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Abstract
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1 Introduction

This paper studies boosting as a variable selection device within the factor augmented re-

gression (FAR) framework which takes the form

yt+h = κ0 + κ(L)Wt + α(L)yt + β(L)f̃t + ε̃t+h (1)

where Wt = (w′t, . . . w
′
t−p)

′, wt is a vector of predetermined variables, f̃t ⊂ F̃t is a ry × 1

vector, F̃t is a r×1 vector of principal component estimates of Ft extracted from N observed

predictors. The predictors are assumed to have an underlying factor structure given by

xit = λ′iFt + eit, i = 1, . . . N, t = 1, . . . T. (2)

The primary appeal of FAR is that the factors embody information in many variables. It has

been successfully used in providing ‘diffusion index’ (DI) forecasts, a methodology proposed

by Stock and Watson (2002) and Forni et al. (2005). The framework is also useful for

estimation of conditional moments such as the mean and volatility of asset returns. In these

applications, the results are known to be sensitive to the choice of the conditioning variables.

In practice, a FAR analysis is obtained as follows. After obtaining the r estimated

factors, F̃t, let z̃t = (1,W ′
t , yt, yt−1, . . . , yt−p, F̃t1 . . . F̃t−p,1, . . . F̃t,r, . . . , F̃t−p,r)

′ be the potential

set of predictors. The next step is to determine p∗ and ry where p∗ is the optimal lags

of yt, ry is the number of estimated factors that enter the forecasting equation, to yield

f̃t = (F̃t1, . . . F̃try)′. Information criteria such the AIC or BIC are used to determine these two

auxiliary parameters. These parameters then determine the dimension of β(L), κ(L), α(L)

in (1).1

There are several aspects of the DI methodology that remain unsatisfactory. First, in-

formation criteria assume that the components in F̃t are ordered. In consequence, the order

of the factors chosen to explain y are determined by the order in which the factors are im-

portant for xit. But there is no reason to think, for example, that the factors that best

explain the conditional mean of asset returns need to be the same as those that best forecast

employment. In Bai and Ng (2006b), we introduced the concept of ‘targeted predictors’ to

highlight the point that which factors to use as predictors should depend on what is the

variable to be explained.

The second problem concerns the specification of the forecasting equation. If the p∗th lag

of yt or F̃t has strong predictive power, typical model selection procedures require that lags

1Since in general f̃t is a rotation of ft, the corresponding coefficients β(L) are also rotated. But for
notational simplicity, we still use β(L) to denote the coefficients.
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one through p∗− 1 will also enter the model even though they may have no predictive power

for y. Similarly, the ry-th factor cannot enter in the absence of the preceding ry − 1 factors

since F̃t is ordered by the importance in explaining xt. Furthermore, in most applications f̃t

is simply a subvector of F̃t. But in principle, functions of F̃t (such as the quadratic terms)

should be allowed. There is limited flexibility in choosing which factors and which lags to

enter the model. The consequence is that the FAR regression is as susceptible to overfitting

as it is to underfitting.

These issues arise because there is no easy way to select the best predictors using a small

number of regressions without imposing some structure on the predictors, or go through

an exhaustive search that can be computationally costly. The problem is not specific to

the DI methodology because instead of taking F̃t as the first r (instead of all N) principal

components of xit, we can also take F̃t to be the N observed predictors that underlie the

principal components. One is still faced with the problem of which variables to choose and

which lags to select.

To handle these problems, we need a model fitting device that performs subset variable

selection when the set of candidate predictors is large, but without having to rely on some

a priori ordering of the variables or of the lags. Such methods have been developed in the

statistics literature for use in genes and spam data analysis. The question is whether these

methods are also useful in analysis of economic data. In Bai and Ng (2006b), we considered

three such methods – LASSO (least absolute shrinkage and selection operator), LARS (least

angle regression), and the elastic net – with special focus on how to select functions of the

factors as predictors. LASSO and LARS have also been considered by DeMol et al. (2006)

as alternatives to diffusion index forecasting. In this paper, we consider another alternative,

boosting, with focus on the selection of lags.

We consider variations of boosting not previously considered in the literature:- a component-

wise approach that treats each lag as a separate variable, and a block-wise approach that

treats lags of the same variable jointly. Boosting necessitates a stopping rule. In the case

when the predictors are the estimated factors, we suggest a new boosting stopping rule to

prevent the model from being overfitted with estimated predictors. Our stopping rule con-

sists of two penalties, one is of order T−1, and one of order N−1, in contrast to the usual

penalty that depends on either the number of time series observations or the number of

cross-section units used in the analysis.

Our paper evaluates the effectiveness of boosting diffusion indices and observed predic-

tors. Since factor analysis and boosting can both handle large dimension data, one might
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question our motivation for combining the two procedures. Factor analysis is an approach

that summarizes information in a large number of variables into a small number of variables,

irrespective of which variable is to be explained. Boosting is a methodology that isolates

which, amongst a large number of variables are most helpful in predicting a variable of in-

terest. In the boosting framework, these variables can be the observed raw data, or they

can be orthonormal transformations of the raw data. In the later case, they can further be

interpreted as factors if the primitive assumptions of factor model holds. Combining them

is natural because factor analysis provides a dimension reduction in the predictors, while

boosting allows us to pick out the most relevant factors with a target variable y in mind.

The diffusion forecasting methodology as it stands does not have this capability.

The rest of the paper is structured as follows. We begin in Section 2 with a brief overview

of boosting. Section 3 considers boosting of factor-augmented regressions while Section 4

discusses the problem of estimated predictors. Simulations and an application are considered

in Section 5. It is worth emphasizing that our objective is to better understand implemen-

tation issues that are specific to economic applications, with the understanding that which

method is best necessarily depends on the design of the experiments.

2 Boosting

Boosting is a procedure that estimates an unknown function, especially the conditional

mean, using M stagewise regressions. Suppose we have observations on yt and on each of n

observed predictors, zt = (zt1, . . . ztn)′ (t = 1, 2, ..., T ). Let Φ(z) be a function defined on Rn,

and let C(yt,Φ(zt)) be the loss function that penalizes the deviation of Φ(zt) from yt. The

objective is to estimate the function Φ(·) that minimizes the expected loss E[C(yt,Φ(zt))].

Under the quadratic loss function C(yt,Φ(zt)) = 1
2
(yt − Φ(zt))

2, the optimal solution is

Φ(z) = E(yt|zt = z). The generic boosting algorithm for estimating Φ(z) based on observed

data can be described as follows:

1. initialize: Φ̂0(zt) = ȳ for each t.

2. for m = 1, . . . ,M

a. for t = 1, . . . T , compute the negative gradient vector ut = −∂C(yt,Φ)
∂Φ

|Φ=bΦm−1(zt)
.

Under the quadratic loss function, ut = yt − Φ̂m−1(zt).

b. fit a base learner (such as a regularized regression or a spline) to the gradient

vector to yield φ̂m. For example, with regularized regression, φ̂m(zt) = z′tβ̂, where

β̂ = argminβ
∑T

t+1(ut − z′tβ)2 + λ‖β‖2 for some λ > 0.
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3. update Φ̂m(·) = Φ̂m−1(·) + νφ̂m(·), where 0 ≤ ν ≤ 1 is the step length.

The algorithm estimates Φ(z) as the sum ofM estimated fitting procedures (or base learners),

φ̂m(z) to give Φ̂M(z) = Φ̂0(z)+ν
∑M

m=1 φ̂m(z). As indicated in Step (2), boosting is a ‘stage-

wise forward regression’ as it shares the property that variables are included sequentially

in a stepwise regression. Every boosting procedure entails the choice of a learner in Step

(2b). A leaner is ‘weak’ if it is simple, involves few parameters, and has low bias relative to

variance. Some popular learners are smoothing splines, least squares regression, and kernel

regressions. Step (3) shows that boosting is an ‘ensemble scheme’ that aggregates many

function estimates of the re-weighted data (or the so-called psuedo residuals). Note that at

the m-th iteration, ν · φ̂m is added to the overall fit, and not the entire φ̂m. Thus, boosting

not only performs subset variable selection, it also performs coefficient shrinkage.

Freund (1995) and Schapire (1990) introduced Adaboost as a classification device for

y ∈ {−1, 1}, and with C(y,Φ(z)) = exp(yΦ(z)). The remarkable resistance of Adaboost

to overfitting has generated a lot of research. In an important paper, Friedman (2001)

presented boosting as a gradient descent technique in function space that iteratively looks

for the steepest descent of Φ̂(z) to reach the minimum of the loss function. This provides a

formal link between boosting as a tool in machine learning analysis and as a formal statistical

procedure. See Friedman et al. (2000). Different loss functions will yield different boosting

algorithms. Adaboost is now understood to be similar to maximizing the negative of the

binomial likelihood. The usage of boosting has expanded from classification of univariate

variables to (generalized) regressions, survival analysis, and to systems analysis. It has

been used in bio-statistical analyses to link health outcomes to genes expressions, and in

classification analysis, such as spam data that are often analyzed in the machine learning

literature.

Boosting has several practical and theoretical advantages when used to analyze data that

are independent and identically distributed. It can handle high dimensional data well with

low computational cost, and when the data truly has a sparse structure, it can produce

models that do not tend to overfit. The bias-variance trade-off that underlies boosting is in

sharp contrast to that of nonparametric estimation, such as a smoothing spline. In spline

regressions, one often chooses the smoothing parameter, say, λ to control the bias-variance

trade-off. In boosting with spline learners, one fixes a λ such that the base procedure has

a low variance, but possibly a high bias. This bias is then reduced by boosting iterations.

Buhlmann and Yu (2003) showed that under quadratic loss, (L2) boosting with smoothing

spline learners achieves minimax optimal mean-squared error (MSE) rates. The authors
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showed that at each iteration m, the bias decreases while the variance increases at an expo-

nential rate. It is this exponential tradeoff that puts the MSE at the optimal rate achievable

by smoothing splines.2 Buhlmann and Hothorn (2006) provided an excellent introduction

to boosting from a statistical perspective. Our interest is in the application of boosting to

macroeconomic data, and we will now focus on a loss function and base learner that can

most easily accommodate such data.

For the remainder of the paper, Φ(z) stands for the conditional mean, a scalar function of

n-dimensional variable z; Φ̂m(z) is the boosting estimator of Φ(z) at the m-stage of boosting.

In the L2 boosting to be discussed below, these functions are evaluated at the data points

z1, z2, ..., zT , where zt is n× 1. We define

Φ = (Φ(z1), ...,Φ(zT ))′, and Φ̂m = (Φ̂m(z1), ..., Φ̂m(zT ))′

each being a T × 1 vector. Therefore, Φ(z) is a function and Φ is a vector. Their meaning

can be discerned from the context. Since they represent the same object, clarity should not

be affected even without making a distinction between the two. The same can be said for

Φ̂m(z) and Φ̂m. Also, we use Φ̂t,m to denote the t-th component of Φ̂m, as in Algorithms 1

and 2 below.

2.1 L2 Boost of iid Data

As mentioned earlier, minimizing the expected quadratic loss C(y,Φ(z)) = |y − Φ(z)|2/2
leads to the well known result that E(y|Z = z) is the population minimizer. Buhlmann and

Yu (2003) termed the boosting algorithm that minimizes quadratic loss as L2-boost. If the

base learner is a linear regression, step (2.b) under L2-boost can be rewritten as φ̂m = Sum−1

where um−1 are the least squares residuals at the end of step m− 1, S is a boosting operator

that maps y1, . . . yT to its fitted values. At the end of the m-step, the fitted conditional

mean is Φ̂m = BmY where Bm = IT − (IT − S)m+1 and Y = (y1, ..., yT )′. Notice that if the

eigenvalues of S are all less than 1, Bm → IT as m→∞, and this saturated model will give

a perfect fit. We therefore want to terminate step 2 at some m = M . The choice of the

regularization parameter M will be discussed below.

If we had performed OLS on all n potential predictors, we would get Φ̂ = PY , where P

is the projection matrix formed from the n regressors. However, under boosting with OLS

as the learner, Φ̂m = BmY and Bm 6= P , so Φ̂m 6= Φ̂. Thus, in contrast to OLS which takes

2A different ensemble method is bagging. While bagging is primarily a variance reduction technique,
boosting also reduces bias via its flexibility in combining models. See, for example, Rosset (2005).
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one greedy step towards the final model, boosting makes many small adjustments, where

‘greedy’ means that at each step, the function that leads to the largest reduction of the error

is added to the estimator. The resistance by boosting to overfitting has much to do with

this stagewise approach to model fitting.

We are interested in using boosting for estimation and prediction when (i) the number

of predictors is large, (ii) the data are dependent, and (iii) some and possibly all of the

predictors are ‘generated’. The next subsection deals with the large number of dynamic

predictors. Section 3 discusses how generated regressors will be accommodated.

2.2 L2 Boost of Dynamic Models

Suppose yt has zero mean. Let zt be the vector of predictors considered, and let n be the

dimension of zt. In the absence of dynamics, the predictors are zt = (w′t, X
′
t)
′, where we

recall that wt are ‘usual suspects’ predictors that researchers always choose to include. In

a dynamic context, the set of potential predictors are the current and lagged values of yt

and Xt as well as functions of these variables. Thus a reasonable base case set of predictors

is zt = (Zt, Zt−1, . . . Zt−pmax) where Zt = (yt−1, w
′
t, Xt1, . . . XtN , X

2
t1, . . . X

2
tN)′ for some pre-

specified pmax. We will denote the dimension of Zt by N̄ .

Given the set of potential predictors zt, we want to use boosting to fit a model for yt.

A question immediately arises— how to deal with the lags. We present two possibilities.

The first one, which will be referred to as component-wise boosting, treats each lag of each

variable as a separate predictor. The second considers each of the N̄ variables and their lags

jointly. We refer to this method as block-wise L2 boost. Details are as follows:

Algorithm 1: Component-Wise L2 boost When the number of potential predictors is

large, a convenient method, considered in Buhlmann and Yu (2003), is to fit learners using

one predictor at a time. Let z.,i denote the vector of T time series observations for the i-th

variable in the potential set. The predictor being selected at the m-th round, denoted z.,i∗

is such that

i∗m = argmin
i=1,...n

T∑
t=1

(ut − φ̂m(zt,i))
2.

That is, variable i∗m has the smallest sum-of-squared residuals amongst all predictors consid-

ered in the m-th step. The component-wise L2 boost with linear least squares as the base

learner can be implemented as follows:

1. let Φ̂t,0 = ȳ for each t.
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2. for m = 1, . . .M

a. for t = 1, . . . T , let ut = yt − Φ̂t,m−1 be the ‘current residuals’.

b. for each i = 1, . . . n, regress the current residual vector u on z.,i (the i-th regressor)

to obtain b̂i. Compute the ê.,i = u− z.,ib̂i, as well as SSRi = ê′.,iê.,i;

c. let i∗m be such that SSRi∗ = mini∈[1,...n] SSRi;

d. let φ̂m = z.,i∗m b̂i∗m

3. for t = 1, . . . T , update Φ̂t,m = Φ̂t,m−1 + νφ̂t,m, where 0 ≤ ν ≤ 1 is the step length.

If Zt is N̄ × 1 and a maximum of pmax lags is entertained, there will be n = N̄ × pmax
elements in zt. Component-wise boosting treats each of these n variables as distinct. As far

as we are aware of, treating each lag of a variable as a component has not been considered

in the context of time series data.

Algorithm 2: Block-Wise L2 Boost

1. let Φ̂t,0 = ȳ for each t.

2. for m = 1, . . .M

a. for t = 1, . . . T , let ut = yt − Φ̂t,m−1 be the ‘current residuals’.

b. for each i = 1, . . . N̄

b.i for p = 1, . . . pmax, estimate the model ut = a1Zt,i+a2Zt−1,i+. . . apZt−p,i+vtp.

For given AT that depends on the desire for a parsimonious model, compute

IC(p) = log(σ̂2
vp) + AT

p

T
(3)

where σ̂2
vp = T−1

∑T
t=1 v̂

2
tp;

b.ii let p∗i = argminp IC(p);

b.iii let b̂i be the least squares estimates obtained by regressing ut on zti, where

zti = (Zt,i, . . . Zt−p∗i ,i)
′. Compute the ê.,i = u− z.,ib̂i, as well as SSRi = ê′.,iê.,i;

c. let i∗m be such that SSRi∗m = mini∈[1,...N̄ ] SSRi;

d. let φ̂m = z.,i∗m b̂i∗m

3. for t = 1, . . . T , update Φ̂t,m = Φ̂t,m−1 + νφ̂t,m, where 0 ≤ ν ≤ 1 is the step length.

Our block boosting treats lags of the same variable as a group. It has some similarity to the

partial boosting device of Tutz and Binder (2005), which separates the ‘must have’ predictors
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from the rest by treating the former set of variables as a block. In our set up, there is no

‘must have’ variable(s).

Note that component wise L2 boost selects one predictor at each iteration, but the same

predictor can be selected more than once during the M iterations. Similarly, blockwise

L2 boost selects the predictor and its lags jointly at each iteration, and the same set of

predictors can be selected more than once during M iterations. Algorithms 1 and 2 can

both be desirable, depending on whether one is interested in a consistent estimate of the

true but sparse model, or in an efficient estimate of Φ(z) in a mean-squared error sense.

An example makes this precise. Suppose the data generating process is yt = β11yt−1 +

β21Xt−2,1 + β32Xt−3,2 + et+h, but β11 and β21 are small, though non-zero. We are given

N = 4 predictors and want to entertain up to 4 lags of each variable as predictors of y.

Given data on (yt, Zt), t = 1, . . . T − h, Algorithm 1 is more likely to pick Xt−3,2 as the only

predictor, and restrict β11, β21, as well as the coefficient on all other lags to zero. On the

other hand, Algorithm 2 will likely pick lagged y along with X1 and X2 as predictors with

lag lengths of 1, and 3 respectively, leaving β11, β12 and β22 unconstrained. Algorithm 1 is

more parsimonious, but may have a larger mean-squared error if the reduction in variance

induced by the two restrictions is not enough to offset the corresponding increase in bias.

As well, a procedure that produces a small in-sample forecast error need not perform well

out-of-sample. Which algorithm is more desirable will depend on the application on hand.

Whether we use Algorithm 1 or 2, the objective of L2 boost is still to estimate the

conditional mean, Φ(z). If we let β be the n × 1 parameter vector associated with the

predictors zt = (zt1, . . . , ztn)′, then the ‘in-sample’ fit is

Φ̂m(z) = ȳ + z′β̂m

and the out-of-sample estimate, given predictor zT+h is

Φ̂m(zT+h) = ȳ + z′T+hβ̂m

The estimator β̂m can be shown to follow the recursion (with β̂0 = 0),

β̂m = β̂m−1 + ν b̂†m,

where b̂†m is non-zero only in the i∗m-th position in the case of component wise boosting, and

also non-zero in positions corresponding to lags of the i∗m-th variable in the case of block-

boosting. The non-zero element of b̂†m is equal to b̂i∗m . Thus, β̂m and β̂m−1 differ only at
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positions relating to the i∗m-th variable. At the final step, β̂M will likely have many zero

elements, which is a direct consequence of subset variable selection.

The degrees of freedom of associated with boosting that stops at iteration m is

dfm = trace(Bm)

where

Bm = Bm−1 + νP (m)(IT −Bm−1) = IT −
m∏
j=0

(IT − νP (j))

where P (m) = z.i∗m(z′.i∗mz.i∗m)−1z′.i∗m is the projection matrix formed by the i∗m-th regressor z.i∗m
in componentwise boosting, or a block of regressors in block boosting (m = 1, 2, ...,M). The

staring value B0 = 1
ν
P (0) = ιT ιT/T , where ιT is T ×1 vector of 1’s. Also note that the vector

of fitted values at stage m is Φ̂m = BmY .

The stopping parameter M can be defined by an information criterion.3 Let σ̂2
m =∑T

t=1(yt − Φ̂t,m)2. Then M = argminm IC(m) where

IC(m) = log(σ̂2
m) +

AT · dfm
T

. (4)

The modified AIC and BIC can be obtained with AT = 2 and log(T ), respectively. This

is a modified IC because the complexity of the model is evaluated at dfm. In contrast, the

standard IC penalty uses the number of estimated β coefficients instead of dfm. Because a

regressor can be used in more than one of the M iterations, counting the number of non-zero

coefficient estimates is not the best measure of model complexity. Criterion (4) permits the

number of predictors to be larger than the number of observations, see Buhlmann (2006).

The bias and in-sample variance of Φ̂M(z) are, respectively,

bias(ŷ|z) = E[Φ̂M(z)− Φ(z)]

variance(ŷ|z) = var(Φ̂M(z)) = E[Φ̂M(z)− EΦ̂M(z)]2.

Because Φ̂M(z) is a non-linear and non-differentiable function of y, the evaluation of sampling

uncertainty is not a trivial exercise. Knight and Fu (2000) suggested using the bootstrap to

obtain standard errors for both ŷ and β̂M .

3For small samples, the corrected AIC, AICc(m) = log(σ̂2
m) + 1+dfm/T

1−(dfm+2)/T is also used in the boosting
literature.
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3 L2 Boosting with Estimated Factors

In section 2, we merely noted F̃t as factors estimated from a large panel of data by the

method of principal components. We now make precise how Ft is estimated. Let Xt =

(x1t, x2t, ..., xNt)
′ and Λ = (λ1, . . . λN)′ so that the factor model (2) can be written in vector

form

Xt = ΛFt + et.

Let X = (X1, X2, ..., XN), a T ×N data matrix, and let F = (F1, F2, ..., FT )′, a T ×r matrix.

The factor model can be further rewritten in matrix form X = FΛ′ + e. The principal

components estimator for the factors, F , is F̃ = (F̃1, ..., F̃T )′. This is a T×r matrix consisting

of r eigenvectors (multiplied by
√
T ) associated with the r largest eigenvalues of the matrix

XX ′/(TN) in decreasing order. Thus T−1
∑T

t=1 F̃tF̃
′
t = Ir. Then Λ̃ = (λ̃1, . . . , λ̃N)′ =

X ′F̃ /T . The number of factors r is chosen by the information criterion approach developed

in Bai and Ng (2002). Also let Ṽ be the r × r diagonal matrix consisting of the r largest

eigenvalues of XX ′/(TN), and H = Ṽ −1(F̃ ′F/T )(Λ′Λ/N). The matrix H depends on N

and T , but this dependence will be suppressed for notational simplicity.

SinceH is invertible, HFt and Ft will provide the same prediction when used as predictors.

However, both HFt and Ft are unobservable. The next lemma, proved in Bai and Ng (2002)

and Bai (2003), shows that F̃t is close to HFt for all t, justifying the use of F̃t as predictor

variables.

Lemma 1 Let H = Ṽ −1(F̃ ′F/T )(Λ′Λ/N). Suppose Assumption (A) as stated in Bai and

Ng (2006a) holds. Let δNT = min[N1/2, T 1/2]. Then

(i) 1
T

∑T
t=1

∥∥∥F̃t −HFt∥∥∥ = Op(δ
−2
NT )

(ii)
√
N(F̃t −HFt)

d−→N
(

0, V −1QΓtQ
′V −1

)
≡ N

(
0, Avar(F̃t)

)
where Q = plim F̃ ′F/T ,

V = plim Ṽ , and Γt = limN→∞
1
N

∑N
i=1

∑N
j=1 E(λiλj

′eitejt).

Assumption A provides the conditions for an approximate factor model that allows some

heteroskedasticity and correlation in the errors, both in the time series and cross section

dimensions. The results stated in Lemma 1 were used in Bai and Ng (2006a) to show that

if
√
T/N → 0 as N, T → ∞, the estimates obtained from the factor-augmented regressions

are
√
T consistent and asymptotically normal. In other words, the factors can be treated as

though they are known. Recall that variables with a ‘tilde’ means that they are principal
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components estimates. Our set of potential predictors is thus z̃Ft = (Z̃F
t , Z̃

F
t−1, . . . Z̃

F
t−pmax)

where Z̃F
t = (yt, F̃t1, . . . , F̃tr, F̃

2
t1, . . . F̃

2
tr).

An issue that remains to be considered is whether a generated (estimated) predictor

should be treated the same as an observed one. To better understand the problem, it is

useful to first consider the mean-squared forecast error when all predictors are observed. For

a generic regression model yt+1 = z′tβ + et+1, where zt is n× 1, the forecast is ŷT+1|T = z′T β̂.

The MSE is

E[(ŷT+1|T − yT+1)2] = E[(z′T (β̂ − β)− eT+1)2]

= σ2 + E[z′T (β̂ − β)(β̂ − β)′zT ].

Assuming
√
T (β̂ − β) ∼ N(0, σ2Q−1

z ), where Qz = E(ztz
′
t), T times the second term in

brackets is a χ2 random variable with n degrees of freedom whose expectation is n. This

gives MSE ≈ σ2(1 + n/T ). Replacing σ2 by the estimator T
T−n σ̂

2
n, where σ̂2

n is the MLE of

σ2, we obtained the estimated MSE, M̂SE ≈ σ̂2
n(T + n)/(T − n). The log of the estimated

MSE is approximated by

log(M̂SE) ≈ log σ̂2
n +

2n

T − n
.

As discussed in Brockwell and Davies (1991), this leads to the FPE (final predictor error)

criterion for choosing n as the minimizer of log(MSE). The AIC given in (4) can similarly

be motivated, except that the AIC replaces T − n by T .

Now suppose n1 ≤ n of the predictors are generated. Let z̃t = (zt1, . . . zt,n−n1 , ẑt,n−n1+1, . . . ẑt,n)

where ẑt,n−n1+1 . . . ẑt,n are themselves estimates. The regression is

yt+1 = z̃′tβ + (zt − z̃t)′β + et+1 = z̃′tβ + vt

with vt = (zt − z̃t)′β + et+1. The one-step ahead prediction is

ŷT+1|T − yT+1 = z̃′T β̂ − z′Tβ − eT+1

= z̃′T (β̂ − β) + (z̃T − zT )′β + (z̃T − zT )′(β̂ − β)− eT+1.

Assuming the third term on the right hand side is dominated by the first two, which will be

the case if z̃T − zT = op(1), we have

MSE ≈ σ2 + E[z̃′T (β̂ − β)(β̂ − β)′z̃T ] + β′E[(z̃T − zT )(z̃T − zT )′]β.

The consequence of generated predictors is to add the last term to the MSE. If
√
T (β̂−β) ∼

N(0, σ2Q−1bz ), the second term is again approximately σ2n/T . Next consider the contribution

11



of the last term

β′E[(z̃T − zT )(z̃T − zT )′]β. (5)

In the existing literature on generated regressors, e.g.,Pagan (1984), var(z̃t − zt) = Op(T
−1)

for all t. More specifically, under the assumption that
√
T (z̃T − zT )

d−→N(0,Σz), the contri-

bution of (5) is approximated by β′Σzβ/T . Thus the MSE can be written as

MSE ≈ σ2
(

1 +
n

T
+
cn
T

)
where cn = β′Σzβ/σ

2. Again, replacing σ2 by T
T−n σ̂

2
n, and replacing cn by ĉn = β̂′Σ̂zβ̂/σ̂

2
n,

we obtain the estimated MSE, M̂SE. Its log form is approximately

log(M̂SE) ≈ log(σ̂2
n) +

2n

T − n
+

ĉn
T − n

. (6)

The denominator T − n may be replaced by T akin to the AIC criterion. The above is a

modified FPE for choosing n in the presence of generated predictors; a generated predictor

is penalized more heavily than an observed one. Notice the overall penalty still decreases at

rate T . However, the additional penalty can be important in finite samples, a consideration

that appears to have been overlooked.

Our current problem is similar but non-standard because z̃t are estimated by the method

of principal components. More precisely, our z̃t is F̃t, which is
√
N consistent for zt = HFt,

in contrast to standard generated regressors which are
√
T consistent, as given in Lemma

1 (ii). Thus the additional penalty is of O(N−1). Based on the above analysis, we propose

the following procedure. Suppose F̃t are the r factors estimated by the method of principal

components from a T by N matrix of data.

(a) (lag length selection) For an arbitrary factor j ∈ [1, r], let σ̂2
jp be the variance from

estimating the distributed lag model yt+1 = (F̃tj F̃t−1,j . . . F̃t−p,j)
′ψj + εt+1,j,p by OLS.

Let

p∗j = argmin
p=1,...pmax

log(σ̂2
jp) + AT

p

T
+ AN

p

N
. (7)

(b) (boosting stopping rule) Consider a set of n potentially estimated predictors, z̃t =

(Z̃t, . . . Z̃t−pmax). Given some pre-specified M̄ , boosting stops at step M where

M = argmin
m=1,...M̄

IC(m), IC(m) = log(σ̂2
m) + AT

dfm
T

+ AN
cm
N

(8)

12



where dfm = trace(B̃m), B̃m = IT −
∏m

j=0(IT − µP̃ (j)), P̃ (m) is similar to P (m) defined

in previous section with z.i∗m replaced by z̃.i∗m , and cm is an approximation to β′E[N(z̃T −
zT )(z̃T − zT )′]β/σ2 = β′Σzβ/σ

2, which can be consistently estimated. In simulations, the

results are similar to using cm = m1, where m1 is the number of estimated predictors. Indeed,

AN(m1/N) captures the main idea that there are m1 predictors whose sampling errors vanish

at rate N , and is what we use in applications. The AIC obtains when AT = AN = 2, and

the BIC obtains when AT = log(T ), AN = log(N).

The proposed lag length selection and the boosting stopping rule penalizes an additional

regressor more heavily if that regressor is an estimated factor than if the regressor is observed.

The additional penalty vanishes at rate N , which is the cross-section dimension of the panel

of data from which the factors are estimated. The overall penalty of an additional predictor

vanishes at rate min[N, T ]. Factors that do not belong to the prediction equation (i.e. βj = 0)

cannot contribute to the sampling variability of y and thus will not be penalized beyond the

usual bias-variance trade-off.

Notice that if F̃tj is being estimated, so are its lags. Thus, when using block-wise boosting,

(7) should be used in step (2) for lag length selection. Of course, under Algorithm 1 when

each lag is treated as a separate regressor, (7) is irrelevant. On the other hand, (8) should

be used as a boosting stopping rule when some and possibly all of the predictors are factor

estimates.

The large sample properties of boosting when all the predictors are observed has been

an active area of research in statistics. Zhang and Yu (2005) showed convergence of the

boosting solution to the infinmum of the loss function over the linear span of the predictors.

In an iid setting, Buhlmann (2006) showed that L2 boost yields consistent estimates in

high dimensional linear models when the number of predictors is allowed to grow as fast

as the sample size, and assuming that the true underlying model is sparse in terms of the

L1 norm of regression coefficients. More precisely, the author showed (in our notation) that∫
|Φ̂mT

(z)−Φ(z)|2dFn(z) = op(1) as T →∞ with mT = op(T
η) for some η > 0, where Fn(z)

is the cdf of zt under iid assumption for zt. Lutz and Buhlmann (2005) extends Buhlmann’s

result to a multivariate, time series setting and shows that L2 boosting recovers the true

sparse regression function even if the dimension of the predictors increase with the sample

size.

Proposition 1 Let Φ̂M(z) be the boosting estimate for the conditional mean when all the

predictors are observable, and let Φ̃M(z) be the boosting estimate when some or all of the

predictors are estimated by the method of principal components. If
√
T/N → 0 and boosting
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terminates at step M with M
min[
√
N,
√
T ]
→ 0 as M,N and T → ∞, then 1

T

∑T
t=1 |Φ̃M(zt) −

Φ̂M(zt)|2 = op(1), and for each given z, |Φ̃M(z)− Φ̂M(z)| = op(1).

Because boosting repeatedly fits a model using the estimated predictors, the error from

estimating the predictors accumulates. The proposition, proved in Bai and Ng (2006c), puts

an upper bound on the boosting stopping rule. If this condition is satisfied, then together

with the result that boosting can consistently estimate the structure of the sparse model when

the factors are observed, we have the result that boosting will also consistently estimate the

sparse structure if the latent factors are replaced by the principal components estimates.

4 Simulations and Applications

In this section, we simulate data from two data generating processes to assess the effectiveness

of boosting in a FAR framework. We will use Cj to denote component-wise boosting, and

Bj to denote block-wise boosting, where j will be defined below.

DGP 1 For j = 1, . . . rrmax, i = 1, . . . N , and t = 1, . . . T :

xit = λ′iFt +
√
rrmaxeit

Fjt = αjFjt−1 + ujt

eit = ρieit−1 + σεεit.

The parameter σε controls the strength of the factors in the predictors. The larger is σε,

smaller is the common relative to the idiosyncratic component. The objective is to forecast

yt+h, where

yt+h = β1F1t + β2F3t−4 + β4F
2
6t + σyvt+h.

We let β = (.8, .5, .3)′, αj ∼ U [.2, .8], and ρi ∼ U [.3, 8]. These are drawn once and held

fixed during simulations. The factor loadings are λi ∼ .5N(0, rmax), while the shocks are

(ujt, εit, vt+h) ∼ N(0, I3). We consider 7 configurations of (σε, σy).

DGP 2 Generates xit as in DGP 1, but y is specified as

yt+h = β1F2t + β2F2t−1 + β3F2t−2 + β4F4t−1 + β5F4t−2 + vt+h

with β = (.8, .5, .2, .4, .4).
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We use boosting to select predictors from the forecasting equation

yt+h = κ0 + α(L)yt + β(L)f̃t + εt+h

where the choice of f̃t is not limited to a subset F̃t. More specifically, f̃t is formed from one

of six potential predictor sets:

(i) f̃t = (x1t, . . . xNt)
′ = Xt;

(ii) f̃t = (x1t, . . . xNt, x
2
1t, . . . x

2
Nt)
′;

(iii) f̃t = (F̃1t, . . . F̃rmax,t)
′, the rmax principal components of the data matrix T×N matrix

X = (X1, ..., XN).

(iv) f̃t = (F̃1t, . . . F̃rmax,t, F̃
2
1t, . . . F̃

2
rmaxt)

′;

(v) f̃t = (G̃1t, . . . G̃rmax,t)
′, the rmax principal components of the T×6N matrix X∗, where

x∗it = (xit, x
2
it, xit−1, xit−2, xit−3, xit−4)′;

(vi) f̃t = (G̃1t, . . . G̃rmax,t, G̃
2
1t, . . . G

2
rmax,t)

′.

The first set of predictors consists of just the observed variables, X = (X1, X2..., XN), and

the second consists of the observed variables and their squared values. The third set is

the rmax principal components of XX ′. Predictor set (iv) adds the squares of the factors.

Predictor set (v) forms principal components from an expanded data set as suggested by a

referee, and set (vi) further adds the squares of the principal components. We could have

considered an even larger set of predictors by considering all the cross-products of xit. Given

that the DGPs do not include such terms, this is not considered.

For each predictor set, we use either block or component wise boosting to select which

lags of yt, which elements of f̃t and their lags to enter the forecasting equation. Thus, for

each DGP, there are 12 sets of results. We use the BIC both for lag length selection and

for choosing the stopping rule, M . Thus AT = log(T ) and AN = log(N). The results are

slightly better when the BIC is used, and to conserve space, the results for the AIC will not

be reported.

We simulate 250 observations of the variables and discard the first 50 observations, leaving

200 observations for evaluation. The first estimation uses data from t = 1, . . . 101 to perform

a three period ahead forecast, ie. T + h = 104. Then T is incremented by 1, the estimation

is repeated, and a forecast for T + h = 105 is performed. The last forecast of T + h = 200

is based on estimation using data up to T = 197. Each forecast ŷT+h|T is then compared

to yT+h. We compare the different forecasting methods using three criteria. Based on the

98 forecasts, we compute (i) median bias, (ii) the root-mean-squared forecast error (RMSE)
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relative to the variance of y, and (iii) the mean-squared forecast error relative to an AR(4)

forecast. The median bias is reported as the mean bias tends to be distorted by unusually

bad forecasts. The AR(4) has often been used as benchmark in the literature on diffusion

index forecasting. A relative RMSE bigger than one means that the AR(4) outperforms the

method considered. Normalizing by the variance of the series to be forecasted provides a

comparison that does not depend on the choice of the benchmark.

4.1 Results

Before turning to the specific DGPs, some general observations are of note. First, the method

that yields that lowest bias tends not to be the method that has the lowest RMSE. This is

true whether we use the AIC or BIC to select the stopping rule. The modified information

criteria that takes into account of generated regressors tends to have smaller bias, but the

best method tends not to depend on the correction factor. We report these results in Tables

1a-4a but they will not be separately discussed.

The results for DGP 1 are reported in Table 1. The column labeled with X(C) refers

to componentwise boosting with f̃t = (x1t, ..., xNt), i.e., predictor set (i) of Section 4. The

X(B) column refers to block boosting with the same predictor set as X(C). Similarly, the

X2(C) column refers to componentwise boosting with f̃t being predictor set (ii) of Section

4, and F (C) refers to predictor set (iii), and so on. Whether one considers bias or RMSE

as criteria, boosting the factors tends to be better, in general, than boosting the observed

variables. This should not be surprising given the DGP. For this DGP, component wise

boosting tends to yield smaller errors than block boosting. The performance of the methods

considered deteriorates when σy and/or σe are large. For example, when σe = 2, adding x2
it

as potential predictors or using them to form principal components seem to increase forecast

errors. In some cases, the simple AR(4) is better than many of the methods considered. In

cases when boosting X is best, boosting the factors usually do not fare significantly worse.

However, when boosting the factors is best, it tends to outperform boosting the observed

variables by at least 10% of the RMSE.

Under DGP 2, y is predicted by F2 and F4, and their lags. Unlike DGP 1, some of the

predictors are dynamically related. It is clear from Table 2 that boosting the factors gives

smaller MSE and often smaller bias than boosting the observed predictors. Forming the

factors from the expanded data set (that includes the lags and quadratic terms in x) tend

to yield forecasts strongly inferior to even an AR(4).

Overall, the results show that boosting the observed variables is inferior to boosting
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the factors when the data have a strong factor structure. In results not reported, we also

considered a case in which the dependence of y on X is concentrated on a small number

of variables. It is not surprising that in such cases, boosting the observed variables can

perform quite well. As for component versus block boosting, this too is DGP specific.

What is however promising is that the boosting methods considered have the potential to

reduce forecast errors. Practitioners need to carefully evaluate which method is best for their

application on hand as the difference between the best method and worst method can be

non-trivial.

4.2 Applications

In this sub-section, we applied the same procedures to five series: inflation, the change in

Federal Funds rate, growth rate of industrial production, growth rate of employment, and

the unemployment rate. In each case, we are interested in forecasting the series 12-months

ahead. The predictors consists of a panel of 132 series.4 These are monthly time series

available from 1960:1 to 2003:12 for a total of T = 528 observations. From this large panel

of data, eight factors are estimated and denoted F̃t.

The current DI methodology has two limitations: f̃t is ordered according to F̃t, and the

dynamic structure is rather restrictive. As discussed earlier, both problems arise because

there is no easy way to select a subset of predictors when the predictors have no natural

ordering. Here, the choice of f̃t is not limited to a subset or functions of F̃t. As in the

simulation subsection, we consider six predictor sets (i)-(vi) described earlier, except that

Xt is an 132 × 1 vector of macroeconomic series, instead of simulated series. The result is

reported in Table 5. Once again, C denotes componentwise boosting, and B block boosting.

For brevity, we only report the average RMSE relative to an AR(4) forecast, using the

adjusted BIC to select the boosting stopping rule. An entry below one means it beats the

AR(4) forecast. We evaluate the methods over eight subsamples. The first column of Table

3 is the performance of the DI forecast. Notably, except for the subsamples that start in

1984, the DI produces smaller errors than an autoregressive forecast. We note in passing

there are generally some reductions in RMSE when the estimated predictors are more heavily

penalized. When many estimated factors are being considered as predictors, the additional

penalty properly takes into account of sampling variability to avoid choosing too many

estimated predictors. The question is whether boosting can do better. The answer to this

4The data are taken from Mark Watson’s web site http://www.princeton.edu/ mwatson. The four series
are PUNEW, FYFF, IP and CES002.
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is, yes, by block-boosting. Block boosting clearly outperforms component-wise boosting

and always produces smaller RMSE than the DI. The results show that there is no gain

by considering squared values of estimated factors (columns 7, 9, 11, 13). When directly

boosting observable variables, including quadratic variables adds no benefit either (columns 4

and 5). However, boosting the principal components formed from adding quadratic variables

and lags performs quite well, as shown by the result in column 12. This suggests that some

predictable variation in inflation is contained in the higher order terms.

Columns 2–5 present results from boosting the 132 predictors, plus their squared terms.

Again, block boosting is better than componentwise boosting. Boosting the observable

variables performs well except for the subperiods of 1984.1-2002.1 and 1990.1-2000.1. The

performance can be period specific. As noted earlier, adding squared terms does not improve

the performance. In comparison, the results in column 12 are more stable. Stock and Watson

(2002) suggest that the DI approach may be less susceptible to parameter instability than

the classical approach to prediction. Our results support this conjecture.

Results for the federal Funds rate, employment, and industrial production are presented

in Tables 4, 5 and 6. For all but one sub-sample and only for the Fed Funds rate, one of

the methods considered yields a lower RMSE than the DI forecast. For all three series,

some form of quadratic term appears to help forecast the series of interest. While compo-

nent wise boosting of the predictors works systematically well for industrial production and

employment, boosting factors formed from functions of the observed data works better for

the federal funds rate. Table 7 present results for the unemployment rate. For this series,

the standard diffusion index forecast tends to outperform the boosting alternatives. How-

ever, unemployment rate is possibly non-stationary. Accordingly, Table 8 reports results

for forecasting the change in unemployment rate. Now boosting again outperforms the DI.

These results make clear that a method that forecasts a series well may not forecast another

series just as well. The need to search for the best methodology as the environment changes

remains the reality of forecasting economic time series.

5 Conclusion

Boosting is a tool for analyzing high dimension data in the machine learning literature

and in biostatistics. This paper considers the usefulness of boosting in economic analysis.

In particular, boosting is used to select estimated factors to be augmented to a standard

forecasting equation. It has the advantage that it does not require a priori ordering of the

predictors or their lags as conventional model selection procedures do. We also discuss how to
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account for the fact that our predictors are estimated by the method of principal components

in forecasting applications.

As the zero restrictions are imposed by boosting on the parameters in stochastic manner,

one might want to take into account the sampling variability due to model selection on the

parameter estimates. One possibility is to cast boosting in terms of linear estimation subject

to stochastic constraints. In this regard, boosting can be thought of as a Theil-Goldberger

mixed estimator for which the variance of the estimator takes into account randomness

of the constraints. The extension is not straightforward because of the non-linearity and

non-differentiability of Φ̂M(z) in y. We leave this for future research.
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Appendix

Lemma A1 Let P̃ = F̃ (F̃ ′F̃ )−1F̃ ′ where F̃ is a T × r matrix of factors estimated from a

T ×N panel of data by the method of principal components. Also let P = F (F ′F )−1F ′ where

F is the factor matrix. Let δNT = min[
√
N,
√
T ]. Then (i) ‖P̃ − P‖ = Op(δ

−1
NT ), and (ii)

‖(F̃ ′F̃ )−1F̃ ′ − (F ′F )−1F ′‖ = 1√
T
Op(δ

−1
NT )

This follows from the argument in the proof of Lemma 2 of Bai and Ng (2002), and Lemma

1(i) of this paper. The details are omitted.

Proof of Proposition 1. The fitted value Φ̃M equals B̃MY and Φ̂M = BMY .

1

T

T∑
t=1

|Φ̃M(zt)− Φ̂M(zt)|2 =
1

T
‖Φ̃M − Φ̂M‖2 ≤ ‖B̃M −BM‖2(‖Y ‖2/T ).

Note ‖Y ‖2/T = 1
T

∑T
t=1 ‖yt‖2 = Op(1), and

B̃M −BM =
M∏
m=1

ãm −
M∏
m=1

am = (ã1 − a1)A1 +B1(ã2 − a2)A2 + . . . BM−1(ãM − aM)AM

where ãm = IT − P̃ (m), am = IT −P (m), and Am =
∏M

j=m+1 ãj . But aj and ãj are projection

matrices whose largest eigenvalue is one, and thus ‖aj‖ ≤ 1 and ‖ãj‖ ≤ 1. It follows

that ‖Am‖ ≤ 1 and ‖Bm‖ ≤ 1 for all m. Furthermore, (ãm − am) = P (m) − P̃ (m) and

‖P (m) − P̃ (m)‖ = Op(δ
−1
NT ) by Lemma A1(i). It follows that

‖Bj−1(ãj − aj)Aj‖ ≤ ‖Bj−1‖ ‖ãj − aj‖ ‖Aj‖ ≤ ‖ãj − aj‖ = Op(δ
−1
NT ),

and ‖B̃M −BM‖ = Op(M/δNT ). Thus if M/δNT → 0, then 1
T

∑T
t=1 |Φ̃M(zt)− Φ̂M(zt)|2

p−→0.

Next, Φ̃M(z) = ȳ + z′β̃M and Φ̂M(z) = ȳ + z′β̂M . Note that (for M ≥ 1)

β̂M = ν (̂b†1 + · · ·+ b̂†M), β̃M = ν (̃b†1 + · · ·+ b̃†M)

where b̃†m = (z̃′i∗m z̃i∗m)−1z̃′i∗mY , and b̂†m is defined similarly with zi∗m replacing z̃i∗m m = 1, 2, ...,M .

Thus

|Φ̃(z)− Φ̂(z)| ≤ |ν|‖z‖
[
‖b̃†1 − b̂

†
1‖+ · · ·+ ‖b̃†M − b̂

†
M‖
]

By Lemma A1(ii),

‖b̃†m − b̂†m‖ ≤ ‖(z̃′i∗m z̃i∗m)−1z′i∗m − (z′i∗mzi∗m)−1z′i∗m‖‖Y ‖ ≤ Op(δ
−1
NT )T−1/2‖Y ‖ = Op(δ

−1
NT )

It follows that

|Φ̃(z)− Φ̂(z)| ≤ |ν|‖z‖MOp(δ
−1
NT )

and the above converges to zero if M/δNT → 0.
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