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Fig. 1. Conditions for asymptotic efficiency and bounded relative error in a two-node system

The conclusions of Proposition 4.1 and Theorem 5.7 are illustrated in
Figure 1. The triangular region in the figure is the set of possible parameter
values (uy, py) for a two-node system with A + u; + p, = 1. Points to the
right of curve A satisfy our sufficient condition for asymptotic efficiency.
Points above curve B satisfy condition (9), so in the intersection of these
regions the estimator has bounded relative error. Points above curve C
violate our necessary condition for asymptotic efficiency.

Remark. A sharper bound on (21) is provided by the value of the optimiza-
tion problem

maximize ) v(k)a,
k

subjectto ) m(R)a, = A/,
k
0<a, <1

Because v(k) decreases with %, this problem is easy to solve. However, we
have found numerically that it very rarely improves the simpler bound in
Lemma 5.6.

5.3 Multinode Networks

Our overall approach to proving asymptotic efficiency for multinode networks

is the same as that used for two-node networks, but there are some important

differences in the details. The two-node network offers simplifying features

not present in the general case, so the results we obtain here, even when

specialized to d = 2, are not as effective as those in the previous subsection.
In the multinode setting, we take

A=A = {(xl,...,xd):xd=0, le>0},
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and (as before) let N be the total number of visits to A, and T, the time of
the first visit to A preceded by at least one visit to the complement of A. We
bound sup, E [ N]by bounding sup, . 4, P,(T, < ) (leading to a bound on the
number of distinct visits to A) and by bounding the number of transitions on
A at each distinct visit. Each of these steps is somewhat more complicated in
the multinode setting than it was before. Throughout this section, we restrict
attention to the case

Hg < Mpseees Hg-15
so that under the new measure only the last node is unstable.

LEMMA 5.8. sup, ., P (T, < ®) < p*, where

LA )

pim) 23)

b

and

d-1
#0) = T (1 - ﬁ).
i=1 My

__PrOOF. Much as in the two-node case, the supremum over x € A of
P (T, < =) is easily seen to be attained at x = (0,0,...,1,0), so we consider
this starting state. Notice that Py, ;o(Ty < ) = B, (T, < =) where v is
the distribution of the first d — 1 components of the state at the arrival of the
first job to node d, starting from state (0,0, ..., 1,0). The first arrival to node
d is the first departure from the subnetwork consisting of nodes 1,...,d — 1.
Let us write X, = (X},..., X¢™1) for the (right-continuous) continuous-time
queue-length process of this subnetwork, and let T, be the time of the first
departure from this subnetwork. For any &% = (x,,..., X4_1),

v(%) =ﬁo ,,,,, l,O(XTd =£)’

the subscript on P still referring to the full d-dimensional state. Let &' = & +
0,...,0,1); then

P, . ,I,O(X;T = i) <P, "1,0()5 visits &' before Td)
< P,( X visits % before T,).
Moreover, if we let T, be the time of the first return of X to the origin, then
P_O()Z visits X before Td) < P_O(X visits % before TO).
Thus, we have shown that

v(Xq,...,045_1) < F(X' visits (x,...,%,_;)ina O-cycle), (24)
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the O-cycle referring to the process X. Now let
d_l xl
- M Mg
alxq,o,x0-0) = 11 (—d) (1———-—)
1=1 oy My

denote the stationary distribution of X. The mean length of a 0-cycle for X is

1/( u,7(0)); given that X reaches (x4,..., x,_ ;) in a cycle, the expected time

it spends there is no less than 1/(u, + -+ +p ), the minimal mean holding

time in any state. It follows from the regenerative representation of 7 that
f’(X' visits £ = (x4,...,x,_4)ina 0—cycle)

%(xl,...,dil)Eo[TOJ

- Eo[time spentin % | X visits % in cycle] .

Thus,

?(X visits £ = (x4,...,x,4_,)ina 0—cycle)
< . ),U«1+"'+Md—1
= TAXqy,.-0, _ T 2N

1 d-1 de(o)

which together with (24) yields

(1,00 2y_1)
vlx, X4 1) S(Ml 4 +Md)/(/‘l‘d%(0))

T(xq,000, Xg 1

Arguing just as in (22), we conclude that p* in (23) is indeed an upper bound
on Py (T, <=). O

We now have

THEOREM 5.9. Ifp* <1 and

—|(d - 1)+ (E—d— + -+ Ha ” - 2logla) < 1,
1-p 531 Mg

then the estimator in (14) is asymptotically efficient and has linearly bounded
relative error. If, in addition, (9) holds, then the estimator has bounded
relative error.

Proor. It suffices to show that the term in square brackets is an upper
bound on the expected number of transitions on A at each distinct visit to A;
once we establish that, the rest of the argument is just as in Theorem 5.7.

The expected number of transitions until the first exit from A is clearly
maximized (over A) at the initial state (1,0,...,0); the required number of
transitions can be made pathwise smaller from any other initial state.
Starting from (1,0, ..., 0), the first exit from A occurs when the job at node 1
reaches node d. The number of transitions required for this job to complete
service at each node i, i = 1,...,d — 1, is stochastically bounded by a geo-
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metric random variable with mean (u, + u,)/u,, so the expected number of
transitions for the job to reach node d is bounded by

Myt g Mg_1 T My
- + cee +_—
My Mg -1

which is equivalent to the expression in square brackets in the statement of
the theorem. O

2

Examples of parameter values satisfying the hypotheses of Theorem 5.9 are
(A, pq, pg, mg) = (0.0012, 0.4431, 0.4873, 0.0684), and (0.0001, 0.8, 0.17,
0.0299).

6. CONCLUSION

We have analyzed an importance sampling estimator for overflow probabili-
ties in tandem Jackson networks that generalizes the asymptotically optimal
estimator for M/M/1 queues. We have shown that in certain parameter
regions this estimator has linearly bounded and even purely bounded relative
error, but that in other regions it is not even asymptotically efficient. These
results follow from upper and lower bounds on the first and second moments
of the estimator.

The techniques used to bound the second moment may be of broader
applicability in the analysis of importance sampling estimators, so we briefly
summarize them. We obtained lower bounds by evaluating the square of the
estimator on individual paths; well-chosen paths have sufficiently high prob-
ability and a sufficiently large squared-estimator value to rule out asymptotic
efficiency. We obtained upper bounds by separating the contributions to the
likelihood ratio due to the interior of the state space and the boundaries. The
contribution of the interior is easily handled, because in its interior the
queue-length process is spatially homogeneous. The boundaries, however,
contribute factors to the likelihood ratio that are exponential in the number
of transitions on boundaries; these are more problematic. A “gauge function
lemma” bounds the expectations of these exponential factors in terms of the
expected number of visits to the boundaries. This part of the analysis seems
fairly general. The final step—bounding the expected number of visits to
boundaries—exploits particular features of the model.
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