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Abstract

This paper presents an approach to dynamic factor modeling in which variations can be
idiosyncratic, block-specific, or common across blocks and units. Existing two level factor mod-
els do not usually account for variations at the block level which implies that these can be
confounded with genuine common co-movements in the data. Specifying the block structure
also facilitates interpretation of shocks to economic activity. Our approach is aimed at three
types of applications: (i) decomposition of variance to assess the relative importance of different
shocks, (ii) understanding how block-specific shocks impact overall economic activity, and (iii)
monitoring and economic forecasting. We estimate a three level model for housing and find ev-
idence of aggregate housing shocks, but these are small relative to common regional shocks and
shocks to individual series within regions. We also estimate a model for real economic activity
excluding housing. The 315 time series are organized into six blocks according to the timing of
data releases. The results suggest that block-specific variations are important. Data released
in the household survey component of the monthly employment situation report turn out to
be mostly idiosyncratic and bear little information about the state of real economic activity.
Finally, we estimate a four level model consisting of 402 series organized into an output, an
employment, and a demand block that each are broken down into sub-blocks. According to this
model, the level of real economic activity at the end of our sample in February 2008 was about
1.5 standard deviations below average, but still well above the level of 3 standard deviations
below average reached at the trough of the recession in 2001.
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1 Introduction

Macroeconomists define the business cycle as common fluctuations across a wide range of economic
variables. Starting with the seminal work by Geweke (1977), dynamic factor models have been used
to extract the common fluctuations in economic variables. As predicted by economic theory and
verified by numerous empirical papers with Sargent and Sims (1977) being the first, the business
cycle fluctuations can be captured by a relatively low dimensional factor compared to the large
number of economic time series available. This has lead to intensive research in the last decade
on principal component type estimates that are able to extract the low dimensional factor under
very weak conditions on the underlying time series and factors. Work by Stock and Watson (2002)
and Forni et al. (2005) stimulated much interest in this area of research. Thus, whereas early work
extracts the common factors from a relatively small number of series, the more modern practice is
to extract them from large panels of data. These are usually constructed by taking a number of
individual series from different data releases produced by statistical agencies often with the intent
to give a balanced representation to the various sectors of the economy. In this paper we propose a
new dynamic factor model that exploits the block structure of data releases by statistical agencies,
information on the sectoral structure of the economy, and prior views about how economy activity
might be related across market, region, industry etc. to improve the estimation and interpretation
of the low dimensional business cycle factor.!

We develop a state space estimation methodology for a highly flexible hierarchical (multi-level)
dynamic factor model. The hierarchy is produced by splitting a large panel of data collected into
a much smaller number of blocks, each of which consists of a reasonably large number of series.
Each block is driven by its own block-specific factors that has a component driven by factors that
are common across all of the blocks. Higher level models can be obtained by further splitting some
blocks into finer sub-blocks. This hierarchical structure implies that the transition equation for
the common factors at a given level has a time varying intercept that depends on the common
factors at the next level and must be taken into account in the filtering algorithm. The state
space methodology applied to this hierarchical structure naturally facilitates the monitoring and
interpretation of changes in the state of the economy as new data arrives in real time. It also allows
us to easily deal with missing data, data collected at different frequencies, and can handle a much

larger number of time series than the standard state space approach to dynamic factor models.

!The widely used macroeconomic data provided by Stock and Watson (2006) is already loosely organized around
blocks of data on output, consumption, prices, etc. Although it is not always clear which block some series belong
to, this ambiguity does not matter as the block structure is not exploited in the analysis. In contrast, in one of our
main applications data are placed into blocks by data source. For example, we might have a retail sales block based
on the underlying detail of the the Census Bureau’s monthly retail sales release.



We work with large dimensional panels, meaning that the number of cross-section units (V)
and time series observations (") are both large, but that the number of blocks, B, is much smaller
than N. Let i = 1,..., N be an index for units, t = 1,...,T be an index for time, and b=1,..., B
be the index for blocks. Abstracting from dynamics to focus on the hierarchical structure for now,
an observation on economic variable/unit i belonging to block b observed at time ¢, denoted xp;,

is modeled as

/ .
Tpit = AqpiGot + expit, © = 1, ..., my (1)

where Gy is a set of kg latent, block-specific factors, Ny is the total number of variables/units in
block b and exy;; is a purely idiosyncratic error (i.e., independent of all other errors and factors
but not necessarily an IID process). We posit that the latent block-specific factors are modeled as

depending on some common factors:
Grot = NppFy + e (2)

where Fj} is a vector of kr factors that are common across blocks and eq,,, is a block-specific idiosyn-
cratic error (i.e., independent of all other block specific errors and all factors but not necessarily
an IID process). Thus, variables/units within a block can be correlated through F; or eggp, but
variables/units between blocks can be correlated only through Fi. In the terminology of multilevel
models, (1) is the level-1 equation, (2) is the level-2 equation. A stochastic process for F; would
constitute a level-3 equation. If the process for F; did not depend on another higher level of factors
this would constitute a level-3 model.

The difference between a multilevel and a standard factor model is best understood when there

is a single common and a single block-specific factor (kg = krp = 1),

Thit = Aabi(Arp1Fr + ecpit) + exvit

= A\piFy + vpi (3)

where \p; = AgpiApp1 and

Upit = AG.bi€Gblt + €Xbit-
A standard factor model ignores the block structure and stacks all observations up irrespective of
which block an observation belongs to. The data are thus analyzed using the level-2 representation

it = Ny + v

We would obtain an exact factor model if {egp¢ : b = 1,..., B} was a zero stochastic process.

We would obtain an ‘approximate factor model’ if v; is ‘weakly correlated’ across ¢ and t. In



practice, this means that the number of idiosyncratic errors that are serially and/or cross-sectionally
correlated cannot be too large. When this assumption is satisfied, the largest eigenvalue of the
population covariance matrix of the IV x 1 vector x; will increase with N, but the 2nd eigenvalue will
be bounded. To the extent that the sample principal components are consistent for the population
principal components, and the population principal components span the space of the underlying
factor, the sample principal components will consistently estimate the space spanned by the latent
factor as N, T — oo.

The approximate factor model does not rule out correlation within blocks per se. It merely
restricts extensive correlation between wvy; and wyj, a condition that will be satisfied if block
specific effects are absent. Alternatively it could be satisfied if the number of series in each block
was relatively small and as N — oo, B — oo with N, < oo for all blocks. However, the standard
approach to increasing the number of series is to increase the level of disaggregation within each
block. For example, one might start at the two digit industry level and then expand the number
of series by going to the three digit level and so on. In this case the largest eigenvalues of the
covariance matrix of X may not be sufficiently separated, and as noted in Boivin and Ng (2006)
and Onatski (2006) for a range of cases, the consequence is that the principal components estimator
may not estimate the factor space precisely. A multi-level model directly tackles this problem by
explicitly modeling the block structure. To illustrate, suppose we are interested in having a factor
for prices. Rather than estimating a single price factor from the collection of producer prices,
consumer prices, commodity prices, wages, and import prices, we can first find factors specific to
the sub-blocks separately. This would yield producer price factors, consumer price factors, and so
forth. Common price factors can then be found from the block factors and perhaps passed up to
a higher level with factors related to real activity. As the block-level factors are estimated using
more homogeneous data, we reduce the possibility that block-level variations are mis-identified as
factors common to a pooled panel of data. Further, we can expand the number of series in any of
the blocks holding the number of block specific factors fixed without running the risk that it will
affect the estimation of factors from the other blocks.

Explicitly modeling the dynamics at the individual, block, and the aggregate levels is useful in a
variety of economic models. Asset returns are commonly assumed to depend on a set of risk factors
where the proxy for the factor affecting all assets is the market factor. But in addition to the sources
of risk that all assets are exposed to, there might also be return variation that is specific to assets in
a given industry. To construct portfolios that are well diversified or shall be used as a hedge against
a certain type of risk, it is important to properly identify the different sources of comovement among

asset returns. A natural approach to do so is to start by studying the comovement of returns at the



industry level and then to analyze to what extent the industry-factors are driven by a market-wide
source of comovement. As another example, one might argue that business cycle variations are
driven by different types of shocks related to global, regional or country-specific events as in Kose
et al. (2003). Here again, it seems natural to start by studying the comovement among different
business cycle indicators at the country-level, then to analyze to what extent countries in the same
region of the world are affected by the same source of common variation, and finally to identify the
global component behind the regional variation. Our hierarchical dynamic factor model naturally
lends itself to analyzing such empirical questions.

The proposed dynamic hierarchical factor model has two other advantages. First, it gives more
structure to the latent objects that are being estimated at each level. For example, factors extracted
from the retail sales block can directly be interpreted as a retail sales factor. Variations that are
common amongst the block-specific factors are naturally the common factors. Common, block-
specific, and purely idiosyncratic variations are clearly distinguished, making a decomposition of
variance analysis possible. Further, in many cases we can recreate aggregates produced by statistical
agencies within a block of data allowing us to decompose the shocks to well-known aggregates such
as private payroll employment. This goes part way in alleviating a common critique of factor
models, namely, that the factors do not have a meaningful economic interpretation. In our setup, a
sharp drop in the factor corresponding to the durable goods block without a concurrent drop in the
factors of the remaining blocks is a shock to the durable goods sector. In contrast, a simultaneous
drop in factors across blocks would be indicative of a general decline in the state of the real economy.

Second, different counter-factual experiments can be specified in our framework. Suppose we
want to assess the state of the economy following a hypothetical one percent drop in housing
activity. This can be accomplished by reducing each series in the housing block by one percent,
re-estimate the factor in the block, and then construct the counter-factual Fi, holding other block-
specific factors fixed. Alternatively, if we want to consider the state of economic activity following a
one percent reduction in home prices in the northeast, we would reduce the data of the appropriate
series by one percent, reconstruct the factor for the housing block, and subsequently the counter-
factual F;. If on the other hand, we want to consider a one percent drop in all economic activity,
we would reduce all series in the panel by one percent, re-construct Gy for all b, and subsequently
F;. In each case, we can trace out the chain of effects that account for changes in Fy.

This paper sets up the model and the framework for estimation. How to use the model for
monitoring and counterfactual experiments will be discussed in a companion paper. Our goal here
is to show that block-level variations are significant, and that going from a two to a three level model

not only has statistical advantages, it also provides a better understanding of economic fluctuations.



We consider three examples. The first uses housing data where the blocks are determined by
geography. The second uses six blocks of data on output unrelated to housing where the blocks are
defined according to the timing of data release. Building on this six block model for output, data
from the demand side are then added, leading to a four-level model for real economic activity. The
decomposition of variance in each case shows that block-level variations tend to be stronger than
the common variations, though both are small relative to the purely idiosyncratic component in

the series.
2 A Three Level Dynamic Factor Model

Denote the observed data by xfg (possibly after logarithmic transformation), where i = 1,... N
index units and ¢t = 1,...7T index time. We have B blocks of data, each of size N,. Thus,
N = Zle Ny is the total number of cross-section units in the panel. A three level ’static’ factor

model can be specified as

D /
T = G+ G+ Agpigot T €xbit
!
Gokt = Cgk + Npprft + ecbrt
fre = Cfr + €Frt.

We use the notation that gy is the k-th factor specific to block b, while f,; is the r-th common
factor. As ¢, and ¢; are not separately identifiable, we work with deviations from means as in Stock
and Watson (1989) and Kim and Nelson (2000). For i = 1,... N, let

®i(L)zy = X7

and
®,(L) = (1 — ¢l — ... gi)ipr) <1 — ¢10L>.

By suitable choice of ®;(L), X% is covariance stationary. The first difference filter obtains if
i1 = ... = ¢ip = 0 and ¢;o = 1. If a series does not require transformation to be stationary, ¢;o = 0.
A factor structure is sometimes imposed on variations not explained by the series’ own past. We
therefore also allow ¢;;(s),7 = 1,...,p to be non-zero, so that Xiltj would be the residuals from
autoregressions in 7 (or Az2). Let mean(XP) = 7' 3.1 | X2 and std(X}) be the corresponding
sample variance. Our multi-level factor model is defined in terms of the demeaned and standardized

data,
X — X — mean(XP)
* std(XD)




The mean zero block-specific factors are Gyrr = gpit — fig,, and the mean zero common factors are
Fop= fro—pprfork=1,.. .k, r=1,... Kr.? We now present a three-level dynamic factor model
for X;.

There are a total number B of blocks of data. We assume that there are k;, common factors Gy in
each block b =1, ..., B. Hence, there is a total number K = (k1 +...+kp) of block-specific factors.
We assume that these K block-specific factors share a total of K common factors F. Moreover,
we denote Nj, the number of variables in block b. This implies a total number N = (N +...+ Np)
of variables in the economy.

Each time series in a given block b is decomposed into a serially correlated idiosyncratic com-
ponent, expi¢, and a component Ag p;(L)Gy which it shares with other variables in the same block.
The dynamics of each block-specific factor Gy; are decomposed into a serially correlated block-
specific component egp: and a component App(L)F; which it shares with all other blocks. Finally,

the economy-wide factors F; are assumed to be serially correlated. Let

Xp = (Xpra Xpro "'th~Nb)/
Gy = (th,1 G2 "'th'kb)/'

The model can be summarized by the following equations:

Xt = AcwoGoe+ .-+ AGbse, Got—sey, T Xt (4)
Gy = AppoFi+ ...+ AppspFiosp + eau (5)
Fp = VYpiFia+ .. . +VegFigp +ert (6)
eart = VYapieabi—1+ -+ VGbge,€abt—qa, T €GbE (7)
exvit = Vxpitexvit—1+ -+ VX bigy, €Xbit—qxs T+ €Xbit- (8)

The idiosyncratic components exp; are AR processes of order ¢xp; with innovations,
~ N(0,0%)
€Xbi y O Xbi)

Similarly, the block-specific component is an AR process of order gg, and the block-specific inno-

vations are normally distributed. For b=1,..., B:
eap ~ N(0, aéb).

Finally, the economy-wide factors Fj; are AR processes of order ¢r, and we also assume a normal

distribution for the innovations to the economy-wide factors:

er, ~ N(0, O’%k).

2Estimates of parameters uy and uy can be uncovered once the model parameters are estimated. For graphing
purposes, it is actually more useful to standardize estimates Gy so they can be compared across blocks.



The dynamics of the model can be enriched by allowing for stochastic volatility and markov switch-
ing effects. The current specification allows the lag order of the factor loading matrix and the factor
specific errors to differ across blocks as well as within blocks. Similarly, the lag order of the id-
iosyncratic errors can also vary across blocks and units. Thus, sg, = (Sgp.1,- - - SGb.nN,) 1S a vector.
Similarly, ¢x» = (¢xb.1,---gxb.n,) and gap = (¢Gp.1, - - - 4Gk, ) are also vectors with possibly non-

identical entries. Stacking up the data by blocks and letting

Xy = (Xu Xu
G = (Gu Gxn

X))
.G,

we have

Xt = AG(L)Gt+€Xt

Gy Ap(L)F; + ect
Ux(L)ex: €Xt
Y (L)ec €Gt
Up(L)F; €EFt.

Let s¢ = maxy(max;en, sgv.i), gx = maxy(maxen, ¢xpi), and g = maxy(max,cr, ggpr). The

model can be compactly written in matrix form as

AG(L) = Ago+A@iL+...+Ag, L%
Ap(L) = Apo+ApiL+...4+Aps, L°F
Uy(L) = Iy —UxiL—...— Uxy LIX
V(D) = Ixy—UeiL— ... — Wge LI
Up(L) = Ixp — UL —...— Upy, LI

The polynomial matrices in L above have the following dimensions:

Ag(L) is a N x K¢ matrix polynomial of order sg
Ar(L) is a K¢ x K matrix polynomial of order sp
Ux(L)is a N x N matrix polynomial of order gx
V(L) is a Kg x K¢ matrix polynomial of order g

Up(L)is a Kp x Kp matrix polynomial of order gp



To ensure identification of the block-specific factors GG, we assume that for s =0,...,sg

AG.ls 0 . 0
AG.S _ 0 AG.QS
: . 0
0 “e 0 AG.BS

The block-diagonal structure of Ag s implies that each block Xj of variables exclusively loads on the
block-specific factors Gy. Moreover, we assume that at lag 0, and for each b =1,..., B, each Ag g,
is a Ny x kp matrix whose upper-left k; x k; block is lower-triangular with ones on the diagonal.

More precisely, for k;, = 3, we would have

i 1 0 0 T
AGbos, 1 0
Acros:  Acbos. 1

Acwo=| Acwos,  Acwos.  Acboss

Acog,: AGbokg: Acboggs

This implies that the first variable within each block exclusively loads on the contemporaneous
observation of the first block-specific factor, the second exclusively on the contemporaneous obser-
vations of the two first block-specific factors and so on. We order the variables in each block such
that the first k; series are variables of economic interest and yet have independent information.
The loadings of the remaining variables in each block are unrestricted.

To ensure identification of the economy-wide factors F', we assume that the upper Kp x Kp

submatrix of Agg is lower triangular, i.e. for Kp = 3, we have

[ 1 0 0 1
AF-02,1 1 0
Aros,  Aros, 1
Aro=| Aros, Aros,  Aross

Arox,, AFoggs AFok,s

This normalization assumes that the blocks are ordered so that the common factors load heavily on
the first block-specific factors. An alternative is to normalize the variance of ex to unity. However,
the diagonal elements of Ay will still have to be constrained to be positive, even though they will

not be constrained to be one.



2.1 The State Space Representation

Let © = (Op; O¢g; ©x) where O, O are parameters that characterize Fy, G; respectively, and O x

are the remaining parameters. By assumption,
(Z) xtJ-L@‘Gh@X (ZZ) GtJ_|_9|Ft,eg, (ZZZ) FtJJ_@‘@F

where || stands for stochastic independence. Stepwise specification of the sub-models lead to the

statistical model
[(ze, Fy, Gy 0©) = f(24|Gy; Ox) f(Ge| Fy; Og) [ (Fy; OF).

The data density is

f(xt;G)—//f(xt\Gt;@X)f(Gt]Ft;@G)f(Ft|@F)thdFt.

Because of the assumed hierarchical structure, the data density can be constructed recursively from

the pair of equations:
f(Glor.0) = [ £(GilFs©c)S(FlO )R

fao) = / F(2:|G1: 0x) F(Ge|OF, ©)dG.

Here, f(x:; Gt; ©¢) is the measurement equation and f(G|F;; ©F) is the structural model for the
latent factor Fi. As discussed in Mouchart and Martin (2003), strong identification of the mea-
surement model is required to obtain weak identification of the statistical model. Our assumptions
ensure that Oy = (Ux, Xy, Ag) are identified from the measurement model, O = (Y5, Xg, Ar)
are identified from the structural model for G, and Op = (Vp, X ) are identified from the transi-

tion equation for F;. These equations are now made precise.

Common Factor Dynamics The common factors evolve according to

Vr(L)F = ep,

where ¥p(L) = I, —Vp1L — ... ¥, L9 . This can be rewritten in companion form as
Fi Vp1 VYpo - YrEg Fi_4 €Ft
Fi, I 0 0 Fis 0
: = . . , : . + | . 9)
Figpt1 0 e I 0 Fi_ g 0
or

Fy=VUpF_1 + &py

where ey ~ N(0,2F) and ||¥p|| < 1.



Block-Level Dynamics We have the structural (instead of measurement) equation
G = ArpoFy+Ap1F—1+ .. Apsp Fi—sp +eat (10)
= AF(L)Ft + eat

with G = (Glt : GBt)’ Gy being a kp x 1 vector,

Vg(L)eg: = eat (11)

and where Apg is a K¢ x Kp matrix of factor loadings. We call this a structural instead of a
measurement equation because Gy is not observed.

Denote U (L) to be a diagonal matrix with diagonal elements Wy (L), where for b = 1,... B,
Ve (L) is itself a diagonal matrix with elements ¢ 4 (L),

Yaw(L) =1—vYapinL — ... — V¢ pige LI

We restrict |[¢gpi(L)|] < 1 for stationarity and assume egy ~ N(0,Xq). Together, (10) and (11)
imply that
Va(L)Gr = Ya(L)Ap(L)Fi + ecy.

This leads to the block-level transition equation

Gy QaFt Vg1 ¥Ygo -+ Vg Gi1 €Gt
Giq 0 I 0 0 Gi_9 0
. = . [+] . . . : : i
Giogoi1 0 0 - I 0 Giqe 0
or
ét = dpt + ‘1_}Gét71 e
where
At = @G(L)AF(L)FLL (12)
Within-Block Dynamics For each b =1,..., B, we have
Xt = AcooGu+ ...+ AgbsgGoi—se + exbr,
Uxp(L)exy = exue

where we recall that the top kg X kg block of Ag o is lower triangular, and with Xp; stacked so
that Gy have non-trivial loadings on the first k. For b = 1,... B, the measurement equation for

each block can be rewritten as
Ux (L) Xy = Vxp(L)AGs(L)Gre + € x0t5

10



or

Xyt = Ago(L) Gy + ext (13)

where

Xy = Uxyp(L) Xy
and  Agy(L) = Uxu(L)Ags(L)

These can be stacked to produce
Xt = Ag(L)Gt + exy

Decomposition of Variance Given the state space representation of the model, it is not hard

to see that for each individual variable X;,
vec(Var(Xp)) = ~ppvar(Fy) + v pvar(Gr) + var(expy) (14)

where

sq sp
Vb = (Z A .bis ® XG.bis) : (Z Apps @ AF.bs)

s=0 s=0
e
Vabi = <Z Xe.bis @ Xsz‘s)
s=0
- -1
qF
var(Fy) = |I— Z (Ypg®Vpyg) vec(Xp)
L q:1
—1
e
var(Gee) = |1— Z (Vg ®Veag) | -vee(Eg,)
q=1
- -1
qx
var(exs) = |1=Y $xpig| ki
q=1

The total variance is the sum of the unconditional variance of the components multiplied by the
effective loadings on the component. Dividing the three components on the right hand side of (14)
gives the fraction of the variance in X explained by the common innovations eg, block-specific
innovations €qp, and idiosyncratic errors ex, respectively. We denote these by sharep, shareg, and
sharey. These shares depend on the factor loadings, the dynamic parameters, as well as the size
of the shocks. A two level factor model does not distinguish between I} and Gy; in these models,

1-sharex is the size of the common component.

11



2.2 Markov Chain Monte Carlo

We use the method of Markov Chain Monte Carlo (MCMC) to estimate the posterior distribution
of the parameters of interest. The method samples a Markov chain that has the posterior density
of the parameters as its stationary distribution. MCMC has been used by Kim and Nelson (2000),
Aguilar and West (2000), Geweke and Zhou (1996) and Lopes and West (2004), among others, to
estimate two level factor models. These algorithms are variations and extensions of the method
developed in Carter and Kohn (1994). Although in theory, the algorithm allows for multiple factors,
most previous studies have limited attention to estimation of a single factor. We allow both F; and
Gy to be vector valued.

Our setup is a hierarchical dynamic factor model where each level admits a state-space repre-
sentation that has a measurement and a transition equation. The MCMC algorithm thus needs
to be extended to handle this hierarchical structure. Let ! = (Ag,Ap), " = (Vp,¥q, ¥x),

# = (Xr,Xq, 2x). The main steps are as follows:

1. Initialize by using principal components to obtain initial estimates of {G;} and {F;} and the

ordering of each Xp:.Use these to produce initial values for ! |, " | #.

2. Conditional on ! ," , # and {F;} draw {G:} using standard methods for state space models

with time varying intercepts.

3. Conditional on ! ;" | # and {G;} draw {F}} using standard methods for state space models.

4. Conditional on {F;} and {G;} draw ! " | and # using standard methods assuming conjugate

priors.

5. Return to 2.

The main complication going from a two to a three level model lies in the way {G,} is sampled

in Step (2). Recall that the transition equation for Gy is of the form
Gy = arp + Va1 Go—1 + - - Yabge, Got—gen + €Gbe-

This involves the term app = Y p(L)Ap(L)F;, which given a draw of F; can be interpreted as a
time-varying intercept that is known for all ¢. By conditioning on F}, our updating and smoothing
equations for Gy explicitly take into account the information that £} has to bear. Details of Steps 2
and 3 are given in the Appendix. The complete algorithm is given in an appendix which is available

upon request.
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3 Related Work

Multilevel factor models have been considered extensively in the psychology literature, see Goldstein
and Browne (2002). With the size of the panel being large in only one dimension and assuming a
strict factor structure, estimation of these models tend to be likelihood based. As well, these models
have no dynamics. Our three-level factor model shares common features with a few approaches that
have previously been suggested in the macroeconomic literature. Kose et al. (2003) and Kose et al.
(2008) used multi-level factor models to study international business cycle comovements. In their
model, economic fluctuations in each country are attributed to three types of shocks: a world, a
regional and a country-specific business cycle component. For each observable variable i in country
b, they have
Tpit = biFy 4 cpiGre + epit

where F; is a world factor, Gy, is a factor specific to region b, and where ey;; is a component specific
to variable 7 in country b.3

Our model differs from their model in a number of ways. While their F; and Gy; are scalars, we
allow for multiple common and multiple block-specific factors. Comparing this setup to (3), their
loading on the world factor b; plays the role of our Ag.piApp1 and their loading ¢p; on the regional
factor is our Agp;. Since we impose the structure that Gy, is linear in F}, the responses of shocks
to F; for all variables in block b can only differ to the extent that their exposure to the block-
specific factors differs, whereas b; is unconstrained in Kose et al. (2008). However, by imposing this
structure, we have a total of Ko x Kr and N x K¢ parameters characterizing loadings on F; and
Gy, whereas Kose et al. (2008) have N x Kp and N x K parameters, respectively. As K¢ is much
smaller than N, our framework is considerably more parsimonious, an issue that has computational
consequences as we discuss below.

Another related approach is the Structural Factor-Augmented VAR setup of Milani and Belviso
(2006). Similar to our model, they organize a large panel of macroeconomic time series for the US
into blocks of data and use the block structure to identify factors such as a real activity factor, an
inflation factor, a financial market factor etc. They do not assume the existence of comovement
beyond the block structure, but instead model the dynamic evolution of the different block factors
jointly within a VAR. Clearly, this approach imposes a constraint on the number of block factors
that one can allow for in their model. In contrast, we attribute variation that is common across
blocks to a small number of common factors F' whose dynamics we describe as a VAR. This allows

us to have a potentially much larger set of block-specific factors and also enables us to study to

3 A similar framework was recently used by Stock and Watson (2008a) to analyze national and regional factors in
housing construction.
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what extent common variation is block-specific or due to economy-wide shocks.

In a recent paper, Hallin and Liska (2008) also study dynamic factor models with a block
structure. While we assume the block structure of the data as known, they develop methods to
estimate the common, block-specific, and idiosyncratic factors from the data. To separate the
different sources of comovement, Hallin and Liska (2008) assume a factor space that contains a
total of 2% factors where K denotes the number of blocks. In setups with many blocks, this might
give rise to computational limitations of their approach. Moreover, we think that in many empirical
applications of factor models both theoretical considerations and background information on how
the data are constructed provide the researcher with valuable a priori knowledge of the block
structure that can be readily exploited using our hierarchical model.

In terms of estimation, Otrok and Whiteman (1998) estimate latent dynamic factors by consid-
ering their conditional joint distribution. The main practical limitation is that they have to invert
a variance-covariance matrix of rank T" where T' denotes the number of time series observations of
the data. Hence, estimation becomes computationally demanding for problems when N and T are
both large. In Kose et al. (2003), N = 180 and 7" = 30, and in Kose et al. (2008), 7" = 176 and
N = 21. Our experimental models here have up to IV > 400 series and T close to 200, and we
anticipate using as many as 1,000 series in a full fledged analysis. To circumvent the dimensionality
problem, we put more structure on the block factors G;. This enables us to cast the conditional
model for F; and Gy in state space representation, which can be estimated using standard methods.

An alternative to Gibbs sampling is to estimate G by principal components, and then estimate
F; from the principal components estimates of G;. This method was implemented in Beltratti
and Morana (2008). However, sequential estimation by principal components would not take into
account the dependence of G on F; through ap;. These ‘unrestricted’ estimates of G; should thus
be less efficient than our one step estimates. Another advantage of our approach is that the posterior
distributions allow us to assess sampling uncertainty about the estimated factors. While the large
sample theory for G; and F} is given in Bai and Ng (2006), the sampling distribution of Fy(Gy) is
not known. It remains unclear how to obtain theoretical prediction intervals or assess the sampling
uncertainty of counter-factual analysis within the two-step principal components framework.

Since the true F; are latent variables it will be difficult to compare the precision of the estimates.
However, as a cross-check on our results we deem it useful to compare the estimates produced by
our three level model with those obtained from principal components analysis. Hereafter, we use a
'tilde’ to denote estimates obtained by the method of principal components, and a 'hat’ to denote
estimates obtained from our MCMC algorithm. That is, G, denote the posterior means of the

block-specific dynamic factors while F, are the posterior means of the factors common to G;. In
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contrast, we refer to F} as the principal component estimates obtained using all data at once and
let F’t(ét) denote the two step principal components estimates, obtained from extracting principal
components from the block-specific principal components estimates. When comparing the results,
It should be kept in mind that the method of principal components estimates the static factors,
whereas we estimate the dynamic factors, which should generally be smoother than the static

factors.
4 Empirical Analysis

We assume diffuse priors throughout. Specifically, all factor loadings A and all autocorrelation
coefficients 1 are Gaussian with mean zero and variance of one. The prior distribution for the
variance parameters is that of an inverse chi-square distribution with v degrees of freedom and a
scale of d where v and d? are set to 4 and 0.01, respectively.* After discarding the first 2,000 draws
as a burn-in, we take another 25,000 draws, storing every 50-th draw. The reported statistics for
posterior distributions are based on these 500 draws. Results obtained from storing every one of
the first 8,000 draws after burn-in are similar.

We use the principal components estimated for each block, denoted éb, pc, as starting values
for Gy. The principal components extracted from the data pooled across blocks are then used as
starting values for F'. Note that the principal components only identify the factor space using the
normalization that /~X’G PC]\G, pc/N = I, and the matrix C”PCG’ pc is diagonal. We use alternative
identification assumptions. Therefore, our starting values may be far from the true values. As
a cross-check on our choice of initialization, we also run the MCMC algorithm using randomly
generated numbers for the factors as starting values and find that the sampler converges to the

same posterior means.

4.1 Data Releases

Non-financial data on the state of the economy are being released at almost a daily frequency. Many
economic analysts closely follow the release calendar and prior to any new announcement assemble
information about the expectations for key indicators. While the media coverage of economic data
typically focuses on a few individual series as e.g. the number of non-farm payroll employees,
the majority of data releases actually contain the most recent number for a block of related time
series. This cross-sectional information is likely taken into account by analysts when they update

their beliefs about the state of the economy. In doing so, however, they need to filter out the

If 0 is distributed as inverse x> with v degrees of freedom and a sale of d, written 8 ~ Ix?(v,d?), then 0 is
distributed as an inverse gamma with parameters o/2 and 3/2, where o = v and 8 = d*v. We use this equivalence
in our procedure and sample variance parameters based on the x? distribution.

15



aggregate from the idiosyncratic or noise components. In our model, we try to optimally exploit
the cross-sectional information by assuming a hierarchical factor structure for the data that takes
into account the timing of the releases.

Figure 1 shows the release of non-financial data for the month of June 2008. For the non-
financial data, we use the highest level of aggregation that will give a reasonable number of cross-
section units. In this paper, we use data from nine blocks of non-housing real economic data.
These are industrial production (IP) and capacity utilization (CU), the establishment survey (ES),
the household survey (HS), and manufacturers’ surveys (MS), durable good (DS), retail sales (RS),
wholesale trade (WT), and auto sales (AUTO). The establishment survey and the household survey
are released together in the so-called employment report in the first week of the month. Retail sales
data are published in the second week. This is followed by IP and CU released in the third week of
the month and so on. We also consider three blocks of housing data: home price, housing starts,
home sales. These data are reorganized into three new blocks by geographical regions, the West,
the Northeast, and others. These will be denoted West, NE, and CTL.

We use a balanced panel of monthly data from 1992:01-2008:02. After the data transformation,
our sample effectively starts in 1992:4, giving T = 191 observations for all blocks. We only have one
recession in this sample, but the analysis can be extended to allow for a non-balanced panel in future
work. The data are transformed using Stock and Watson (2008b) as a guide. For quantity variables,
we compute month-on-month growth rates. For price variables, we take quarterly differences of the
logged series. Indices (such as capacity utilization) are not transformed.

An important aspect of our model is that we use prior information to identify the factors. This
is achieved by ordering the variables thought most likely to be representative of comovement in
a given blocks in positions one through kgp. Table 1 list the first two variables in each block,
along with some summary statistics based upon the factors estimated by principal components.

Properties of the principal component estimates for each block are given in Table 2.

4.2 A Housing Model Using Actual and Simulated Data

Our first model uses three blocks of U.S. regional housing data with 7, 8, and 18 series in each
block, respectively. Note that the principal component estimates will not be precise because of
the small number of units in each block. We assume that there are two factors in each block,
and all block-specific factors are in turn driven by one common factor. The common and block-
specific factors are modeled to have AR(1) dynamics. We allow for two lags of the respective
factors in the measurement equations. In addition to being of interest in its own right, we also use

this simple example to assess the precision of the estimator. Treating the posterior means of the
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parameters estimates, Ft and G’t as ‘true’ values, we reconstruct and then re-sample ex to obtain
a set of simulated data. The simulated data are then used to estimate the parameters. Comparing
the estimates obtained from the simulated data with the 'true’ values gives an assessment of the
precision of the estimates. Table 3 reports the results. Since the ‘actual’ parameters are themselves
estimates, we report standard errors for them as well.

The ¥F estimated from the data indicates that the common factor is highly persistent, and
the estimate based on the simulated data is very similar. The ¥ ¢a’s estimated from the data are
generally not significant from zero, and the estimates based on the simulated data also have this
near white noise feature. The F} has a correlation of 0.98 with the ‘true’ F. Since there are multiple
factors within each block, we assess the precision of the estimates by regressing Gy on the entire
set of block factors, Gp. The correlation between Gbl and the true factors in the block are quite
high (.877, .965, and .707), but considerably lower for the respective second block-specific factors
Gho. This suggests that the second block-specific factors are not well determined in this dataset,
and the model could have been estimated with one block-specific factor, respectively.

The bottom panel of Table 3 provides the decomposition of variance into economy-wide, region-
specific, and idiosyncratic shocks. At each draw of the Gibbs sampler, we obtain the shares for each
series and then average over units within a block. We then report the mean and standard deviation
of these block-specific decompositions across all draws. Since the data are standardized to have
unit variance, the estimated variance of X also gives a sense of the fit of the model. According to
these numbers, the common housing factor accounts for 10 to 17% of the regional fluctuations in
the housing market while region specific factors account for anther 12 to 24%. However, by far the
largest source of variations in the housing market are idiosyncratic. The decomposition of variances
based on the simulated data match these estimates very well. Our methodology thus seems capable
of disentangling the different levels of cross-sectional variation.

The top left panel of Figure 2 graphs the F' against F. Clearly, Fis significantly below zero
in recent years. At the end of our estimation sample (2008:2), F' is -0.843, with sample standard
deviation of 0.320. In comparison, the maximum value of F' over the sample is 0.427. The top right
panel of Figure 2 graphs Gp; against Gy for the West, which is far more volatile than the factors
in the Northeast and the other regions. The G, are quite close to the true factor processes. It is
evident that shocks to all three regions have been mostly been negative since 2006. While the state
of housing in the CTL region appears to be still in a downward trend, there are signs of rebounding
in both the West and Northeast in 2008:2. In sum, we find that regional and to a smaller extent

economy-wide shocks have contributed to the recent housing slump.
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4.3 A Six Block Model for Output

We estimate a dynamic hierarchical factor model for six blocks of data related to output in the US
economy: industrial production (IP), capacity utilization (CU), the establishment survey (ES), the
household survey (HS), manufacturers’ surveys (MS), and durable goods (DG). According to the
IC5 criterion of Bai and Ng (2002), four of the six blocks have either one or two factors. However,
the criterion suggests that the HS and MS blocks may have as many as eight factors. Although our
Bayesian estimation approach generally allows for different numbers of factors across blocks, we let
all blocks be driven by two block-specific components so as to enhance comparability of the results.
Moreover, we assume one common factor at the aggregate level. Initial estimation assuming two
common factors suggests that the second factor has a very small variance, and dropping it did not
lead to any noticeable change in the decomposition of variance. As before, we let the factor loadings
at both levels to be polynomials of order two, i.e. two lags of the factors enter the observation
equations, respectively. Finally, we assume that the common factors as well as the idiosyncratic
and block-specific disturbances are AR(1) processes. Altogether, our model is thus described by the
following set of parameters : Kp =1, kgp = 2 for all b, sp, = 2, sgp = 2, qrr = bk = qxbi = 1
forallb=1,...B,r=1,...Kp, k=1,... Kgp, and 1 = 1,... N,. We note that the estimated
factors and idiosyncratic errors are generally mildly persistent, suggesting that the transformed
data used in the analysis are stationary.

The top panel of Table 4 reports the posterior means and standard errors of the dynamic
parameters. The common factor has an autoregressive coeflicient of .795. The block-specific factors
have varying degrees of persistence, and many of the block-specific factors are close to white noise.
Moreover, the block-specific shocks tend to have larger variance than the shocks to the common
factors.

In this model, there are 2 x N loadings on G, and Kg X 1 loadings on F}, where Kg = 12
and N=315. Instead of reporting all the loadings, we summarize the properties of the model
by evaluating the relative importance of the common, block-specific, and idiosyncratic variation.
According to the model, the DG block has the best fit. The bottom panel of Table 4 shows that
there is substantial heterogeneity across blocks. Of the six blocks considered, the CU, the IP, and
the ES blocks have the largest common component, explaining 20% or more of the variation in the
data of the block. The block-specific shocks roughly explain another 15% of the variation in these
three blocks. Thus, the common and block-specific factors in our sample of economic variables
explain close to 40% of the variation in the blocks. This is similar to what one finds in principal
components analysis applied to the much analyzed Stock and Watson dataset with 132 series, where

the first five factors are found to explain about 40% of the data.
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While aggregate shocks to the CU, IP, and ES blocks are more important as shocks specific to
these blocks, the block-specific component is larger than the common component in all remaining
blocks. Shocks specific to MS account for around 24% of the variations, compared to the common
component of about 4%. The result that stands out in Table 4 is that the idiosyncratic component
always explains the largest share of variation. In particular, 80% of the variation in the Household
Survey block is idiosyncratic, and only 2% of the variation in that block is explained by the common
factor F. Although the monthly employment report (which contains the HS data) is well-watched
by financial markets, our findings thus suggest that the HS data contain little information about the
level of non-housing real economic activity. The results generally highlight the difficulty in distilling
information relevant for aggregate policy from observed data, as block-specific information can be
disguised as common variations, and a large idiosyncratic component can make precise estimation
of the common factor space difficult.

The relative importance of the common factors based on principal components estimation is also
reported in Table 5. The ICy criterion of in Bai and Ng (2002) indicated a total of 2 factors in the
panel of 315 series. Both one and two step principal component estimation of F} suggests that the
first two factors explain about 40% of the variation in the data. As noted earlier, if block-specific
variations are important, some of the principal components extracted from the entire panel of data
might correspond to block-specific factors. The correlation between our first factor Fy and the first
principal component is 0.80.

To investigate if the estimated principal components capture block-specific variations, we regress
the principal components F,; extracted from the entire panel on F' to obtain residuals €. These
are variations deemed common by the method of principal components but not by our hierarchical
dynamic factor model estimated using MCMC. We then check if these residuals can be explained by
our estimated block-specific factors by regressing é,; on G- To conserve space, Table 5 reports the
R?s that exceed 0.1. Evidently, many of the block-specific variations are correlated with the factors
estimated by the method of principal components. The first and second principal components are
correlated with variations in the Establishment Survey block (b = 3) with a correlation as high as
0.716, while the third principal component is highly correlated with the Household Survey block
(b =4). This could be a consequence of the fact that the employment block constitutes one third
of the data, and common variations in the Household Survey block are deemed more important
in principal component analysis than in our framework. The factors of the Durable Goods block
(b = 6) are correlated with the second and fourth principal component. Overall, we interpret these
results as suggesting that variations identified as common by principal component analysis may in

fact be block-specific.
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Figure 3 graphs the factors estimated using the three different methods. The top panel plots
F, estimated using our hierarchical model against the first principal component Ft(ét) extracted
from the block-specific principal components. The lower panel graphs F against the first principal
component F, extracted from the entire data panel. All estimates indicate that the trough of the
last recession occurred towards the end of 2001. This is in agreement with the NBER business cycle
dates which report November 2001 as the trough of the last recession. All estimates also indicate a
slowdown in the level of real activity since the middle of 2005, with the common factor F} estimated
using our hierarchical model suggesting a weaker economy than the principal component estimates.

Notice that our Ft tends to be smoother than Ft and Ft(ét). For example, around the end of
1995, both principal components estimates show large spikes which in our model are picked up by
the Establishment Survey factor Gis;. One potential explanation for the large spikes in the principal
components factor relates to the government shutdown over the budget in January 1996. Due to the
large number of employment related series in the dataset, the first principal component extracted
from the entire panel reflects this block-specific event. In contrast, our hierarchical model allows

to distinguish this block-specific from genuinely common shocks.

5 A Four Level Model

Some blocks of data are naturally organized by sub-blocks. For example, the producer and consumer
price blocks together form a price block. Data on the establishment and household surveys are
released together in the employment report, while data for industrial production and capacity
utilization are also released at the same time. It is therefore natural to allow some blocks to have
a sub-block structure.

We continue to let X3;; denote variables associated with block-specific factors Gy;. To distinguish
data associated with blocks that have sub-blocks from those that do not, let Z; be the observed
data for block b where s is an index for the sub-blocks. Let Hyg; be the factors of sub-block b. Then

a four-level model can be represented by

Zpsit = Ambsi(L)Hpst + €xbsit (15)
Hyst = Agvs(L)Got + €mpst (16)
G = Aro(L)F: + ecn (17)
eryt = VYrErept—1+ .. YEgpChit—qpr T €Fkt (18)
eart = Yapieani—1+ -+ Yabge, €abi—qa, + €Gbt (19)
embst = YHbs1€Hbst—1 1« + Y Hbsqpy, CHbs,t—qpyps T €Hbst (20)
exbsit = WXbsi1€Xbsit—1 T -+ T VX bsigxy, €Xbsit—gx, T EXbsit (21)
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The dependence of H; on G; implies that

Hyst = agost + VHbs1 Hpst—1 + - - . \IIH.bqubsHbst—qus + €mbst

where agpst = Vips(L)AGp(L)Gp. As in the level three model, the dependence of Gy on F in
turn implies

Gy = appe + VYo Goi—1 + - Yabge, Got—gen + €Gbe-

Conditional on Gy, Fy, and ©, we can draw Hp, for each s and b, and conditional of F}, we can
draw Gy, for each b. Blocks with a sub-block structure can be combined with blocks that do not. A
model with more levels can always be decomposed into a sequence of two-level models. Of course,
we will need to have a reasonable number of series at the sub-block level, and a multi-level model
would be more time intensive to estimate. But conceptually, a model with "branches’ in some but
not all blocks is possible.

We extend our six block model considered in the previous section to include three more blocks of
data: retail sales (RS), wholesale trade (WT), and autosales (AUTO). We then reorganize the 402
series into 3 blocks. The first is an output block with sub-blocks IP, CU, MS, and DG representing
goods production. The second is a labor market block consisting of sub-blocks ES and HS. The
third is a demand block consisting of sub-blocks RS, WT, and AUTO. This covers demand by both
firms and consumers. The common factor extracted by this model can thus be interpreted as a
factor for real economic activity. We estimate one common factor and let K¢ = (1,2,1).

To conserve space, Table 6 only reports the autoregressive parameters for G; and F;. The
common factor is slightly more persistent than that estimated for the three level model. The g
for the output specific factor is close to that found for CU and IP, while that for the employment
block is higher than that found for ES or HS. The demand-specific factor is the least persistent of
all block factors. Table 7 reports the decomposition of variance, which is now performed at the
sub-block level. The CU and IP blocks continue to have the largest common component. The
sub-blocks of the demand block have relatively large variations due to factors common to series in
the sub-blocks, but the overall picture remains that series specific idiosyncratic shocks dominate.

Perhaps of most interest is an analysis of the state of real economic activity estimated with the
model. This is presented in Figure 4. The solid line is the F; based on our model and the dotted
line is the principal component estimate, F}, both standardized to have a mean of zero and unit
variance. Our F} is noticeably smoother than F;. The large spikes in employment in 1996 due to the
budget crisis once again weighs heavily in F} but is appropriately treated as variations specific to a
sub-block of employment using our four-level hierarchical model. Our (non-standardized) estimates

suggest that the state of real economic activity at the end of our sample in 2008:02 stood at -.328.
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With the sample standard deviation of Ey being .202, the level of real activity was thus considerably
below average. However, according to our estimate activity in 2008:02 was still stronger than at

the trough of the 2001 recession for which we record a value of -0.598.
6 Conclusion

This paper lays out a framework for analyzing dynamic hierarchical factor models. The approach
has three advantages. First, by extracting common components from blocks, the estimated factors
have more precise interpretation. Explicitly modeling the block-specific variation also resolves an
important drawback of standard (two-level) factor models in which block-specific shocks can be
confounded with common shocks. Second, the blocks can be defined to take advantage of the
timing of data releases, which makes the framework suitable for real time monitoring of economic
activity. Third, the framework allows for a more disaggregated analysis of economic fluctuations
while still achieving a reasonable level of dimension reduction. While a two-level model only enables
counter-factual analyses of aggregate or idiosyncratic shocks, the effects of aggregate, block-specific,

and idiosyncratic shocks can be coherently analyzed in our framework.
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Table 1: Data

Block Variables Ordered 1 and 2
1 CU Capacity Utilization: Machinery (SA, Percent of Capacity)
Capacity Utilization: Motor Vehicles and Parts (SA, Percent of Capacity)
2 1P IP: Durable Consumer Goods (SA, 2002=100)
IP: Nondurable Consumer Goods (SA, 2002=100)
3 ES All Employees: Wholesale Trade (SA, Thous)
Avg Wkly Earnings: Construction (SA, $/wk)
4 HS Civilian Labor Force: Men: 25-54 Years (SA, Thous)
Unemployment Rate: Full-Time Workers: Men (SA, %)
5 MS ISM Mfg: PMI Composite Index (SA, 50+ = Econ Expand)
Phila FRB Bus Outlook: General Activity, Current, Diffusion Index (SA,%)
6 DG Mifrs’ Inventories: Machinery (EOP, SA, Mil.$)
Mfrs’ Unfilled Orders: Machinery (EOP, SA, Mil.§$)
7 RS Retail Sales: General Merchandise Stores (SA, Mil.$)
Retail Sales: Motor Vehicle Dealers (SA, Mil$)
8 WT Merchant Wholesalers: Sales: Automotive (SA, Mil.§)
Merchant Wholesalers: Sales: Apparel (SA, Mil.$)
9 AUTO Domestic Car Retail Sales (SAAR, Mil. Units)
Domestic Light Truck Retail Sales (SAAR, Mil. Units)
10 H- NE Housing Starts: 1-Unit: Northeast (SAAR, Thous.Units)
Housing Completions: 1-Unit: Northeast (SAAR, Thous.Units)
11  H- WEST | Housing Starts: 1-Unit: West (SAAR, Thous.Units)
Housing Completions: 1-Unit: West (SAAR, Thous.Units)
12 H- CTL | Housing Starts: 1-Unit: Midwest (SAAR, Thous.Units)

Housing Starts: 1-Unit: South (SAAR, Thous.Units)

Summary Statistics

b T N|IC; Rp R, ARp AR
CU 191 25| 1 0210 0.092 0.112 0.031
IP 191 38| 1 0208 0.086 0.123 0.033
ES 191 72| 2 0189 0.132 -0.190 0.675
HS 191 85| 8 0.113 0.081 -0.122 -0.446
MS 191 35| 4 0.143 0.108 -0.062 -0.104
DG 191 60| 2 0.115 0.088 0.273 0.302
RS 191 30| 1 0.187 0.086 -0.333 -0.301
WT 191 53| 1 0.093 0.064 -0.312 -0.115
AS 191 4 | 4 0483 0.242 -0.360 -0.365
H-NE 191 8 | 8 0.190 0.181 -0.352 -0.531
H- WEST 191 7 | 7 0240 0.196 -0.310 -0.199
H-CTL 191 18| 0 0.119 0.091 -0.112 -0.246

Note: IC» is the Bai-Ng (2002) criteria for determining the number of factors. R? is the j-th eigenvalue of x'x
divided by the sum of the eigenvalues. AR £ is the first order autocorrelation of j-th principal component of F.
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Table 2: Univariate Analysis of Principal Component Estimates

Two Step Model:

Goit = App;F(Gr) + éauji

Grjt = VYauiGrit—1 + €avjt
eajt = Veg,; €Gbjt—1 T €Gnjt
Fi(Gy) = YErFi-1(Gt) + €pge-

BlOCk T Nb ICQ Réb ; RQGb.Q \Ilé.bl \I/G~’.b2
CU 191 25 |1 0.210 0.092 0.112 0.031
IP 191 38 |1 0.208 0.086 0.123 0.033
ES 191 72 | 2 0.189 0.132 -0.190 0.675
HS 191 85 | 8 0.113 0.081 -0.122 -0.446
MS 191 35 | 4 0.143 0.108 -0.062 -0.104
DG 191 60 | 2 0.115 0.088 0.273 0.302
RS 191 30 |1 0.187 0.086 -0.333 -0.301
WT 191 53 |1 0.093 0.064 -0.312 -0.115
AS 191 4 4 0.483 0.242 -0.360 -0.365
H- NE 191 8 8 0.190 0.181 -0.352 -0.531
H- WEST 191 7 7 0.240 0.196 -0.310 -0.199
H- CTL 191 18 | O 0.119 0.091 -0.112 -0.246

Note: Let ijt be the j-th factor obtained by the method of principal components using data from
block b. Then R%bj is the explanatory power of the j factor, obtained as the ratio of j-th largest

eigenvalue X’X to the sum of the eigenvalues. \ilé.bj is the estimated first order autocorrelation

coefficient of ébj .
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Table 3: A Three Block Housing Model

True and Posterior Means: QLG and QZJ r

Actual Data | Standard Errors || Simulated Data | Standard Errors

~2 ~2 ~2 ~2
VYavi  Oau | Yavi TG, Yaui  Ocui | VYabi TG

-0.007 0.366 | 0.177  0.098 -0.008  0.409 | 0.157 0.090
-0.105 0.082 | 0.114 0.031 -0.049 0.070 | 0.117 0.024
0.009 0.310 | 0.126 0.085 -0.083  0.244 | 0.150 0.066
-0.251 0.091 | 0.128 0.038 -0.043  0.054 | 0.112 0.020
0.110 0.116 | 0.179 0.066 0.088  0.121 | 0.118 0.049
-0.114 0.040 | 0.114 0.015 -0.006  0.067 | 0.118 0.032

W W NN - =
N~ NN S

~ 2 ~ D ~ 2
Y o Vg ¥ Y op Yp op

110945 0.016 | 0.033 0.009 0.943  0.012 | 0.035 0.006

Decomposition of Variance

Estimates standard Errors

block ag( sharerp shareg sharex a% sharerp shareg sharex

Data

1 1.490 0.173  0.237 0.590 |2.299 0.133  0.059 0.087
1.742 0.106  0.230 0.664 | 5.924 0.103  0.051 0.064
3 1.368 0.140  0.118 0.742 | 1.269 0.101 0.032 0.077

[\

Simulated Data

1 1.338 0.162  0.233 0.606 | 0.798 0.112  0.057 0.064
1.234 0.106  0.223 0.670 | 0.457 0.104  0.046 0.072
3 1.191  0.121 0.119 0.760 | 0.506 0.099  0.024 0.080
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Table 4: A Six Block three Level Model for Production:
Gy = App(L)Fi + eqne

\IIF.T‘(L)FT‘t =  €frt, r= 1,...KF
Yevi(Llegojt = €cujt, Jj=1,... Ko

Block j | Uen 68 S.E
CU:1 1] 0.272 0.031 | 0.114 0.026
CU:1 2| 0.28 0.072 | 0.166 0.033
IP:2 1] 0.322 0.043 | 0.117 0.020
IP:2 2| 0.098 0.064 | 0.107 0.018
ES:3 1] 0.013 0.027 | 0.185 0.010
ES:3 2 ]-0.034 0.027 | 0.185 0.010
HS:4 1] -0.067 0.103 | 0.100 0.021
HS:4 2] -0.021 0.059 | 0.101 0.013
MS:5 1| 0.381 0.860 | 0.130 0.103
MS:5 2| 0.087 0.106 | 0.099 0.023
DG:6 1 |-0.101 0.039 | 0.173 0.009
DG:6 2| 0.041 0.041 | 0.175 0.009
Factor WE K EED S.E.

1 0.795 0.020 | 0.068 0.008

Principal Component Estimates

N | R, R,

Ur1 Pro»

EF(Gt)

It

14 |1 .206 133 .074

315 | .210 .208 .187

272
339

Decomposition of Variance

Estimates Standard Errors
block ag( sharerp share; sharex (7%( sharerp shareg; sharex
1 CU: | 1.235 0.197 0.144 0.659 | 0.120 0.048 0.021 0.042
21P: | 1.318 0.245 0.151 0.604 | 0.153 0.054 0.019 0.043
3 ES: | 1.116  0.201 0.138 0.661 | 0.112 0.053 0.020 0.037
4 HS: | 1.061 0.021 0.170 0.809 | 0.029 0.015 0.011 0.013
5MS: | 1.130 0.044 0.244 0.712 | 0.063 0.025 0.020 0.018
6 DG: | 1.033 0.062 0.141 0.798 | 0.040 0.028 0.013 0.024

Table 5: Correlation Between G’bkt and ért| P

r b k p r b k p

1 3 2 0234 1 2 0.109
2 3 2 07164 6 1 0.233
2 5 1 01245 4 2 0.139
2 6 2 019 |6 2 2 0.138
3 4 1 06167 5 2 0224
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Table 6: A Nine Block Four Level Model for Real Activity

Hyst = Apps(L)Got + enpst
G = Agy(L)Fy +eqy
\IIF.T(L)FT‘t = €frt
Uapi(Leayt = €avje, J=1,...kay.
Uipsk(L)empske =  €mpskts  J = 1, Kips.
b G| Vay 6% S.E
1 110302 0.101 | 0.140 0.024
2 1] 0.351 0.037 | 0.193 0.015
2 21 0.342 0.019 | 0.328 0.007
3 110182 0.063 | 0.173 0.024
Factor Urk &%_k S.E.
1 0.895 0.013 | 0.049 0.007

Table 7: Decomposition of Variance

block sub-block ‘ Ug( sharerp shareq sharey sharex
Estimates
1 CU 1.239 0.104 0.137 0.169 0.590
1 1P 1.157  0.099 0.129 0.153 0.619
1 MS 1.050 0.027 0.033 0.237 0.703
1 DG 0.975  0.022 0.027 0.172 0.779
2 ES 1.032 0.051 0.103 0.205 0.641
2 HS 1.026  0.018 0.037 0.177 0.767
3 RS 1.091  0.045 0.072 0.213 0.669
3 WT 1.007 0.015 0.023 0.164 0.798
3 AU 1.050  0.040 0.066 0.552 0.342
Standard Errors

1 CU 0.525 0.063 0.033 0.027 0.040
1 1P 0.404 0.061 0.029 0.020 0.041
1 MS 0.076  0.027 0.012 0.018 0.023
1 DG 0.072  0.023 0.008 0.013 0.021
2 ES 0.167 0.044 0.026 0.027 0.033
2 HS 0.058  0.023 0.013 0.014 0.022
3 RS 0.509  0.044 0.020 0.022 0.032
3 WT 0.147  0.022 0.010 0.015 0.022
3 AU 0.332  0.046 0.034 0.051 0.027
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1 Appendix

Sampling {F;}
To obtain estimates of the global factors F' given the block factors G, we have to perform the
following steps. First, pre-Whiten the observation equation
Gt = AF(L)Ft + €Gt
so that its errors are i.i.d. This gives

Va(L)Gy = VYa(L)Ap(L)F; + ect,
or Gt = AF(L)Ft+5Gt

where Gy = Ui(L)Gy, and where /~\F(L) =VUg(L)AR(L) = INXFO—G—]\FlL—{—...—I—jN\FS}Ls}iS aKg! Kr
matrix polynomial of order s} = qg + sp. Stacking the lags of F, this gives the companion form:

F
. - - - Fi1
Gy = |: AFO App aaaAps; } . + €t
Ft—s;ﬂ
F Up 44&Vp, 0 4440 iy €y
Fi I 0 : : : Fi s n 0
Frs.. 0 a&a I 0 &aao s, 0

or

Gy = AFE"‘EGt

where Qp = Var(Ep,) = ( EOF 8 > .

Denote Zp the set of parameters {AF, U, YG,Xp}t. Then, following Carter and Kohn (1994), the
conditional distribution of the factors F given the pre-Whitened block factors { G;} and the param-
eters Zp can be obtained by performing the following steps. First run the Kalman filter forward to
obtain estimates ﬁT‘T of the (stacked) factors and their variance covariance matrix ]3T|T in period
T based on all available sample information:
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Fop = Up Fy,
13Ft+1|t = \I_;FﬁFt|t\f’/F+iF

o N = 2 = N BN > L
Fyp = Fy1+ Pryga A (AFPFt|t—1A,F+ZF) (Gt" AFFt|t—1)

o o = 2 2 o 1= 4
Py = Ppy—1" Ppy—1 AR (AFPFt|t—1A37 + EF) ApPryi—1

Next, draw Fp from its conditional distribution given =r and the data through period T

Frl{ G}, Zr # N(Fryr, Peryr)

Then, for t=T" 1,...,1 proceed backwards to generate draws F}|T from
Ft\TlFtﬁlv{éT}agF # N(Fﬂt,ﬁt"ﬂ ’Pt|t, L ) (1)
where Ft\t B, = Fye + Pt|t‘I’*F/ (VE Py U+ Q*F)il (Fi " Vi Fit)
and Pt|t,ﬁ;'+l = Py" Py VE (Y5 Py U5+ Op) ! Uk By

where 7% is the upper left Krp! K block of 1 which is positive-definite and where F”,f‘ and \I_}*F
are the first Kg rows of F’t and WU r, respectively. Note also that we initialize the Kalman filter
with the unconditional mean and variance of the states I, i.e. Fyjg = E[F| = 0 and vec(Py)g) =

[ISF " (@F$ @F)}_lvec(QF).

Sampling {G;}
A similar algorithm can be used to sample the block factors G. Since the block-dynamics are
assumed to be independent, this can be done block by block. Recall that

Xpt = Acp(L) Gt + xur,s %b=1,...,B,

where th = Uxp(L) Xy and where /N\Gb(L) = Uxp(L)Agy(L) is a Ny ! Kj matrix polynomial of
order sf, = gx + sg. Moreover, recall that

Gt QR VUart Yo ada Vg, Gpi—1 €Gbt
Gpi—1 0 I 0 aaa o Gyt 0
, = . + : . . : : + :
Gyt quri1 0 0 44a I 0 Cytae 0

where
Qppt = \Ibe(L)AF(L)Ft, %b = 1,...,B,
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Together, these two equations imply the following state-space form

Gyt
_ _ ~ L Grt—1
Xpe = | Aceo Agm adaAcs), ] : + exbt
th—s"G
G Fbt Uepr aaaV¥egy,, 0 aaal Gp_1 €cot
Ghi—1 0 I 0 : : : Gor—2 0
) = . + ) + .
G, 0 0 aaa I 0 aaao Ght—sg-1 0
or
Xy = AGbébt+€th
Vap(L)Gy = dppe + €ane

Denote E¢y, the set of parameters { Agy, \I—}Gb,EGb, Y xp}. Conditional on E¢y and {F}}, the above
equations represent a state-space system with a time-varying intercept. We therefore need to
slightly adjust the Carter and Kohn (1994) method laid out before. The complete set of equations
is as follows.

First, run the Kalman filter forward to obtain estimates ébT|T of the factors and their variance

covariance matrix ]3bT|T in period T based on all available sample information. With the time-
varying intercept &gy, this implies the following steps:

Gpvie = Arve + YerGuyp
ﬂ .o L o
Poviv1r = YevPa Yy + Xan
- - - -1 -
. - . = =L z e
Gy = Gup—1 + Pevji—1 Mo (AGbPGbﬂtflAGb + EXb) (th AGbit|t71)

1 =

— — . = ?, = - :'/ — —
Fawie = FPovtje—1" FPovei—1Aqp <AGbPth|t—1AG’b + EXb) AcvPabii—1

We again initialize the filter with the unconditional mean and variance of the states éb, ie. ébl\o =

E[Gy) and vec(ﬁuO) = vec(var(Gy)). Precisely, these are given by

E[Gy] = E|dpw+ YaGu1+ Eth] =0

—

Var(Gu) = Var(@rw + YerGr-1 + €am)
= Var(&pbt) + \I’GbVaT(th_l)\IﬂGb + Xy + Q\PGbCOU(&Fbt, th—l)

Altogether, we therefore have

—

vec(Var(Gy)) = {I " (‘I_}Gb $ ‘f’Gbﬂ - (EaF +Sap + 2\f’G’biam)
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where

M
Il

arp

o Yapr 0
Var(app) = { OF 0 ]

and Yo = Var(ay) = Var(ApyoE)

= AFb()VCLT'(F%)IN\IFbO
Moreover,
= | Xe O
Yy = 0 0}
and
= L o= Y O
Yoy = Cov abt7th—1):|: Ob 0]7

with Y = Cov(ap, Gpr—1)
= Cov(AppoFy, Ny (L) Fi1 + Goe—1)
= Cov(ApyoFy, Ny (L) Fy_1)
= KFMVW(EA)K'FI,O

Uy

(
(
(
(

where vec(Var(Fy)) = vee(Var(Fi_1)) = [ISF " (‘ffp $ \i}p):| vec(Qp) The Kalman filter itera-

tions provide us with the conditional distribution of (_jbﬂT given = and the data through period
T:
Gorl{ Xt} Eco # N(Gyrir, Pavrir)

Carter and Kohn show us how to sample the entire set of factor observations conditional on the
parameters Z¢gp and all the data. Given the Gaus~sianity and Markovian structure of the state-space
model, the distribution of Gy given Gp41 and Xp,is normal:

—

— ~ =~ o ~
thleta th+17 Ecp # N(Gbﬂtvé;tu 7Pth|t:G_"lv)t+1 ) (2)

where

—

th|t,§;t+l = E[Gul Xp, Gy 1]

. e &L LoN-l L L
*/ * */ * * T n *
= Gy + PapepVen (‘I’GbPGbﬂt‘I’Gb + EGb) (Gyra1 " Abtr1 " VG
= Var(Gpl Xpe, Gpry1)

—

PGbﬂtvé};m

. W e oo . 1, .
" */ * */ * *
= Powp" PotYer (‘I’GbPGbﬂt‘I’Gb + EGb) e Panet

and where C_jit 41 and \I_}Z‘b denote the first k; rows of ébt+1 and \I_}Gb, respectively. Given these
conditional distributions, we can then proceed backwards to generate draws é;:t fort=T"1,...,1.
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Figure 2: Housing
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Figure 3: Six Block for Output
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Figure 4: A Four Level Factor Estimate of Real Activity
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