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Practice Problems

Question 1- Equilibria in a Cash-Credit Good Model With Con-
stant Money Growth.

Household preferences are given by:

1X
t=0

�tu(c1t; c2t; lt); 0 < � < 1;

where c1t; c2t; lt � 0 denote cash goods, credit goods, and employment, respec-
tively. Employment must satisfy the upper bound constraint, lt � L; where L
denotes the time endowment. The utility function, u; is strictly increasing in
c1t; c2t; and L� lt: The typical period is divided into two subperiods, an asset
trading period and a goods trading period. At the end of the asset trading
period, the household has total �nancial assets Adt : It divides these into money,
Md
t ; and bonds, B

d
t ; as follows:

Adt �Md
t +B

d
t ; (1)

where the superscript �d�indicates household demand. The household allocates
part of its assets to non-interest bearing money in order to satisfy its cash in
advance constraint:

Ptc1t �Md
t ; (2)

where Pt denotes the price of goods (cash or credit). The household�s assets,
Adt ; re�ect a net in�ux of funds arising from activities in the previous trading
period and in the previous goods market period:

Adt =M
d
t�1�Pt�1 (c1;t�1 + c2;t�1)+Wt�1lt�1+B

d
t�1(1+Rt�1)+Dt�1�Pt�1� t�1:

(3)
Here, Dt denotes pro�ts, � t denotes real lump sum taxes, and Rt denotes the
net nominal rate of interest. Equations (1) and (3) can be written

Adt � (1 +Rt�1)Adt�1 + It�1 � St�1: (4)

where household �income�is:

It �WtL� Pt� t +Dt; (5)

and household �spending�is:

St � RtMd
t + Pt (c1t + c2t) +Wt(L� lt): (6)

1



The household is required to satisfy the following restriction:

lim
T!1

qTA
d
T � 0; (7)

where

qt =
t�1Y
j=0

1

1 +Rj
; q0 � 1: (8)

(a) (5 points) Show that (4) and (7) imply, for t = 0:

1X
j=0

qt+j+1
qt

St+j � At +
1X
j=0

qt+j+1
qt

It+j : (9)

>From here on, you may treat (9), for each t; as equivalent to (4) and (7).

In period 0 the household takes Ad0 > 0 and fRt; Wt; Pt; Dt; � t; t � 0g as
given, and it selects fMd

t ; B
d
t ; c1t; c2t; lt; t � 0g to maximize utility subject to,

(1)-(3), (7).

(b) (5 points) Explain why prices and rates of return must satisfy the following
restrictions in any equilibrium:

Pt; Wt > 0; Rt � 0; lim
T!1

TX
j=0

qj+1Ij �nite; (10)

for all t: (When we discuss the economy�s technology below, we shall see
that per capita output, yt; is equal to per capita labor, lt in this economy.)

(c) (11 points) Suppose Md
t ; B

d
t ; c1t; c2t; lt; t � 0 are strictly positive and

solve the household problem. Show that:

u1t
Pt

= � (1 +Rt)
u1t+1
Pt+1

; (11)

�u3t
u2t

=
Wt

Pt
; (12)

u1t
u2t

= 1 +Rt; (13)

Rt(M
d
t � Ptc1t) = 0; Md

t � Ptc1t � 0: (14)

lim
T!1

qTA
d
T = 0: (15)

In the case of (15), you may simply provide the intuition of the proof of
necessity.
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>From here on, you may treat (11)-(15) as being both necessary and su¢ -
cient for household optimization. Firms have access to the production technol-
ogy, y = f(l) = l: They are perfectly competitive in product and labor markets,
so that �rm optimization requires:

Wt

Pt
= 1: (16)

The aggregate resource constraint is

c1t + c2t + g � lt; (17)

where g � 0 denotes government consumption.
We now describe the activities of the government. The government�s sources

of funds in the period t asset market are lump sum tax obligations arising in
the previous goods market, Pt�1� t�1; money earned by issuing new bonds, Bt;
and addition to the aggregate stock of money, Mt �Mt�1; subject to Mt � 0:
The government�s uses of funds include payments for goods, g; purchased in the
previous goods market, and interest on debt issued in the previous asset market:

Mt �Mt�1 +Bt + Pt�1� t�1 = Pt�1g + (1 +Rt�1)Bt�1: (18)

Government policy is composed of �scal and monetary policy. Fiscal policy
refers to the setting of � t:We assume that � t is set in such a way that, regardless
of the realization of prices or money:

lim
T!1

qTBT = 0: (19)

(d) (5 points) Equations (18) and (19) are equivalent to the proposition that
the government eventually pays o¤ its debt:

1X
j=0

qt+j+1
qt

Pt+jst+j = Bt; t � 0; (20)

where st is the real government surplus, including seignorage revenues:

st = � t +
Mt+1 �Mt

Pt
� g;

where seignorage is
Mt+1 �Mt

Pt
:

Show that (18) and (19) imply (20) for t = 0:

Monetary policy refers to the government�s choice about the evolution of
Mt: We suppose the money supply evolves as follows:

Mt+1

Mt
= � > 1: (21)

3



(e) (5 points) Provide a de�nition of equilibrium for this economy.

(f) Suppose

u(c1; c2; l) =
c1��1

1� � +
c1��2

1� � � l; �; � > 0:

Let mt =Mt=Pt denote real money balances.

A- (16 points) Show that a sequence of mt�s and c1t�s corresponds to an
equilibrium if, and only if, for t = 0; 1; 2; :::;
(i) it satis�es

mt =
�

�

mt+1

c�1t+1
(22)

Hint: combine the household�s and the �rm�s �rst order conditions.
(ii) mt � c1t; c1t < 1 =) mt = c1;t;

(iii) 0 � c1t � 1
(iv) it satis�es

lim
T!1

�T
mT

c�1T
= 0: (23)

where uit denotes the derivative of u(c1t; c2t; lt) with respect to its ith

argument. Also, the phrase �x corresponds to an equilibrium�means
that the remaining objects in an equilibrium can be found such that
these and x together constitute an equilibrium.

B- (5 points) Show that c1t = mt = (�=�)
1=�, for all t corresponds

to an equilibrium. Display formulas for Rt; Pt+1=Pt and lt in that
equilibrium.

C- (16 points) Show that there exists an exploding hyperin�ation equi-
librium in which mt ! 0; if � < 1: (Hint: show that when mt is
small, then c1t = mt and (22) reduces to a �rst order di¤erence equa-
tion in mt and mt+1:) Display what happens to the rate of in�ation
in this equilibrium. How many such equilibria are there?

D- (16 points) Show that there exists a candidate de�ation equilibrium
in which Rt = 0 for all t; and the corresponding c1t�s and mt�s sat-
isfy (i)-(iii) above. What is the rate of in�ation in this candidate
equilibrium? What values of m0 are consistent with this candidate
equilibrium? What is qt in this candidate equilibrium? Show that
this candidate equilibrium is not an actual equilibrium because it
fails to satisfy (23). Would it be an equilibrium if instead monetary
policy set � < � < 1? Explain.

E- (5 points) Under a �Ricardian��scal policy, �scal policy satis�es a
version of (19) with BT replaced by BT + MT : Explain why the
candidate de�ation equilibrium in D- is an actual equilibrium under
a Ricardian �scal policy.
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F- (11 points) Show that seignorage revenues are exploding in the can-
didate de�ation equilibrium. Compare what is done with these rev-
enues under the Ricardian �scal policy and under the solvency con-
dition, (19).

Question 2

Consider the following economy. Preferences of the representative household
are given by:

1X
t=0

�tu (ct) ;

where

u (c) =
c1�� � 1
1� � ; � > 0:

The economy accumulates private capital according to the following capital
accumulation technology:

kp;t+1 = (1� �p) kp;t + ip;t;

where kp;t is the beginning of period stock of private capital, ip;t is period t
gross investment, and 0 < �p < 1: The initial stock of private capital kp;0 is
given. The household is endowed with n = 1 units of time, and must satisfy:
ct � 0; kp;t � 0:
The technology for producing output is:

yt = k


g;tk

�
p;tn

1��
t ; � 2 (0; 1) ; 
 � 0;

where kg;t is the per-capita stock of government capital. The households and
the �rm take the sequence fkg;tg as given and out of their control.
The technology for accumulating government capital is:

kg;t+1 = (1� �g) kg;t + ig;t;

where ig;t denotes per capita gross investment by the government, and 0 < �g <
1: The government �nances investment by levying lump sum taxes, Tt: Taxes are
lump sum in the sense that each household must pay the amount Tt; regardless
of their choice of consumption, investment, or labor. The government�s budget
constraint in each period is:

ig;t = Tt:

The resource constraint for this economy is:

ct + ip;t + ig;t � yt:

a) Suppose the government chooses its sequence of public investment accord-
ing to the rule:

kg;t = skp;t; t � 1; s > 0:
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Describe the household problem and the �rm problem, assuming that the
households own and accumulate private capital, as well as the �rms.
i) De�ne a sequence of markets equilibrium.
ii) De�ne an Arrow Debreu equilibrium.
b) Suppose 
 = 1� �: Show that s can be chosen so that there is a steady-

state balanced growth path for this economy, in which all quantity variables
but employment display the same positive growth rate. Explain intuitively why
steady state growth is possible in this case, but not when 
 = 0:
c) Display an optimization problem, the solution of which gives the e¢ cient

allocation for this economy. Write out the Euler equations for this problem.
Are they su¢ cient for a maximum of the problem? Explain your answer.
d) Suppose 
 = 1��: Assume that the economy is in a sequence of markets

equilibrium, and that the government must optimally choose a sequence ig;t;
t = 0; 1; 2; ::: Would that sequence be consistent with the speci�cation of public
investment assumed in part a)? Explain your answer.

Other Questions on Monetary Models
Question 24.1, 24.2, 24.4 in Sargent and Ljunqvist.
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