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ON THE PRICING OF CONTINGENT CLAIMS
UNDER CONSTRAINTS
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Columbia University and Rutgers University

We discuss the problem of pricing contingent claims, such as Euro-
pean call options, based on the fundamental principle of “absence of ar-
bitrage” and in the presence of constraints on portfolio choice, for exam-
ple, incomplete markets and markets with short-selling constraints. Under
such constraints, we show that there exists an arbitrage-free interval which
contains the celebrated Black—Scholes price (corresponding to the uncon-
strained case); no price in the interior of this interval permits arbitrage, but
every price outside the interval does. In the case of convex constraints, the
endpoints of this interval are characterized in terms of auxiliary stochastic
control problems, in the manner of Cvitani¢ and Karatzas. These charac-
terizations lead to explicit computations, or bounds, in several interesting
cases. Furthermore, a unique fair price p is selected inside this interval,
based on utility maximization and “marginal rate of substitution” princi-
ples. Again, characterizations are provided for p, and these lead to very
explicit computations. All these results are also extended to treat the prob-
lem of pricing contingent claims in the presence of a higher interest rate
for borrowing. In the special case of a European call option in a market
with constant coefficients, the endpoints of the arbitrage-free interval are
the Black—Scholes prices corresponding to the two different interest rates,
and the fair price coincides with that of Barron and Jensen.

1. Introduction and summary. The famous Black and Scholes (1973)
formula provides the unique price of a European contingent claim in an ideal,
complete and unconstrained market, as laid out in Sections 2 and 3 of the
present paper, based on the fundamental principle of “absence of arbitrage
opportunities.” In other words, this price is the unique one for which there are
no arbitrage opportunities by taking either a short or a long position in the
claim and investing wisely in the market. This price coincides with the mini-
mal initial capital, starting with which one can exactly duplicate the claim at
the terminal time, and also with the expectation of the claim’s discounted value
under the unique, “risk-neutral” equivalent probability measure [cf. Merton
(1973), Cox and Ross (1976), Cox and Rubinstein (1984), Harrison and Kreps
(1979), Harrison and Pliska (1981) and Karatzas (1989); see also Section 4 of
this paper for a brief survey].

Received December 1994; revised November 1995.

1Research supported by NSF Grant DMS-93-19816.

AMS 1991 subject classifications. Primary 90A09, 93E20, 60H30; secondary 60G44, 90A10,
90A16, 49N15.

Key words and phrases. Pricing of contingent claims, constrained portfolios, incomplete
markets, two different interest rates, Black—Scholes formula, utility maximization, stochastic
control, martingale representations, equivalent martingale measures, minimization of relative
entropy.

321




322 I KARATZAS AND S. G. KOU

However, in the presence of constraints on portfolio choice (e.g., constraints
on borrowing, on short-selling of stocks, even on accessing certain stocks at all,
as in the case of “incomplete markets”), there ceases to exist a unique price
for a contingent claim based solely on the principle of absence of arbitrage.
Instead, there appears an “arbitrage-free” interval [hy,y, hy,] Which contains
the Black—Scholes price ug; see the following figure:

0 hlow Ug hup

Here, h,, represents the least price the seller can accept without risk, and
hyow the greatest price the buyer can afford to pay without risk. This interval
has the following properties:

1. Every price level outside the interval leads to an arbitrage opportunity.
2. There are no arbitrage opportunities for price levels in the interior of the
interval. .

These facts are demonstrated, to our knowledge for the first time, in Sec-
tion 5 of this paper. Furthermore, if the constraints on portfolio choice are con-
vex, it turns out that the endpoints of the arbitrage-free interval can be char-
acterized as the values of certain suitable stochastic control problems, as in
Cvitanié¢ and Karatzas (1993), or El Karoui and Quenez (1995) for incomplete
markets; see Section 6 and, in particular, Theorem 6.1. Roughly speaking, the
upper (resp., lower) endpoint of the interval is equal to the supremum (resp.,
infimum) of the Black—Scholes prices of the claim over a family of auxiliary
markets, which are slightly more complicated in structure but unconstrained.

There remains the question of how to choose a unique price for the claim in
the presence of constraints on portfolio choice. There seems to be no definitive
answer to this question, although several approaches have been suggested—
most of them in the context of incomplete markets [e.g., Féllmer and Sonder-
mann (1986), Foldes (1990), Féllmer and Schweizer (1991), Duffie and Skiadas
(1991), Davis (1994), etc.] and some in different but related contexts [different
interest rates for borrowing and saving, Barron and Jensen (1990); transac-
tion costs, Hodges and Neuberger (1989)]. We adopt in Section 7 the approach
of Davis (1994), which is based on utility maximization and on the principle
of “zero marginal rate of substitution.”

These considerations lead to the notion of a fair price p (Definition 7.3),
which, under certain mild conditions (cf. Assumptions 7.1 and 7.2), is shown
to lie within the arbitrage-free interval (Theorem 7.1). Counterexamples for
which the fair price lies outside the arbitrage-free interval are also given in
Section 8.3. In the special case of convex constraints, we show that the fair
+ price admits a Black—Scholes representation under a certain “minimal” or
“least-favorable” equivalent probability measure (Theorem 7.4). In the deriva-
tion of this latter result, we draw on the powerful results of Cvitani¢ and
Karatzas (1992) for utility maximization under convex portfolio constraints [cf.
Karatzas, Lehoczky, Shreve and Xu (1991) for the special case of incomplete
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markets]. The representation of Theorem 7.4 leads to explicit computations
of the fair price p (Examples 7.1-7.4) for rather general portfolio constraints,
including incomplete markets, short-selling or borrowing constraints, and so
on. In particular, it is shown that p is independent of both initial wealth
and utility function in a market with deterministic coefficients and in the
presence of cone constraints on portfolios and, in this case, the corresponding
equivalent martingale measure is also obtained by means of relative entropy
minimization.

Section 8 offers a host of explicit computations for Ay, h,, and p in the spe-
cial but important case of a European call option, for a market with constant
coefficients and under various kinds of constraints; these computations are
tabulated in Section 10, and constitute one of the main results of this paper.
Explicit computations are also possible for a path-dependent (or “look-back”)
option; see Example 7.4.

A most interesting result, from a practical point of view, is that the same
ideas and techniques can also treat the problem of pricing contingent claims
in a market with Aigher interest rate for borrowing than for saving. More pre-
cisely, it is shown in Section 9 that in this case there also exists an arbitrage-
free interval and a fair price p which always lies within that interval. In the
special case of European call option in a market with constant coefficients,
the endpoints of the arbitrage-free interval are the two Black—Scholes prices
corresponding to the two different interest rates, and the fair price p coincides
with the so-called minimax price in Barron and Jensen (1990) if a power-type
utility function is employed.

2. The financial market model. In this paper we shall deal exclusively
with a financial market .# in which d +1 assets (or “securities”) can be traded
continuously. One of them is a nonrisky asset, called the bord (also frequently
called “savings account”), with price Py(¢) given by

2.1) dPy(t) = Po(t)r(t)dt,  Py(0)=1.

The remaining d assets are risky; we shall refer to them as stocks and as-
sume that the price P;(t) per share of the ith stock is governed by the linear
stochastic differential equation

dP;(t) = Pi(t)[bi(t) dt + i 0;5(t) de(t)],

J=1

2.2)
P;(0)=p;, i=1,2,...,d.

In this model, W(¢) = (W(¢),..., W4(¢))* is a standard Brownian motion
in #9¢, whose components represent the external, independent sources of un-
certainty in the market .#; with this interpretation, the volatility coefficient
0;;(-) in (2.2) models the instantaneous intensity with which the jth source of
uncertainty influences the price of the ith stock.
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As is standard in the literature, .# is assumed to be an ideal market; in
other words, we have infinitely divisible assets, no constraints on consumption
and no transaction costs or taxes. We shall allow, however, for constraints on
portfolio choice, such as limitations on borrowing (from the savings account)
or on short-selling (of stocks), and so on; see the examples in Section 6.

The probabilistic setting will be as follows: the Brownian motion W will be
defined on a complete probability space (2, &, Pe& and we shall denote by {%}
the P-augmentation of the natural filtration %" = o(W(s); 0 < s < t). The
coefficients of .#, that is, the interest rate process r(t), the appreciation rate
vector process b(t) = (by(t), ..., bs(t))* of the stocks and the volatility matrix-
valued process o(t) = {0;(¢)}1<;, j<a» Will all be assumed to be progressively
measurable with respect to {#} and bounded uniformly in (t, w) € [0, T'] x .
We shall also impose that the following strong nondegeneracy condition on

the matrix a(t) = o (t)o*(t),
2.3) gat)e=el €2 V(€ e[0, T]x #,

holds almost surely for a given real constant ¢ > 0. All processes encoun-
tered throughout the paper will be defined on the fixed, finite horizon [0, T'],
and adapted to the filtration {#}. We shall introduce also the “relative risk”
process

(2.4) 8(t) 2 o 1(t)[b(t) - r(t)1],

where 1 = (1,1,...,1)*. The exponential martingale
t t
A _ * 1 2
2.5) Zo(t) 2 exp{ fo 8*(s) dW(s) — 4 /0 1 6(s) | ds},
the discount process

(2.6) Yo(t) = eXP[— fo t r(s) ds}

and the Brownian motion with drift

en Wo(®) £ W(e) + [ “0(s)ds, 0<t<T
will be employed quite frequently.

REMARK 2.1. It is a straightforward consequence of the strong nondegen-
eracy condition (2.3) that the matrices o(t), o*(¢) are invertible and that the
norms of (o(¢))~! and (o*(¢))~? are bounded above and below by 6 and 1/8,
respectively, for some & € (1, 00); compare with Karatzas and Shreve [(1991),
page 372]. The boundedness of b(-), 7(-) and (o (-)) ! implies that of 6(-); there-
fore, the process Zy(-) of (2.5) is indeed a martingale and not just a local
martingale.



