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We discuss the problem of pricing contingent claims, such as Euro-
pean call options, based on the fundamental principle of “absence of ar-
bitrage” and in the presence of constraints on portfolio choice, for exam-
ple, incomplete markets and markets with short-selling constraints. Under
such constraints, we show that there exists an arbitrage-free interval which
contains the celebrated Black—Scholes price (corresponding to the uncon-
strained case); no price in the interior of this interval permits arbitrage, but
every price outside the interval does. In the case of convex constraints, the
endpoints of this interval are characterized in terms of auxiliary stochastic
control problems, in the manner of Cvitani¢ and Karatzas. These charac-
terizations lead to explicit computations, or bounds, in several interesting
cases. Furthermore, a unique fair price p is selected inside this interval,
based on utility maximization and “marginal rate of substitution” princi-
ples. Again, characterizations are provided for p, and these lead to very
explicit computations. All these results are also extended to treat the prob-
lem of pricing contingent claims in the presence of a higher interest rate
for borrowing. In the special case of a European call option in a market
with constant coefficients, the endpoints of the arbitrage-free interval are
the Black—Scholes prices corresponding to the two different interest rates,
and the fair price coincides with that of Barron and Jensen.

1. Introduction and summary. The famous Black and Scholes (1973)
formula provides the unique price of a European contingent claim in an ideal,
complete and unconstrained market, as laid out in Sections 2 and 3 of the
present paper, based on the fundamental principle of “absence of arbitrage
opportunities.” In other words, this price is the unique one for which there are
no arbitrage opportunities by taking either a short or a long position in the
claim and investing wisely in the market. This price coincides with the mini-
mal initial capital, starting with which one can exactly duplicate the claim at
the terminal time, and also with the expectation of the claim’s discounted value
under the unique, “risk-neutral” equivalent probability measure [cf. Merton
(1973), Cox and Ross (1976), Cox and Rubinstein (1984), Harrison and Kreps
(1979), Harrison and Pliska (1981) and Karatzas (1989); see also Section 4 of
this paper for a brief survey].
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However, in the presence of constraints on portfolio choice (e.g., constraints
on borrowing, on short-selling of stocks, even on accessing certain stocks at all,
as in the case of “incomplete markets”), there ceases to exist a unique price
for a contingent claim based solely on the principle of absence of arbitrage.
Instead, there appears an “arbitrage-free” interval [hy,y, hy,] Which contains
the Black—Scholes price ug; see the following figure:

0 hlow Ug hup

Here, h,, represents the least price the seller can accept without risk, and
hyow the greatest price the buyer can afford to pay without risk. This interval
has the following properties:

1. Every price level outside the interval leads to an arbitrage opportunity.
2. There are no arbitrage opportunities for price levels in the interior of the
interval. .

These facts are demonstrated, to our knowledge for the first time, in Sec-
tion 5 of this paper. Furthermore, if the constraints on portfolio choice are con-
vex, it turns out that the endpoints of the arbitrage-free interval can be char-
acterized as the values of certain suitable stochastic control problems, as in
Cvitanié¢ and Karatzas (1993), or El Karoui and Quenez (1995) for incomplete
markets; see Section 6 and, in particular, Theorem 6.1. Roughly speaking, the
upper (resp., lower) endpoint of the interval is equal to the supremum (resp.,
infimum) of the Black—Scholes prices of the claim over a family of auxiliary
markets, which are slightly more complicated in structure but unconstrained.

There remains the question of how to choose a unique price for the claim in
the presence of constraints on portfolio choice. There seems to be no definitive
answer to this question, although several approaches have been suggested—
most of them in the context of incomplete markets [e.g., Féllmer and Sonder-
mann (1986), Foldes (1990), Féllmer and Schweizer (1991), Duffie and Skiadas
(1991), Davis (1994), etc.] and some in different but related contexts [different
interest rates for borrowing and saving, Barron and Jensen (1990); transac-
tion costs, Hodges and Neuberger (1989)]. We adopt in Section 7 the approach
of Davis (1994), which is based on utility maximization and on the principle
of “zero marginal rate of substitution.”

These considerations lead to the notion of a fair price p (Definition 7.3),
which, under certain mild conditions (cf. Assumptions 7.1 and 7.2), is shown
to lie within the arbitrage-free interval (Theorem 7.1). Counterexamples for
which the fair price lies outside the arbitrage-free interval are also given in
Section 8.3. In the special case of convex constraints, we show that the fair
+ price admits a Black—Scholes representation under a certain “minimal” or
“least-favorable” equivalent probability measure (Theorem 7.4). In the deriva-
tion of this latter result, we draw on the powerful results of Cvitani¢ and
Karatzas (1992) for utility maximization under convex portfolio constraints [cf.
Karatzas, Lehoczky, Shreve and Xu (1991) for the special case of incomplete
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markets]. The representation of Theorem 7.4 leads to explicit computations
of the fair price p (Examples 7.1-7.4) for rather general portfolio constraints,
including incomplete markets, short-selling or borrowing constraints, and so
on. In particular, it is shown that p is independent of both initial wealth
and utility function in a market with deterministic coefficients and in the
presence of cone constraints on portfolios and, in this case, the corresponding
equivalent martingale measure is also obtained by means of relative entropy
minimization.

Section 8 offers a host of explicit computations for Ay, h,, and p in the spe-
cial but important case of a European call option, for a market with constant
coefficients and under various kinds of constraints; these computations are
tabulated in Section 10, and constitute one of the main results of this paper.
Explicit computations are also possible for a path-dependent (or “look-back”)
option; see Example 7.4.

A most interesting result, from a practical point of view, is that the same
ideas and techniques can also treat the problem of pricing contingent claims
in a market with Aigher interest rate for borrowing than for saving. More pre-
cisely, it is shown in Section 9 that in this case there also exists an arbitrage-
free interval and a fair price p which always lies within that interval. In the
special case of European call option in a market with constant coefficients,
the endpoints of the arbitrage-free interval are the two Black—Scholes prices
corresponding to the two different interest rates, and the fair price p coincides
with the so-called minimax price in Barron and Jensen (1990) if a power-type
utility function is employed.

2. The financial market model. In this paper we shall deal exclusively
with a financial market .# in which d +1 assets (or “securities”) can be traded
continuously. One of them is a nonrisky asset, called the bord (also frequently
called “savings account”), with price Py(¢) given by

2.1) dPy(t) = Po(t)r(t)dt,  Py(0)=1.

The remaining d assets are risky; we shall refer to them as stocks and as-
sume that the price P;(t) per share of the ith stock is governed by the linear
stochastic differential equation

dP;(t) = Pi(t)[bi(t) dt + i 0;5(t) de(t)],

J=1

2.2)
P;(0)=p;, i=1,2,...,d.

In this model, W(¢) = (W(¢),..., W4(¢))* is a standard Brownian motion
in #9¢, whose components represent the external, independent sources of un-
certainty in the market .#; with this interpretation, the volatility coefficient
0;;(-) in (2.2) models the instantaneous intensity with which the jth source of
uncertainty influences the price of the ith stock.
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As is standard in the literature, .# is assumed to be an ideal market; in
other words, we have infinitely divisible assets, no constraints on consumption
and no transaction costs or taxes. We shall allow, however, for constraints on
portfolio choice, such as limitations on borrowing (from the savings account)
or on short-selling (of stocks), and so on; see the examples in Section 6.

The probabilistic setting will be as follows: the Brownian motion W will be
defined on a complete probability space (2, &, Pe& and we shall denote by {%}
the P-augmentation of the natural filtration %" = o(W(s); 0 < s < t). The
coefficients of .#, that is, the interest rate process r(t), the appreciation rate
vector process b(t) = (by(t), ..., bs(t))* of the stocks and the volatility matrix-
valued process o(t) = {0;(¢)}1<;, j<a» Will all be assumed to be progressively
measurable with respect to {#} and bounded uniformly in (t, w) € [0, T'] x .
We shall also impose that the following strong nondegeneracy condition on

the matrix a(t) = o (t)o*(t),
2.3) gat)e=el €2 V(€ e[0, T]x #,

holds almost surely for a given real constant ¢ > 0. All processes encoun-
tered throughout the paper will be defined on the fixed, finite horizon [0, T'],
and adapted to the filtration {#}. We shall introduce also the “relative risk”
process

(2.4) 8(t) 2 o 1(t)[b(t) - r(t)1],

where 1 = (1,1,...,1)*. The exponential martingale
t t
A _ * 1 2
2.5) Zo(t) 2 exp{ fo 8*(s) dW(s) — 4 /0 1 6(s) | ds},
the discount process

(2.6) Yo(t) = eXP[— fo t r(s) ds}

and the Brownian motion with drift

en Wo(®) £ W(e) + [ “0(s)ds, 0<t<T
will be employed quite frequently.

REMARK 2.1. It is a straightforward consequence of the strong nondegen-
eracy condition (2.3) that the matrices o(t), o*(¢) are invertible and that the
norms of (o(¢))~! and (o*(¢))~? are bounded above and below by 6 and 1/8,
respectively, for some & € (1, 00); compare with Karatzas and Shreve [(1991),
page 372]. The boundedness of b(-), 7(-) and (o (-)) ! implies that of 6(-); there-
fore, the process Zy(-) of (2.5) is indeed a martingale and not just a local
martingale.
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3. Portfolio, consumption and wealth processes. Consider now a
small economic agent, whose actions cannot affect market prices and who
can decide, at any time ¢ € [0, T'], (1) how many shares of the bond ¢(¢)
and how many shares of stocks (¢;(t), #2(2), ..., ¢4(t))* to hold and (2) what
amount of money C(¢ + k) — C(t) > 0 to withdraw for consumption during the
interval (¢, t + k], h > 0. Of course, all these decisions can only be based on
the current information %, without anticipation of the future. More precisely,
we have the following definitions.

DEFINITION 3.1. A trading strategy in the market .# is a progressively
measurable vector process (¢do(t), ¢1(2), ..., ¢4(t)) such that fOT d2(t)dt < oo,
0 < i < d, almost surely.

The processes ¢, and ¢; represent the number of shares of the bond and
the ith stock, respectively, 1 < i < d, which are held or shorted at any given
time ¢. A short position in the bond (resp., the ith stock), that is, ¢ < 0 (resp.,
¢; < 0), should be thought of as a loan.

DEFINITION 3.2. A cumulative consumption process is a nonnegative pro-
gressively measurable process {C(¢), 0 < ¢t < T} with paths on (0, T'] which
are increasing, right continuous with left limits (RCLL) and with C(0) = 0,
C(T) <o0 as.

A basic assumption in the market .# is that trading and consumption
strategies should satisfy the so-called self-financing condition

d d
> i (2)P;(t) =Y ¢:(0)P;(0)
=0 =0

8.1)
d
+ 3 [ dPw)-CH), 0st=T,
i=0"0

almost surely. The meaning of the equation is that, starting with an initial
amount x = ¢¢(0) + X%, ¢;(0)p; of wealth, all changes in wealth are due to
capital gains (appreciation of stocks and interest from the bond) minus the
amount consumed.

For both economic and mathematical considerations, it is useful to introduce
wealth and portfolio processes.

DEFINITION 3.3. A portfolio.process is a prbgressively measurable process
m() = (m1()s ., ma()): [0, T x & — #°.

DEFINITION 3.4. For a given initial capital x, a portfolio process () as in
Definition 3.3 and a cumulative consumption process C(:) as in Definition 3.1,
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consider the wealth equation

d d ,
ax() = X1~ S )| 5D + 3 Xm0 B - dc(o

i=1 i=1

= X(t)[l - fd‘_ wi(t)]r(t) dt

i=1

(3.2)

d d
+) X(t)m(t)[b,-(t) dt+ a’ij(t)de(t)] - dC(t),

i=1 j=1

= X(t)r(t) dt + X(O)7*(t)o(t) dW,(t) — dC(t),  X(0) = x,

or equivalently

V(DX () = x = [ (5) dC(s)
3.3) ,
+ [ 1(@XOT()o(s)dWols), 0=t =T,

in the notation of (2.1), (2.2) and (2.5)—(2.7). If this equation has a unique
solution X(-) = X* ™ C(.), this is then called the wealth process corresponding
to the triple (x, 7, C).

The interpretation here is that the components of 7(-) represent the pro-
portions of the wealth X(-) which are invested in the respective stocks i =
1,...,d.

REMARK 3.1. In the setup of Definition 3.4, notice that for the stochastic

integral to be well defined we must have fOT X2(t)||w(t)||*dt < oo, a.s. Fur-
thermore, if we define

X(t)’ﬂl(t)/Pl(t), i= 1, ey d

X()(1 - Xho mi(8)/Po(t), i=0, for 0<¢<T,

@i(t) = {

then ¢(-) = (¢o(:), 1(-), ..., d4(-))* constitutes a trading strategy in the sense
of Definition 3.1 and we have

d
3.4 X(t)=Y ¢:(1)P;(¢), O=<t<T,
’ i=0 -

as well as the self-financing condition (3.1), which follows then from the wealth
equation (3.2). Notice that the wealth process X(-) can clearly take both pos-
itive and negative values.
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Equation (3.3) leads us to consider the process

No(®) £ 70(®X (@) + [ 70(s)dC(s)
3.5) : ,
—x+ /0 Yo()X(s)m*(s)a(s)dWy(s), O<t<T,

which is seen to be a continuous local martingale under the so-called risk-
neutral probability measure (or “equivalent martingale measure”)

(3.6) POA) 2 E[Zo(T)14], A€y,
in the notation of (2.5).

DEFINITION 3.5. A portfolio—consumption process pair (, C) is called ad-
missible for the initial capital x € %, and we write (m, C) € & (x), if the
following statements hold:

(i) The pair m(-), C(-) obeys the conditions of Definitions 3.2-3.4.
(ii) The solution X* ™ ¢(.) = X(-) of (3.2) satisfies, almost surely,

3.7 x5mCt)y>-A VO<t<T.
Here, A is a nonnegative random variable with E°(A?) < oo for some p > 1.

The admissibility requirements in Definition 3.5 are imposed in order to
prevent pathologies like doubling strategies [cf. Harrison and Pliska (1981)
and Karatzas and Shreve (1997)]; such strategies achieve arbitrarily large
levels of wealth at t = T, but require X(-) to be unbounded from below on
[0, T.

If (m,C) € o/(x), the P°-local martingale Ny(-) of (3.5) is also bounded
uniformly from below and is thus a P°-supermartingale. Consequently,

(3.8) EO[yO(T)X"’”’C(T)+ joTyo(t)dC(t)]gx V (m,C) € ().

Here E° denotes the expectation operator corresponding to the probability
measure PP of (3.6); under this measure the process Wy(-) of (2.7) is standard
Brownian motion, by the Girsanov theorem [e.g., Karatzas and Shreve (1991),
Section 3.5], and the discounted stock processes yo(-)P;(-) are martingales,
since

d : .
(3.9) dP;(t)= P,-(t)[r(t)dt-{— ) a,-,-(t)dwg”(t)], P,0)=p;, i=1,...,d,
Jj=1
from (2.2) and (2.7), where W((,j ) is the Jjth component of Wy,
REMARK 3.2. For any x € # and (m,C) € #(x), let F = X*™C(T). Then
for any a # 0, we have X°*»™C()=qa - X* 7 C(.) from (3.2). In particular:

() Ifa > 0, (7, aC) € &(ax) and X**™?C(T) = oF as.
(i) fa=-1and C(-)=0, X *»™%(T)=-F.
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4. Contingent claims and arbitrage in the unconstrained market.
The dynamics of the market .# become more interesting once we introduce
contingent claims such as options. Suppose, in particular, that at time ¢t = 0
we sign a contract which gives us the right (but not the obligation, whence the
term option) to buy, at the specified time T' (“expiration date”), one share of the
stock i = 1 at a specified price q (“exercise price”). At expiration ¢ = T, if the
price Pi(T, w) of the share is below the exercise price, the contract is worthless
to us; on the other hand, if P,(T, w) > g, we can exercise our option at time ¢ =
T, which means to buy one share of the stock at the exercise price ¢ and then
sell the share immediately in the market for P,(T, »). In other words, this
contract entitles its holder to a payment of B(T) = B(T, w) = (P1(T, w)—q)*
at time ¢ = T; it is called a European call option, in contradistinction to an
“American call option” that can be exercised at any stopping time (with values)
in [0, T']. See Myneni (1992) for a survey on the pricing of American options
with unconstrained portfolios. In this paper we shall deal primarily with the
pricing problem under constraints on portfolio choice and confine ourselves to
European options; the similar problem for American options will be treated
elsewhere.

The following definition generalizes the concept of European call option.

DEFINITION 4.1. A European contingent claim (ECC) is a financial instru-
ment consisting of a payment B(T') at maturity time T'; here, B(T') is a non-
negative, Fp-measurable random variable with E[(B(T))!**] < oo for some
e>0.

We shall denote the price at time ¢ = 0 of the ECC by B(0). The main
purpose of this paper is to find out what B(0) should be in the market .#; in
other words, how much an agent should charge for selling such a contractual
obligation and how much another agent could afford to pay for it.

It turns out that the answer depends on the structure of the market .#. In
this section, we consider the simplest case: that of a complete, unconstrained
market, that is, one in which every asset can be traded and unlimited short-
selling of both the bond and stocks is also permitted (subject to the admissibil-
ity requirements of Definition 3.5). More precisely, ;(-) takes values in # for
each 1 < i < d. In this case the answer to the pricing problem is well known.
A standard approach to this problem is to utilize the concept of arbitrage in
the market .# with the ECC, denoted by (.#, B) for short, with B standing
for the pair (B(0), B(T)).

DEFINITION 4.2. There is an arbitrage opportunity in (.#, B) if there exist
an initial wealth x > 0 (respectively, x < 0), an admissible pair (7, C) € &/ (x)
and a constant ¢ = —1 (respectively, a = 1), such that

x+aB(0)= X*™C(0)+aB(0) <0
at time ¢ = 0 and
X*>mC(TY+aB(T)>0 as.
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at time ¢ = T'. The values a = +1 indicate long or short positions in the ECC,
respectively.

This definition of arbitrage is standard in the literature; see, for example,
Duffie [(1992), Chapter 6] and Myneni (1992). Such an arbitrage opportunity
represents a riskless source of generating profit, strictly greater than the profit
from the bond, by the combination of a trading—consumption strategy and the
ECC. Furthermore, from the scaling properties in Remark 3.2, we know then
that the profits from such a scheme are limitless. Such opportunities should
not exist in a well-behaved, rational market.

One of the most interesting “classical” results on option pricing is that
by only excluding such arbitrage opportunities, the price of the ECC can be
uniquely determined, namely, as

4.1) ug = E%yo(T)B(T)] = E[yo(T)B(T) Zo(T)].

More precisely, if the ECC has a price B(0) > uo at time ¢ = 0, then
there is an arbitrage opportunity involving a trading—consumption strategy
(b0, ---» Pq,0)* and a short position in the ECC. Conversely, for any ECC
having price B(0) < u,, there is also an arbitrage opportunity using exactly
(—¢1,..., —bg,0)* and taking a long position in the ECC. Hence the price
for the ECC has to be u, if no arbitrage is allowed in .#. This price is called
the arbitrage-free price, also known as the Black—Scholes price. Furthermore,
corresponding to the Black—Scholes price u,, there is a “hedging portfolio” pro-
cess 7(-) [hence also a corresponding trading process ¢(-)] and a consumption
process C(-) = 0, such that

(4.2) Xum0(T) = B(T).

With the same portfolio 7(-) [hence the opposite trading strategy —¢(-)], we
have

(4.3) X4 m0(T) = —B(T).

REMARK 4.1. We have u;, < oo in (4.1); indeed, with ¢ < oo denoting a
common upper bound on ||6(:)|| and |r(:)|, and with p=1+¢,1/p+1/qg=1,

uo < exp(—cT)(E(B(T))P)P(E(Zo(T))H)"*
< exp(—cT + (g — 1)c2T/2)(E(B(T))P)MP < oco.

If .# is a market with constant coefficients b, r, o in (2.1) and (2.2), then
explicit calculations are possible for u, of (4.1) in the following cases.

EXAMPLE 4.1. European call option, B(T) = (P{(T) — q)*. Then

(4.4) uo = p®(u, (T, p)) — qe " T®(u_(T, p)),  p= P1(0),
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ni(t, ) 2 ﬁ [log(%) + (r + (g))t] and

D(z) = «/%_fn-f exp( )du

is the cumulative standard normal distribution function; we have set o =
o1; > 0. Furthermore, the portfolio process in (4.2) and (4.3) satisfies

(4.6) m(t)>1 and m()=0, 2<i<d as

We refer the reader to Harrison and Pliska (1981), Cox and Rubinstein (1984),
Karatzas (1989), Karatzas and Shreve (1997) or Duffie (1992) for details.

where

4.5)

EXAMPLE 4.2. Path-dependent (“look-back”) option, B(T) = maxg<r P;(2)
of Goldman, Sosin and Gatto (1979). Then the price of (4.1) is given by

uo=pe™ [ F(T,60)dE, p= PO,

where 0 =0y >0, p 2 /o0 —0/2 and

@ ft,&p) 21— cp(gﬁf’t) zgp[l q>(fjft”t)].

Further, the portfolio 7(-) of (4.2) and (4.3) is given by m;(t) =0,i=2,...,d,
and

e™YOF(T — ¢, Y(); ) + 0 [y F(T — 8, & p)e” d§
YO 1 g [0 F(T —t, & p)eé dé

(48) ’ITl(t) =

for 0 <t < T, where

(=57)

We refer the reader to Karatzas and Shreve [(1997), Section 2.4] for the details.

Y(t) £ max(Wa(s) + ps) ~ (Wo(t) + pt) =  log

A main drawback in the above classical argument is its dependence on
the assumptions of completeness and unconstrainedness for the market .#.
More to the point, as we have seen in the above discussion, it is critical to be
able to use —¢ as a trading strategy, if ¢ is permitted in the market, and to
trade in all (d + 1) assets if necessary. However, if we are in a constrained
market, for instance, a market in which short-selling of stocks is prohibited
. [i.e., with ¢;(-) > 0 for each i =1,..., d], then the admissibility of the strat-
egy (¢g, - .., dq)* does not imply that of (— ¢y, ..., —¢p,)*. Furthermore, in an
incomplete market, not all the assets are accessible.

A general arbitrage argument is needed to cover these cases as well as the
classical unconstrained case.
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5. Upper and lower arbitrage prices. Let us introduce further con-
straints on portfolio choice, in addition to those of Definition 3.5. Suppose
that we are given two nonempty Borel subsets K, and K_ of #°; for any
x € #, we shall consider portfolio-consumption pairs in the class

6.1 (@) E{(7,C) e H(x): m(t) € K, if X*»™C(¢) > 0,and
m(t) e K_if X»™C(t) <0,V¢te (0, T)as.}.

In other words, K, (resp., K_) represents our constraint on portfolio choice
when the wealth is positive (resp., negative). We shall see examples in Sec-
tion 6 where such different constraints on portfolio, depending on the sign of
the level of wealth, arise quite naturally.

DEFINITION 5.1. Given a European contingent claim B(T) as in Defini-
tion 4.1, introduce the lower hedging class

(5.2) £ 2{x>0:3(#C)e o (~x) such that X ="(T) > —B(T) a.s.}
and the upper hedging class
(63 = {x>0:3(#C)e &, (x), such that X* *’é(T) > B(T) a.s.}.
Here we have set
o (y) = {(#,C) e #(y): #(t) e K_and
x»"C()<0, vO<t<Tas} fory<o,
o, (2) £ {(#, C) e #(2): #(t) e K, and
x>"C()>0, VO<t<T, as} forz>0.

The elements (7, C) [resp., (#, C)] in the definitions of the classes .# and %
are called lower (resp., upper) hedging strategies for the ECC.

Clearly, the set .# contains the origin. On the other hand, it is a straight-
forward consequence of Definition 5.1 that both sets .# and % are (connected)
intervals. More precisely, we have the following result.

PROPOSITION 5.1. For any x; € £, 0 < y; < x1 implies y, € .£. Similarly,
for any x, € %, yo > xo implies y; € %.

PROOF. Suppose (m,, C3) € & (x,) satisfies the conditions of (5.3). Then,
with y, > x,, one ‘just consumes immediately the amount y; — x,”; in
other words, with Cy(t) = Cy(t) + (¥5 — x2)1g, )(t), we have X»» ™ Ca(t) =
X#» 7 Ca(¢t) for all 0 < ¢t < T, and thus y, € %. A similar argument works for
Z. O
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The purpose of this section is to show that, in the presence of constraints
as in (5.1), the Black—Scholes price uy = E°[yo(T)B(T)] is replaced by an
interval [Ajow, hyp] Which contains u( and is defined by (5.4) below, in the
following sense: (1).if B(0), the price of the ECC at time ¢ = 0, does not belong
to [Aiows hypl, then there exists an arbitrage opportunity (Theorem 5.2); (ii) if
it belongs to the interior (hjoy, hyp) of this interval or if B(0) = Aoy = hyp,
then arbitrage opportunities do not exist (Theorem 5.3 and Corollary 5.1).

DEFINITION 5.2. The lower arbitrage and the upper arbitrage prices are
defined by

(5.4) Pyow = sup{x: x € .}, hyp 2 inf{x: x € 2},
respectively.

Here we adopt the convention that inf @ = +o0. In Section 6 we shall pro-
vide characterizations of the numbers A4y, A, in terms of suitable stochastic

control problems, which lead to explicit computation in several interesting
special cases (cf. Section 8).

REMARK 5.1. Heuristically, the upper arbitrage price may be viewed as the
minimal amount necessary for the seller of the ECC to set aside at time ¢ =0,
in order to make sure that he will be able to cover his obligation at time ¢ = T.
Similarly, the lower arbitrage price can be viewed as the maximal amount that
the buyer of the ECC is willing to pay at ¢ = 0 and still be sure that he will
be able to cover, at time ¢t = T, the debt he incurred at ¢ = 0 by purchasing
the ECC.

This intuition suggests that the lower arbitrage price 4, cannot be larger
than the upper arbitrage price A,,. The following theorem shows, in fact, that
for general constraint sets K, and K _, a stronger result holds.

THEOREM 5.1. We have for any nonempty constraint sets K, and K_ in

B(R?),
0 = hlow =Up = hup’

where uy = E°[yo(T)B(T)] is the Black—Scholes price of (4.1).
Proor. By (3.8) and the definition of %, we get
. A T A
x> EO[Vo(T)X"’ »er)+ [ v(s>d0(s>} > Ey(TB(D] =4y Yxe.
Hence, h,, > uo. Similarly,
o _— T 5
—y 2 B XD+ [ 30(5) A

> E'[vo(T)(-B(T)]=~up, Vyes,

whence y < ug and Aoy < up. O
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One feature of the above theorem is that it holds for any constraint sets;
therefore it is applicable to many situations. For instance, in the case of a
European call option B(T') = (P{(T) — q)* on the first stock, assuming that
this stock can be traded, we have P;(0) € % and thus 0 < Ay, < uy < hyp <
P,(0) < oo.

We define the notion of arbitrage with portfolios constrained as in (5.1), by
analogy with Definition 4.2.

DEFINITION 5.3. We say that there exists in (.#, B) an arbitrage opportu-
nity with constrained portfolios if there exists an initial wealth x > 0 (resp.,
x < 0), an admissible portfolio—~consumption process pair (7, C) in the class
&, (x) [resp., &_(x)] of Definition 5.1 and a constant @ = —1 (resp., a = 1)
such that

(5.5) x+aB(0)= X*™¢(0)+aB(0) <0
and
(5.6) X*mCT)+aB(T)>0 as.

Again, the values a = +1 represent long or short positions in the ECC, re-
spectively.

THEOREM 5.2. For any ECC price B(0) > hyy, there exists an arbitrage
opportunity in the sense of Definition 5.3; similarly for any ECC price B(0) <
hlow-

PRrROOF. Suppose that B(0) > hy,. Then for any x; € (hyp, B(0)) we know
that x; € %, by the definition of ;. Thus there exists a (7, C) € o, (x,) such
that

x*= 7€)~ B(0) = x; — B(0) <0
and
x="C¢(T)_ B(T) > B(T)- B(T)=0 as.

Hence (5.5) and (5.6) in Definition 5.3 are satisfied with a = —1.

For the case B(0) < Ay, there is an arbitrage opportunity which satisfies
(5.5) and (5.6) with a = 1. The argument is similar to the first one and we
omit the details. O

THEOREM 5.3. For any ECC price B(0) & (% U .Z), there is no arbitrage in
(# , B) with constrained portfolios. i

ProoF. We shall prove this by contradiction. Suppose B(0) ¢ %, B(0) ¢
2 and that there is an arbitrage opportunity in (.#, B) with constrained
portfolios. Two cases may arise.

Case 1. The arbitrage opportunity satisfies (5.5) and (5.6) with @ = —1. In
this case, there exist an initial wealth x € [0, c0) and a pair (m;, C;) € &, (x)
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such that
x=X*"C1(0) < B(0) and
X%mC(T) > B(T) as.
From (5.7) and the definition of % we know that x = X*™:C1(0) € %, whence
B(0) € %, thanks to x < B(0) and Proposition 5.1, a contradiction.

Case 2. The arbitrage opportunity satisfies (5.5) and (5.6) with a = 1. The
proof is similar to that of Case 1, so we omit the details. O

(5.7

COROLLARY 5.1. If hyoy < hyp, then for any price B(0) € (higw, hyp) Of the
ECC there is no arbitrage opportunity in (.#, B) with constrained portfolios.

In view of Theorems 5.2 and Corollary 5.1, the interval [A,,, hyp] is the
best possible interval for the ECC price that one can obtain by using only
arbitrage arguments. We shall call [Aqy, hyp] the arbitrage-free interval.

REMARK 5.2. In an unconstrained market, that is, with K, = K_ = #¢,
we know from the classical results that the Black—Scholes price u, belongs to
both the lower hedging class .# and the upper hedging class % [see Chapter 6
in Duffie (1992)]; thus we have Ay, = Ay, = uo according to Theorem 5.1.

REMARK 5.3. If the option price is equal to one of the two endpoints A,
or Ay, it may well be that in some situations there is no arbitrage, while in
others there may be an arbitrage opportunity, depending on the consumption
process. For example, in the unconstrained case, if B(0) = hy, = u, there is
no arbitrage, as it can be shown that the consumption process for the hedging
strategy is almost surely zero (see KS, page 378). On the other hand, if B(0) =
hyp, hyp € % and C(T) > 0 a.s. (for instance, as in Remark 8.1), then this
consumption can be viewed as a kind of arbitrage opportunity.

Within the arbitrage-free interval, a unique fair price might be determined
by considerations based on utility maximization or on a stochastic game be-
tween the buyer and the seller. An approach using utility maximization, orig-
inally due to Davis (1994), is'discussed in detail in Section 7.

6. Representations for convex constraints. We shall concentrate in
this section on the important special case where the constraint sets K, and
K_ of (5.1) are nonempty closed, convex sets in #¢. For such sets, we shall
obtain in this section representations of A, and h,, in terms of auxiliary
stochastic control problems [cf. (6.7) and (6.8)], which will lead in turn to
"explicit computations in Section 8.

We start by introducing the functions

8(x) £ sup (—7*x): R > RU {400}

weK,
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and
5(x) 2 inf (~m"x): # > B U {—o0}.
mEK _

In the terminology of convex analysis, 8(-) and —§(-) are the support func-
tions of the convex sets —K, and K _, respectively; they are closed, positively
homogeneous, proper convex functions on #? [Rockafellar (1970), page 114].
The support functions 8(-) and —8(-) are finite on their effective domains K .

and K _, respectively, where,
K 2{xe;apeRst. —mx<B, VreK,}
= {x € #%; 8(x) < oo},
_é{xegd; 3BeAst. —m*'x=>B, Vre K_}
={x e #%; §(x) > —oc}.

Notice that both K, and K _ are convex cones. The following two assumptions
will be imposed throughout this section.

ASSUMPTION 6.1. The functions &(-) and 5(-) are continuous on K, and
K _, respectively.

AssSUMPTION 6.2. The function &(-) is bounded uniformly from below by
some real constant.

These two assumptions are satisfied by all of the examples below. In partic-
ular, Theorem 10.2 in Rockafellar [(1970), page 84] guarantees that Assump-
tion 1 is satisfied, if K, and K_ are locally simplicial, and Assumption 6.2 is
satisfied if and only if K, contains the origin.

The convex constraints are perhaps among the most important constraints
that arise in practice. A few of them are listed below.

EXAMPLE 6.1. All of the following examples satisfy Assumptions 6.1 and 6.2.

(i) Unconstrained case: ¢ € #%*1. In other words, K. = K_ = #%. Then
K. =K_={0}and 6=56=00n K, and K_, respectively.

(ii) Prohibition of short-selling of stocks: ¢; > 0,1 < i < d.Inother words,

K. =[0,00)% and K_ = (—00,0]%. Then K, = K_ = [0,00)? and § = 0 on
K,,6=00nK._.

(iii) Constraints on the short-selling of stocks. A generalization of (ii) is
K, = [~k,00)? for some £ > 0 and K_ = (oo, 1]? for some [ € #. Then
K. =K_=[0,00)¢ and 8(x) = EYd x;, 8(x)=—-1Y% x;on K, and K_,
respectively.

(iv) Incomplete market, in which only the first m stocks can be traded:
¢; =0, Vi=m+1,...,d, for some fixed m € {1,...,d —1},d > 2. In
otherwords,K+_K ={mr e #% m =0, Vz_m—l—l .,d}. Then
K, =K —{xeg,x,_o vVi=1,. ,m}and8 OonK and K _.
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(v) Incomplete market, with prohibition of investment in the first m stocks:
¢;=0,1<i<mforsomel<m<d,d>2Inotherwords, K, =K_={me
H m=0,1<i<m}Then K, =K_={x e R %,,,1 = =24 =0}
and 5=56=0o0n K, and K _.

(vi) Both K and K _ are closed, convex cones in #% Then K (K_) =
{x € #;; 7rx>0 V7e K (K_)}and 6 (§) =0 on K, (K_). This clearly
generalizes all the previous examples except (iii).

(vii) Prohibition of borrowing: ¢o > 0. In other words, K, = {7 €
#yLim<land K_={re®’ T\ m>1} ThenK, =K_={x¢
H: xy=x9=-=2x4 <0} and 8(x) = —x; on K, §(x) = —x, on K_.

(viii) Constraints on borrowing. A generalization of (vii) is K, = {7 €
#%: Y4 7 < k} for some k >1land K_ = {X%,m > I} for some [ € #.
Then K, = K_={xe #% %, =--- = x5 < 0}, 8(x) = —kx; on K, and
8(x)=—Ilx;on K_.

Explicit formulae or bounds for A, and Ay, for all these examples, in the
case of a European call option in a market w1th constant coefficients, will be
presented in detail in Section 8. It is interesting to notice that, for all these
examples, K, is equal to K _ (in this connection, see also Proposition 7.2). In
general, this will not be the case; see Example 8.8.

The technique to handle such convex constraints is developed in Cvitanié
and Karatzas (1993). The basic idea is to introduce a family of auxiliary mar-
kets, in which the unconstrained (hedging) problem is relatively easy to solve,
and then try to come back to the original market. This basic idea will help us
here to give representations for the lower arbitrage price 4., and the upper
arbitrage price A, in terms of appropriate stochastic control problems which
involve optimization with respect to “parameters” of the auxiliary markets.

In order to introduce these families of auxiliary markets, the notation of
Sections 5 and 6 in Cvitani¢ and Karatzas (1993) will be carried over here for
K ; in addition, we shall consider the analogous notation for K _. Define the
class &# (resp., /#) to be the set of progressively measurable processes v =
{v(t), 0 <t < T} with values in K, (resp., K_), which satisfy Efo (Ilv(t)ll2
8(v(2))) dt < oo [resp., Ef0 (||V(t)||2+6(u(t))) dt < oc]; also introduce, for every
v € # U #, the analogues

8,(t) = 6(t) + o1 (t)w(2),
6.1 1) £ exp| - /()'{r<s>+6(v(s>>}ds],

7.0 2 exp| = [ {r()+ 3D} s,

6.2 2,062 exp| - [ 039)dW(s) ~ § [ 16,1 s .

6.3) W.(t) 2 W(t)+ /O " 0,(s) ds,
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of the processes in (2.4)—(2.7), as well as the measure
(6.4) P"(A) 2 E[Z,(T)1,] = E’[1,4], A e %,

by analogy with (3.6). Finally, denote by 2 (resp., 9) the subset consisting of
the processes v € # (resp., #) such that v is bounded uniformly in (¢, w) €
[0, T} x Q:

(6.5) sup  ||v(t, w)]| < 0.
(t, w)e[0, T]xQ

Therefore, for every v € 2U 9, the exponential local martingale Z,(-) of (6.2) is
actually a martingale, from which we conclude that the measure P” of (6.4) is
a probability measure and the process W, (-) of (6.3) is a P*-Brownian motion,
by the Girsanov theorem. In terms of this new Brownian motion W,(-), the
stock price (2.2) can be rewritten as

(6.6) dP;(t) = Pi(t)[(r(t) —v;(t))dt + f o;;(2) dWSj)(t)], i=1,...,d.
Jj=1

In the special case of an incomplete market [Example 6.1(iv)], this equation
shows that the discounted prices yo(-)P;(-), i = 1,..., n, are martingales un-
der every probability measure in the class {P*},.4 of (6.4).

THEOREM 6.1. With the above notation, we have the following statements:
(1) The lower arbitrage price is given by
6.7) how = in; E'ly.(T)B(T)] =: &
ve

provided that the function §(-) is bounded uniformly from below by some real
constant.
(ii) The upper arbitrage price is given by

6.8) hup = SUp E’[v,(T)B(T)]
veg
and if the right-hand side of (6.8) is finite, then hy, € %.

In particular, taking » = 0 in (6.7) and (6.8), we recover the result 0 < A, <
Ug < hyy of Theorem 5.1. For v € 2 (resp. v € ), observe that the number
E[y,(T)B(T)] (resp. E’[y,(T)B(T))) is exactly the Black—Scholes price of the
contingent claim in a new auxiliary market with unconstrained portfolios.

Notice that § > 0 in all the cases of Example 6.1, except in (iii) when
! > 0 and in (viii) when [ < 0. We shall treat these two cases separately (see
Examples 8.1 and 8.2) by employing the definition of A, directly.

The representation (6.8) for A, is proved as in Cvitani¢ and Karatzas
(1993), although a set bigger than our 2 is used there, so we only need to
establish (6.7). As in Cvitanié and Karatzas (1993), the proof uses the mar-
tingale representation and Doob—Meyer decomposition theorems and relies on
the construction of a submartingale with regular sample paths.
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Let us denote by . the set of all {%}-stopping times 7 with values in
[0, T}, and by ./, . the subset of ./ consisting of stopping times 7 such that

p(w) < 1(w) < é€(w), ¥V w € Q, for any two stopping times p € . and ¢ €
such that p < ¢ a.s. For every 7 € ., consider also the %,-measurable random

variables
7
and

6.10) Q,(7) £ V(1) exp(— /()T(r(u) +8(v(w))) du) = V(7)y,(7), ved.

6.9) V(1) £ essinf, 5 E”[B(T) exp{— fTT(r(s) + 8(v(s))) ds}

LEMMA 6.1. For everyve 9, 1€ ./, a € ./, r we have the submartingale
property

Q.(7) <E'[Q,(a)|F] as.
LEMMA 6.2. There exists a RCLL modification V() of the process V().
Furthermore, if we define Q;(-) by analogy with (6.10), then {Q;(t), %,0 <
t < T} is a P*-submartingale with RCLL paths.

The proofs of Lemmas 6.1 and 6.2 are carried out in a manner similar to
that of the Appendix in Cvitani¢ and Karatzas (1993).

LEMMA 6.3. For the processes V(-) and Q,(-) of (6.9) and (6.10) we have

(6.11) EO[ sup (V(t))P] <o Vpe(l,1l+e),
0<t<T
(6.12) E"[ sup Q,,(t)] <o VwveD.
0<t<T

In particular, E"[7,(T)B(T)] = E*(Q,(T)) < o VY v € .
Proor. From (6.9) it follows that
~ T
(6.13) 0<V(t)<E° [B(T) exp(— / r(s) ds)’z] <exp(cT)B(t), 0<t=<T,
. t

holds almost surely in the notation of Remark 4.1 and with B(¢) £

E[B(T)|#(t)]. Now with1 < p <146 r=(1+¢)/pand 1/r+1/s=1, we
have from the Hélder inequality and the Doob maximal inequality,

EO[ sup (B(t))P] < const. E®(B(T))? = const. E[ Zo(T)(B(T))?]
0<t<T

< const. (E[(B(T))P )" (E[(Zo(T)) D>
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Therefore,

s—1

2

(6.14) EO[ sup (B(t))P] < const. (E[(B(T))**)V/" exp( CZT> < oo,

0<t<T.

which proves (6.11) in conjuction with (6.13).
On the other hand, from (6.13), (6.10) and the assumption that §(-) is uni-
formly bounded from below by some real constant, we obtain that

0<9,(t)= V() exp[— [+ 8(v<s>»ds]

< const. B(t), 0<t=<T,

(6.15)

also holds almost surely. With 1 < p <1+ ¢and 1/p+1/q =1 we get then,
for any fixed v € D,

= 2,200 = 2y 3,2

= @[ s B]) (B1(2D)) " <

We have used again the Holder and Doob inequalities, (6.14), as well as the
uniform boundedness of the process o~!(-)v(:) in

Z,() o L
2 = exp|- [ (7 sws)) dWa(o) - 5 [ llo el ds), 0<t=T.

In conjuction with (6.15), this leads then to (6.12). O

PROOF OF THEOREM 6.1. The proof is similar to Cvitani¢ and Karatzas
(1993). From now on we consider only the RCLL modifications of V and @,;
hence we can assume that these processes do have RCLL paths.

Part 1. We shall first prove the inequality Ay, > g. This is obvious if g =0
so let us assume, for the remainder of this part of the proof, that g > 0 and
try to show that g € .. From Lemma 6.2 and (6.12), Q,(:) is a submartin-
gale of class 2[0, T'] under P”, for every » € D. Thus from the martingale
representation theorem [Section 3.4 in Karatzas and Shreve (1991)] and the
Doob—Meyer decomposition for submartingales [Section 1.4 in Karatzas and
Shreve (1991)], we have for every v € 2,

Q.(t) =V(0)+ M,(2) + A,(2)

(6.16) t
=g+ [ Ui AW,() + A1),  0s<t<T,

where M,(t) = [: y(s)dW,(s), 0 <t < T, is an ({%}, P*)-martingale, (")
is an #9-valued, {Z}-progressively measurable and almost surely square in-
tegrable process and A,(-) is {%}-predictable with increasing, RCLL paths
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and A,(0) =0, E"A,(T) < co. Introduce the negative process

_Q,(1)

=22 0<t<T, foreveryve J.
¥ (2)

617 X@BO2-V(@) =
Then
X(0)=-V(©0)=-g and X(T)=-B(T).

Hence, in order to show g € .7, it is enough to find an admissible pair (#, C) €
o (—g) such that X(-) = X-& C"(~). Recall from (6.11) that V(-) = —X(-) is
dominated by the random variable A = supy.,.r V() > 0 with E°(A?) < oo
for some p > 1.

Let us start by observing that for any u € 9, v € 4, we have from (6.10)

Qu(®) = Qtyexp| [ B du- [ Swwydu].  0st<T.

Thus, from the differential form of (6.16) we get
dQ,(t) = exp fo *5((s)) ds — /0 *5(u(s)) dsj

Q. (){B((2)) — S(u(2))} dt + wi(2) AW, (2) + dA,(2)]

X

f—

(6.18) — exp fo ’ 5(v(s))ds — fo t 5(u(s))ds |

-

x [~ X(@)7,(0{8((2)) — 8(u(t))} dt + dA,(t)
+ U)o ) (w(E) — () dt + wi(t) AW (D],

where the last equation comes from the definition of X(-) and the connection
between W, (-) and W,(-) [cf. (6.3)]. Comparing (6.18) with the Doob—Meyer
decomposition

(6.19) - dQ,(t) =¥ (t) AW, (¢) + dA,(2),

we conclude from the uniqueness of this decomposition that

b (Oexp| [ 560D ds| = w0 exp S(M(S))dS], 0<t<T,
so that the process
'(6.20) h(t) 2 v, (2) exp[/ot S(V(s))ds], 0<t<T
does not depend on v. We claim that we also have, almost surely,

T 2
6.21) fo 1oyl IR(®)|[2 dt = 0.
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Indeed, consider the nonnegative P’-submartingale Q(-) = Qo(-) of (6.16).
From the Tanaka-Meyer formula [Meyer (1976), page 365, equations (12.1)
and (12.3)] we have

) t
QW) = g+ [ 11oe1-0dQ() + A + X L{ge1=0) AQ(s),

O<s<t

where A(:) is the local time of Q(-) at the origin: a continuous increasing
process, flat off the set {0 <¢ < T; Q(¢) = 0} a.s. Comparing this expression
with (6.16), we obtain that

t
M(t) é‘/(‘) 1{Q(s)=0} dMo(S)

t
=A(t)+ Z 1{Q(s—)=0} AQ(S) -—/(; 1{Q(s—)=0} dAo(S), 0<t<T,

O<s<t

is a continuous martingale of bounded variation. Thus, its quadratic variation

T T
(MY(T) = [ Lgu0) dMo)(®) = [ Ligu=oplIR(O)II* dt

is almost surely equal to zero, and (6.21) follows [recall here that M(t) =
Jo wi(s) dWo(s) = [; h*(s) dW(s) from (6.16) and (6.20)].
Therefore, if we fix an arbitrary # € K _ and define

Yo(H)X(2)
we obtain a portfolio process that satisfies almost surely

—yo ()X (t)7*(t)o(t) = h*(t) a.e.on [0, T].
From this and from (6.18)-(6.20), we have

exp[ fo " 5(v(s)) ds — fo " 5(u(s)) ds]

x [~ X ()7, (){3((2)) — 8(u(2))} dt
+dA, (1) + W ()o T () ((t) ~ u(t)) dt] = dA,(t),

(6.22) #(t) = (0* () (D)1 x4y <0y + FL{R(1)=0}»

whence
exp[ [ 800 ds ~ [ 8(uts) ds}

x [=X @718 (®)) + 7 (£)u(2)
— 8(u(t)) — T (u()} dt + dA, ()] = dA,(2),
thanks to (6.22). Therefore, the process C(-) defined as

(6.23) C(t) = [0 t 7. 1(s) dA,(s) - [O t X(s)[B(w(s)) +v*(s)#(s)]ds, O0<t<T,
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is independent of v € 9. In particular, taking » = 0, we see that
- t
C(t) = /0 vil(s)dAg(s), O0<t=<T,

is an increasing, adapted, RCLL process with €(0) = 0 and C(T) < oo almost

surely. In other words, C() is a consumption process.
The same argument as on page 664 of Cvitani¢ and Karatzas (1992) shows
then that

8(v(s)) + v*(s)w(s) <0, 0<s<T,

holds almost surely, for every v € 9. Therefore, the proof in Cvitani¢ and
Karatzas [(1992), pages 782-783], and Theorem 13.1 in Rockafellar [(1970),
page 112], give us #(-) € K_ a.s. Notice that for these arguments to work
we need the continuity of 5(-) as well as the condition that 5(-) be bounded
uniformly from below by some real constant.

Now putting the various pieces together, we obtain

d(— X (8)7,(t)) = d@,(t) = ¥3(t) AW, (£) + dA,(t)
= 7,(1)[dC() + XB)E(v(1)) + v ()i ()] dt
— X(@)#* ()0 (t) AW, ()],
so that
| d(X(2)7,()) = =7,(t) d?(t) — ()X @) +v* () ()] dt
+ 7, ()X @)T(2)a(t) AW, (2).
Taking v = 0 in (6.24), we obtain the wealth equation (3.2) in the form
d(vo®)X(®) = —70(t) dC(t) + (X (OF* (1o (1) AWo(2),  X(0) =-g,

(6.24

whence X(-) = X~ % C(.). The proof of A, > g is now complete.

Part 2. Let us consider the proof of the reverse inequality Ay, < g. This
is obvious if Ay, = 0, so we assume that Ay, > 0. Thus we have .7 # & in
(5.2), and for any x € .7 there exists (7, C) € &_(—x) such that X == ™ ¢(T) >
—B(T) almost surely. It is easy to see from (3.3) and (6.1) that the analogue
of (6.24) holds and thus

7X@ + [ 5,09 dC(s)
+ [ OX BN + 7] ds,  0<t<T,

is actually a P”-local martingale, whence a supermartingale. This is because
7,()X~%mC(.) is bounded from below by a P*-integrable random variable,
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thanks to (3.7), (6.5) and the Hoélder inequality. Therefore,
T
~2 2 B[RDX =D+ [ 7,6)dC0)

T -
+ [ X () B0 + w*(s)v(s))ds]
> E'[7,(T)(=B(T)]

for every x € .Z, v € 9, or equivalently, x < E*[$,(T)B(T)], from which
hiow < g follows. O

7. A fair price. We have seen that if the upper arbitrage price &, is
strictly bigger than the lower arbitrage price A, then the arbitrage argument
alone is not enough to determine a unique price for the contingent claim. Sev-
eral approaches have been proposed to get around this problem in the special
case of incomplete markets [as in Example 6.1(iv)]; see, for example, Follmer
and Sondermann (1986), Follmer and Schweizer (1991), Duffie and Skiadas
(1991), Foldes (1990) and Davis (1994). There are also some approaches that
have been suggested in different, but related, contexts, such as pricing in the
presence of transaction costs [Hodges and Neuberger (1989)] or under dif-
ferent interest rates for borrowing and saving [Barron and Jensen (1990)].
Although perhaps none of these approaches is totally satisfactory, we shall
try in this section to generalize one of them, the Davis (1994) approach, to the
constrained setup of Section 5.

The purpose of this section is not to solve the problem completely (because
it might turn out that, from a practical point of view, the most convenient price
to use is still the Black—Scholes price u,; cf. Remark 11.4 in Section 11), but
rather to see when the generalization works and when it does not, and hope-
fully to focus attention on the study of possible connections between arbitrage
and utility maximization.

7.1. Definition. Davis’s “fair price” is only defined for an agent with posi-
tive wealth and involves the concept of utility function. Before presenting the
definition of the fair price, we shall briefly recall that of utility function.

DEFINITION 7.1. A function U: (0, 0c0) — & will be called a utility function
if it is strictly increasing, strictly concave, of class C! and satisfies

' D . ! _ ' A ‘A 4 —
U'(0+) =ImU'(x) = 00, U'(c0) = lim U'(x) =0.

‘We shall denote by I(-) the inverse of the function U’(-). Notice that the
function I(-) maps (0, o) onto itself and satisfies

I(0+) = oo, I(c0) =0, U'(I(x)) = x.



