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Most contracts of barrier and lookback options specify discrete monitoring
policies. However, unlike their continuous counterparts, discrete barrier and
lookback options essentially have no analytical solution. For a broad class of
models, including the classical Brownian model and jump-diffusion models,
we show that the Laplace transforms of discrete barrier and lookback options
can be obtained via a recursion involving only analytical formulae of stand-
ard European call and put options, thanks to Spitzer’s formula. The Laplace
transforms can be numerically inverted to get option prices fast and accurately.
Furthermore, the same method can be used to compute the hedging parameters
(the greeks) of these products.

1 Introduction

Among the most popular path-dependent options are lookback and barrier options,
the payoff of which depend on the extrema of the underlying stochastic process.
One important feature of these options is that the values of the options are quite
sensitive to whether the extrema are monitored discretely or continuously; see, for
example, Broadie, Glasserman, and Kou (1997, 1999).

In the continuously monitored case, the analytical solutions for lookback and
barrier options are available under the classical Brownian model; see, for exam-
ple, Gatto, Goldman and Sosin (1979), Goldman, Sosin and Shepp (1979), and
Conze and Viswanathan (1991) for lookback options; and see, for example, Merton
(1973), Heynen and Kat (1994a, 1994b), Rubinstein and Reiner (1991), Chance
(1998) for barrier options. Recently, Boyle and Tian (1999) and Davydov and
Linetsky (2001) have priced continuously monitored barrier and lookback options
under the CEV model using lattice and Laplace transform methods, respectively.

In practice most of the lookback and barrier options are discretely monitored;
for some (regulatory and practical) reasons of this, see Broadie, Glasserman, and
Kou (1997). However, unlike the continuous monitoring case, there is essentially
no analytical solution for discrete barrier and lookback options, except by using
the m-dimensional multivariate normal distribution (m being the number of moni-
toring points), which is hardly computable if m > 5; see, for example, Heynan and
Kat (1995).

The authors would like to thank Mark Broadie, Paul Glasserman, Jan Vecer, and partici-
pants at the Risk Quantitative Finance Conference, New York, November 2002, for helpful
comments. This research is supported in part by NSF grants DMS 0074637 and DMII
0216979.
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Because of this, various numerical methods have been proposed for discrete
barrier and lookback options under the classical Brownian model, including, for
example, lattice methods (Babbs, 1992; Boyle and Lau, 1994; Cheuk and Vorst,
1997; Hull and White, 1993; Kat, 1995; and Ritchken, 1995) and numerical inte-
gration (AitSahlia and Lai, 1997; Sullivan, 2000; Tse et a/, 2001).

Broadie, Glasserman and Kou (1997, 1999) propose an enhanced trinomial tree
method and develop analytical approximations to relate the prices of continuous
and discrete lookback and barrier options under the classical Brownian model.
(Chuang, 1996, also independently suggested the approximation for barrier options
in a heuristic way.) The derivation in Broadie et al (1997) for discrete barrier
options is further simplified and extended in Horfelt (2003) and Kou (2003). The
approximations are very simple to use and give very good results when the number
of monitoring points is large; however, they may not be sufficiently accurate when
there is a limited number of monitoring points or the option is close to maturity.
The enhanced trinomial trees may still be time-consuming. Furthermore, it is not
clear how to generalize the results outside the classical Brownian setting.

In an interesting paper Ohgren (2001) shows how to compute the characteristic
function of the discretely monitored maximum stock price, by using the celebrated
Spitzer’s (1956) formula, and then uses the result to price discrete lookbacks at the
inception of the contract and at monitoring points (but not at any generic point in
time), if the previous achieved maximum (minimum) stock price can be ignored.

In this paper, building on the result in Ohgren (2001) and the Laplace transform
(with respect to strike prices) introduced in Carr and Madan (1999), we develop a
method based on Laplace transform that easily allows us to compute the price and
hedeging parameters (the Greeks) of discretely monitored lookback and barrier
options at any point in time, even if the previous achieved maximum (minimum)
cannot be ignored. The proposed method has several distinctive features:

Q It allows us to compute, via a simple recursion only involving the standard
European call and put options, the Laplace transforms of the discrete barrier
and lookback options; see Sections 3 and 4.

Q The Laplace transforms can then be numerically inverted easily via a two-
sided Euler algorithm, and the inversion is fast and accurate; see Section 5 and
Appendix B.

Q The method can compute the prices of barrier and lookback options at any time
point (not just at the monitoring points and at the inception of the contract).
Because of this flexibility, we are also able to compute, at almost no additional
computational cost, the main hedging parameters (the Greeks); see Sections 3
and 4.

U It can be implemented not only under the classical Brownian model, but also
under more general models (eg, jump-diffusion models) with stationary inde-
pendent increaments; see Section 5.

After the paper had been accepted by the journal, we found out that a similar
method using Fourier transforms in the case of pricing discrete lookback options
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at the monitoring points (but not at any time points, hence with no discussion of
the hedging parameters) was independently suggested on pp. 893—4 in Borovkov
and Novikov (2002). The method proposed here is more general, as it is applicable
to the pricing of both discrete lookback and barrier options at any time points (and
hence to the computing of the hedging parameters).

The rest of the paper is organized as follows. Section 2 introduces some
notations. Laplace transforms are derived in Section 3. The main algorithm
is summarized in Section 4. We then show in Section 5 how to implement the
algorithm and provide some numerical results. Appendix A discusses possible
extensions of our methodology to various products. Details on the Laplace inver-
sion algorithms are deferred to Appendix B.

The reader who is mainly interested in practical aspects of the method may
want to go directly to the algorithm in Section 4 and then to the numerical exam-
ples in Section 5.

2 Notation

2.1 Lookback options

A standard (also called floating) lookback call (put) gives the option holder
the right to buy (sell) an asset at its lowest (highest) price during the life of the
option. In a discrete time setting the minimum (maximum) of the asset price will
be determined at discrete monitoring instants. We assume that the monitoring
instants are equally spaced in time. More precisely, consider the asset value S(7),
monitored in the interval [0, 7] at a sequence of equally spaced monitoring points,
0=1(0)<t()) <---<t(m)=T Let X;:=1og{S(t(i))/S(t(i -1))}, where X; is the
return between 7(i —1) and #(i), and

S, =Stk =58,_eM =8, eNt I k=0,1,...m ()

Introduce the maxima and minima of the asset price only at the monitoring
points,

M =max S.,0<I<k<m; M, .= max S,, m,,:= min S_ (2)
HDR) ™ ik 0T ogkgm & 7 OT " o<kzm K

At any time #, lying between the (/ —1)th and /th monitoring points, ie,
@l-1)<t<tl)

standard finance theory gives the values of the standard (floating) lookback call
and put option at any time ¢ € [0,7] as

LC(t,T)=e 7T E*[S(T)—mO,T | fz]’
LP(1,T)y=e"T-DE My - S(T)| 7 |

respectively, where r is the risk-free interest rate and E* represents the expectation
under the risk-neutral measure (the measure could be specified by arbitrage argu-
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ments for the Brownian model or by equilibrium arguments for general models).
In the same way, at any time ¢ € [0,T], for the fixed strike put and call we have
FP(t,T)=e " T-DE*[(K — mo,T)+|~7:z] and FC(t, T)=e "1 E*[(My - K)* | F.l.
Other types of lookback options include percentage lookbacks in which the
extreme values are multiplied by a constant, and partial-lookback options in
which the monitoring interval for the extremum is a subinterval of [0, T]. We will
not attempt to price such derivatives and refer the interested reader to Andreasen
(1998) for a detailed description.

2.2 Barrier options

Barrier options can be classified according to whether the asset price needs
to pass or to avoid a certain level to receive a payoff. In the first case they are
called knock-in options, in the second knock-out. For example, the up-and-out
call and put options (UOC and UOP from now on) with strike K, barrier H and
maturity 7, have payoffs (S(T) — K)*1py, ;< gy and (K = S(D)* 1y < 11y, Where
1., is the indicator function of the event {-}. Similarly, up-and-in call and put
options (UIC and UIP from now on) with the same parameters have payoffs
S(T) - K)*1y Mo.7> H) and (K —S(T)*1, Mo.7> H}- Down-and-in and down-and-
out options have a similar structure with M ;. substituted by m, 5. As seen for
lookbacks, we can value barrier options by taking the discounted expected value
of the payoff at maturity under the risk-neutral measure; for example, the price of
an up-and-out put option is

UOP(t,T)=e (T~ E*[(K—S(T))Jfl{M }|};} (3)

0,T<H

All other barrier options can be priced in the same way.

2.3 Some mathematical notation
Define the maxima of the return process between the monitoring points to be
- J
My = max (0,X;, 1, Xy + Xpy | Xjpyteo+ X, ) = max z 4

[<j<k = i=l+1

X;, [=0,...,k

1

where we have used the convention that the sum is zero if the index set is empty.
Throughout the paper, we shall assume that X|, X,,..., are independent identically
distributed (iid) random variables. With X , :=10og{S(#)/S(s)} being the return
between time s and time ¢, t = s, define

A(ust) = E*[euY’{’”] = xl’mE*[e”Xﬁ’(”],Yl’,m =X, o+ M, 4)
Cuv;t) =E[eXw JE et MntvXir] - 3 Erle %] (s

where

. (©)

X1k =E"[etMu], X1k 3:E*|:euMl’k+VBl’k]’ 1<k Bry=2, ., %
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3 Laplace transforms for discrete lookback and barrier options

3.1 Characteristic function computation

The results in this subsection generalize the results in Ohgren (2001) by showing
how to compute x; , and )?l, «(6) recursively via Spitzer’s formula for the sum of
iid random variables.

LEMMA 1 Define for 0 <1<k,

a i =E"erBii], ap =] e le B 1, uvec @)

where B[*, and B[, denote the positive and negative part of the B, ,, respectively.
Then for any given I, we have

k-1

1

X =—Za X i 8
Lt =T &k ()

J=0

k—1
. 1 Z . . ©)
X =) Ay X g
1 k+1 k—l1+14 - Lk+1—j"11+]

]:

ProoOF Equation (8) is a slight generalization of the recursion given in Ohgren
(2001), in which the case [ =0 is discussed. To show (9), first note that Spitzer
(1956) also proves that, for s < 1 and u, v € C, with Im (#) 20 and Im (v) = 0:

k

s
k

EskE*[e_”M’*”B’*] =exp

3 (E*[e(””)BZk] + E*[e_VB’Tk] - 1) (10)
k=0 k=1

We can again extend (10) to any u,ve C, by limiting s<s’, for some s
small enough. In fact, the result will still hold for s<s’,=1/’, with ¢’=
max (EX[eL1X1], 2¢, ), where L = 2 max(|ul,|v|) and

oy = max(E*[eL,BZkl E*[eL’B’Tk])
Now (9) follows by using Leibniz’s formula at s = 0, as in Ohgren (2001). ]
LEMMA 2 When u and v are real numbers, we have

1+E*|: MBI,I( —1 1 }:1+C ,k, .f 20
E*[euBZ'k]: (e ) {LlBLk>O} 1(u ) if u
I_E*[(l_euBl,k)l{uB,k<0}}=1_P1(u,k), if u<0
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1+E*[ —vB -D1 }=1+C v k). if ¥>0
E{e B = (e Mg, <o} L(=v,k), i v
1_E*[(1—e_VB’-")1{vBIk>o}}=1—P1(—v,k), if v<0

where C,(u, k) is the value of a European call option with strike K = 1 on the asset
S_', with S’O =1 and return u 'Xz(l), 1) (ignoring the discount factor),_and Pl_(u, k)
is the value of a European put option with strike K = 1 on the asset S, with S, = 1
and return u - X, -

PRrOOF Note that
" B % * B * B
E [eu "k:|=P (Bl,k <0)+E [eu b l{B,,k>0}i|=1+E |:(eu M _1)1{Bl,k>0}i|
When u > 0, we have
% B * B * B
E [eu “‘]=1+E |:(eu Lk _1)1{Bl’k>0}:|=1+E |:(eu H _1)1{”Bl,k>0}j|
When u < 0, we have
% B ® B * B
E I:eu Lk]=1+E |:(e” Lk _1)1{uBl,k<O}i|=1_E |:(1_eu ],k)l{uBl,k<O}i|
In addition,
E*[C_VBI_J‘]—P(B >0)+E* C_VB[’k 1
= 1.k {BL.x<0}
:1+E*|:(e—v31,k _1)1{B1k<0}}
As before, if v > 0 then
# VB | _ “ (e VBLk _ :|= x|: Bk _ }
E [e lk:| 1+E |:(e l)l{B,’k<0} 1+E7| (e 1)1{—VB,,,(>O}
=1+C; (—v,k)
while if v < 0 then
EfevBu] = 1+E*[(e_VB’-k -1 Bl’k<0ﬂ =1—E*[(1—e’”B”")l{_vBMo}}
:1—P1(—V,k)
and the proof is terminated. []

Lemma 2 indicates that whenever u and v are real numbers, we can easily compute
a, , and g, , via analytical solutions of the standard call/put options. Often, the
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formulae for call/put options are analytic functions, which can then be extended
to the complex plane via analytical extensions even when u# and v are complex
parameters. This is useful when we numerically invert Laplace transforms, as the
inversion will be performed in the complex plane.

3.2 Laplace transform for discrete lookback options

Under a given risk-neutral measure, the price of a lookback option is
LP(T) =" TDE My 7 =S(D| 7 = TDE My 1| ]800 (11)

Therefore, we need to compute the value of E*[MO’ 7| F;1. Consider any time
te [t(l-1), (1)), with m>1>1. Since max(a, b) =a + max(b—a, 0), we can
write:

E*[MO,T | ‘Ft ] = E*I:Mt(l),T | ‘7:12:|

+ E*[(Mo,t(l—l) -M,).1) I{Mo,t(lfl)th(,),,} | }—t} (12)

~ t
Noting that M, ;) 7=max,;,,S;= S(t)eXui +Mi,m = S(f)e¥im, we have

E M, 7|7 |=S@ELe ] =sta; 0 (13)

using the notation in (4). Since A(1, 7) can be computed via x; , and (4), we only
need to compute the second term in (12).

If is a monitoring point #(/) and S, ;) 2 M, ,; _ ), that is, whenever the previous
maximum of the asset price is less than the value at the /th monitoring point and
can, therefore, be ignored, then the second term in (12) is zero. This is exactly the
case studied in Ohgren (2001). However, in general, when either ¢ is not a moni-
toring point or 7 is a monitoring point #() but S, ;) <M, ,_ ), it is necessary to
compute the second term in (12). For this purpose, following a Laplace transform
approach first introduced by Carr and Madan (1999), we now derive the Laplace
transform of the second term in (12).

Theorem 1 Let& > 1 and assume that A(1 — &; 1) < oo. Atany time t € [t(I - 1), t(])),
m 2121, the Laplace transform of

f(x;8(0) = E*[(ex— M1y 1) Lers M) 1} | };} (14)

with respect to x is given by

oo

» (S(1)~ &
= _éx : = —_— —C:
f(&): __o[e f(x;85(1))dx EE-D) A(1-&;1) (15)

using the notation in (4).

ProOF Letting the risk-neutral density of Yz,tm be @(Y, lfm; y), we can rewrite (14)
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as
x—log(S(1))
fesay= | (er=smeo(¥,: v)dy

—oo

The Laplace transform is then given by
o0 x—log(S(1))
feo=Je® [ (er-smeo(y, v dyjax

—oo —oo

Applying Fubini’s Theorem, we can interchange the order of integration and
obtain:

= oo

fo=1] | @@,y
—° | y+logS(t)

oo oo

—J. j e~ Sy S()e’o(Y/,;y)dy
—o | y+logS(t)

(S(1))~&h
:T J‘ e_(g—l)}’(p(yl{m; y) dy

—(&-1)
—% J e mom,iv)ay

ZME*[C—@—UY{@
EE-1)

from which the conclusion follows. [J

COROLLARY 1 At any time t € [t(l— 1), (1)), with 1 <] < m, we have

LP(t,T)=
—(&-1)
e~ (71 S(r)A(l,t)+/:g‘[%A(l—ﬁ;t)] —S() (16)
logM ;1)
A(LP(t,T)) = J LP(,T)
98 (1) '
-
=e " (T-1) A(1,t)—£gl %A(l—é;t) -1
S \
OgMO,t(l—l)

URL: thejournalofcomputationalfinance.com Journal of Computational Finance



Numerical pricing of discrete barrier and lookback options via Laplace transforms

2
T(LP(t,T)) = LP(t,T)
928 (1)
= T0- L((S()~ &A1 -En)
logMy ;1)
VG(LP(t,T))ziLP(t,T)
Jo
ALY [ (S(t))y~&D 3
—er(T-1)| g el DA Yo B Y
¢ D= % | 2 n a0 F’”]lgM
O0Z My +(1-1)

where Lgl means the Laplace inversion with respect to &, and G is the volatility
parameter.

ProoF (16) is a direct consequence of (15), (13), (12), and (11). All other results
follow easily by interchanging derivatives and integrals, which is legitimate by
using Theorem A. 12 on pp. 2034 in Schiff (1999). (]

COROLLARY 2 Atany timete [t(1-1), t(l)), =1, the price of a fixed strike look-
back call option, FC(t, T), is given by

ot LP(t,T)+S(t)—-Ke " (T-1) if My ,-1>K
FC(t,T)= ’
e T IS(1) A1)+ f(log(K ). S(1)) - K} if My ,-<K

ProoF If Mo, W-1 > K, then clearly Mo, 2 K. Thus,
FCt,T)=e"T-0 E*[MO’ | Fl- Ke—r{T-0,
If M, wWw-n< K, then

FC(1,T)=e"T"" {E*[max(M[(l)’T,Kﬂ };]_ K}
— o1 (T-1) {E*[Mt(l)ﬂ]—}]+E*[(K—M,(l)j)+|Z}—K}

and the conclusion follows via (13) and (14). (I

The derivation of the greeks for fixed strike lookback options is similar to that in
Corollary 1 and hence is omitted. Analogous results for lookback calls with both
fixed and floating strikes are deferred to Appendix A.

3.3 Laplace transform for barrier options

In this subsection we derive a Laplace Transform for the up-and-out put option. In
Appendix B we will also show how the same approach can be extended to price
other barrier options via symmetry.

THEOREM 2 Let & > 1 and £ > 0 and assume that C(— C, 1 — &; 1) < eo. At any time
te [t(l-1), (), m=1=1, the double Laplace transform of
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SO S(0) = E*[(CK -5(1)) Ly, p<ehy | ft}
is given by

fE&0):= f f e=o% Lk £ (16, S (1))died b = (S (1)~ (5+ED %}i” (17)

with the function C defined in (5).

PROOF Letting the risk-neutral density of (X, Ylf ) be 0(x, ), we can write
Kk-log(S(1)) h-log(S(1)
f(,h;S(1) = I J (eK—S(t)ex)Q)(x,y)dydx

—oo —oo

The Laplace transform is then given by

fEQ= f Te-éK-Ch

K—log(S(1)) h-log(S(1)
% f (eK—S(t)ex)(])(x,y)dydx dkdh

—oco —oo

Consider the integral with respect to x first. Applying Fubini’s Theorem, we can
interchange the order of integration and obtain

- x—log(S(t)) h—log(S(t))
J e—Gx=Ch . J. J (eK— S(t)ex) O (x,y)dydx |[dx
- h—log(S(t)) oo
- Je_Ch- f f e~SkeXdi |0 (x,y)dy |dx
—oo —oo x+log(S(1))
- h—log(S(1)) oo
e ] [ e fs(re o y)dy |dx
—oo —oo x+log (S (1))
oo h—log(S(1))
S(t —(&-1) S(t —-(&-1)
JsayED sey Jeo] | ocume ey las
E-1 € e e
h—log(S(1))
S(t -(&-1) %
OO o 0 (x.y)e & Dy fdx

SE-1 .
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Now consider the integral with respect to 2 and apply once again Fubini’s
Theorem:

h—log(S(1))

N & ¢ 7
fE0= SN Ije—‘?h _[ o (x,y)e" & Dxdy dxdh

CEE-) LY e
-(&-1) ¥ ¥ r
:%J‘ J J e Shdh |0 (x,y)dy [e(E-Drdx
SE-D Sl srosson
-(&-) Pl ¥ -
Z—(Sét()i)—l) j j—(S(tC)) ¢(x,y)e‘§vdy e (E-Dxgy

from which the conclusion follows. []
By inverting (17) and its derivatives with respect to S(¢) and the volatility c, we
can explicitly find the price of the up-and-out option and its Delta, Gamma and

Vega values.

COROLLARY 3 At any time t € [t(I - 1), t(])), with 1 <[ < m, we have:

—(E+C-1)
UOP(t,T)=e"1= ’)ﬁac{%a—c,l—ém] ,
3 log(K),log(H)
——UOP(t,T)
aS(1)

o (E+C—-1)(S ()50 _
— a1 (T-1) £<§ C[ R C(-C,1-&;n)

’

log (K),log (H)

2
UOP(t,T)
925(t)
_ —(&+C+1)
:e_r(r_tw;c[@c 1)(&+§)(1S(r)) c<—g,1—§;z)] ,
&(é_ )C log(K),log(H)
—(E+C-1)
&-1 5 log (K),log (H)

(18)

4 The main algorithm

The results in the previous section lead to an algorithm for computation of the
prices and hedging parameters (the Greeks) for discrete lookback and barrier
options under a quite general class of asset pricing models, essentially only
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requiring that the return process is a Lévy process (with independent and station-
ary increments). To illustrate the algorithm, without loss of generality, we shall
focus on computing the price and the Greeks for a floating lookback put (or an
up-and-out put option).

The Algorithm

Input: Analytical formulae of standard European call and put options.

Step 1 Use the European call and put formulae to calculate a; i (a i o> via (7) and
Lemma 2.

Step 2 Use the recursion in equation (8) (eq. (9)) to compute x; , x LK

Step 3 Compute A(u; ¢) (C(u, v; 1)) from equation (4) (eq. (5)).

Step 4 Numerically invert the Laplace transforms given in Corollary 1
(Corollary 3).

For other lookback and barrier options, the only change is in Step 4; more pre-
cisely, one simply uses the results in Appendix A instead of Corollaries 1 and 3.
In Step 4 the Laplace transforms are inverted by using two-sided Euler inversion
algorithms (See Appendix B and Petrella, 2004), which are extensions of one-
sided Euler algorithms in Abate and Whitt (1992) and Choudhury, Lucantoni and
Whitt (1994).

As will be demonstrated in our numerical examples, for a wide variety of
parameters (including the cases where the barrier is very close to the initial asset
price and there are many monitoring points), the algorithm is quite fast (typically
only requires a few seconds), and is quite accurate (typically up to three decimal
points). Furthermore, the algorithm essentially only requires to input the standard
European call and put prices, thanks to Spitzer’s formula; the implication of this in
terms of hedging discrete lookback and barrier options using standard European
call and put options remains an interesting open problem.

The workload in the algorithm is quadratic in the number of monitoring points.
Indeed, the computation of a ; for j=1,...,m is equivalent to computing m
European call/put prices (2m for the computation of (¢ i. 1)) Therefore, the recur-
sion in Step 2 requires m(m + 1)/2 operations to compute either x,, ; or )?m’ ©
Thus, the total workload for both barrier and lookback options is of the order
O(Nm?), where N is the number terms needed for Laplace inversion.

5 Examples and numerical implementation

5.1 Lookback options under the Brownian model

In the setting of Black and Scholes (1973), the underlying asset follows a geomet-
ric Brownian motion

S(t) = S(s)exp{(u —%02 )(t—s)+c5(W(t)— W(s)} (19)

where L and ¢ are constant and W(¢) is a Wiener process with a zero mean and a
variance of 7. Under the risk-neutral measure U* = r — g, where ¢ is the continuous
dividend rate.
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At any generic point in time 7 € [¢t(I - 1), #(1)), we must compute A(1 —&; 1) in
(4) with § € C. Using (19), we can immediately derive

E* (8% ] = ERUD=N 436787 (1(D-1) (20)

whereﬁ’ =1-E&. In order to implement the recursive equation (8) to compute
E*[e€Mi, m], we must first find the coefficients a; , as defined in (7).

For notation simplicity, without loss of generality we will let [ :0, and
consider a,=a, , for k=1,2,...,(m—1). Since By ; =X;+X,+ -+ X is
N(ut(k), 62t(k)) with #(k) = kAT, we can simply compute via Lemma 2

a, = E*[eé,B‘;"] =

1(k / Loy i 1 _12
uvt(k) MRITUOEEO N0 J‘ 27 ds

° pese VAT
where ®(-) is the CDF of the standard normal distribution. Since the function is
analytic, it can be extended to the complex domain as

t(k : L 2
4 =@ ) L LB+ Eoik g e | HY ¢'o BFSO” o | en

o 2 G\/ﬁ

where Erfc(:) is the complex complementary error function.

Many algorithms and built-in software functions have been developed
to accurately compute the complex complementary error function. In our
implementation we compute it via the Faddeeva Function W(z), defined by
W(z) = exp (- z2)Erfc (- iz), using an algorithm by Poppe and Wijers (1990), which
ensures an accuracy of 13 digits in almost the entire complex plane.

We now proceed to compare the prices from the Laplace transform method
(LT, from now on) with results obtained by Broadie et al (1999) (BGK, from now
on) using enhanced trinomial trees, and to compare the Greeks with the estimates
from Monte Carlo simulation (MC, from now on). In our implementation of the
MC simulation, we follow the methodology suggested by Broadie and Glasserman
(1996) and estimate the delta via their pathwise MC method, while the gamma
is estimated via re-simulation. The numerical results for a floating lookback put,
reported in Table 1, indicate that the accuracy of the LT method is high. We have
found the algorithm to be extremely robust for various levels of volatility and
maturity. Furthermore, our implementation of the Euler algorithm allows us to
price lookback options with high accuracy even when the stock price at time ¢ is
close to the previous maximum M ,_ ).

Df—

5.2 Lookback options under Merton’s and double exponential jump-
diffusion models

Under jump diffusion models (JD from now on), the asset price is assumed to have
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TABLE | Floating lookback put under the Brownian model.

Points Price Price  Price MC A: LT A: MC I: LT I': MC Time
(m) LT BGK  (Std err) (Std err) (Std err.) (sec)

Previous max. M= 110
5 13.300 13.300 13.294 —0.3568 —0.3565 0.0287 0.0285 0.02

(0.0039) (0.0001) (0.0002)

10 14123 14123 14120  -0.3034 -0.3031  0.0309 00309  0.03
(0.0038) (0.0001) (0.0002)

20 14806 14806 14802 -0.2633 -02634 00319 00321  0.06
(0.0037) (0.0001) (0.0002)

40 15345 15345 15342 —0.2333 -02332 0.0324 00324 0.9
(0.0037) (0.0001) (0.0002)

80 15754 15755 15760 —02112 —0.2111 00327 0.0325 0.64
(0.0037) (0.0001) (0.0002)

160 16059  16.059 16061  —0.1952 -0.1952  0.0329 00328 234
(0.0036) (0.0001) (0.0002)

Previous max. M = 120
5 18.837 18.837 18.827 -0.5924 —0.5921 0.0244 0.0244 0.0l

(0.0047) (0.0001) (0.0002)

10 19323 19323 19316 -0.5547 -0.5543 0.0260 00264  0.02
(0.0046) (0.0001) (0.0002)

20 19743 19743 19740  -0.5238 -0.5240 00273  0.0273  0.07
(0.0045) (0.0002) (0.0002)

40 20083 20083 20081 —04999 -05001 0.0281 00282 0.9
(0.0045) (0.0002) (0.0002)

80 20.346 20.346 20353 -04819 -04822 00287 0.0289 0.64
(0.0044) (0.0002) (0.0002)

160 20.544 20.544 20.548 -04687 -0.4689 0.0291 00293  2.35
(0.0044) (0.0002) (0.0002)

LT, BGK, and MC stand for the proposed Laplace transform method, the lattice method in Broadie,
Glasserman, and Kou (1999), and the Monte Carlo method (based on 10 million simulation runs),
respectively. The parameters are $=100, 6=0.3, r=0.1, T=0.5. The reported time is the CPU
time on a Pentium 1.8 Ghz to compute both the price and the Greeks (delta and gamma) via the LT
method. As a comparison, the MC method takes several minutes on the same machine, and the BGK
method takes more than one hour CPU time on a Pentium 133 for m > 40.

the following dynamics:
N(1)-N(s)
S(t)=S(s)exp{(u—%cz)(t—s)+(5(W(t)—W(s))} IT v =25 @
i=1

where W() is a standard Brownian motion, N(f) a Poisson process with rate A,
and {V;} a sequence of iid non-negative random variables. The random variables
V., represents the price jump that occurs following the ith Poisson event. The prob-
ability of n jumps occurring in the time interval [z, £,] is given by
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A1y~ 1)) (Mt2 B tl))n

(23)
n!

T ., (n)=e
In Merton’s (1976) model (MJD, from now on), J = log(V) has a normal distribu-
tion with mean 1, and variance ¢ Jz' On the other hand, in the double exponential

jump diffusion model (Kou, 2002), denoted by DEJD from now on, Y = log(V) has
an asymmetric double exponential distribution with the density

Sy =p-me W5 g +q-me"1 .M >1,1n,>0

where p, ¢ 20, p + g = 1, represent the probabilities of upward and downward
jumps. Under the risk-neutral measure the dr%ft becomes W# =r— g — AL, with
{=FE%V)-1.In MID EX(V) = E¥*(e/) = e"s + 9,72, while in DEJD

EX(V) = (gq(p)/(n, + D) + (p(Mmp/(; = D), My >1,m,>0.

As for the previous case, at any point ¢ € [#(1— 1), #(/)) we need to compute
E*[eSYin] in (4). Conditioning on the number of jumps occurring in [z, £(/)], we
can easily find

e8] = exp{(En+3(&0)? +A[E"[eV] - 1)) () -n)}

with E*[e%’] = exp{EW, + (§5)%2} in MID and E*[e%’] = (gm,/(n, +§&)) +
(pm,/M,; =&)) in DEJD. We can also find the values of the coefficients a,,
conditioning on the number of jumps occurring in [#(]), t(k)]. In MJD, defining
wy =Wk — 1)) + np, and

of =[nc3 +62 (t(k)—1(1)

we have, via Lemma 2, fork=1,2,... m— [,

, 2
> un rn g 1 remy? Hn"‘& o/
ak:z q)__k _}_%eéuﬁrz(&(’k) Erfc—k—(k) nr(l),t(k)(n)
o GZ Gg\/g

using the notation in (23). In practice, when computing the coeffi-
cients above, we will consider a truncated series up to the n'th term, with
P(N(t(k)) — N(t(l)) > n") < 10~ 6. For DEJD, the computation of the coefficients a,
follows the same line of derivations and is omitted for brevity. We only point out
that for the integrals I, (A, o, B, 8) (using the notation in Kou 2002) the recursive
relation /, = — (ew‘/(x)th(Bk —98) + (B, _ still holds for complex o substitut-
ing the normal cdf with the complex error function.

We now compare the LT method with MC, to verify the accuracy of the results.
In Tables 2 and 3 we consider a floating lookback put option under the two
jump-diffusion models, assuming two different values of the previous recorded
maximum for various monitoring frequencies. In both models we set the total
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TABLE 2 Floating lookback put under Merton’s model: comparison of the LT and
MC methods.

Points Price Price MC A: LT A: MC Ir:or I': MC Time
(m) LT (Std err) (Std err) (Std err.) (sec)
M=1]0

5 12.683 12.682 —-0.3919 —-0.3920 0.0312 0.0313 0.08
(0.0039) (0.0001) (0.0002)

10 13.311 13.308 —-0.3488  -0.3489 0.0331 0.0331 0.18
(0.0039) (0.0001) (0.0002)

20 13.812 13.813 —-0.3163 —-0.3166 0.0341 0.0345 0.35
(0.0038) (0.0001) (0.0002)

40 14.193 14.195 —-0.2924 —-0.2926 0.0348 0.0350 0.81
(0.0038) (0.0001) (0.0002)

80 14.476 14.478 —-0.2752 —-0.2753 0.0353 0.0353 2.00
(0.0038) (0.0001) (0.0002)

160 14.68I 14.68l —-0.2629 —-0.2627 0.0356 0.0357 5.55
(0.0038) (0.0001) (0.0002)

M=120

5 18.528 18.528 —-0.6320 —-0.6321 0.0233 0.0233 0.09
(0.0047) (0.0001) (0.0002)

10 18.886 18.882 —0.6031 —-0.6033 0.0249 0.0252 0.17
(0.0046) (0.0001) (0.0002)

20 19.180 19.181 —0.5805 —0.5805 0.0261 0.0262 0.35
(0.0046) (0.0001) (0.0002)

40 19.408 19.410 —-0.5634 —-0.5633 0.0269 0.0269 0.82
(0.0045) (0.0002) (0.0002)

80 19.580 19.583 —-0.5508 —-0.5508 0.0275 0.0277 2.07
(0.0045) (0.0002) (0.0002)

160 19.706 19.704 —0.5417 —0.5415 0.0279 0.0278 5.69
(0.0045) (0.0002) (0.0002)

MC is based on 10 million simulation runs. The parameters are S=100, r=0.1, 6=0.212% , A =2.24,
1y =-0.01, o= 0.141, T=0.5. The reported time is the time to compute both the price and sensitivity
parameters using the LT method.

volatility to be 0.3. For MJD we set 1, = — 0.01 and find the value of G, such that
E(V) = 1. Then, we choose the value of the jump rate A and the diffusion volatil-
ity 6, by fixing the fraction of the total variance explained by jumps to be 0.5.
For DEJD we follow the same approach, by setting the values of 1, = 10 and then
finding M, and p, so that E(V) = 1 and the jump volatility is approximately equal
to 6; of MJD. The jump rate and diffusion volatility are once again determined
by assigning half of the total variance to the jump component. We follow this
approach in choosing the parameters throughout the paper for all the experiments
regarding jump-diffusion models. For a detailed analysis of the calibration of
jump-diffusion models, we refer the interest reader to Cont and Tankov (2004).
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TABLE 3 Floating lookback put under the DE model: comparison of the LT and
MC methods.

Points Price Price MC A: LT A: MC r: LT I': MC Time
(m) LT (Std err) (Std err) (Std err.)  (sec)
M=110
5 13.634 13.626 -0.3722 —-0.3724 0.0307 0.0311 0.11
(0.0051) (0.0002) (0.0002)
10 14.285 14.279 —-0.3293 —-0.3296 0.0326 0.0326 0.19
(0.0052) (0.0002) (0.0002)
20 14.802 14.791 -0.2972 —-0.2975 0.0335 0.0334 0.35
(0.0053) (0.0002) (0.0002)
40 15.194 15.188 —-0.2735 —-0.2738 0.0342 0.0344 0.70
(0.0054) (0.0002) (0.0002)
80 15.482 15.476 —0.2565 —-0.2567 0.0347 0.0351 1.41
(0.0054) (0.0002) (0.0002)
160 15.693 15.690 —0.2443 —0.2445 0.0350 0.0355 2.8l
(0.0055) (0.0002) (0.0002)
=120
5 19.370 19.364 —0.6092 —-0.6094 0.0231 0.0231 0.11
(0.0042) (0.0002) (0.0002)
10 19.755 19.751 —-0.5804  -0.5806 0.0247 0.0246 0.19
(0.0044) (0.0002) (0.0002)
20 20.067 20.060 —-0.5578 —-0.5580 0.0258 0.0261 0.36
(0.0045) (0.0002) (0.0002)
40 20.309 20.305 —-0.5407  -0.5409 0.0266 0.0265 0.71
(0.0046) (0.0002) (0.0002)
80 20.488 20.484 —-0.5282 —-0.5285 0.0272 0.0270 1.41
(0.0046) (0.0002) (0.0002)
160 20.621 20.620 —-0.5192 —-0.5193 0.0276 0.0275 2.98
(0.0047) (0.0002) (0.0002)

MC is based on |10 million simulation runs. The parameters are S=100, r=0.1, 6=0.212, A =2.29,
M, =10.0, n,=5.71, p=0.6, T=0.5. The reported time is the CPU time to compute both the price
and sensitivity parameters using the LT method.

5.3 Barrier options under the Brownian model

To obtain the Laplace transform for the up-and-out put barrier option presented
in the previous section we need to compute C(- ¢, 1 —&; ) in (5) and Corollary 3.
Assuming the stock price follows equation (19), the first factor of the product in
(5) is given by (20). The second factor in (5) can be computed using the recursive
formula (9) from Theorem 1. We therefore need to find the coefficients ak, which
require the computation of E¥[e(© + 0By, «] and E¥[e~5B0, 4], with & = — (£ — 1) and
' =-C. The first term is obtained following the same approach as in (21). The
second term is given by
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[ g t(k e L +&62
E I:e E"BO*"]=CI) u +1e al'lt(k)JrZ(E"G)zt(k)Erfc Hts Vi (k)

o 2 G\/E

We can therefore easily compute the coefficients sz, using the Error Function (or
Faddeeva Function) as for the lookback option, thus leading to a Laplace trans-
form for barrier options.

In Table 4, we compare the LT method with MC. For the gamma values we can-
not use the MC results, given the high standard deviation of such estimates in this
case. Instead, the gamma is computed using a finite difference approach. More
precisely, I' = (P(S + 8) + P(S — 8) — 2 X P(S))/8%, where P(S) is the option value
for an initial asset value of S obtained using the LT method. In our examples we
set & = 0.05. Of course the same approach can be used to check the value of delta

TABLE 4 Up-and-out put under the Brownian model.

Points Price Price MC A: LT A: MC r: LT I': Finite  Time
(m) LT (Std err) (Std err) difference  (sec)
Barrier level H= 110

5 6.010 6.004 —0.4541 -0.4514 0.0213 0.0212 1.0l
(0.0038) (0.0026)

10 4.682 4.677 -0.4890 —-0.4887 0.0289 0.0292 2.01
(0.0035) (0.0031)

20 3.611 3.605 -0.5202 —-0.5251 0.0391 0.0392 4.25
(0.0032) (0.0035)

40 2.789 2.786 —-0.5497 —0.5553 0.0522 0.0520 9.98
(0.0029) (0.0038)

80 2.180 2.182 -0.5798 -0.5811 0.0677 0.0676 25.24
(0.0026) (0.0040)

160 1.738 1.741 -0.6120 —-0.6111 0.0832 0.0828 73.89
(0.0023) (0.0042)

Barrier level H= 105

5 6.985 6.978 —-0.4598 -0.4608 0.0172 0.0172 1.02
(0.0040) (0.0023)

10 6.008 6.001 -0.5084 -0.5096 0.0198 0.0204 2.00
(0.0038) (0.0029)

20 5.231 5.226 —0.5555 -0.5620 0.0208 0.0204 4.25
(0.0036) (0.0033)

40 4.657 4.653 —-0.5957 —-0.5985 0.0180 0.0180 9.82
(0.0035) (0.0036)

80 4.249 4.248 -0.6227 -0.6177 0.0112 0.0112 25.36
(0.0034) (0.0037)

160 3.957 3.956 —-0.6349 —-0.6410 0.0063 0.0068 74.18
(0.0033) (0.0039)

The parameters are $= 100, K=100,6=0.3,r=0.05, T=1.0.
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by estimating A = (P(S + d) + P(8))/9, although it is not used here. In Tables 5
and 6, we further compare the prices and deltas with those reported in Broadie et
al (1997). The results seem to be consistent. Additional comparison with results
in Broadie and Yamamoto (2003) in Section 5.5 further confirms the accuracy of
our method.

TABLE 5 Down-and-out call under the Brownian model: comparison of the LT and
BGK method for computing the prices and delta at different barrier levels.

H Price LT Price BGK Delta: LT Delta BGK
85 6.322 6.322 0.591 0.591
86 6.306 6.306 0.594 0.594
87 6.28l 6.281 0.600 0.600
88 6.242 6.242 0.607 0.607
89 6.184 6.184 0.618 0.618
90 6.098 6.098 0.633 0.633
91 5.977 5.977 0.653 0.653
92 5.810 5.810 0.678 0.678
93 5.584 5.584 0.710 0.711
94 5.288 5.288 0.750 0.750
95 4.907 4.907 0.798 0.798
96 4427 4.427 0.854 0.854
97 3.834 3.824 0917 0917
98 3.127 3.126 0.967 0.966
99 2.336 2.337 0.958 0.958

The parameters are $= 100, K= 100, 6=0.3, r=0.1, m =50, T=0.2. For the 50 monitoring points it
always takes less than |5 seconds on a Pentium IV 1.8 Ghz to compute the price and delta using the
LT method.

TABLE 6 Down-and-out call under the Brownian model: comparison of the LT
and BGK method for computing the prices across different strikes, maturities, and
volatilities.

K=100, 0=0.6, T=0.2 K=100, 0=0.3, T=2.0 K=110, 0=0.3, T=0.2

Barrier Price LT Price BGK Price LT Price BGK Price LT Price BGK
85 10.505 10.505 20.819 20.819 2.496 2.496
87 10.019 10.02 19.571 19.571 2.491 2.491
89 9.383 9.383 18.114 18.114 2.475 2.475
91 8.572 8.572 16.435 16.436 2.433 2.433
93 7.563 7.563 14.537 14.537 2.336 2.336
95 6.344 6.344 12.451 12.451 2.135 2.135
97 4.942 4.941 10.254 10.254 1.756 1.756
99 3.475 3.475 8.063 8.061 1.136 1.136

The parameters are S =100, r=0.10, m = 50.
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TABLE 7 Up-and-out put under the Brownian model: extreme case comparison of
the LT method vs. MC using 50 million simulation runs.

Additional n=5 n=25 n =50
parameters Price LT Price MC Price LT Price MC  Price LT Price MC
H=100.05,6=30%  4.44271 4.44260 226220 2.26184 1.65087 1.65038
(very close to barrier) (0.0013) (0.0010) (0.0009)
H=105.0,0=5% 0.49237  0.49259 0.49204 0.49223 0.49188 0.49209
(very low volatility) (0.00017) (0.00017) (0.000010)
H=105.0,6=100% 17.98788 1798710  11.01063 11.01450  9.05224 9.05428
(very high volatility) (0.0038) (0.0033) (0.0030)

The parameters are $=100, K= 100, T=0.5, r=0.05. MC standard errors are reported in paren-
theses.

To check whether the LT algorithm works well in some extreme cases, we also
report in Table 7 the results for very high/low volatility, and when the asset price
is very close the barrier. The results show that the LT algorithm performs well
even in these extreme cases.

5.4 Barrier option under Merton’s and double exponential jump-
diffusion models

Assuming the stock price follows the process described in (22), we can easily
compute the coefficients Elk, using the approach in Section 5.2, where the quanti-
ties E*[e5%.,:)] and E*[e© + ©)B{ ;] have already been derived. Therefore, we just
need to compute E *[e=5Bo,k]. For MJD, at any time t € [t(/ — 1), t(])), condition-
ing on the number of jump in [#(/), t(k)), we have:

E*[e—é'B&k]:
, 2
oo u? _ening Lgrsny2 up—&' (o}
2 |~ +%e ui+y (€0l poe. k—(k) Ty (M)
n=0 G/? G]?\/E

where, as before, W = u* + nj1; and

o =\no? +o6%t(k)

For DEJD, E*[e~55), 4] can be easily computed following the same methodology in
Kou (2002) for the pricing of call/put; the results are omitted for brevity. In sum-
mary, we can easily find the coefficients &k, and, therefore, the Laplace transform
for the barrier option under both MJD and DEJD. In Tables 8—11 we compare
prices and sensitivities for an up-and-out put option under the two models. Again,
the algorithm provides consistent results even for values of the barrier very close
to the original asset price.
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TABLE 8 Up-and-out put under Merton’s model: accuracy test of the LT method
with different monitoring frequencies under Merton’s model.

Points Price Price MC A: LT A: MC Ir: LT I': Finite  Time
(m) LT (Std err) (Std err) difference  (sec)
H=10l

5 5.801 5.802 -0.4776 —-0.4882 0.0244 0.0244 5.56
(0.0038) (0.0039)

10 4.507 4.506 —0.5350 —0.5346 0.0349 0.0349 10.58
(0.0035) (0.0047)

20 3.489 3.490 —-0.5931 —-0.5913 0.0492 0.0492 20.43
(0.0031) (0.0054)

40 2.727 2.729 —-0.6509 —-0.6533 0.0666 0.0666 41.02
(0.0028) (0.0059)

80 2.175 2.172 —0.7088 -0.7194 0.0842 0.0842 84.30
(0.0026) (0.0064)

160 1.784 1.786 —-0.7660 -0.7714 0.0945 0.0945 17941
(0.0023) (0.0067)

H=105

5 6.861 6.863 -0.4817 -0.4814 0.0172 0.0172 5.55
(0.0039) (0.0034)

10 5.993 5.993 —0.5479 —0.5475 0.0169 0.0169 10.55
(0.0038) (0.0043)

20 5.349 5.351 —-0.608lI —-0.6128 0.0115 0.0115 20.61
(0.0037) (0.0049)

40 4.898 4.904 —-0.6507 —-0.6407 0.0011 0.0011 41.34
(0.0036) (0.0052)

80 4.579 4.58l1 —0.6725 -0.6649  -0.0066 —0.0066  84.96
(0.0035) (0.0054)

160 4.348 4.348 —0.6849 -0.6864  —-0.0071 —-0.0071  183.82
(0.0034) (0.0056)

The parameters are S = 100, K= 100, W= -0.01, o= 0.141, 6757 =0.3,r=0.05,T=I.0.

5.5 Comparison with Broadie—-Yamamoto algorithm

Recently, Broadie and Yamamoto (2003) have proposed a very efficient algo-
rithm based on the fast Gauss transform to price various discrete path-dependent
options, including lookback and barrier options. If the objective is to compute the
option prices when the return distribution is Gaussian or a mixture of independent
Gaussian random variables, then the Broadie—Yamamoto algorithm is preferable,
since it is extremely fast. On the other hand, our Laplace transform method aims
at a more general setting; more precisely, we can compute the prices for a broader
class of return processes, including non-Gaussian distributions (eg, the double
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TABLE 9 Up-and-out put under Merton’s model: accuracy test of the LT method
with different barrier levels under Merton’s model.

Price Price MC A: LT A: MC I': LT I Finite
Barrier LT (Std err) (Std err) difference

65 =0.212, 4= 2.24, (G707 =0.3)

101 1.664 1.666 -0.8331  —0.845! 0.0960  0.0960
(0.0016) (0.0048)

103 2.874 2.877 -0.7296  —0.7327 ~0.0080 —0.0080
(0.0020) (0.0038)

105 3.620 3.625 ~0.6125  —0.6122 0.0064  0.0064
(0.0021) (0.0029)

107 4.043 4.048 -0.5376  —0.5410 0.0167  0.0167
(0.0022) (0.0021)

109 427 4.277 ~04928  —0.4952 0.0238  0.0239
(0.0022) (0.0016)

1l 4391 4.39 ~0.4684  —0.4690 0.0286  0.0286
(0.0022) (0.0011)

13 4454 4459 ~0.4552  —0.4565 0.0313  0.0313
(0.0022) (0.0008)

115 4487 4492 ~0.4483  —0.4493 0.0328 0.0328
(0.0022) (0.0006)

0p=0.353, A =6.22, (Gyor = 0.5)

101 2.528 2.529 -0.8547  —0.860I 0.0960  0.0960
(0.0025) (0.0062)

103 3.973 3.975 -0.8453  —0.852I ~0.0020 -0.0020
(0.0030) (0.0058)

105 5.130 5.135 -0.7457  —0.7385 -0.0116 -0.0116
(0.0032) (0.0048)

107 5.984 5.991 ~0.6623  —0.6615 -0.0033 -0.0033
(0.0034) (0.0041)

109 6.604 6.611 -0.6004  —0.5979 0.0025  0.0025
(0.0034) (0.0034)

i 7.050 7.056 -0.5545  —0.5553 0.0068  0.0069
(0.0035) (0.0029)

13 7.368 7.375 ~0.5210  —0.5232 0.0102  0.0102
(0.0035) (0.0024)

115 7.594 7.599 ~0.4969  —0.4960 0.0127  0.0127
(0.0035) (0.0020)

The parameters are S=100, K= 100, r=0.05, 6=0.212, W, =-0.01, 5;=0.141, T=0.2, m=50. The
CPU times on a Pentium IV 1.8 Ghz for the LP method, with 50 monitoring points, are approximately
35 and 46 seconds for total volatility levels 615 = 0.3 and 6757 = 0.5, respectively.
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TABLE 10 Up-and-out put under the DE model: accuracy test of the LT method

with different monitoring frequencies under the DE model.

Points Price Price MC A: LT A: MC Ir: LT I': Finite  Time
(m) LT (Std err) (Std err) difference  (sec)
H=10l

5 6.476 6.485 —0.4961 —0.4950 0.0246 0.0246 12.93
(0.0044) (0.0045)

10 4.984 4.986 —-0.5659 -0.5799 0.0356 0.0356 25.61
(0.0040) (0.0055)

20 3.837 3.835 —0.6341 —-0.6347 0.0506 0.0506 49.60
(0.0036) (0.0061)

40 2.989 2.989 —0.7004 —-0.7002 0.0689 0.0689 98.25
(0.0032) (0.0066)

80 2.380 2.383 —0.7656 —0.7648 0.0873 0.0873  197.03
(0.0029) (0.0072)

160 1.951 1.954 -0.8296 -0.8354 0.0978 0.0978  396.3I
(0.0026) (0.0076)

H=105

5 7.659 7.673 -0.5019 -0.5010 0.0163 0.0163 13.07
(0.0046) (0.0041)

10 6.633 6.640 —0.5802 —-0.5801 0.0155 0.0155 25.48
(0.0044) (0.0050)

20 5.892 5.890 —0.6490 —0.648l 0.0090 0.0090 50.41
(0.0042) (0.0056)

40 5.381 5.382 —0.6969 -0.7110 —-0.0028 -0.0028 99.85
(0.0041) (0.0062)

80 5.022 5.027 —-0.7211 -0.7206  -0.0114 -0.0167  199.89
(0.0039) (0.0063)

160 4.763 4.770 —-0.7350 -0.7480 -0.0120 —-0.0120 402.75
(0.0039) (0.0065)

The parameters are S =100, K=100,n, =10.0,m, =5.712, 6757 =0.3, r=0.05, T= |.0.

exponential jump-diffusion model), which may not be easily written as a mixture
of independent Gaussian random variables. Furthermore, it is very easy to com-
pute, almost at no additional computational cost, hedging parameters (the Greeks)

using the proposed Laplace transform method.

In the cases of the Brownian model and Merton’s model, both the Laplace
transform method and Broadie—Yamamoto method are applicable to compute
option prices. Tables 12 and 13 confirm that both methods lead to almost identical

numerical results for the prices.
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TABLE 11 Up-and-out put under the DE model: accuracy test of the LT method
with different barrier levels under the DE model.

Price Price MC A: LT A: MC I': LT I Finite
Barrier LT (Std err) (Std err) difference

65 =0.212, A =2.29, (G797 =0.3)

10l 1.755 1.757 -0.8705  —0.8729 0.0945  0.0946
(0.0018) (0.0055)

103 3.037 3.039 -0.7578  —0.7577 ~0.0142 -0.0142
(0.0023) (0.0045)

105 3.839 3.844 ~0.6316  —0.6339 0.0018  0.0018
(0.0025) (0.0035)

107 4305 4312 ~0.5498  —0.5480 0.0131  0.013I
(0.0026) (0.0026)

109 4.566 4.572 —04999  —0.4974 0.0211  0.021I
(0.0026) (0.0020)

I 4712 4718 -0.4708  —04737 0.0263  0.0263
(0.0027) (0.0017)

13 4794 4.800 ~0.4542 04529 0.0295  0.0295
(0.0027) (0.0012)

115 4.84 4.847 —0.4447  —0.4474 0.0314 0.0314
(0.0027) (0.0011)

6p = 0.353, A = 6.37, (G707 =0.5)

101 2.704 2.708 -09039  —09153 0.0974  0.0974
(0.0028) (0.0070)

103 4.256 4.259 -0.8913  -0.8818 ~0.0072 -0.007I
(0.0034) (0.0064)

105 5.510 5.511 -0.7830  -0.7722 ~0.0168 -0.0168
(0.0037) (0.0056)

107 6.447 6.450 ~0.6920 —0.6878 -0.0078 -0.0078
(0.0039) (0.0048)

109 7.140 7.142 ~0.6238  —0.6247 ~0.0014 -0.0014
(0.0040) (0.0041)

1T 7.650 7.653 -0.5723  -0.5770 0.0033  0.0033
(0.0041) (0.0036)

13 8.023 8.026 ~0.5338  —0.5294 0.0070  0.0070
(0.0041) (0.0030)

115 8.295 8.299 ~0.5053  —0.5042 0.0098  0.0098
(0.0041) (0.0026)

The parameters are $= 100, K=100, r=0.05, n, =10, n,=5.712, p=0.6, T=0.2, m=50. The CPU
times on a Pentium IV 1.8 Ghz for the LP method, with 50 monitoring points, are approximately 80
and 110 seconds for total volatility levels 6751 = 0.3 and o7, = 0.5, respectively.
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TABLE 12 Down-and-out call under the Brownian model: accuracy comparison of
the prices given by the Laplace transform (LT) method and Broadie and Yamamoto
(BY) method under the Brownian model.

n=5 n=25 n=50
Barrier Price LT Price BY Price LT Price BY Price LT Price BY
91 6.18729 6.18729 6.03202 6.03203 5.97705 5.97707
93 5.99968 5.99976 5.68752 5.68753 5.58434 5.58434
95 5.67129 5.67111 5.08147 5.08142 4.9068I 490679
97 5.16694 5.16725 4.11573 4.11582 3.83393 3.83398
99 448965 448917 2.81255 2.81244 2.33645 2.33639

The parameters are $= 100, K=100,6=0.2,7T=0.2,r=0.1.

TABLE 13 Down-and-out call under Merton’s model: accuracy comparison of the
prices given by the Laplace transform (LT) method and Broadie and Yamamoto
(BY) method under Merton’s model.

n=5 n=25 n=50
Barrier Price LT Price BY Price LT Price BY Price LT Price BY
91 8.63048 8.63049 8.28428 8.28430 8.17962 8.17963
93 8.28833 8.28838 771612 7.71613 7.54699 7.54700
95 7.77087 7.77072 6.82050 6.82045 6.56072 6.56070
97 7.05569 7.05593 5.48764 5.48771 5.09158 5.09162
99 6.16435 6.16397 3.76274 3.76265 3.10787 3.10782

The parameters are S= 100, K= 100, 6=0.2, A =2.0, W= 0.045, o= 0.3,7=0.2,r=0.1.

6 Conclusion

In this paper, we proposed a new methodology based on Laplace transforms to
compute the price and hedging parameters of discretely monitored lookback and
barrier options. The proposed approach is appealing because it is valid in a quite
general framework, including both the classical Brownian model and jump dif-
fusion models. It is also easily implementable given the availability of standard
routines for the inversion of Laplace transforms. Our numerical analysis demon-
strates that the method is accurate and fast.

One limitation of the method is that the European call and put prices have to be
computed accurately and fast, preferably by using analytical formulae to reduce
errors and to increase the speed in computing the recursions. However, analytical
formulae may not be available for general Lévy-process models.

The method could also be extended to price other derivatives, whose values are
a function of the joint distribution of the terminal asset value and its discretely
monitored maximum (or minimum) throughout the lifetime of the option, such as
partial lookback options.
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Appendix A — Extension of the results

Al Extension of the results to fixed and floating strike lookback calls

Let

A~ A~ « ?t
M= min Z = Xy gy + W At) =E"L Tl ] ang

m, = min S = S(t)exp|X, t(l)+ mm ZX

I£j<m

ZS(t)eXr,t(l)+M1,m ZS(t)eYI.m

Then A(u, 1) can be computed via the recursion in Lemma 1 by changing X; to
-X.

14

We can express the value of a floating strike lookback call, at a generic time
tet(l-1), (1)), with 1 <1< m, as:

LC(.T)=8(t) e TIE [mg 7| 7 ]=S(1) e T
X (E*[mt(l),T|‘E]_E*[(mt(l),T _mO,z(l—l))l{mO’,(,_USmt(,)’T} |75J) 24)

Since E*[(mt(l)’ T| Fl= S(t)A(l; 1), only the second term in the parenthesis needs
to be computed.

THEOREM Al Atanytimet € [t(I— 1), t(l)),m > [ > 1, the Laplace transform with
respect to x of

g(x,S(f)) = E*[(mt(l),T —e"‘)l{efxgmtw}lﬁ} (25)
is given by
# e(&+1)(x,,,(,)+1\2,’m):| £ e(§+1)?lfm]
8(E)=(S(1)5+!- =(S(1)sH  —————= (26
e EE+D) KTy

with& € R, & >-1.

PrOOF Letting the risk-neutral density of I;l’ m be (p(l;lf e V), We can rewrite (25)
as

oo

guSoy= [ swer—e e, :v)dy
x—log(S(1))

The Laplace transform is then given by
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§<§)=Ie-@1 [ swer—emo(friv)ay|ax
—x—log(S(1))

—oo

Fubini’s theorem yields

§®)= f{ J e-ide}S(r)eycp(?gm;y)dy

—oo —y—log S(¢)
_ J'[ j e—@“”dxil(p(?fm;y)dy
—oo —y—logS(t)
_ (S(ré)é” . fe@my(p(f,{m;y)dy—% r e o(7,:)dy
(SO [ oo

which proves the theorem. [

COROLLARY Al At any time t € [t(I - 1), t(l)), withm =1> 1, we have

LC(t,T)
N ) S
=S(t)—e " TD| S(HA(L;1) - L3 | 2 A(E+1:1) i
) ¢ | 2@en C
—logmy 1y
J LC(t,T)
aS(1) ’
R & .
=1-e"T-0). A(l;t)—Egl[(S(t)) A(§+l;t)J i
—logmg ;-1
’ (T-1) . p-1 &= A
— a1 (T=1) . p= - .
azs(t)LC(t,T)—e L ((S(t)) A(E+151) |_10gm0’lu_]))

0
—LC(t,T)=e"T-D
Jdc

27)

(S)Eh 9 .
E(E+1) do

X S(;)iA(§+1;z)—£gl[——A(gﬂ;t)
Jo

_IOng,r(l—l)

Volume 8/Number 1, Fall 2004 URL: www.thejournalofcomputationalfinance.com

27



28 Giovanni Petrella and Steven Kou

ProOF Equation (27) is an immediate consequence of (24) and (26). All other
results follow from the interchange of derivative and integral, justified by Theorem
A. 12 on pp. 203-204 in Schiff (1999). [J

COROLLARY A2 At any time t € [t(l- 1), t(l)), [ =1, the price of a fixed strike
lookback put is given by

Ke " T=D 4+ LC(¢,T)-S(t); if my <K
FP(t,T)= . ’
e T0] K~ S(1)A(L;1)+ g (<log(K),S(1) Jif mg 111> K

PrROOF If mg ,,_1)<K, then clearly my <K. Thus, FP(t,T)= e~ (1-1) .
(K ~E*[mg o] F). 1 mq 4y > K, then

FP(t,T)=e T E*[(K—m, ), )" | 7 ]
= e_r(T—f) (K - E* [ml(l),T | f[‘ ] +E*|:(m[(1),T - K)I{Kgmt(l),T} | ‘7:,: :I)
from which the conclusion follows. []
We omit for brevity the results for the greeks, which are of immediate
derivation.
A2 Extension of the results to other barrier options

There are eight types of barrier options, four “up” types (e.g. up-and-in call)
and four “down” types (e.g. down-and-in call). In this section we will extend the
results of Section 3.3 to all other types of barrier options.

(a) “Up” type barrier options
First we will find the two-dimensional Laplace transform for an up-and-out call
option, following the approach for up-and-in put option in Subsection 3.3.

THEOREM A2 Let §>-1 and (>0 and assume that C(-(, &+ 1,1 =
Ex[e €+ DX, 7= CY/] < oo, Define k= —log(K) and h = log(H). At any generic time
te [t(l-1), tgl)), m>121, the double Laplace Transform of g(k, h; S(t)) =
EX[(S(T) - e—K)+1{MO’ >t | .1 is given by:

(S()s=+t! DX 0 | (S())5~&+1
EE+DE E(E+DE

PrOOF The proof follows the one of Theorem 2 and is therefore omitted. []

8(8.0)= C(-C.&+ 1) (28)

COROLLARY A3 Atany time ¢ € [1(I— 1), £(1)), m>1> 1, we have

(S(1))s~&+!

voce D= T

>

—log(K),log(H)

C(—C,§+1;t)]
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LUOC(;‘,T)
0S(1)
- [ (E=CHD(S ()56 _
(Tt)ﬁgc[ ARG C(-C.E+1;1) )
—log(K),log(H)
2
LP(t, T
9%S(1) -
_ £-¢-1
ze_r(T_t)ﬁg}C[(é C+1)éfg'fl)§2(t)) C(_Cva'l'l;t)J ,
—log(K),log(H)

(S(1))5 %1 9

Jd
—UOC(t,T)=e"T- f>£
ag e (é(éﬂ)c 9o

C(- Ci+1t)]

—log(K),log (H)
(29)
Knowledge of the up-and-out put and call prices and greeks allows us to easily

compute the value and hedging parameters of down-and-out and up-and-in put
options, because

UIC(t,T)=BSC(, T)-UOC(t, T), UIP(t,T)=BSP(t, T)- UOP(t,T)
where BSC(t, T) and BSP(t, T) are the value of a standard call and put options

with the same strike K of the two barrier options, respectively.

(b) “Down” type barrier options

By symmetry (see, among others, Haug 1999), “down” type barrier options can
be deduced from the “up” type barrier options. More precisely, consider first the
case of down-and-out call

DOC(.T) = T-VE((S(T)=K)* 1y oy | 7]

11
_ a1 (T-t)
=e DE*| S(THK (S(T) K] {m0T>H}|.7:

.
11
=S(TK-E {Z(T)[ﬁ—?J Yty p<1/my|

where Z(T) = e "T-0S(T)/S(t) is a martingale under P*, It is fairly easy to find the
dynamics of the stochastic process S(T) = 1/S(T) under the probability measure
P, such that dP/dP* = Z(T), in a Brownian or a jump-diffusion framework
(Schroder 1999). Therefore, defining ]l;lo’ 7= max, < jST/ATg = l/mo’ 7> We can
rewrite:
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+
-1 _
DOC(t,T):S(T)K.E[[E—STJ L, <im %

Hence, we have reduced the problem to pricing an up-and-out put for the asset S T
with strike 1/K and barrier 1/H.
In particular, for the Brownian case, at any time ¢ < 7, we have

111
DOC(S(1).K H,6,r,q,T—t)=S(1)K- UOP| —,—,—,6,q,5,T—1t
(S(1) q,T—1)=S8(t) sk S?

DOP(S(t),K.H,0,r,q.T-1t)=S(t)K-UOC| —,—,—,0,q,r,.T—t

Therefore, the two options can be priced directly using the Laplace transforms
previously described. Under the MJD model, we have at any 7 < T:

DOC(S(I),K,H,G,V, %7\', Mst/$T_t)

1 11 .~
=S(HK-UOP| —,—,—,0,q.1,\,1;,6,,T—t
(1) [S() CH q u,,0, J

DOP(S(t),K,H,6,r,q,A, 1;,6,,T—1)

1 1 1 -
=S(HK-UoC| —,—,—,0,q9,r,\,L,,6,,T—t
(1) [S()KH 0.9 Ky, 0; ]

~ 12
+7 —_~
where A =4e""2%7 and ,=—u,-07?

For the DEJD, instead, we have

DOC(S(I)’K’H7(S’V3 q’xapyn]an2’T_t)

=S(t)K- UOP( !

1 1
e ,qul P>My, Ny, T—t
S() 2> 1 ]

DOP(S(I)vKaH’ Gvr’ ‘],X,p,npnz,T_[)

1 1 1
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PNy + PNy
n -1 n,+1

where ¢=

The other two remaining barrier call option values, DIP and DIC, can be easily
derived via the parities:

DIP(t, T) = BSP(t, T) —- DOP(t, T), DIC(t, T) = BSC(t, T) — DOC(t, T)

Appendix B — Laplace transform inversion via the two-sided Euler
algorithm

As mentioned above, we invert the Laplace transforms previously derived using
the two-sided extension of the Euler algorithm as described in Petrella (2004).
The (one-sided) Euler algorithm has gained a lot of popularity in queueing and
network analysis due to its simplicity of implementation, speed and high accu-
racy. In finance, Fu, Madan and Wang (1997) use it to price continuous Asian
options by inverting the Geman and Yor (1993) Laplace transform, and Davydov
and Linetsky (2001) implement the algorithm to price continuous double-barrier
step options and lookback options under the CEV model. For a survey of different
Laplace inversion algorithms and their performances in pricing derivatives we
refer the reader to Craddock, Heath and Platen (2000).

In this appendix we will verify the technical conditions given in Petrella (2004)
to bound the inversion errors (on both sides of the real line) and specify our choice
of parameters in the inversion algorithm.

B1 The Euler inversion for lookback options

(a) Floating lookback put
In this case we need to invert the Laplace transform of

JMy 1121y S@)=E [(MO,t(l—l) _Mt(l),T)I{MO’,(H)ZMI(,)’T}|’7:f:|
Rescaling by a constant C < min(S(?), M, t(lfl)), we can write:

f(M()J([_]);S(l))

A Mo -1y S() yr
:CE [[—C ——C e L, I{meﬁlog(MO»fu—l))_IOg(S(f))}|’7-;

Although the choice of C is somewhat arbitrary, the purpose of introducing C is to
make sure that the Laplace inversion will not be conducted at extreme points for
a wide range of model parameters.

When t is a monitoring point, we can set C = min(S(?), 0.99M, ,(l_l)). Thus,
the function f(M’; S(¢)) is confined on the positive real line, because M”: =
log(MO’ t(l_l)/C) > 0. We can therefore refer to the one-sided version of the Euler
algorithm. We find that using N, = N, = 40 iterations (by symmetry, on both sides
of the real line) to compute the partial sums ensures extremely accurate results.
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If ¢ is not a monitoring point, with #(/ — 1) <t < t(l), since th, 2 X, 10 and
log(§()/C) 20, we have f(M, W1’ S) < CeM'P(Xt’ (S M), with M’ =
log(M,, ,;_1)/C). We can then apply the results in Petrella (2004) for a plain
vanilla put option. Accordingly, following the notation in Petrella (2004), we
choose M’ = 0.A with

oczmin(cx/t(l)—t,%)

and A = 18.4, if the resulting C satisfies C < S(¢), which holds in all our numerical
cases. In the DEJD model we also need to make sure the characteristic function
of X, () has no discontinuities. To this end, we fix

oczmax(nL,min(G\/t(l)—t,%))
2

In all cases we set the number of iterations to N; = N, = 150, to guarantee high
accuracy in the inversion.

(b) Floating lookback call
In this case we need to invert the Laplace transform of

8(my 11-1)>S(1) =E [(mt(l), = M0.1(1-0) Ymg o <mpyrd | };]

Following Petrella (2004), rescaling by a constant C, we can write

g(m(),t(l_”;S(t))

1 _. y!
:EE [(CS(t)e v _Cmo”(l_l)) l{gfmZIOg(mo¢r(l—1>)—log(s(f))}|JTI}

When ¢ is a monitoring point, we can set C = min(1/S(¢), 0.99/m0,,(l_1)) and
m’ =-log(C - my 1)) 2 0. Again, the function g(m’; S(1)) will only be defined
on the positive real line. We can therefore refer to the one-sided version of the
Euler algorithm. We use N| = N, = 40 iterations (again, by symmetry).

When not at a monitoring point, defining m”=-In(C-my ,,_;)), we can
write

s SE)SSOE|( 0 )1y

because ¥,| < X, 1y We are then in the framework described in Petrella (2004)

I,m
for the pricing of plain vanilla call options and choose the inversion parameters

accordingly. Specifically, we set m” = o A, with
o= min(cx/t(l) —t,%)

and A = 18.4. In the DEJD implementation, we fix
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Oczmax(

, min(cs\/t(l)—t,%))

to avoid discontinuities of the characteristic function of X, 10y As before, we set
N, =N, =150 for all cases.

_1
(m;-2)

B2 The Euler inversion for barrier options

(a) Up-and-out put
By introducing two rescaling parameters C; and C,, the up-and-out put price can
be expressed as

f(K,H;S(t))=C,E K—S(T)+1 F
s 11, g | C_ A {M<i}| t

1 Cl [

When ¢ is a monitoring point, we can choose C, = S(#) so that the option price is
only defined for positive values of the variable h* = In(H/S()). Hence we only
need to study the discretization error on the negative real axis for the random
variable k" = In(K/C)). But since

f(K.H:S(1)<CE KC__

1 1

we can use the results in Petrella (2004) for a plain vanilla put option. Hence, we
set k” = oy A,, with

o =min((5\/T—t,i)

and A, = 40. Further we choose A, = 18.4 and number of iterations N,, = N,, = 200,
N,, = N,, = 50 for the pure-diffusion case and N,; = N}, = 100, N,, = N,, =301in
the jump-diffusion cases.

If ¢ is not a monitoring point, we must carefully choose C, as well. We can
easily find exponential bounds in k" and &’ for the price of an up-and-out put:

el if k>0, h’>0
KP(X, r <K') if k'<0, ’>0
FUS RS ()< ’
P(X, 1y <H) if K20, <0 (30)

P(X, 7 <K.X, ) <I) if K'<0, h'<0

In fact, for any >0 and k<0, we have P(X, <k’)=P(e 7 > e %) <
ef’k:E(e‘ﬁXt»T), by Markov’s inequality. In the same way, P(X,,;<h’)<
e E(e~%X11l) for 9 >0, h’ < 0. Also, for k’ <0, i’ <0,
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n(n
E(e_ﬂXt‘T_CXt'tm) > J Je_ﬁXt'T_CXt't(”f(Xt,T;Xt,t(l))dXt,T dX; )

—oo | —oo

>e WLNP(X, . <K, X, () <I)

with 9, { > 0. We can therefore bound all the probabilities in (30). As outlined
in Petrella (2004), by using appropriate parameters, we can obtain exponen-
tial bounds on the discretization errors as well. In our implementation we have
chosen

k'=0,A, with A, =40 and o =min((s\/T—t,%)
and h'=0,A, with o, =min(cs\/t(l)—t,%) and A, =18.4
In the DEJD case, we set
oy =max(L, min(G\/T—t,l))
N, 4
and o1, = max ;l,min(cx/t(l)—t,l)
2= o) 4

to avoid discontinuities of the characteristic function of Xm(l). We also fix N, =
N,, =200, N,, = N,, =100 for all models.

(b) Up-and-out call
Using two rescaling parameters C; and C,, we express the up-and-out call price
as

1 *
f(K,H;S(t)) =—E |:(S(T)C1 _KC1)+ 1 Mor H |‘7:£:|
G o <al
with C; <min(1/8(?), I/K).
If ¢ is a monitoring point, we can choose C, = 5(¢) so that the option price is
only defined for positive values of the variable 4’ = In(H/S()). Hence we only

need to worry about the discretization error on the negative real axis for the ran-
dom variable k" = In(1/(KC))). But since

1 *
fKH: ()< —-E [(S(T>C1 —K¢, )+|fz]
1

we can use the results in Petrella (2004) for a plain vanilla call option. Hence, we

setk’ = oy A, with
aznﬁn(c«/t(l)—t,i)

and A, = 40. Further we choose A, = 18.4 and number of iterations N;; = N, = 200,
N,, = N,, = 50 for the pure-diffusion case and N;; = N;, = 100, N,; = N,, =301in
the jump-diffusion cases.

If ¢ is not a monitoring point, we must carefully choose C,, as well. Exponential
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bounds in k and h’, can also be derived for an up-and-out call. In fact,

S(1) if K20, >0

3 S(OP(X, p >=K') if K’<0, >0
F R, S(1) < = , - )

S(HP(X, ;) <h') if K20, h'<0

S(OP(X, p >=k'"X, ;) <h') if K'<0, '<0

where P is the probability measure under which the discounted asset price
S(T)e~ T is the numeraire. Further, using Markov’s inequality, for any 9 >0 and
k’ <0, we have P(Xt > k') = PedXir> ek’ ) < e%E(e~™..7), with E represent-
ing the expectation under P In the same way, P(X, ay <h)< eVE (e=%X.,10)) for
>0, " < 0. We also have, for K’ <0, h’ <0,

W( oo
E ﬁX, -CX,, ﬂXt —8X,
E(e 7t ,u)) > f _[e 76 O (X7 Xy )X, |4X, )

—oo _/'('/
e F-LB(X, >, X, ) <I)

with 9, > 0. Following Petrella (2004), we can then find exponential bounds for
the discretization errors as well. In our implementation we have chosen

k'=0,A, with A, =40 and o :min(G\/T—t,%)
and 1'=0,A, with o, =min(c5\/t(l)—t,%) and A, =18.4
In the DEJD case, we set
o =max(L, min(G\/T—t,l))
b 4
,min(cx/t(l)—t,%)j

to avoid discontinuities of the characteristic function of X,’t(l). We also fix
N, =N,, =200, N,, = N,, = 100 for all models.

and o, = max 1
(2n2+07|)
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