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Assignment 1, SUGGESTED ANSWERS.
Question 1- Commodity Taxation

Resource constraint
F(ci 491,62+ g2,c3+93,01) =0 (1)

where ¢; and g; denote private and government consumption of each good i,
[ denotes labor, and F' denotes a production process which satisfies constant
returns to scale.

1. The consumer’s problem is to maximize utility:
max U (c1, 2, ¢3,1) (2)

subject to

Zpi(lJrTz')Cz‘:l (3)

where p; is the price of good ¢, and 7; is an ad valorem tax rate on good
1. The wage is normalized to 1.

A competitive representative firm operates the constant returns to scale
technology F' and solves:

i — 4
e 2 pie @

subject to
F($17x2,$3al):0 (5)

where z; denotes output of good i.

i) Taking government expenditures [g1, g2, g3] as given, a competitive
equilibrium for this economy is a policy w = (Ti)?zl; allocations ¢, [,
x, and a price system p such that:

(a) The allocations ¢ and [ maximize household’s utility (2) subject
to (3)

(b) The allocations x and [ solve the problem of the firm (4)

(¢) The government constraint holds

sz'gz' = ZpiTiCz' (6)



(d) Goods market clears
Ci+ 9 = x; (7)

Assuming strict concavity for U (-) and imposing the Inada conditions
for the utility function and the firm’s technology, we can guarantee
convexity of the optimization problem and interiority of the solu-
tion. Hence, the first-order conditions for firms and households are
necessary and sufficient.

Condition (1) follows from substituting the market-clearing condition
(7) into (5).
To derive

ZUiciJrUll =0 (8)

we solve the household’s problem:

L:U(Cl7027037l)—)\ lzpi (1+Ti)ci—l‘|

[Ci] : Ui:/\pi(l—‘rTi) fori=1,2,3
[l] : —UZZ/\

(Al - Zpi(1+7i)ci:l

Combining [¢;] and [{]

back into [AJand we obtain (8)
U;
2 !
Y Uiei = Ul
Y Uici+Ul = 0
i
To show that for allocations that satisfy (1) and (8), we can find poli-

cies and prices such that together with the given allocation constitute
a competitive equilibrium, we use the f.o.n.c for the firm:

L= Zpi.’bi —1—0 (F (.731,.732,.’133,[))

[;] : pi—0F; =0 fori=1,2,3
] : —-1=0F



Combining [z;] and [I] we obtain an expression for prices

.
D = —FZ fori=1,2,3 (10)
Similarly, we obtain an expression for the policy by combining (9)
and (10)
U; F;
_ v ERCh e i
i [ FJ (14+7;)
U; F .
1+m) = & F’ fori=1,2,3 (11)

Notice that by defining p; and 7; as we just did, we satisfy house-
hold’s and firm’s maximization problems, so together with the given
allocation, they constitute a competitive equilibrium.

iii) A Ramsey equilibrium is a policy 7 = (7;)>_, in IT; allocation rules
c(+), 1(+), = (-); and a price function p () that satisfy:

(a) The policy 7 solves
max U (e (n'), 1 (x")

subject to

Zpi( sz ) Tici ()

(b) for every 7', the allocations ¢ ('), I (7’), = (7'), the price system
p(7") and the policy " constitute a competitive equilibrium.

iv) Ramsey allocation problem: Choose ¢ and ! to maximize U (¢,[) sub-
ject to (1) and (8)

ZUM + Uyl

i

L=U (c1,c2,¢3,0)+p [F (01 +9g1,¢c2 +92,¢3 +937Jlr)]+7

)] © Ui —pF;+~ (Ui + Usic; + Ujicj + Ugicr + Uyl) =

UZ’L U’L UZ
(L+7) Ui + Usy (Eci‘f' Ufi ¢j + — Ck+_l)

Uj; Ua
(L+7) Ui + U (Z] 1 ]+7l) = pk;

(14 ) Ui —veiU; = pF; (12)

where U, U,
si—<Zj’lU ]+—l) fori=1,2,3




[l] s Ui+ pF—v (Ullcl + Usjco + Usjes + Up + Ulll) =0

Uy Uy Usi Un
L+ U+ Uy [ 2oy + 2oy + 2oy + 21 = u,
1+ ”(Ul AT Ty e Ul) .

3 U; Uy
1 3 b Uy
( + ’Y) Ul + Ul’y <Z]—l Ul C] + Ul ) |2

1+ U — Une = pF) (13)
where

g =— (Zj—l Ecﬁ—ﬁzl) fori=1,2,3

Notice that ¢; and ¢; can be interpreted as the inverse of the income
elasticities.
Rearranging (12) and making use of (11)

%

[(1+’Y)*’Y€z’]F = p
@+ =l 3 = x

Rearranging (13)
U,
1 — —_— =
(A7) —ral 7 =n

Combining this equation with the former,

L+ —va = [1+7) el +7)
A+y)—va = A+9)+7(1+7) —ye(1+715)
—va = Ti(l+7y)—va(1+7i)
—ya —rvatTive = Ti(l+7)—ve(1+7)
—ver(L+7)+7ver = 7i(1+7)—ve (1+75)
—+m)(va—va) = mi(l+y—7e)
T _lEize) for i =1,2,3 (14)

A+7) (A+v—ne)
Hence, for any i, 7 =1,2,3

T 'Y(Ei_sl)
0 _ Oivoen _ (Ei—&)
Tj - (ej—¢1) - L
(1475) (?j’yfﬁlgl) <Ej El)
T; 1 - T4 1
(1+7:) (gi — 1) (1+175) (gj —e1)

‘ . 1 1 T T .
If €; > €9 — (51’751,) < (é'jfsl) — (1+_’_1) > (1+T‘7_) - T; >

7;. This implies that goods that exhibit higher ¢ or lower income




elasticity (i.e. necessities) should be taxed more than those that
show lower ¢, or higher elasticity (i.e. luxuries).

To see why ¢; and ¢; can be interpreted as the inverse of the income
elasticities, suppose that preferences are additively separable. Then
g = —%Ci

Ui
Let ¢;(p,m) be the demand function for good i and I(p, m) be the la-
bor supply, when households maximize utility with respect to > p;c;+
m, where m is nonlabor income. Hence, the f.o.n.c. with respect to.c;
would be
Ui (ci(p,m)) = Ap, m)p;

where A(p, m) is the Lagrange multiplier. Differentiating this equa-
tion with respect to m,

dci(p,m) _ OA(p,m)

Ui om om pi

and combining with the former,

o Om om A(p,m)
Uide _ 1O
U, Om  AOm
From the definition of ¢; we know that e; = — (Uﬁcz) — Uﬁ = 7%1

Substituting in the latter expression

E; aci - 1 0\

¢ Om Aom

. OA
I
Age

where 7, denotes the income elasticity of demand for good .

(v) The first order condition for consumers is

where )\ is the Lagrange multiplier before the constraint: Zf’zl pic; =
I+ m. To derive the income elasticity of demand, totally differentiate this



first order condition with respect to m:

aci(pa m) _ a)‘(pv m)

Uii om = Di om (15)
Lo o 20 A TR 1
Uii om Ap,m) Om (16)

u, Alp,m) Om —acia(PW)
. | m  OA(p,m)
T TmERm Xpm) om (18)
1 m OA(p, m)
T npm) om 1)
_ m  IX(p,m)
TS Xpom) om 20
gy = &4N; (21)
€; UF
g _ N 99
&j Un (22)

Hence, ¢; is inversely related with the income elasticity of demand. One
interpretation for this result is that goods with relatively low income elas-
ticities should be taxed more heavily, given the preference are additively
separable.

(vi) Now the first order condition is rewritten as
Ui(ci(p,m)) = Api

where )\ is the Lagrange multiplier before the constraint: Zf’zl pic; =
[ +m. We can write the condition in this way because there is no income
effect, which can be seen from the optimal condition U; = 1 = A. Take
the first order derivative with respect to p;,

gt _ o
Uii%;;n) = % (24)
_UU_j _ _%iﬁm) (25)

This result shows that ¢; is inversely related with the price elasticity of
demand. One interpretation for this result is that goods with relatively low
price elasticities should be taxed more heavily. This is a standard result



(vii)

in public finance which is usually derive in partial equilibrium. In general
equilibrium models, it only holds if preferences do not admit income effects
and are additively separable in consumption and labor.

The Ramsey allocation problem, if the government can only tax good 1
and good 2, is to choose ¢ and [ to maximize

U(617027C37 l)

subject to
0 = F(a+g,c2+9g2,03+9310) (27)
0 = Y Uei+Ul (28)
piTiC1 4+ paTaca > pigi + P2ge + P3gs (29)

Let u, v, and 0 be the Lagrange multipliers associated with the resource
constraint, the implementability constraint (following the same logic, we
can show that this constraint is the same as before), and the 75 = 0
restriction, respectively, then the first order conditions are:

F; p1

14+~— —p= = O — 30
(L+7—7e1) " Ty, (30)
5 D2
L4y —7e) —pr= = O7Ta7= 1
(147 —~e2) "y, 9T2U2 (31)
(I+v—ne3)Us = ukFy (32)
(I+y=re)Ui = upk (33)

From (19) and (20), it can be seen that the distortion introduced by the
73 = 0 restriction, is 6p;7;,7 = 1,2. This distortion will push consumer to
consumer less ¢; and c;. From the first order conditions, we have

(Itv=ve)—pgr _nipUs
(147 —7e) —pr  T2Uips

Express u as a function of v, Uy, and Fy: p= (14 v —v&) % Plug the
expression of p into the equation (23):

(+y—7ye) =+ =) G5 1m0 U
2

F
(1+7—762)—(1+v—v51)%% 72 Ut p2

Since the Ramsey equilibrium outcome is competitive equilibrium first,
all the first order conditions for the consumer and firm still hold (by con-



struction). From these conditions, it can be shown that

U Fy 1
Zt2 4
U 1+7; (34)
U Fy, 1
Fl U2 B 1+ T2 (35)
p1 Uz 1+ 79
az: _ -T2 36
Ui p2 147 (36)
Thus
A+y-ve)-(+7-18)ms  nil+m (37)
(L4 —7e2) = (L+7—7e) 195 To 1471
A+7)A+y—re)—(+y—na) _ 71 (38)
(1 472) A+ —7e2) = (L+7—72) T2
[ +7)A+y—rye) ~A+y—ne)] _ (39)
T[4+ 72) 1T+ —7e2) — (L+7v — )]
Rearrange
(Tz—Tl)(l—z’:‘l) =T2(1+7’1)(1—z’:‘1)—T1(1+T2)(1—z’:‘2)
That’s the relationship among €1, €2, and &;.
(viii) Now the utility function becomes:
Ule,l) = W(G(c), 1)
where ¢ = (¢1,+ -+, ¢,,) and G is homothetic. From the homoetheticity of
G(c), it follows that
Ul(céc,l) UZ(C,Z) .
= , foriand k=1,2,3
Ur(¢c, 1) Uk(c,l)
Differentiating (33) with respect to ¢, we get
°\ ;U 2L iU,
jYii o _ 3 Ykj 40
j=1 j=1
3
ZCjUij = AU, for some constant A (41)
=1

From the part (iv), we have

i+ —l :/LFZ‘

3
(1+7)U; +U; Z



Using the utility function, we have

U, = WiG; (42)

Uz' = W12Gi (43)
Combining (35), (36), (37), and (38), we get

Wi2 \
(1 + 7) WGy + YW1 G | A+ _W l) = uF;
1

Thus % is a constant. Since % = W;?#G', it follows that % is a constant

too. Given the result we get in part (ii):

Ui B

(1+Ti):UlE fori=1,2,3

It follows that 7; is constant across goods. This is the famous "uniform
commodity taxation" result. This is at the basis of the optimality of the
Friedman rule in monetary economies.

Question 2- Optimal Price Volatility

A) The household problem is:

max U (x)
B’,c,n,ch clnh nl

where

n? nh)®
U(x)—67+§{[ch<2)

subject to the budget constraints:
/

B
— + Pc

= B+P(1l—-7)n

<
Pt < B 4+ P (1- Th) nh
Pld < B 4+ P (1 — Tl) nl.

Since (44) is strictly increasing in c, ¢, ¢!, the constraints (45) — (47) will
be binding:

B B
c = F—Rp-i—(l—T)n (45)
o B A
c = ﬁ‘l‘(l*’r)n (46)
B/
d = =) (47)



Hence the household problem can be restated as:

B/ 2
2{

+(1-7) =4
max — — —T)n— —
B’ nnhnl P RP 2
The first order necessary conditions are:

B/ Tlh2
ﬁ+(1—7h)nh— ( 2)

+

%—F(I—Tl)nl— ("2) H (48)

B R—lp = g (% + %) (49)
n n=1-r71 (50)
n nh=1-7h (51)
nt nt=1-7 (52)

B) With the normalization R = 1, there are 10 variables to be determined
in equilibrium: P, P* P!, B’ ¢, c", ¢!, n, n" and n!. They are determined by
the three household budget constraint evaluated with equality ((45) — (47)), by
the four household first order necessary conditions ((49)-(52)), and by the three
resource constraints:

ct+g<n (53)
cd+gi<nt i=h,l. (54)
These 10 equations, together with the restrictions P, P? > 0 i = h, [, charac-

terized the equilibrium for a given government policy®.
C.1) The resource constraints (53) — (54) with equalities imply:

Hence,
n? n?
c—7=H—7—g
)2 i)?
G ("2) — ot — (n2) —q i=h,l.

Substituting for n, n", n! from the household first order conditions (50) —
(52) :

n? (1-71)° 2(1—7)—1+27 — 12 172
c-5=01-7)-—F"—-g= —g= -9
. (iﬁ)2 . (ni)22. , (12_(71'))2 1= ()

ct— 5 =nt— 5 _gz:<1_(71))_T_gz:T_gz

L1f one such equilibrium exists.

10



Substituting the expressions above into (44):

_1_7'2 B 1*(7}1)2 h 1*(71)2 l
Ulz(m)=—5—~9+5 lf—g sy
Multiplying by 2 does not change the problem:
Ux(r)) = 1—72—2g+§ [1— (Th)2—29h+1— (Tl)2—2gl} =
15} 2 2 1 I}
= *’7’2*5[(7}1) +(Tl):|+2|:§g+§(lghgl):|_
=K
I} 2 2
= —72_ 3 [(Th) + (Tl) ] + K
C.2) Consider the Government budget constraints:
B/
E—i—PTnZB—i—Pg (55)
Prin' > B + Pl  i=h,l (56)

Divide (55) by P and (56) by P

!

+m>By
PR T"=p Y

!

BT
TTLZF

Add to the first line the second times 3/2 for every state, i = h, I:

+g"  i=h,l

B Binon, 111<B BB B | .
PR+TH+§[TH +TR}ZF+Q+§ ﬁJrﬁJrg +9-

Substitute for n, n”, n! from the household first order conditions (50) — (52),
simplify the term involving B’ using (49), impose P = 1, and rearrange:

T(l—T)—l-g[Th(l—Th)+Tl<1—Tl)] Z%—&-g—&-g[gh—kgl]
BST(l—T)—g—I—g[Th(l—rh)—gh—|—7'l(1—7'l)—gl] (57)

>From (56), substituting for n':
Plri(l—r)—g¢]>B >0 i=h,l
Thus P* > 0 implies:
T(1-7)~g" >0 i=hl (58)

11



C.3) The Ramsey problem, incorporating the restriction P = 1, in La-
grangian form is:

max —72 — B [(Th)2 n (71)2] N

7,77l 2

+>\{T(1—T)—g+§ [Th (1—Th) —g"+ 7 (l—Tl) —gl] —B}—i—
[ (=) =" ]+ [P (=) =g
where \, p”*, u* > 0 are the Lagrange multipliers.
C.4) The necessary and sufficient condition for the optimum are the con-
straints (57) — (58), the non-negativity constraints on the Lagrange multipliers,
A, ", pt >0, the complementary slackness conditions:

)\{T(l—T)—g—l-g[Th(l—Th)—gh+7'l (1—71)—gl] —B}:() (59)
h

phtr" (=" —g"] =0 (60)
! [Tl (1 - Tl) - gl] =0, (61)

and the first order conditions:

T ¢ 2T+ A-2\7=0 (62)
T g (27" + A =227 +p' = 2u' 7" =0 i=h,l (63)
Rearranging (62):
PR (64)
S l-2r7
Rearranging (63) , and substituting for A from (64) :
i T . ﬁ
W= BT
i ™o T
= B(lzri 12¢>' (65)

C.5) Since (57) is always binding, as discussed in (D.1) below, there are
three cases to examine:

1. both constraints in (58) are binding;
2. one of the constraints in (58) is binding, the other is not;

3. none of the constraints in (58) is binding.

The second and third possibility are considered in (D.2) and (D.3) below.

12



If both constraints in (58) are binding, then?:

1/2

o= 57(17492’) i=hl
1
o= 5—[174(B+g)]1/2

The Government budget constraint (56) imply P* = P! = oco. This is
consistent with (49) only if* B’ = 0. In words, if the Government will renege its
debt in all the states of the world, only an equilibrium with no debt is possible.

C.6) With the Ramsey policies at hand n, n”* and n! can be computed from
(50) — (52). The resource constraints (53) — (54) with equality determine c, c®
and ¢!. Finally, the Government budget constraints (55) — (56) can be used to
compute B’, P" and P'.

D.1) We can show that (57) must hold with a strict equality by contradic-
tion. Suppose (57) holds with a strict inequality. Then, (59) implies A = 0.
From (64), 7 = 0. The strict inequality of (57), implies that at least one of
the constraints in (58) is strict. The complementary conditions associated to
such a constraint (either (60) or (61)) implies that the corresponding Lagrange
multiplier is equal to zero. (63) and 7 = 0 require that the correspondent tax
rate is zero, but this contradicts the non-negativity of the primary surplus (58).

In words, since the Government objective function is decreasing in the tax
rates it would be suboptimal to raise more taxes than the minimum needed to
satisfy (57) with equality.

Without imposing P = 1, the period-1 intertemporal budget constraint of
the Government, with equality, would have been:

gZT(l—T)—g+§ [Th (1—7‘h) — gt 47 (1—’7’l) —gq.

It would have been optimal to inflate away any initial debt by setting P = oco.

D.2) If none of the constraints in (58) is binding, the complementary slack-
ness conditions (60) — (61) imply " = ! = 0. From the first order conditions
(63), 7t = 7, i = h,l. The Government budget constraints for period 2 can be

rewritten as: ,

B _
7'(177'):ﬁ+gz i=nh,l
This implies P* > P' whenever g" > g'.

D.3) Suppose (58) is binding in state . Then, p”* > 0, 7" (1 - Th) —gh =0,
and, from (63), 7" > 7. The Government budget constraints for period 2, state
h can be rewritten as: B

Th (1 — Th) —gh = ﬁ
(S —
=0

2Clearly, for the problem to be meaningful, g*, ¢!, (B 4+ g) < 1/4.

3(49) holds only for B’ > 0.

13



The Government inflates away the debt in state h by setting P" = ooc.
The household first order condition associated to debt holdings can be re-
stated as:

gl 1 1
S|P T | T
~—~
=0
3
=P ==C
2

To ensure that households will have an incentive to accumulate debt in the
first period the real rate of return on debt must be high in the state in which
the Government pays the debt back, i.e. P! must be low.

Question 3- Optimal Capital Taxation (Ljungqgvist-Sargent 15.4)
(a) The consumer’s budget constraint is:

> qle = th -7 w1tn1t+2 @ (1 — 75,) warnas+ [(1 — 7§) 70] ko-+bo,

=0
t 0
where ¢f = [[;_, B; "

Step 1. Let X\ be the Lagrange multiplier associated to the household’s
budget constraint. The FONC for the household’s problem are:

ci o Pluc(t) —Agd =0

nig : —Bu () F A (1 —78)wy =0, i=1,2
With the numeraire ¢ = 1, these conditions imply:
0 ¢ uc (1)
= 2
qt B U (0) ( a)
w (1)
1—7w; = 2b
( th) Wit Ue (t) ( )
°
Ot = (1—Ti€+1)']"t+1+1—(5 (3)
di11
Firm maximization and factor market equilibrium imply:
re = Fg(t) (4a)
wi = Fa (), i=12 (4b)
Step 2. Substitute equations (2) and 7o = F}, (0) into equation (1):
=B fue (B)er =i (1) (mae + o)) = A =0 (5)

A= A(Co,nlo,ngo,Tg) = Ue (0) {[(1 —Tg) Fy (0) +1 —(ﬂ ko +b0} (6)

14



Step 8. The Ramsey problem is:

o0
t
max E Bru (e, 1 — nyg — nat)
t=0

s.t. ct + gt + kt+1 =F (kt,nlt,ngt) + (1 - (5) kt (7)

Zﬁt [ue (t) e — uy (t) (n1e +nae)] — A = 0.

t=0

Assume that government expenditures are small enough that the problem
has a convex constraint set. Let ® be the Lagrange multiplier on (6) and
define:

V (et g, nat, @) = u(cs, 1 —nag — nag) + @ [ue (1) ¢ — uy (L) (nar + nog)] -

(8)
Notice that ny; and ng; enter in a symmetric way in V (.), which depends
only on their sum. The Lagrangean associated to the government’s prob-
lem is:

J = Zﬁt{v(%ﬂu,nzt,‘p) + 0u[F (ki,n1e, noe) +
t=0

(1 — 5) ]Ct —C — gt — kt+1}} — @A, (9)

where {6;};2, is the sequence of Lagrange multipliers on the resource
constraints. Given by and ko, fix 7§ and maximize J with respect to
{cr, nae, nos, kea o g- The FONC’s are:

Ct ‘/c(t)zet,t21

Nit Vn (t) = _HtFni (t)7 = 1, 27 t Z 1

kt+1 : et:69t+1[Fk(t+1>+1—(5],tZO
co : Ve (0)=06p+ DA,
nio : Vn (0) = —0yF, (O) + (I)An“ 1=1,2,t>1

These conditions imply:

Vo) = BVe@t+1)[F(t+1)+1—4] (10a)
—Va(t) o
A F,(t),i=12 t>1 (10b)
Vo (0) = [®A.—V,(0)]Fy, (0) + ®A,,,i=1,2  (10c)

The allocation {ci, n1¢, not, ki1t and the multiplier @ satisfy (10a) —
(10c), (5) and (7).

Step 4. Having computed an allocation, ¢7, r¢, wi¢, wos, 7%, 75, and 7F
can be obtained by equations (2a), (4a), (4b), (2b), and (3) respectively.

Equations (2b), (4b) imply that (1 — 77,) F,, (t) = (1 — 75,) F,, (t). Equa-
tion (10b) implies F),, (t) = F,, (t), for t > 1. Hence 77, = 73, for t > 1.

15



Equation (10¢) impies:
[Vc (0) - (I)AC] [Fnl (0) — Fy, (0)] = (Am - Anz) (11)
Differentiating equation (6) with respect to n;, i = 1, 2:

Any = —ug (0) {[(1 = 7§) Fi (0) + 1 — 6] ko + bo }+ue (0) (1 — 78) Fion, (0)
(12)
Substituting equation (12) into equation (11):

Du,. (0) (1 — 7"5)
F, (0)—F,, (0) = ——————>[Fjp, (0) — Fip, (0 13
(0) = Foy (0) = TG gt B (0= By (O] (13)
If we assume that n; and k are complements, i.e. Fjp, > 0, and that ng
and k are substitutes, i.e. Fj,, < 0, equation (13) implies:

Fnl(o)_Fnz(O)Zov

Ue sk
since %(—1@;:)
On the other hand, equations (2b) and (4b) imply that (1 — 77,) F,,, (0) =
(1 —17%) Fn, (0). Thus, 77y > 75.

> 0.

(b) The Ramsey problem is:

maXZBtu (ct,1 —n1, 1 — ngy)
t=0
s.t. e+ gt + kt+1 =F (kt,nu,ﬂgt) + (1 — 5) ks
Zﬁt [te (B) et — Up,y (E) M1t — Upy () not) — A =0
t=0

f(t) = Un, (t) Fn1 (t) — Uny (t) Fnz (t) =0

Assume that government expenditures are small enough that the problem
has a convex constraint set. Let ® be the Lagrange multiplier on the
second constraint and define:

V (et nae,noe, @) = w (e, 1 —nag, 1 — nog)+® [ue () ¢ — tn,y (8) N1 — Uny (E) Noy) -

The Lagrangean associated to the planner’s problem is:

o0
J =" BHV (e, nat, na, ®) + 04 [F (ky, nag, mar) +
=0

(1 =08) ke —ct — g — k1] + € (1)} — A,

where {0;},°, and {n,},°, are the sequences of Lagrange multipliers on
the resource constraints and the tax rate equality constraint respectively.
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Given by and kg, fix 7"5 and maximize J with respect to {c¢, n1¢, not, ktﬂ};’io.
The FONC'’s are:

a  Ve®)=0—n& (1), t>1
nig 2 Vi, (8) = =0.F,, (1) +n,6,, (t), i=1,2, t>1
kirw @ 00 =P0u1 [Fi (t+1) +1 =0+ Bnp1p (t+1), £ >0
co : Ve(0) =00+ PA: —no&. (0)
i Vi, (0) = —00F, (0) + ®A,, + 106, (0), i = 1,2, > 1

(¢) If the solution to the Ramsey problem converges to a steady state, the
FONC’s derived in (b) become:

‘/c = 9_77§c
Vnzﬁ = *aFm +77§nia 1=1,2
6 = pO(F,+1-0)+pBng,

The equations above indicate that the limiting tax on capital will be zero
if either n = 0 or £, = 0. Assuming that the constraint that the two labor
taxes should be equal is binding means that n # 0.

>From the definition of £, it follows:

é-k — unl (F’I’le) _ Fnzk}) .
E., \ Fp, F,

It follows that &, = 0 if and only if:

F’ﬂlk _ F’Ile

Fn, F,,

This condition defines a special class of production functions which include
Cobb-Douglas, but not the general CES case.

Question 4- See LS solution manual page 190 at http://pages.stern.nyu.edu/~svnieuwe/.
Note that on page 192, point b. the arbitrage condition that should hold
is Ry = Fy(t+1)+ 1 — 4. Moreover, note that the same allocation can be
implemented with a capital tax. In that case, the arbitrage condition is R; =
1+(1—-60(+1))(Fx(t+1)—0). Note that 0 (t+ 1) > 1 is equivalent to an
implementation with consumption taxes in which 7¢,; > 7¢.
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