E3106, Solutions to Homework 5

Columbia University

Exercise 12.
(a)
P(X; < X5 < X3) = P(X1 = min(X1, X2, X3))-P(X2 < X3|X7 = min(X3, Xs, X3))
It follows the result in p. 282 in Section 5.2.3 of the textbook (see also the last
example in the Lecture note #9) that
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By the lack of memory property of exponential distribution, we have
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P(XQ < X3|X1 = mln(X17X27X3)) = P(X2 < X3) = )\2 fAd

P(Xl = min(Xl,Xg,Xg))

Hence,
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P(X; < X5 X35 = max(Xy, X2, X3))
P(X1 < X3 < X3)
P(Xg = maX(Xl,XQ,Xg))
P<X1 < X9 < X3)
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where the third equality follows from Part (a).
(c)

Emax X;| X1 < X2 < X3

E[X; + (X2 — X1) 4+ (X5 — X2)| X1 < X2 < X3

ElX1]X1 < Xo < X3]+ E[X2 — X1]X1 < Xo < X3] + B[ X35 — Xo| X1 < Xo < X3]
[
[

E X1|X1 < X9 < Xd] + E[X2|X2 < Xs] +E[X3]
E InlIlX1|X1 < X9 < Xg} + E[min{XQ,Xg}‘XQ < Xg} + E[Xg]



where the third equality follows from the memoryless property of exponential
distribution. Then by the result in p. 282 of the textbook, min; X; is indepen-
dent with the rank ordering of X, thus

E[miinXi|X1 < X9 < X3 = E[miinXi] = m
Bimin{ X, Xa} X2 < Xa] = Elmin{Xz, Xa}] = 13 i -
Therefore,
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Blmax Xil X < Xo < X] = A1+ A2+ A3 * A2+ A3 - A3’

(d) By conditioning on the rank ordering of X;, we have
ElmaxX;] = > Elmax X;|X; < X; < X P(X; < X; < Xy),
i#iAk

where the sum is taken over all 6 permutations of 1, 2, 3. It follows from the
results of Parts (a) and (c) that
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Hence
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Exercise 21
The expected total time in the system can be broken down as follows:

E[time in system] =FE[waiting time at 1] + F[service time at 1]

+ E[waiting time at 2] 4+ E[service time at 2],

where we claim that

1 1
E[waiting time at 1] = —, FEl[service time at 1] = —
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E[waiting time at 2] = — , Elservice time at 2] = —.
Ho pg + Ho Ha

The only thing we need to justify is how to compute E[waiting time at
2], as the other three terms follow from the definition of exponential random



variables. To do this, conditioning on which server completes service first when
both servers are busy, we get
E[waiting time at 2] =FE[waiting time at 2 | 1 completes first] - P[1 completes first]
+ E[waiting time at 2 | 2 completes first] - P[2 completes first]

If 1 completes service first, by the memoryless property it is as if service restarts
at server 2, and the expected wait time at server 2 is ul If 2 completes service
first, our wait time is 0. Also, we know from properties of the exponential

distribution that P[1 completes first] = +u . So we have
1 1
E[waiting time at 2]:—L+0* o - _ M1
Ho Hy + o IR O W i 1O

Putting these quantities together, we get
2 1
E[time in system] = — + — (1 + L) .
Hi o o My T+ fig
Exercise 25
(a) Our expected total time in the system can be written as
E[time in system| = FE[waiting time] + F[service time].
The waiting time is simply the minimum of three exponentially distributed
random variables with rates p;, po, and p5. Therefore,
1
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To compute the expected service time, we condition on which server frees up
first. Since

L . M
P(Server ¢ finishes first) = P(X; = min(X, X5, X3)) = ———,
( ) ( (%1, X2, X3)) My + plo + i3

(see the lecture notes #9, or p. 282 of the textbook), we have

E[waiting time] =

3 3
1
Elservice time] = E _— E
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Combining these two terms, we get
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(b) If one customer is waiting in front of us, we must first wait for this
customer to enter service, and then we are in the same situation as in part (a):

E[ time in system | = E[ time until first customer enters service | 4 ( result from part (a) )
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Exercise 42.

(a)
E[S)] = E

(b)

E[S4|N (1) = 2] = 1+ EJtime for 2 more events after time 1 — N (1) =
2]=1+ Eltime for 2 more events after time 1]= 1+ 2, using the memoryless
property.

(c) Since {N(t),t > 0} has independent increments, we have

E[N(4) — N(2)|N(1) = 3] = E[N(4) — N(2)] = (4 — 2)A = 2\.

Exercise 47
(a) We write the expectation as follows:

E[time until next entry] = E[time until a server frees|+FE[time until an arrival].

The time until a server frees up is simply the minimum of two exponentially
distributed random variables, both with rate u so

1 1
Eltime until a server frees] = —— = —.
ptp 2p
By the memoryless property of the exponential distribution, when a server frees
up, its as if the Poisson process of arrivals restarts. Therefore, the expected
time until another arrival is

1
E[time until an arrival] = T

Putting these together,

1 1
Eltime until next entry] = % +3

(b) Let T; denote the time until both servers are busy, starting with ¢ busy
servers, for ¢ = 0,1. Then, we have the relationship

1
B[] = + + E[T4],
since it takes an expected time of % for a customer to enter the system.
Now we would like an expression for E[T}]. Let X be the time until the
first event (arrival of a new customer or departure of the existing customer) and
let Y be the additional time after X until both servers are busy. Now, we can



compute E[T}] by conditioning Y on whether the service of the one customer
finishes before another arrival or vice versa:

E[T] =E[X] + E[Y]

1
=——— + E[Y]| departure first] - P[departure first]

A+
+ E[Y] arrival occurs first] - Plarrival occurs first]
1 14
=——+ E[T, + 0 % Plarrival occurs first|.
o+ Bl 04 Pl |

The last equality follows by noticing: (1) Conditional on the departure com-
pleting first, the expected time until both servers are busy is simply F[Tp], as
by the Markov property, after the first event occurs it is as if all random times
above restart. (2)If an arrival occurs first Y is 0, as both servers will be busy
immediately.

In summary we have two equations

+E[TO])\ff_u

E[Ty) = % +E[N], Eh]= P

Now, solving this system of two equations gives us

At

PR
(c) Let L; denote the time until a customer is lost, starting with ¢ busy
servers, for ¢ = 1,2. The desired answer is simply Lo, because the customers
can only get lost if both servers are busy, and if one customer is lost, the whole
system is back to the case of two busy servers due to the memoryless property.
Similar to Part (b), let D be the time to the first event until either a de-
parture or an arrival, and let Z be the time after the first event (arrival or

departure) until a customer is lost. Then we can write:

22
= E

E[Ty] = [Th] =

E[Ls] = E[D] 4 E[Z] server frees first | P[ server frees first |
+ E[Z] arrival occurs first | P[ arrival occurs first |
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The second equality above follows from noticing that given that a server frees
first, the expected additional time until a loss occurs is the expected time until
both servers become busy again, or E[T7], plus the total expected time until a
loss occurs starting with both servers busy, or F[Ls]. Now, we have an equation
for E[Ls], which we can easily solve to get

1 2p(A+p)
Blll=x+—%



Exercise 52. Let {N;(t),t > 0} denote the Poisson process of team ¢, and let
N(t) = Ni(t) + Na(t),t > 0.

Since Ny (t) are independent with Na(¢), it follows that {N(¢),¢ > 0} is a Poisson
with rate A\ + X\o. Let

I - 1 if the n-th point of N(¢) belongs to team 1
~ | =1 if the n-th point of N(t) belongs to team 2

then {I,,n > 1} are i.i.d random variables with

P(I,=1)
=P(team 1 scores before team 2 after the (n — 1)-th point)
AL+ N\

Thus, the match ends when the first time Z?:l I; =k or —k, and team 1 wins
when the match ends with > | I; = k.

Hence the problem is equivalent to the gambler’s ruin problem in Section
4.5.1 of textbook; and the desired probability is equal to the probability that,
initially having k units of wealth, the gambler’s fortune will reach 2k before
reaching 0. Since the gambler has probability p = of winning one unit at
each play, it follows from Equation (4.14) in textbook “that the desired proba-
bility is equal to

1—(Aa /A .
P, = lf(Azz/All)% if A1 # Ao
i if Ay = o



