:kp;t+lg t=0

i kp;t+1 i kg;t+1];
subject to the object in square brackets (consumption) being non-

negative at all dates, and to ky.¢; Ko+ . 0: The planner’s " rst order
conditions are:

Ut = _Uc;t+1[fkp;t+1 +1j 4]
Ugt = Ugtet[figiers + 10 2],
for t = 0;1;2;:::: With the functional forms:
TR | A '1io)
c . n
T = @Ky + 1 &)
Ct ﬂ ' kp;t+1
Ct+1 ° —ro o - )
::_: = [ (kg;t+1) ! 1n(1 i®) (kp;t+1)® +1 i ig]:

Substituting out consumption using the resource constraint, these
two equations represent a vector di®erence equation in k; k" k",



(d)

where k = [Kkq kp]": There are many solutions to this equation that
are consistent with the given initial condition, ko = [Kg.0 Kp.0]: One
can construct the whole family of solutions by indexing them by
kq: di®erent values of k; give rise, by iterating on the euler equa-
tion, to di®erent sequences of capital. Not all are optimal. Only
the one solution that also satis es the transversality condition is
optimal. Thus, satisfying the Euler equation is not suzcient for
an optimum.

Setting © = 1 j ® and equating the planner's two rst order con-
ditions, we get:

A '@
nkg;t+1 1i®)

_[®
kp;t+1 A 1

= [l j ®n¢i®D Kpt+1 +1 i 4];
g;t+1

which requires that E;t"—:i be a particular constant for t = 0;1;::::
Call this constant s®: By setting s = s” the government cannot do
better, since this achieves the planner’s optimum.





