G 6222 Adv. Macro Analysis II, Spring 2006
Prof. Stefania Albanesi, Columbia University

Some Basic Ideas from
Ramsey Theory

e Policy, 7, Belonging to the Set of ‘Budget
Feasible’ Policies, A.

e Private Sector Equilibrium Allocations,
Equilibrium Allocations, x, Associated with
aGivenm, x € B.

e Private Sector Allocation Rule, mapping
from mto x (i.e., 7 : A — B).

e Ramsey Problem: Maximize, w.e.t. 7w, U(x(7)).

¢ Ramsey Equilibrium: 7* € A and z*, such
that 7* solves Ramsey Problem and z* =
x(7*). ‘Best Private Sector Equilibrium’.
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e Ramsey Allocation Problem: Solve, z =
argmax U(x) forx € B

e Alternative Strategy for Solving the Ram-
sey Problem:

(a) Solve Ramsey Allocation Problem, to Find
x.
(b) Execute the Inverse Mapping, 7 = ().

(c) mand x Represent a Ramsey Equilibrium.

e Implementability Constraint: Equations
that Summarize Restrictions on Achievable
Allocations, B, Due to Distortionary Tax Sys-
tem.



Private sector Allocation
Rule, x(m)

Set, A, of Budget-
Feasible Policies

Private Sector
Equilibrium
Allocations, x

Set, B, of Private Sector
Allocations Achievable by
Some Budget-Feasible Policy



Example

e Households:

max u(c, {)
c,l

z(1 — 1),
z ~ ‘wage rate

o
VA

7 ~ labor tax rate

e Household Problem Implies Private Sector
Allocation Rules:

[(7), c(T)
e Ramsey Problem:

max u(c(r), (7))

subjectto g < zI(7)7



ulz(1-7)L1] /\/ uz(1-7)+u=0

/ I(7) \ ! »

Private Sector Allocation Rules:

I(7), ¢(7) =z(1-7)]
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e Ramsey Equilibrium: 7%, ¢*, {* such that
(@) ¢ =c(7"), 1" = I(77)
‘Private Sector Allocations are a Private
Sector Equilibrium’

(b) 7* Solves Ramsey Problem
‘Best Private Sector Equilibrium’
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Analysis of Ramsey
Equilibrium

e Simple Utility Specification:

1
)=c—=I’
u(c,l) = c 5

e Twwo Ways to Compute the Ramsey Equilib-
rium
(a) Direct Way: Solve Ramsey Problem (In
Practice, Hard)

(b) Indirect Way: Solve Ramsey Allocation
Problem (Can Be Easy)
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Direct Approach

e Private Sector Allocation Rules:

uz(l—=7)+u =0, c < (1 —7)zl
— z(1 — 1) =1(7)

— (1) = 2(1 — 7)l(1) = 2°(1 — 7)°
e Ramsey Problem:

1
max 522(1 —7)?

subjectto : g < 72I(1) = 72°(1 — 7)?
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/ Government Preferences

A
72
iz
2
1z°(1-7)* ‘Laffer Curve’
e
g
2_722(]_2)2
> .
0 «— A4 —> 7
T %)

*

727122—7—2—7[]—4g/22]§7 7222—7+2—7[]—4g/22]§7

I(7) = z+[z—4g])
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Indirect Approach

e Approach: Solve Ramsey Allocation Prob-
lem, Then ‘Inverse Map’ Back into Policies

e Problem: Need a Simpler Characterization
of B

B = {(¢,l): It st u(l —7)z+wl =0,
c = (1—71)zl, g <rzl}

e Consider the Following Set D :

/

D=<X(¢l): c+g<zl, uc+uyl=0

V . . . .
resource constraint  implementability constraint

\

e Key Result: D =B

/



Constraint Set, D, On Ramsey
Allocation Problem

Set of Points Satisfying the
Resource Constraint
ctg<zl

Set of Points Satisfying
Implementability

Constraint
c="F

11
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Proof of Key Result, b= B

Show: (¢,l) € D = (¢,l) € B

e Suppose (¢,l) € D, ie., u.c+ wl = 0,
c+g <zl

e Need to show: 37 s.t. (i) u(l —7)z+u; =
0,()c=(1—17)zl, (i) g < 72l

e Set 7 so that

l—7=

, so (1) holds.

UeZ
e Multiply Both Sides by [z and rewrite:

—ul
(1 — 7)1z = —~ = ¢, so (ii) holds.

Ue

e (ii1) follows (i1) and c + g < zl.
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Show: (¢,l) € B=(¢,l) € D

e Suppose (¢,1) € B,i.e., ITs.t. u.(1—7)z+
u=0,c=(1—-71)zl, g <7zl

e Need to show: (¢,l) € D, i.e., (i) u.c +
wl =0,(1)c+g < zl
e Multiply by [:
ue(1 — 7)zl +ul = 0, so (i) holds

e Combine HH and Gov’t Budget Constraints:

¢+ g < 21, so (ii) holds

13
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e Conclude:
B=D
e Express Ramsey Allocation Problem:

max u(c, {)
c,l

st u.c+wl =0, c+g <zl
or

max 2

st. P +¢g < zl
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P-zl+g=0

Ramsey Allocation Problem:

Max %12
Subject to I° + g < zI

Solution:
L=3{z+[7 4]}

Same Result as Before!






