SIEO W3600 Solution to Homework 7

Instructor: Prof. Steven Kou
Chapter 5

22) a) Solution:

E(X +Y) Z Z T+ y)p
(0 +0)(0.02) + (0 +5)(0.06) + ... 4+ (10 4 15)(0.01)
= 14.10

b) Solution:

Elmaz(X,Y)] =YY maz(z +y)p(z,y)

= (0)(0.02) + (5)(0.06) + ... + (15)(0.01)
= 0.0124

27) Solution: The amount of time that they have to wait for each other is h(X,Y) = | X =Y,
S0

B ) = [ [ el £ v)dedy

11
= / / |z — y| - 62°ydxdy
= / / (z —y) - 62%ydzdy +/ / — ) - 62°ydxdy

1
6
1
4
31) a) Solution:

ElY]=E[X] = /30  fo(x)dr = /3037[10Kx2 + 0.05]dx
= 25.329 ? “
E[XY]:/ / zy - K(2* + y?)dzdy
= 641.447 o
So, Cou(X,Y)= E[XY] - E[X]|E[Y] = 641.447 — (25.329)?> = —0.111
b) Solution:

30
E[Y? = E[X?] = / 22(10K 2 + 0.05)dz = 649.8246
20

So, Var(Y)=Var(X)= E(X?) - [E(X)]? = 649.8246 — (25.329)? = 8.2664
Thus,
Cov(X,Y) ~ —0.111

= —0.0134
\/Var War(Y) — 8.2664




36) Solution:

Cov(X,Y) = Cov(X,aX +b) = E[X - (aX 4+ b)] — E(X)E(aX +b) = aVar(X)

Corr(X,Y) =

aVar(X) aVar(X) )1 it a>0
VVar(X)Var(Y) \/Var(X) ~a?Var(X) | -1 if a<0

58) a) Solution:

E(27X1 + 125X, + 512X3) = 27E(X]) + 125F(X>) + 512E(X3)
= 27(200) + 125(250) + 512(100)
= 87,850
Var(27X, + 125X, + 512X3) = 27*Var(Xy) + 125°Var(Xs) + 512°Var(X3)
= 27%(10)? +125%(12)? + 5122(8)?
= 19,100,116

b) Solution: If the X/s are not independent, then the expected value calculated above
is still correct, but the variance is not because we have to include the covariance into
variance.

60) Solution: Note that Y = Xl;)@ — X3+)§4+X5, and each X/s are independent and normally
distributed. So Y is normally distributed with mean uy = (,u1 +pu2)— f(ug +patps) =
—1 and variance o} = 01 + 402 + 03 + 904 + 05 =3. 167 and oy = 1.7795
Thus,

0—(—1)
PO<Y)=P(— <7} =P056< Z) =02
(0<Y) (1_7795 < ) (0.56 < Z) = 0.2877

P(—1gyg1)zp<ogz P(0 < Z < 1.12) = 0.3686

- 1. 7795)

63) a) Solution: From the joint pmf of Xjand X, it is easy to calculate

E(X)) =17 BE(Xz)=155and E(X1X2) =Y z1op(a1,z2) = 3.33

1 X2

Thus, Cov(X1, X2) = E(X1X2) — E(X1)E(X2) = 3.33 —2.635 = 0.695
b) Solution:

V(X1 +X3) = V(X1) 4+ V(X3) + 2Cov(X1, X3) = 1.59 + 1.0875 + 2(0.695) = 4.0675

77) a) Solution:

/ / (x,y)dzdy
20 30—z 30 30—z
= / / kxydxdy +/ / kxydxdy
20 20 Jo

81, 250
3

_ 3
Thus, k:—781’250



x+y=30

x+y=20

R .

Figure 1: The region of positive denstiy

b) Solution: For 0 < z < 20,we have
30—z

fx(x) = / kxydy = k(250x — 10z2)
20—z

For 20 < z < 30, we get
30—z 1
fx(z) = / kaydy = k(450x — 302> + 5553)
0

By symmetry of X and Y, fy (y) is obtained by substituting y for z in fx(x). Clearly,
fx(@)- fy(y) # f(z,y), so X and Y are not independent.

c¢) Solution:

20 25—z 25 25—z
P(X+Y <25) / / kxydzdy + / / kxydzdy
20 20 Jo

230,625
= k= 817250 - (9609.375)

= 0.355

d) Solution:

E(X+Y)=EX)+E(Y)=2E(X)
20 30
= 2 [/ - k(2502 — 102%)dx + - k(450x — 3022 + 217 $)dx
0 20

3
S350 (352, 666.67) = 25.969

e) Solution:

E(XY)= /O:O /_O:O zy - f(z,y)dzdy

20 30—z 30 30—z
= / / k:z:2y2dydx+/ / ka2 dydx
20 20 JO

2
T



And, from part(d), we know E(X) = 25'2& = 12.9845. So,

Cov(X,Y) = E(XY) — E(X)E(Y) = 136.4103 — (12.9845)? = —32.19

20 30 1
E(Y?) = BE(X?) :/ 2% k(2502—1022)dz+ xz-k(450x—30x2+§x3)dx = 204.6154
0 20
Thus, op =07 = 204.6154 — (12.9845)* = 36.0182
and
Cov(X,Y) . —32.19

= = = —0.894
P VVar(X)Var(Y)  36.0182

f) Solution:

Var(X+Y) =var(X)+Var(Y)+2Cov(X,Y) = 2 x 36.0182+ 2 x (—32.19) = 7.66



