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A PANIC ATTACK ON UNIT ROOTS AND COINTEGRATION

BY JUSHAN BAI AND SERENA NG!

This paper develops a new methodology that makes use of the factor structure of
large dimensional panels to understand the nature of nonstationarity in the data. We
refer to it as PANIC—Panel Analysis of Nonstationarity in Idiosyncratic and Common
components. PANIC can detect whether the nonstationarity in a series is pervasive,
or variable-specific, or both. It can determine the number of independent stochastic
trends driving the common factors. PANIC also permits valid pooling of individual sta-
tistics and thus panel tests can be constructed. A distinctive feature of PANIC is that it
tests the unobserved components of the data instead of the observed series. The key to
PANIC is consistent estimation of the space spanned by the unobserved common fac-
tors and the idiosyncratic errors without knowing a priori whether these are stationary
or integrated processes. We provide a rigorous theory for estimation and inference and
show that the tests have good finite sample properties.
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1. INTRODUCTION

KNOWLEDGE OF WHETHER a series is stationary or nonstationary is important
for a wide range of economic analysis. As such, unit root testing is extensively
conducted in empirical work. But in spite of the development of many elegant
theories, the power of univariate unit root tests is severely constrained in prac-
tice by the short span of macroeconomic time series. Panel unit root tests have
since been developed with the goal of increasing power through pooling in-
formation across units. But pooling is valid only if the units are independent,
an assumption that is perhaps unreasonable given that many economic models
imply, and the data support, the comovement of economic variables.

In this paper, we propose a new approach to understanding nonstationar-
ity in the data, both on a series by series basis, and from the viewpoint of a
panel. Rather than treating the cross-section correlation as a nuisance, we ex-
ploit these comovements to develop new univariate statistics and valid pooled
tests for the null hypothesis of nonstationarity. Our tests are applied to two un-
observed components of the data, one with the characteristic that it is strongly
correlated with many series, and one with the characteristic that it is largely
unit specific. More precisely, we consider a factor analytic model:

Xi=D;+ /\;Ft + €ir,

where D;, is a polynomial trend function, F; is an r x 1 vector of common
factors, and A; is a vector of factor loadings. The series X, is the sum of a
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deterministic component D;,, a common component A;F,, and an error e;, that
is largely idiosyncratic. A factor model with N variables has N idiosyncratic
components but a small number of common factors.?

A series with a factor structure is nonstationary if one or more of the com-
mon factors are nonstationary, or the idiosyncratic error is nonstationary, or
both. Except by assumption, there is nothing that restricts F, to be all I(1) or
all I(0). There is also nothing that rules out the possibility that F, and e, are
integrated of different orders. These are not merely cases of theoretical in-
terest, but also of empirical relevance. As an example, let X, be real output
of country i. It may consist of a global trend component F;,, a global cyclical
component F,,, and an idiosyncratic component e;, that may or may not be sta-
tionary. As another example, the inflation rate of durable goods may consist of
a component that is common to all prices, and a component that is specific to
durable goods. Whether these components are stationary or nonstationary is
an empirical matter.

It is well known that the sum of two time series can have dynamic prop-
erties very different from the individual series themselves. If one component
is I(1) and one is I(0), it could be difficult to establish that a unit root exists
from observations on X, alone, especially if the stationary component is large.
Unit root tests on X;, can be expected to be oversized while stationarity tests
will have no power. The issue is documented in Schwert (1989), and formally
analyzed in Pantula (1991), Ng and Perron (2001), and among others, in the
context of a negative moving-average component in the first-differenced data.

Instead of testing for the presence of a unit root in X}, the approach pro-
posed in this paper is to test the common factors and the idiosyncratic compo-
nents separately. We refer to such a Panel Analysis of Nonstationarity in the
Idiosyncratic and Common components as PANIC. PANIC has two objectives.
The first is to determine if nonstationarity comes from a pervasive or an idio-
syncratic source. The second is to construct valid pooled tests for panel data
when the units are correlated. PANIC can also potentially resolve three econo-
metric problems. The first is the problem of size distortion just mentioned,
namely, existing tests in the literature tend to over-reject the nonstationarity
hypothesis when the series being tested is the sum of a weak I(1) component
and a strong stationary component. The second is a consequence of the fact
that the idiosyncratic components in a factor model can only be weakly cor-
related across i by design. In contrast, X;, will be strongly correlated across
units if the data obey a factor structure. Thus, pooled tests based upon e;, are
more likely to satisfy the cross-section independence assumption required for
pooling. The third relates to power, and follows from the fact that pooled tests
exploit cross-section information and are more powerful than univariate unit
root tests.

2This is a static factor model, and is to be distinguished from the dynamic factor model being
analyzed in Forni, Hallin, Lippi, and Reichlin (2000).
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Since the factors and the idiosyncratic components are both unobserved, and
our objective is to test if they have unit roots, the key to our analysis is consis-
tent estimation of these components when it is not known a priori whether they
are I(1) or I(0). To this end, we propose a robust common-idiosyncratic (I-C)
decomposition of the data using large dimensional panels, that is, datasets in
which the number of observations in the time (7') and the cross-section (N)
dimensions are both large. Loosely speaking, the large N permits consistent
estimation of the common variation whether or not it is stationary, while a
large T enables application of the relevant central limit theorems so that lim-
iting distributions of the tests can be obtained. Robustness is achieved by a
“differencing and recumulating” estimation procedure so that I(1) and I(0)
errors can be accommodated. We provide a rigorous development of the the-
ory for this estimation procedure. Our results add to the growing literature
on large dimensional factor analysis by showing how consistent estimates of
the factors can be obtained using the method of principal components even
without imposing stationarity on the errors. These results can be used to study
other dynamic properties of the common factors, such as long memory, ARCH
effects, and structural change, under very general conditions.

Several authors have also developed panel unit roots to resolve the prob-
lem of correlated errors. In Chang (2002), Moon and Perron (2003), Chang
and Song (2002), and Phillips and Sul (2003), for example, cross-section de-
pendence is treated as a nuisance. In contrast, the nature of the cross-section
dependence is itself an object of interest in our analysis. We allow for the pos-
sibility of multiple factors, and the framework is thus more general than the
one-way error component model of Choi (2002). Furthermore, these papers
are ultimately interested in testing for unit roots in the observed data. We go
beyond this to analyze the source of nonstationarity. In doing so, we provide
a coherent framework for studying unit roots, common trends, and common
cycles in large dimensional panels.

Our framework differs from conventional multivariate time-series models in
which N is small. In small N analysis of cointegration, common trends, and cy-
cles, the estimation methodology being employed typically depends on whether
the variables considered are all I(1) or all I(0).? Pretesting for unit roots is thus
necessary. Because N is small, what is extracted is the trend or the cycle com-
mon to just a small number of variables. Not only is the information in many
potentially relevant series left unexploited, consistent estimation of the com-
mon factors is in fact not possible when the number of variables is small. In our
analysis with N and T large, the common variation can be extracted without
appealing to stationarity assumptions and/or cointegration restrictions. This
makes it possible to decouple the extraction of common trends and cycles from
the issue of testing stationarity.

3For example, King, Plosser, Stock, and Watson (1991), Engle and Kozicki (1993), and Gonzalo
and Granger (1995).
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The rest of the paper is organized as follows. In Section 2, we describe the
PANIC procedures and present asymptotic results for testing single and multi-
ple unit roots. We devote Section 3 to the large sample properties of the factor
estimates. As an intermediate result, we establish uniform consistency of the
factor estimates without assuming the errors are stationary. This result is of
interest in much broader contexts than unit root testing. Section 4 uses simu-
lations to illustrate the properties of the factor estimates and the tests in finite
samples.

2. PANIC
The data X;; (i=1,...,N;t=1,...,T) are assumed to be generated by

(1) Xi[:Ci+Bit+)\;F,+ei,,
(2) (I —-L)F,=C(L)u,,
(3) (1—=piL)e;=D;(L)ey,

where C(L) = Z;’:O C;,L’ and D;(L) = Z;’:O D;L’. The idiosyncratic error e;
is I(1) if p; =1, and is stationary if |p;| < 1. We allow r, stationary factors and
r; common trends, with r = ry 4 r;. Stated differently, the rank of C(1) is r;.
The objective is to determine r; and test if p; = 1 when neither F, nor e, is
observed and will be estimated by the method of principal components.

2.1. Assumptions and Overview
Let M < oo be a generic positive number, not depending on 7" or N. Let
| A| = trace(A’ A)"/?. Our analysis is based on the following assumptions:

ASSUMPTION A: (i) For nonrandom A;, | \;|| < M; forrandom A, E||\;||*< M,
(i) NN, M -5 3, an v x r positive definite matrix.

ASSUMPTION B: (i) u, ~ iid(0,%,), Elul* < M; (ii) var(AF,) =
> 0 G2, Ci > 05 (iii) 37, JIICill < M and (iv) C(1) has rank r,, 0 <r, <r.

ASSUMPTION C: (i) Foreach i, €; ~ iid(0, o2), E|€;|* < M, Z;’ioj|D,-,| <M,
o’ = D;(1)%0% > 0; (ii) E(eqe;) = 7 with Y.» |ty < M for all j
(iii) EIN"2 YN €€ — E(€iei)]|* < M, for every (t, s).

ASSUMPTION D: The errors €;,, u,, and the loadings A; are three mutually in-
dependent groups.

ASSUMPTION E: E|Fy|| <M, and foreveryi=1,...,N, Ele| <M.
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Assumption A is made on the factor loadings to ensure that the factor struc-
ture is identifiable. It is a common assumption in factor analysis. A set of
factors F, is deemed to be pervasive if and only if the corresponding loading
coefficients are such that N=' 3"V A;\; converges to a positive definite matrix
as N — oo. A variable that has only a finite number of nonzero loadings does
not satisfy this condition and is not a factor in our large N framework. Instead,
its variation will be considered idiosyncratic, and thus included in €;,.

Under Assumption B, the short run variance of AF, is required to be positive
definite, but the long-run covariance of AF, can be reduced rank to permit
linear combinations of I(1) factors to be stationary. When r; = 0 and there
are no stochastic trends, C(1) is null because AF, is overdifferenced. On the
other hand, when r; # 0, one can consider a rotation of F, by a matrix G such
that the first r; elements of GF, are integrated, while the final r, elements
are stationary. One such rotation is given by G = [/, 8], where B, isr x ry
satistying 8, B, =1,,, and B/, B = 0. We define Y, = B8/ F, to be the r; common
stochastic trends resulting from such a rotation.

Assumption C(i) allows some weak serial correlation in (1 — p;L)e;, with
p; possibly different across i, while C(ii) and C(iii) allow weak cross-section
correlation. Clearly, C(ii) holds if &; are cross-sectionally uncorrelated. The
assumption obviously holds if there exists an ordering of the cross sections such
that the ordered &;, (i=1,2, ..., N) is a mixing process.* But the assumption is
more general. It allows weak cross-correlation in the errors, weak in the sense
that even as N increases, the column sum of the error covariance matrix re-
mains bounded. Chamberlain and Rothschild (1983) defined an approximate
factor model as one in which the largest eigenvalue of (2 is bounded. But if
e, is stationary with E(e;e;,) = 7;;, then from matrix theory, the largest eigen-
value of  is bounded by max; Y"1 | |7;]. Since C(ii) requires that 3"~ | |7;] < M
for all j and all N, we have an “approximate factor model” in the sense of
Chamberlain and Rothschild (1983). Under Assumption D, €;, u,, and A; are
mutually independent across i and ¢. The assumption is stronger than the one
used in Bai and Ng (2002), which permits u, and €;, to be weakly correlated.
Assumption E is an initial condition assumption made commonly in unit root
analysis.

Our factor estimates are based on the method of principal components.
When e, is 1(0), the principal components estimators for F, and A; have been
shown to be consistent when all the factors are I(0) and when some or all of
them are I(1). But consistent estimation of the factors when e;, is I(1) has not
been considered in the literature. Indeed, when e;, has a unit root, a regression
of X;; on F, is spurious even if F, was observed, and the estimates of A; and
thus of e;, will not be consistent. The validity of PANIC thus hinges on the abil-
ity to obtain estimates of F, and e;, that preserve their orders of integration,

“*Such an assumption was made in Connor and Korajzcyk (1986).
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both when e, is I(1) and when it is I(0). A contribution of this paper is to show
how this can be accomplished. Essentially, the trick is to apply the method of
principal components to the first-differenced data.

To be precise, suppose we observe X, a data matrix with 7 time-series
observations and N cross-section units. Suitably transform X to yield x, a
set of (T' — 1) x N stationary variables. Let f = (f2, f5,..., fr) and A =
(A1, ..., Ay). The principal component estimator of f, denoted f ,is /T —1
times the r eigenvectors corresponding to the first r largest eigenvalues of the
(T —1) x (T — 1) matrix xx’. Under the normalization f/f/(T —1)=1, the
estimated loading matrix is A=x f /(T —1).

Before turning to the details, an overview of the inference procedures gives
an idea of what is to follow. If there is one factor, PANIC will test if it is a
unit root process. If there are multiple factors, PANIC will determine r;, the
number of independent stochastic trends underlying the » common factors. In
addition, PANIC will test if there is a unit root in each of the idiosyncratic
errors. An important aspect of PANIC is that the idiosyncratic errors can be
tested for the presence of a unit root without knowing if the factors are sta-
tionary, and vice versa. In fact, the tests on the factors are asymptotically in-
dependent of the tests on the idiosyncratic errors. In each case, we allow for
the possibility that the differenced stationary series are serially correlated with
(possibly infinite) autoregressive representations. The two univariate tests will
be denoted by ADF(i) and ADF; respectively, as they are based on the ¢ test
of Said and Dickey (1984) using an augmented autoregression with suitably
chosen lag lengths. In the case when r > 1, we consider two tests. The first
filters the factors under the assumption that they have finite order VAR repre-
sentations. The second corrects for serial correlation of arbitrary form by non-
parametrically estimating the relevant nuisance parameters. Accordingly, the
“filtered” test is denoted by M Oy, and the “corrected” test is denoted by M Q..
These are modified versions of the Q; and Q. tests developed in Stock and
Watson (1988).

The definition of x depends on the deterministic trend function. We consider
two specifications, leading to what we will call the intercept only model and the
linear trend model. The superscripts ¢ and 7 will be used to distinguish these
two cases. The focus of this section is unit root inference. The properties of the
factor estimates will be deferred to Section 3. The theory proceeds assuming
r is known. We will return to the determination of r in practice in Section 4.

2.2. The Intercept Only Case

The factor model in the intercept only case is

(4) X,—,:C,——F)\;F[—l—e,-,.
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Denote
%) xi=AX,, f=AF,, and z,=Ae,;.
Then the model in first-differenced form is
(6) Xie = A fi + zip.

Applying the method of principal components to x yields r estimated factors f,,

the associated loadings A;, and the estimated residuals, 2;, = x;, — )At;. ﬁ Define
fort=2,...,T:

t
éit:ZQit (l:l,,N),
s=2

t
F, = Zfs, an r x 1 vector.

s=2

1. Let ADF;(i) be the ¢ statistic for testing d;y = 0 in the univariate aug-
mented autoregression (with no deterministic terms)

Aé,‘t = d[oé[[_l + d,‘lAé[t_l —+ -4+ d,’pAé,‘t_p -+ error.
2. If r=1, let ADF;’ be the ¢ statistic for testing 6, = 0 in the univariate

augmented autoregression (with an intercept):

Aﬁ, =c+ Soﬁt,1 + 61AIA7H 4+ 4+ SPAI:“,,I, + error.

3. If r > 1, demean ﬁt and define 1:";' = ﬁt — F, where F =(T-1)" ZzT:Z ﬁ,.
Start with m = r:
A: Let B, be the m eigenvectors associated with the m largest eigenvalues

of T2y FeF¢. Let Y¢ = B/ F*. Two statistics can be considered:
BI LetK(j)=1-j/(J+1),j=0,1,...,J:
(i) Let & be the residuals from estimating a first-order VAR in Y7,
and let

J T
=) KO (T—1 > ff_,ff’)-
j=1 t=2
(ii) Let v¢(m) be the smallest eigenvalue of

T T -1
P.(m)=.5 [Z(Yfo’l +YL, YY) -T2+ 2;’)} (Z Yo, vy 1) :
t=2

=2
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(iii) Define M Q¢(m) = T[vS(m) — 1].
B.II: For p fixed that does not depend on N or T
(i) Estimate a VAR of order p in Af/t" to obtain IT Ly=1, — II L —
cee— ﬁpLP. Filter f/f by II(L) to get y° = IC_I(L)f/f.
(ii) Let #¢(m) be the smallest eigenvalue of

T T -1
Pi(m)=.5 {Z(ﬁf%/] + 9,"19,‘”)] (Zﬁflﬁf/]) :
t=2 t=2
(iii) Define the statistic M Q5(m) = T[f/j‘,'(m) —1].
C: If Hy:r, = misrejected, set m = m — 1 and return to step A. Otherwise,
71 = m and stop.

THEOREM 1 (The Intercept Only Case): Suppose the data are generated
by (2), (3), and (4) and Assumptions A-E hold. Let W, and W,; (i=1,...,N)
be standard Brownian motions. The following results hold as N, T — oc.

1. Let p be the order of autoregression chosen such that p — oo and
p?/min[N, T1— 0. Under the null hypothesis that p; =1,

o Wai(s) dWi(s)
(Jy Wa(s)2ds)12

ADF:(i) =

2. (r=1). Let p be the order of autoregression chosen such that p — oo and

p/min[N, T]1— 0. Let Wt (s) = W,(s) — fol W..(s) ds. Under the null hypothesis
that F, has a unit root,

1 c
ADF: = Jo Wi(5) dWi(s)
(fo I/VM"(S)Z ds)l/z

3. (r > 1). Let W,, be an m-vector standard Brownian motion, W = W,, —
fol W,.. Let vS(m) be the smallest eigenvalue of

1 -1
@::%[an(l)an(l)/—lm][/ W,,‘,'(s)W,,‘,'(s)/ds} .
0

(i) Let J be the truncation lag of the Bartlett kernel, chosen such that J — oo
and J/ min[~/N, ~/T ] — 0. Then under the null hypothesis that F, has m
. e d_
stochastic trends, T[S (m) — 1] — vi(m).
(ii) Under the null hypothesis that F, has m stochastic trends with a fi-
nite VAR(p) representation and a VAR(p) is estimated with p > p,

T[94(m) — 1] =% v (m).
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Separately testing F, and e;, allows us to disentangle the source of nonsta-
tionarity. If F, is nonstationary but e;, is stationary, we say the nonstationarity
of X, is due to a pervasive source. On the other hand, if F, is stationary but
e;, is nonstationary, then the nonstationarity of X;, is due to a series-specific
source. Evidently, if both F, and e;, are nonstationary, both common and idio-
syncratic variations contribute to the integratedness of X;. Although direct
testing of F, and e;, is not feasible, Theorem 1 shows that testing é; and F , are
the same as if e;, and F, were observable.

As shown in the Appendix, 7-'/%¢;,, = T~"?e;, + 0,(1), where the 0,(1) term
is uniform in ¢. The asymptotic distribution of ADFZ (i) coincides with the DF
test developed by Dickey and Fuller (1979) for the case of no constant. The
critical value of the test at the 5% significance level is —1.95.

When the first-differenced data AX; contain no deterministic terms,
T-12F, = T-\2HF, + 0,(1), where H is a full rank matrix and the 0,(1) term
is uniform in ¢. This means that the difference between the space spanned by
estimated factors and the true factors is small. Testing for a unit root in de-
meaned F, is asymptotically the same as testing for a unit root in demeaned F,.
When r = 1, this is a simple univariate test. The ADF¢ has the same limit-
ing distribution as the DF test for the constant only case. The 5% asymptotic
critical value is —2.86.

Assuming that the series to be tested is observed, Said and Dickey (1984)
showed that the ADF based upon an augmented autoregression has the same
limiting distribution as the DF if the number of lags is chosen such that
p’/T — 0as p, T — oo. In our analysis, the series to be tested are é;, and F,
Since these are estimates of e; and F,, the allowed rate of increase in p
depends on the rate at which the estimation errors vanish, giving the result
p?/min[N, T]— 0 as stated.

If all factors are I(1), linear combination of the factors will be I(1). If all
factors are I(0), their linear combinations will still be I(0). However, linear
combinations of I(1) and I(0) factors can remain I(1). Since we can only es-
timate the space spanned by the factors, individually testing each of the fac-
tors for the presence of a unit root will, in general, overstate the number of
common trends. Accordingly, we need to determine the number of basis func-
tions spanning the nonstationary space of F,. Stock and Watson (1988) pro-
posed two statistics, denoted Q; and Q., designed to test if the real part of
the smallest eigenvalue of an autoregressive coefficient matrix is unity. While
the Q;; assumes the nonstationary components of F, to be finite order vector-
autoregressive processes, the Q¢ allows the unit root process to have more
general dynamics, including moving-average errors.

Our proposed MQ; and MQf tests are modified variants of Stock and
Watson’s Q¢ and Q5. The basic difference is in the numerator of the tests.

Instead of Y/, §9¢, in O, we use as numerator SIS P+ 9N,
which can be thought of as an average of the autocovariance of y¢ at lead
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and lag one. Such a numerator was also considered by Phillips and Durlauf
(1986) for testing unit roots in vector time series. In the present context, the
modification serves two purposes. First, the modified numerator is symmet-
ric, and thus the eigenvalues are always real. Second, when r = 1, the identity
P AY = 5[(55)* = X1, (AP9)?] holds under the null hypothesis of a unit
root, leading in the limit to Ito’s Lemma, fo1 W.(s)dW (s) = 5[W.(1)* —1]. As
is well known, the numerator of the ADF test can be represented either way.
In the multivariate case, the analogous identity is >/, (§¢ AP 4+ AJHe,) =
$59¢ — 3T A9°A9Y, and so, in the limit, the numerators of our M Q¢ tests still
have two equivalent representations. At a more technical level, the modifica-
tions allow us to exploit use of the identity, which substantially simplifies the
proofs.

The limiting distributions of T[gi)j,'(m) —1I,,] and T[@f’f,(m) — I,,] are of the
form A®<A~!, which has the same eigenvalues as @¢.> The critical values of
both tests can thus be obtained by simulating @¢, which is based upon a vector
of standard Brownian motions. These are reported in Table I.

Strictly speaking, the M Qf(m) test is valid only when the common trends
can be represented as finite order AR(p) processes. From a theoretical point
of view, the M Q¢(m) is more general, as it only requires the weakly dependent
errors to satisfy the moment conditions of Assumption B. We can then per-
form kernel estimation of the long-run minus the short-run residual variance
of a VAR(1). Theorem 1, based upon the Bartlett kernel as in Newey and West
(1987), shows that so long as the number of autocovariances, J, does not in-
crease too fast, serial correlation of arbitrary form can be effectively removed
nonparametrically. One can expect the results to generalize to other kernels,
with appropriate restrictions to the truncation point.

TABLE I

CRITICAL VALUES FOR M Q. AND M Q; FOR TESTING Hy:r =m
AT SIGNIFICANCE LEVEL ¢

MO, MQ7

m\ e 01 05 10 01 05 10

-20.151  -13.730 —-11.022 -29.246 —-21.313 —17.829
—-31.621 —-23.535 —19.923 -38.619 —-31.356 —27.435
—41.064 32296 —28399 —-50.019 —40.180 —35.685
—48.501 —40.442 -36.592 —58.140 —48.421 —44.079
—58.383 —48.617 —44.111 —-64.729 —-55.818 —55.286
—66.978 —57.040 52312 74251 —64.393 —59.555

[N R N S

SStock and Watson (1988) suggest normalizing the IT(L) estimates so that Aj, has unit vari-
ance. This is in fact not necessary.
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In our analysis, r; is estimated by successive application of the M Q tests.
If the chosen significance level at each stage is ¢, then P(#, =r) - 1 — ¢,
and the overall asymptotic type I error is also ¢. This property is generic of
successive testing procedures, including Johansen’s trace and eigenvalue tests
for the number of cointegrating vectors.® The result is a consequence of the
fact that the tests are applied to the same F, and thus not independent across
stages.

When an observed series is tested for a unit root using the ADF, it is known
that the statistic diverges at rate ~/T under the alternative of stationarity when
p is chosen to increase with T such that p?/T — 0 as T — oo.

THEOREM 2: Suppose ¢, is tested for a unit root using the ADF, the assump-
tions of Theorem 1 hold, and p is chosen such that p — oo and p*/min[N,
T1— 0as N and T — oo. Under the alternative of stationarity, the statistic di-

verges at rate min[~/N, VT 1.

Although ¢, yields asymptotically valid inference about nonstationarity
of e;, the fact that e; is unobserved is not innocuous. As indicated in The-
orem 1, the usual Dickey—Fuller limiting distribution obtains only when
p?/min[N,T] — 0 as p, N,T — oo. Theorem 2 shows that for the test to
be consistent, we need p*/ min[N, T] — 0. As shown in the Appendix, the di-

vergence rate is /N if T/N — oo, and is /T if T/N is bounded. The overall

rate is thus min[+/N, /T ]. Essentially, the power of the test is determined by
how fast the error in estimating the factors vanishes, and thus depends on both

N and T. The above rate of divergence also applies to testing F, when r = 1.7

2.3. The Linear Trend Case
Consider now the factor model in the case of a linear trend:
(7) Xy=ci+Bit+ANF +e;

and thus AX, = B; + NAF, 4+ Ae,. Let AF = (T — 1)"' Y./ AF,, Ae, =
(T -1 ZLZ Ae;, and AX; = (T — 1)~} Zszz AX;,. PANIC proceeds as fol-
lows for the case of a linear trend. Define

AX; —AX; = N(AF, — AF) + (Ae;, — Aey),
which can be rewritten as

3) Xit = )\;fz+2it,

®For a detailed discussion, see Johansen (1995, pp. 169 and 170).
7Stock and Watson showed (in an unpublished appendix) consistency of the Q tests. Even for
observed data, the proof is quite involved. We conjecture a similar result to hold for the M Q tests.
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where
(9) xit=AXit—ﬁi, ft=AFt—F, Z,-,:Ae,-,—A_e,-.

Note that the differenced and demeaned data x;; are invariant to ¢; and ;.
As a consequence, there is no loss of generality to assume E(AF,) = 0. For ex-
ample, if F, = a + bt + n, such that E(An,) =0, then we can rewrite model (7)
with F, replaced by 1, and ¢; + B;f replaced by ¢; + Aja + (B; + Ab)t.

Let f, and A; be the estimates obtained by applying the method of principal
components to the differenced and demeaned data, x, with z;, = x;, — 5\;. f,, and
é=Y",%.Alsolet F,=Y"_, f,, anr x 1 vector.

1. Let ADF](i) be the ¢ statistic for testing djy = 0 in the univariate aug-
mented autoregression (with no deterministic terms)

Aéit = diOéitfl + d”Aéit,] + -4+ dipAéitfp + error.

2. If r=1, let ADF z be the ¢ statistic for testing 6, = 0 in the univariate
augmented autoregression (with an intercept and a time trend)

Aﬁt = =+ C1t+ SOﬁt—l =+ 81Aﬁt_1 + .-+ 8pAﬁt_p + error.

3. If r>1, let F 7 be the residuals from a regression of F , on a constant and
a time trend. Repeat step (3) for the intercept only case with F T replacing F <
to yield f/[ and y7. Denote the tests by M Q}(m), and M QI (m).

THEOREM 3 (The Linear Trend Case): Suppose the data are generated by (2),
(3), and (7), and the assumptions of Theorem 1 hold. Let W, and W,;, i =
1, ..., N be standard Brownian motions. The following hold as N, T — oo:

1. Let p be the order of autoregression chosen such that p — oo and
p?/min[N, T]1— 0. Let V_;(s) = W_(s) — sW.(1) be a Brownian bridge. Under
the null hypothesis that p; = 1,

1 1 —1/2
ADFg(i):>—§(/ Vg-(sfds) (i=1,...,N).
0

2. (r=1). Let p be the order of autoregression chosen such that p — oo
and p*/min[N, T] — 0. Let W (t) = W,(t) — [, (4 — Ts)W(s)ds — t [, (12 —
65)W, (s)ds. When r = 1 and under the null hypothesis that F, has a unit root,

1 T
ADF: = fo ]Wu (s) qu(S)‘
(fo I/VMT(S)Z ds)l/z
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3. (r > 1). Let W be a vector of m-dimensional detrended Brownian motions.
Let v.(m) be the smallest eigenvalue of

1 -1
@;:%[an(l)W,;(l)/—Im][/ an(s)W,;(s)/ds} .
0

(i) Let J be the truncation point of the Bartlett kernel, chosen such that
J/min[v'N,T]1— 0as J,N, T — co. Then under the null hypothesis

that F, has m stochastic trends, M QI (m) LN vI(m).
(ii) Under the null hypothesis that F, has m stochastic trends with a finite
VAR( p) representation, and a VAR(p) is estimated with p > p, then

MQ;(m) % vi(m).

The limiting distribution of ADF?, coincides with the DF for the case with
a constant and a linear trend. However, as shown in the Appendix, the con-
sequence of having to demean AXj, is that T-1/2¢;, converges to a Brownian
bridge instead of a Brownian motion. The limiting distribution of the ADF7 is
not a DF type distribution, but is proportional to the reciprocal of a Brownian
bridge.

There are three important features of PANIC that are worthy of highlight-
ing. First, the tests on the factors can be performed without knowing if the
idiosyncratic errors are stationary or nonstationary. Second, the unit root test
for e;, is valid whether e, j # i, is I(1) or 1(0), and in any event, such knowl-
edge is not necessary. Third, the test on the idiosyncratic errors do not depend
on whether F, is I(1) or I(0). In fact, the limiting distributions of ADF; (i) and
ADF] (i) do not depend on the common factors. This property is useful for
constructing pooled tests.

2.4. Pooled Tests

A common criticism of univariate unit root tests is low power, especially
when 7 is small. This has generated substantial interest in improving power.
A popular method is to pool information across units, leading to panel unit
root tests. Recent surveys of panel unit root tests can be found in Maddala
and Wu (1999) and Baltagi and Kao (2001). The early test developed in Quah
(1994) imposed substantial homogeneity in the cross-section dimension. Sub-
sequent tests such as that of Levin, Lin, and Chu (2002) and Im, Pesaran, and
Shin (2003) allow for heterogeneous intercepts and slopes, while maintaining
the assumption of independence across units. This assumption is restrictive,
and if violated, can lead to over-rejections of the null hypothesis. Banerjee,
Marcellino, and Osbat (2001) argued against use of panel unit root tests be-
cause of this potential problem. O’Connell (1998) provides a GLS solution
to this problem, but the approach is theoretically valid only when N is fixed.
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When N also tends to infinity, as is the case under consideration, consistent es-
timation of the GLS transformation matrix is not a well defined concept since
the sample cross-section covariance matrix will have rank 7" when N > T even
when the population covariance matrix is rank N.

If cross-section correlation can be represented by common factors, then The-
orems 1 and 2 show that univariate tests for ¢;, do not depend on Brown-
ian motions driven by the common innovations u, asymptotically. Thus, if
e;; is independent across i, tests based upon é;, are asymptotically independent
across i. Consider the following:

THEOREM 4: Suppose e;, is independent across i and consider testing
Hy:p;=1Viagainst H,:p; <1 for some i. Let p§(i) and p}(i) be the p-values
associated with ADF; (i) and ADF](i), respectively. Then

=23 log ps() —2N 4

P = — N(0, 1),
V4N
N e
Pr= -2 . log pi(i) — 2N —d>N(0,1).
V4N

Under the assumption that e;; is independent across i, tests for ¢;, are inde-
pendent across i asymptotically. The p-values are thus independent U[0,1] ran-
dom variables. This implies that minus two times the logarithm of the p-value
is a x? random variable with two degrees of freedom. The test —2 3"~ , In px (i)
was first proposed in Maddala and Wu (1999) for testing a fixed number of ob-
served series. Choi (2001) extended the analysis to allow N — oo by standard-
ization. Pooling on the basis of p-values is widely used in meta analysis. It has
the advantage of allowing for as much heterogeneity across units as possible.
For example, it can be used even when the panel is nonbalanced. Alternatively,
one can also test if the pooled coefficient estimated by regressing é;; on é;,_;
is statistically different from unity. Such a pooled test would be in the spirit of
Levin, Lin, and Chu (2002).

A pooled test of the idiosyncratic errors can be seen as a panel test of no
cointegration, as the null hypothesis that p; =1 for every i holds only if no
stationary combination of X, can be formed. It differs from other panel coin-
tegration tests in the literature, such as developed in Pedroni (1995), in that our
framework is based on a large N, and the test is applied to ¢, instead of Xj,.
While panel unit root tests for X;, are inappropriate if the data admit a factor
structure, pooling of tests for é;; is asymptotically valid under the more plausi-
ble assumption that e;, is independent across i. It should be made clear that the
univariate tests proposed in Theorems 1 and 3 permit weak cross-section corre-
lation of the idiosyncratic errors. It is only in developing pooled tests that inde-
pendence of the idiosyncratic errors is assumed. The independence assumption
can, in principle, be relaxed by allowing the number of cross-correlated errors
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to be finite so that as N increases, the p-values are averaged over infinitely
many units that are not cross-correlated.

3. CONSISTENCY OF F,

The asymptotic results stated in the previous section require consistent es-
timation of F, and e; when some, none, or all of these components are I(1).
Bai and Ng (2002) considered estimation of » and showed that the squared de-
viations between the estimated factors and the true factors vanish, while Bai
(2003) derived the asymptotic distributions for the estimated F, and A;. Both
studies assume the errors are all I(0). However, we need consistent estimates
not just when e, is 1(0), but also when it is I(1).

The insight of the present analysis is that, by applying the method of princi-
pal components to the first-differenced data, it is possible to obtain consistent
estimates of F, and e;,, regardless of the dynamic properties of F, and e;. To
sketch the idea why this is the case, assume B; = 0. The factor model in dif-
ferenced form is AX;, = MAF, 4+ Ae;,. Clearly, differencing removes the fixed
effect ¢;. This is desirable because a consistent estimate of it cannot be ob-
tained when e¢;, is I(1). Now if e;, is I(1), Ae;, = z;, will be 1(0). Under Assump-
tion C, z;, has weak cross-section and serial correlation. Consistent estimates
of AF, can thus be obtained. If ¢; is 1(0), Ae;,, although over-differenced, is
still stationary and weakly correlated. Thus, consistent estimation of AF; can
once again be shown. We summarize these arguments in the following lemma.

LEMMA 1: Let f, be defined by (5). Consider estimation of (6) by the method
of principal components and suppose Assumptions A-E hold. Then there exists
an H with rank r such that asAN, T — o0,

(a) min{N, TVT' Y-, | f, — Hf, I = O,(1),

(b) min{+~/N, T)(f, — Hf,) = 0,(1), for each given t,

(c) min{~/T, NYA; — H™'\) = 0,(1), for each given i.

The results also hold when f, is defined by (9) and (8) is estimated.

As is well known in factor analysis, A; and f, are not directly identifiable.
Therefore, when assessing the properties of the estimates, we can only consider
the difference in the space spanned by f; and f,, and likewise between /A\,» and A;.
The matrix H is defined (in the Appendix) such that Hf; is the projection of
f: on the space spanned by the factors, f;. Result (a) is proved in Bai and Ng
(2002), while (b) and (c) are proved in Bai (2003). It should be remarked that
when e;, is I(0), estimation using the data in level form will give a direct and
consistent estimate on F,. Although these estimates could be more efficient
than the ones based upon first differencing, they are not consistent when e;,
is I(1).

In Pesaran and Smith (1995), it was shown that spurious correlations be-
tween two I(1) variables do not arise in cross-section regressions estimated
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with time averaged data under the assumption of strictly exogenous regres-
sors, i.i.d. errors, and 7 fixed. Phillips and Moon (1999) showed that an average
long-run relation, defined from long-run covariance matrices of a panel of I(1)
variables, can be identified when N and T are both large. Lemma 1 shows that
the individual relations (not just the average) can be consistently estimated un-
der a much wider range of conditions: the regressors are unobserved, they can
be I(1) or I(0), and the individual regressions may or may not be spurious.
Although A; and f, can be consistently estimated, the series we are interested

in testing are F, = Zi:z ﬁ and é;, = Zizz Z;;. Thus, we need to show that given
estimates of f; and z;, F, and é;, are consistent for F, and e;, respectively.

LEMMA 2: Under the assumptions of Lemma 1,

=0,(N'"*)+0,(T*).

max ——

The lemma says that the cumulative sum of f, is uniformly close to the cumu-
lative sum of f, provided N, T — 00.® Because F, =Y, ,f,and H) |, f, =
HY !  AF,= HF,— HF,, Lemma 2 can be stated as

(10) max—||F HF,+ HF\||=O0,(N"'?) + O0,(T*).

1<t<T

Since a location shift does not change the nonstationarity property of a se-

ries, testing the demeaned process F,— Fis asymptotically the same as testing
H(F, — F). This result is instrumental in obtaining the limiting distributions of
unit root tests for F,. It would seem that for testing é;,, this result may not be
sufficient since ¢; also depends on A;. But as shown in the Appendix, we only
require (/A\,- — H'');) to be 0,(1) for unit root tests on ¢; to yield the same
inference as testing e;,, and by Lemma 1(c), this holds provided N and T tend
to infinity. Thus, the conditions for valid testing of F, and e;, using ﬁ, and ¢;,
are the same.

An implication of Lemma 2 is that T2y F,F — T2H(Y.|,F,F)H'
—25 0. That is, the sample variation generated by F, is the same order as F,.
If 723" F,F/ has r, nondegenerate eigenvalues, 7->""  F,F’ also has r,
nondegenerate eigenvalues. Thus if F, has r; common trends, ﬁ, will also have
ry common trends. This result is instrumental in the development of the M Q,
and M Qy tests.

8The O,(T—**) can be replaced by O, (log T/ T) if the moment generating function of f; exists
(ie., if Ee™V!l < M for all ¢ and for some 7 > 0).
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Uniform convergence of the factor estimates in large panels was proved in
Stock and Watson (2002) under the assumption that N > T2 and that F, and
e;, are stationary. However, our analysis provides a more general uniform con-

sistency result as a by-product. Upon multiplying (A.2) by /T, we have

(11) max \F,— HF,+ HF,| = 0,(TAN"2) + 0,(T~).

As stated in (11), F, is uniformly consistent for HF, (up to a shift factor HF,)
provided T/N — 0 as N, T — ooc. This result is quite remarkable in that the
common stochastic trends can be consistently estimated by the method of
principal components, up to a rotation and a shift in level, without knowing
whether F, or e;, is I(0) or I(1). This means that even if each cross-section
equation is a spurious regression, the common stochastic trends are well de-
fined and can be consistently estimated, if they exist. This is not possible within
the framework of traditional time-series analysis, in which N is fixed.

The result that when N and T are large, the space spanned by the com-
mon factors can be consistently estimated under very general conditions is not
merely a strong result of theoretical interest. It is also of practical interest be-

cause it opens the possibility of testing other properties of F, using F,. For
example, ARCH and long memory effects can be assessed, parameter instabil-
ity tests can be devised, and the relative importance of the common and the
idiosyncratic components can be evaluated even when neither is observed. Be-
cause Lemma 2 is potentially useful in contexts other than unit root testing, we
stated it as a primary result. It should be made clear that uniform consistency
is not necessary for PANIC, and thus we do not require 7/N — 0, though our
results will hold under these stronger conditions. For PANIC to be valid, only
Lemmas 1 and 2 are necessary.

4. MONTE CARLO SIMULATIONS

We begin by using a model with one factor to show that F, constructed as
>, f, is robust to different stationarity assumptions about e;,, where ﬁ is es-
timated from first-differenced data. We generate F, as an independent random
walk of N (0, 1) errors with 7= 100, and A; isi.i.d. N(1, 1). Data are generated
according to X;, = A F, + e;. We then construct I:”t as discussed in Section 2
for the intercept only model. In practice, a comparison of F, with I:”t cannot
be made because the former is unobservable. But F, is known in simulations.
Thus, for the sake of illustration, we compare the fitted values from the regres-
sion F, =a+ bE ; + error with F,. An implication of Lemma 2 is that this fitted
value (which we will continue to call F ,) should be increasingly close to F, as N
increases. On the other hand, estimation using the data in levels will not have
this consistency property.
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For the case when e;, is I(1), we simulate a random walk driven by i.i.d.
N (0, 1) errors for N =20, 50, and 100, respectively. We then estimate the fac-
tors using (i) differenced data, and (ii) the data in level form. Figures 1(b),
(c), and (d) display the true factor process F, along with F,. Evidently, F, gets
closer to F, as N increases if the data are differenced. In fact ﬁt is close to
the true process even when N = 20. On the other hand, when the method of
principal components is applied to levels of the same data, all the estimated
series are far from the true series, showing that estimation using the data in
levels is not consistent when e;, is I(1). We next assume the idiosyncratic errors
are all I(0) by drawing e;, from an i.i.d. N(0, 1) distribution. Figure 2 illustrates
that even though the data are over-differenced, the estimates are very precise.
In this case, both the level and differenced methods give almost identical esti-
mates.

We now use simulations to illustrate the finite sample properties of the pro-
posed tests. Throughout, the number of replications is 5000. In theory, r is not
known. We showed in Bai and Ng (2002) that the number of factors in station-
ary data can be consistently determined by information criteria (PC,) if the
penalty on an additional factor is specified as a function of both N and 7. In
the present context, we can consistently estimate » from the first-differenced
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FIGURE 1.—True and estimated F, when e;, is I(1).
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FIGURE 2.—True and estimated F, when ¢, is I(0).

data. In the simulations, the following is used:

= rgmlnICI(k), where
N+T) NT’

NT \N+T
I1C, (k) _logfrz(k)—l-klog( ) +

where 6%(k) = N-'T' 8 -7 323, are the estimated residuals from prin-
cipal components estimation of the first-differenced data, and k,,x = 6. In all
the configurations considered (up to 3 true factors), the criterion always se-
lects 7 =r.

4.1. The Caser =1

We simulate data using X;, = A;F, + e;, with e;, = pe;, 1 + €, and F, =
aF, | + u,, with A; ~ N(0,1), €, ~ N(0, 1), and u, ~ N(0, o2). We consider
three values of o with the importance of the common component increasing
in the value of o%. In the simulations, p; is the same across i. We also consider

9Using IC, in Bai and Ng (2002), P(7 = r) is sometimes .98. The choice of a penalty that
satisfies the conditions of Bai and Ng (2002) is important.
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fourteen pairs of (p;, «). When p;, =1 but « < 1, the errors are nonstationary
but the factors are stationary. When @ = 1 but p; < 1, the factors are unit root
processes but the errors are stationary.

We report results for 7= 100, and N =40, 100 in Table II. The column la-
beled F is the rejection rate of the ADF test applied to the estimated common
factor. The remaining three columns are the average rejection rates, where the
average is taken across N units over 5000 trials. Results for a particular i are

TABLE IIA
REJECTION RATES FOR THE NULL HYPOTHESIS OF A UNIT ROOT, INTERCEPT ONLY, r =1

of =v10 of =1 of =V3
pi « X F & P, P X F @& Py PS5 X F & Py P
T=100,N =40

1.00 .00 .18 96 .06 .90 .05 .07 53 .06 21 .06 .07 33 .06 .16 .05
1.00 50 25 92 06 .97 .06 .09 .64 06 39 .06 .08 47 .05 .25 .05
1.00 80 .23 57 .05 91 .05 .10 47 .06 .54 .06 .08 .40 .06 .36 .05
1.00 9 .15 27 06 .72 .06 .09 25 .05 47 .06 .08 23 .06 .34 .06
1.00 9 .10 .13 06 51 .05 08 12 05 36 .05 .07 12 .05 27 .05
.00 1.00 .11 .07 44 42 1.00 21 .07 43 .68 1.00 .26 .06 .43 .81 1.00
S50 1.00 .13 .07 .58 .45 1.00 .25 .07 58 .77 1.00 32 .06 .58 .88 1.00
.80 1.00 .13 .07 58 46 1.00 22 .07 58 .75 1.00 .26 .07 .58 .87 1.00
90 1.00 .09 .07 43 41 1.00 .14 .07 43 .67 1.00 .16 .07 .43 .79 1.00
95 1.00 .08 .06 .25 .37 1.00 .10 .07 25 .55 1.00 .10 .06 .25 .63 1.00
1.00 1.00 .07 .07 .06 .32 .06 .07 .07 .06 .26 .06 .07 .07 .05 .23 .05
S50 .80 .68 .59 .67 1.00 1.00 .80 .60 .67 1.00 1.00 .84 .62 .67 1.00 1.00
80 50 .82 .96 .64 1.00 1.00 .69 .94 .64 1.00 1.00 .65 .93 .64 1.00 1.00
.00 90 35 .28 57 91 1.00 49 27 57 .99 1.00 .57 .27 .57 1.00 1.00
90 .00 54 1.00 .46 1.00 1.00 .31 94 46 1.00 1.00 .28 .85 .46 1.00 1.00

1.00 .00 .18 99 .06 .98 .06 .07 .78 .06 35 .06 .07 .58 .05 .25 .06
1.00 50 25 9 06 .99 .06 .09 82 .06 .62 .06 .08 .70 .06 .43 .06
1.00 80 23 59 06 95 .06 .10 53 .05 .75 .05 .08 .48 .06 .58 .05
1.00 9 .15 27 06 .81 .06 .09 25 .05 .66 .05 .08 24 .05 .54 .05
1.00 95 .10 .13 05 59 .05 08 13 .06 51 .05 .07 .13 .05 .44 .05
.00 1.00 .11 .06 .44 46 1.00 .21 .07 .44 .75 1.00 .27 .07 43 .8 1.00
S50 1.00 .13 .07 .58 .50 1.00 25 .07 58 .81 1.00 .32 .07 .58 .92 1.00
.80 1.00 .12 .07 58 .50 1.00 22 .07 58 .81 1.00 .27 .07 .58 .91 1.00
90 1.00 .09 .06 .43 47 1.00 .14 .06 43 .74 1.00 .16 .07 43 .86 1.00
95 1.00 .08 .06 .25 .43 1.00 .10 .07 25 .64 1.00 .10 .06 .25 .74 1.00
1.00 1.00 .07 .07 .06 .37 .05 .07 .07 .06 .35 .06 .07 .06 .06 .33 .06
S50 .80 .68 .59 .67 1.00 1.00 .80 .61 .68 1.00 1.00 .84 .60 .67 1.00 1.00
80 50 .82 .96 .64 1.00 1.00 .69 96 .64 1.00 1.00 .65 .95 .64 1.00 1.00
.00 90 35 .27 57 93 1.00 49 .28 .57 1.00 1.00 .57 .26 .57 1.00 1.00
90 .00 54 1.00 .46 1.00 1.00 .31 98 .46 1.00 1.00 .29 96 .46 1.00 1.00

Note: The data are generated as e;; = p;e;;_1 + €;; and Fy = aF;_1 + u;. Columns under X and é are reject rates
of the ADF. P€ and PT are rejection rates of the pooled tests.
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TABLE IIB

REJECTION RATES FOR THE NULL HYPOTHESIS OF A UNIT ROOT,
LINEAR TREND MODEL, r =1

1147

of =10 of =1 of =3
pi « X F & Py P x F ¢ Py Pl X F & Py P]
T =100, N =40
.00 .00 22 95 .05 .94 .07 .08 .63 .05 .32 .07 .07 45 .05 24 .06
1.00 .50 .28 .81 .05 .95 .07 .10 .65 .05 .54 .06 .08 51 .05 .37 .06
.00 .80 .21 .38 .05 .82 .06 .11 35 .05 .61 .06 .09 .32 .05 .47 .06
.00 .90 .13 .17 .05 .59 .06 .09 .17 .05 49 .06 .08 .16 .05 .42 .06
.00 95 .09 .10 .05 .43 .06 .08 .10 .05 .38 .06 .08 .10 .05 .33 .06
00 1.00 .12 .07 .35 .45 1.00 .24 .07 .34 .76 1.00 .29 .07 .34 .87 1.00
50 1.00 .14 .06 .48 .48 1.00 .27 .07 .48 .82 1.00 .33 .07 48 .93 1.00
80 1.00 .12 .07 .37 .48 1.00 .19 .07 .36 .79 1.00 .23 .08 .36 .89 1.00
9 1.00 .09 .07 20 .42 100 .12 .08 .20 .65 1.00 .13 .07 .20 .78 1.00
.95 1.00 .08 .07 .10 .37 .83 .09 .08 .10 .50 .83 .09 .08 .10 .55 .83
.00 1.00 .07 .07 .05 .34 .06 .07 .08 .05 .31 .06 .07 .07 .05 .28 .07
50 .80 .49 .39 .53 .97 1.00 .62 .40 .53 1.00 1.00 .67 .42 .53 1.00 1.00
80 .50 .65 .85 .38 1.00 1.00 .48 .82 .38 1.00 1.00 45 .79 .38 1.00 1.00
00 .90 .25 .18 41 .77 1.00 .39 .18 .41 .97 1.00 .46 .17 .41 .99 1.00
9 .00 42 .97 20 1.00 1.00 .20 .85 .20 1.00 1.00 .19 .71 .20 1.00 1.00
=100, N =100
.00 .00 22 96 .05 .98 .07 .08 .84 .05 .51 .06 .07 .69 .05 .40 .07
1.00 .50 .28 .83 .05 .98 .06 .10 .76 .05 .75 .07 .08 .69 .05 .61 .06
.00 .80 .21 .39 .05 .88 .06 .11 37 05 .79 .06 .09 36 .05 .70 .07
1.00 .90 .13 .17 .05 .67 .06 .09 .16 .05 .65 .06 .08 .17 .05 .60 .06
.00 95 .09 .10 .05 .50 .06 .08 .10 .05 .49 .06 .08 .11 .05 .49 .06
00 1.00 .13 .07 .35 .49 1.00 .24 .07 .35 .81 1.00 .30 .07 .34 .91 1.00
50 1.00 .14 .07 48 .52 1.00 .27 .07 48 .87 1.00 .34 .07 48 .96 1.00
8 1.00 .12 .07 .36 .52 1.00 .19 .07 .36 .83 1.00 .23 .07 .37 .94 1.00
9 1.00 .09 .08 20 .47 100 .12 .07 .20 .74 1.00 .13 .07 .20 .86 1.00
95 1.00 .08 .07 .10 .42 .99 .09 .07 .10 .60 .99 .09 .07 .10 .69 .99
.00 1.00 .07 .07 .05 .40 .06 .07 .07 .05 .41 .06 .07 07 .05 .41 .06
50 .80 .49 40 .53 .98 1.00 .62 .41 .53 1.00 1.00 .67 .41 .53 1.00 1.00
80 .50 .64 .84 38 1.00 1.00 .48 .84 .38 1.00 1.00 45 .82 .38 1.00 1.00
.00 .90 .24 .17 41 .81 1.00 .38 .18 .41 .99 1.00 .46 .17 .41 1.00 1.00
90 .00 42 .97 20 1.00 1.00 20 93 .20 1.00 1.00 .19 .88 .20 1.00 1.00

Note: The data are generated as e;; = pje;;_1 + €;; and Fy = aF,_1 + us. Columns under X and ¢ are reject rates

of the ADF. P¢ and P" are rejection rates of the pooled tests.

similar. The augmented autoregressions have p = 4[min[N, T]/100]"/* lags.

Critical values at the 5% level were used.

The ADF test applied to X;; should have a rejection rate of .05 when e =1
or p = 1. In finite samples, this is true only when p =1 and o is small. When
of=10 and a=.5, for example, the ADF test rejects a unit root in X;, with
probability around .25 in the intercept model, and .28 in the linear trend model,
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even though p = 1. As noted earlier, testing for a unit root in X;, when it has
components with different degrees of integration is difficult because of the neg-
ative moving average component in AX;,. Because our procedure separately
tests these components, our tests are also less sensitive to the choice of trunca-
tion lag compared to conventional testing of X,.

Turning now to F,, the rejection rate is close to the nominal size of .05 when
a is 1. At other values of «, the rejection rates are comparable to the power of
other unit root tests that are based on least squares detrending. The ADF;(i)
has similar properties, with rejection rates around 5% when p; = 1. These re-
sults suggest that the error in estimating F, is small even when N =40. Indeed,
the results for N = 100 are similar except for small values of .

Results for the pooled tests are also reported in Tables IIA, B." Both
P$ and P} correctly reject the null hypothesis when e;, is in fact stationary.
When each of the e;, is nonstationary, the rejection rates roughly equal the
nominal size of .05. Consider the standard pooled tests for X;, (see column un-
der P§, P;). When p =.5 and @ =1, all N series are nonstationary in view of
the common stochastic trend. The standard pooled test should have a rejection
rate close to .05. However, the rejection rate ranges from .45 to .88 depending
on of. Consider also (p;, @) = (1, 0). The common factor is i.i.d.; the pooled
test has a rejection rate of .16 when of is small and deteriorates to .90 when
o’ is large. These results are consistent with the findings of O’Connell (1998)
that cross section correlation leads the standard pooled test to over-reject the
null hypothesis.

42. r>1

In cases of multiple factors, we generate the I(1) factors as simple random
walks and the stationary factors as AR(1) processes with coefficient «.. We con-
tinue to assume that e; is AR(1) with parameter p;. The factor loadings are
taken from an N x r matrix of N(0, 1) variables. We consider three cases of
or as in the previous section. As the results in Table III illustrate quite well
the consequence of increasing N from 40 to 100, we simply report results for
N =40 to conserve space. Although we only present results for » = 3, many
additional configurations were considered and are available on request.

We begin with results for testing X;, and ¢;,. With r = 3, we can vary r; from 0
to 3 to assess the case of none, one, two, and three common trends. Regardless

0The p-values required to construct the pooled tests are obtained as follows. We first simulate
the asymptotic distributions reported in Theorems 1 and 2 by using partial sums of 500 N (0, 1)
errors to approximate the standard Brownian motion in each of the 10,000 replications. A look-up
table is then constructed to map 300 points on the asymptotic distributions to the corresponding
p-values. In particular, 100 points are used to approximate the upper tail, 100 to approximate the
lower tail, and 100 points for the middle part of the asymptotic distributions. The p-values match
Table IV of MacKinnon (1994) very well , whenever they are available. These look-up tables are
available from the authors.
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TABLE IIIA

REJECTION RATES, UNIVARIATE AND POOLED UNIT ROOT TESTS, r =3, T = 100, N = 40,
INTERCEPT MODEL

o' =10 of =1 o =V3

P, PS5 X @& Py P X & Py P

e e

‘

=

2
R
e
o>

00 - 07 27 30 97 .07 26 32 9 .08 25 35 .95
S50 - .07 47 30 100 .08 46 .37 100 .10 .46 .47 1.00
80 - 07 54 32 1.00 .09 54 44 100 .12 53 .56 1.00
90 - .07 42 31 100 .08 42 42 100 .10 .42 .53 1.00
1.00 - 06 06 29 06 .07 06 26 .06 .07 .05 24 .06
.00 .00 1.00 .59 1.00 1.00 1.00 .59 1.00 1.00 1.00 .59 1.00 1.00
S50 50 96 .73 1.00 1.00 .96 .72 1.00 1.00 96 .73 1.00 1.00
80 50 93 .72 1.00 1.00 .79 .72 1.00 1.00 .74 .73 1.00 1.00
.00 50 9 59 1.00 1.00 .97 .60 1.00 1.00 .98 .60 1.00 1.00
90 .00 82 52 1.00 1.00 .40 .52 1.00 1.00 .33 .52 1.00 1.00
. . . 1.00 .06 .09 .05 43 .05 .07 .06 .24 .06
.00 .00 25 44 77 1.00 29 43 8 1.00 32 43 91 1.00
S50 50 30 62 .83 1.00 35 61 91 1.00 .40 .61 .95 1.00
80 50 29 65 .82 1.00 31 .65 .90 1.00 33 .65 .94 1.00
.00 50 29 44 83 1.00 .33 44 89 1.00 .36 43 .92 1.00
90 00 21 48 .70 1.00 .18 48 .75 1.00 .18 48 .82 1.00
1.00 .00 .14 06 .58 .06 .07 .06 32 .06 .07 .06 .24 .05
00 00 .09 34 38 99 .11 33 46 99 13 32 56 .98
S50 50 11 53 47 1.00 .15 53 .59 1.00 .18 53 .70 1.00
80 50 11 .59 47 100 15 59 .63 1.00 .18 59 .74 1.00
.00 50 11 34 46 99 13 34 54 99 15 33 .60 .98
90 .00 .09 45 40 1.00 .11 45 52 1.00 .12 44 .63 1.00
1.00 00 .08 .05 36 .06 .07 .05 .28 .05 .07 .06 .24 .06

L LD L) L LD W L L) L) W W W L LW W W W W W WWW
MDD R R R R, R, OO0 O0OWWWWW

—_

[e=)

S

S

S

W

O

[en)

(=2}

of the number of common trends, testing X;, remains imprecise frequently.
For example, if r, =0 and p,; = 1, there is a unit root in X;, and the ADF test
should reject roughly with probability .05. Instead, the rejection rates are .39
for the intercept model, and .48 for the linear trend model. The rejection rates
for ¢ mirror the results for » = 1, showing that the behavior of ADF;(i) is
not sensitive to the true number of factors in the data. With one random walk
factor and two stationary AR(1) factors, the ADF;(i) has a rejection rate of .65
when (p;, ) = (.8, .5). This is almost the same rejection rate as when there was
only one stationary factor.

The simulated critical values of the M Q°" tests are extremely close to those
reported in Stock and Watson for Q. and Q. We conjecture that their tests are
also valid in the present context. Indeed, because F, consistently estimates the
space spanned by F,, we conjecture that other tests that assume F, is observed
remain valid when F, is estimated using our proposed methodology. To inves-
tigate this and for the sake of comparison, we also consider the trace test of
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TABLE IIIB

REJECTION RATES, UNIVARIATE AND POOLED UNIT ROOT TESTS, r =3, T = 100, N = 40,
LINEAR TREND MODEL

of =10 o =1 o =V3

X ¢ P, P X & Py Pl X ¢ Py P

*
=
2

]

.00 - 07 23 32 97 08 22 36 9 .09 21 41 .95
S0 - .07 40 33 1.00 .09 .40 44 1.00 .12 40 .56 1.00
8 - 08 35 36 100 .10 35 50 1.00 .12 35 .62 1.00
90 - 07 20 35 100 .09 20 46 1.00 .10 .20 .56 1.00
100 - 07 05 32 07 .07 05 31 .06 .07 .05 .29 .06
.00 .00 98 45 1.00 1.00 98 .45 1.00 1.00 .98 .45 1.00 1.00
S50 50 8 56 1.00 1.00 .8 .56 1.00 1.00 .85 .56 1.00 1.00
80 50 .79 41 1.00 1.00 .60 .41 1.00 1.00 .53 41 1.00 1.00

90 .00 .71 .21 1.00 1.00 .28 .21 1.00 1.00 .22 .21 1.00 1.00
. . . . . . . . .63 .06 .08 .05 .37 .07
.00 .00 28 35 .82 1.00 32 35 91 1.00 .37 34 95 1.00
S50 50 31 50 8 1.00 37 50 94 1.00 .41 .50 .97 1.00
80 50 30 39 .86 1.00 29 39 92 1.00 .30 .39 .96 1.00
.00 50 30 35 8 100 35 35 93 1.00 38 35 .95 1.00
90 00 21 21 .74 100 .15 21 .76 1.00 .15 21 .82 1.00
1.00 .00 .16 .05 65 06 .08 05 39 .06 .07 .05 31 .07
.00 .00 .10 28 43 99 13 27 52 99 16 27 .64 .99
S0 50 12 45 53 1.00 17 45 .67 1.00 21 44 .79 1.00
80 50 13 37 53 100 16 37 .71 1.00 .18 37 .81 1.00
.00 50 12 28 51 99 15 28 59 99 18 27 .69 .98
90 .00 09 20 44 100 .11 20 56 1.00 .12 20 .65 1.00
1.00 .00 .09 .05 40 06 .07 05 33 .07 .07 .05 .30 0.07

L L0 D L L L W L L) W L W L W L W W)W W W W W W
NNV R REREERE R R OO0 WWWWW
—
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Note: The idiosyncratic errors are generated as e;; = p;e; ;1 + €y, €;; ~ N(0, 1), p; identical across i. The r| non-
stationary factors are generated as AF; = u;. The r stationary factors are generated as Fy = aF;_1 +u¢, ur ~N(0,1).
Columns under X and ¢ are reject rates of the ADF. P€ and P7 are rejection rates of the pooled tests.

Johansen (1988)," and the information criteria developed by Aznar and Sal-
vador (2002). The trace test uses the residuals from projections of ¥, and Y,_,
on p lags of AY,. It thus uses a slightly different way of controlling for ser-
ial correlation than the M Q;. The information criterion, which we denote by
ASIC, determines r and p simultaneously. Both statistics are designed to test
the number of cointegrating vectors assuming p is finite. In contrast, M Q(m)
is a test for the number of common trends.

In the simulations, we use the Bartlett kernel with J = 4 ceil[min[N, T]/
100]'* for the M Q.. For the data generating processes considered, the test
is not very sensitive to the choice of J. However, both Johansen’s trace and our
M Qy tests are sensitive to the choice of the order of the VAR. To be precise,

IIResults for his max A test are similar.
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they lose power when too many lags are selected. A data dependent method
for selecting the VAR order is thus important. Since a by-product of the ASIC
is an estimate of p, we use the same p in both the M Q, and the trace test. In
simulations, the results are somewhat better than when the BIC was used to
determine the lag length of the appropriate VARs, and both dominate fixing p
at, say, 4[7/100]"4.

Table 1V reports the probability of selecting the true number of common
stochastic trends. We used the 5% critical values in successive testing. The two
MQ tests have rather similar properties. When all factors are I(1), both tests
select r; = 3 with probability around .95. When all factors are I(0), the tests
correctly select r; = 0 with probability one. When some factors are I(1) and
some are 1(0), the tests still maintain a very high accuracy rate (over .9).

As discussed earlier, the M Q statistics involve successive testing of a se-
quence of hypotheses, much like the trace and maximal eigenvalue tests for

TABLE IVA

PROBABILITY OF SELECTING THE CORRECT NUMBER OF COMMON
STOCHASTIC TRENDS, 7' = 100, N = 40, INTERCEPT MODEL

of =10 of =1 o'=V3

MQ¢ MQJQ asic trace MQS MQJQ asic trace MQS MQJQ asic  trace

‘
<
o
>
?

0 - 95 9 81 82 94 93 83 8 90 .90 .84 81
S0 - 9% 9% 82 8 9 9 81 8 93 94 83 .82
L - 9% 97 8O 8 95 9 8 8 9% 95 .82 .83
90 - 9% 9% 80 82 9% 95 81 84 96 95 .8 .8
100 - 9% 9 80 .8 9 96 8 .82 96 96 .81 .83
.00 .00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
.50 .50 1.00 1.00 .89 1.00 1.00 1.00 .90 1.00 1.00 1.00 .90 1.00
.80 .50 1.00 1.00 .88 1.00 1.00 1.00 .88 1.00 1.00 1.00 .89 1.00
.00 .50 1.00 1.00 .89 1.00 1.00 1.00 .91 1.00 1.00 1.00 .93 1.00
.90 .00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
. . . . 1.00 1.00 99 93 93 81 .92 .69 .70 .48
00 .00 92 92 91 95 91 92 91 94 90 91 .90 .94
S0 50 092 92 79 9 91 90 79 94 91 90 .79 .94
80 50 92 92 78 95 92 92 78 95 91 90 .77 .94
00 50 92 92 79 9 92 90 81 94 90 8 .83 .92
90 00 92 92 91 95 92 92 92 95 91 91 91 .94
1.00 0O 92 92 91 9 92 8 82 8 .89 75 .67 .74
.00 .00 91 9 92 91 8 8 92 90 8 87 91 .89
S0 50 092 92 81 91 91 91 81 91 90 .89 .81 .90
80 50 92 92 81 91 93 92 8O 91 91 91 .79 .90
.00 50 93 93 81 91 9% .8 8 90 .87 8 .8 .87
90 00 91 91 92 91 91 9 91 91 91 90 .92 091
1.00 0O 92 91 92 9 92 8 8 90 91 .87 .8 .88

L L0 LD L LD L W L W) W) L W L) W L) W W)W W W W W W
NN RR R R ERE R R OO0 WWWWW
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TABLE IVB

PROBABILITY OF SELECTING THE CORRECT NUMBER OF COMMON
STOCHASTIC TRENDS, T = 100, N = 40, LINEAR TREND MODEL

of =10 o =1 o =35
ron pi a MQOS M Q} asic trace MQT M Q} asic trace MQT M Q} asic  trace
33 .00 - 9 9% 9 .82 94 94 96 83 91 90 95 81
33 50 - 97 97 96 83 96 96 96 .83 .95 95 96 .82
33 80 - 97 97 97 8 97 97 97 83 97 96 96 .83
33 90 - 97 97 97 82 97 97 97 84 .96 96 97 .85
3 3 1.00 - 97 97 9 8 97 97 97 82 97 97 97 83
3 0 .00 .00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
30 .50 50 1.00 1.00 .98 1.00 1.00 1.00 .98 1.00 1.00 1.00 .98 1.00
3 0 .80 .50 1.00 1.00 .97 1.00 1.00 1.00 .97 1.00 1.00 1.00 .97 1.00
30 .00 .50 1.00 1.00 .98 1.00 1.00 1.00 .98 1.00 1.00 1.00 .99 1.00
30 90 .00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
3 0 1.00 .00 1.00 1.00 1.00 1.00 1.00 .99 99 .81 1.00 .92 .95 .48
31 00 .00 88 8 82 95 87 89 80 .94 .85 86 .78 .94
31 50 .50 .90 99 .70 95 88 .8 .70 .94 88 88 .69 .94
31 80 .50 89 99 69 95 89 8 .68 95 .88 88 .66 .94
31 00 .50 .90 909 70 95 89 .89 70 94 87 8 .0 .92
31 90 .00 89 9 82 95 8 8 81 95 .89 89 79 94
31 100 0O .89 9 8 9 90 90 .78 .87 8 8 .73 .74
3 2 00 .00 88 88 .94 91 .85 85 93 90 .82 .82 91 .89
3 2 .50 50 .88 8 75 91 88 8 75 91 8 86 .76 .90
3 2 80 .50 88 8 .77 91 87 87 .74 91 .85 85 71 .90
3 2 .00 .50 .89 89 77 91 B8 86 .78 90 83 82 .78 .87
3 2 90 .00 89 89 94 91 88 8 94 91 .88 88 93 91
3 2 1.00 .00 .89 89 94 90 8 8 92 90 8 .86 .88 .88

The data are generated as in note to Table II. MQ, and MQf are tests for the number of common trends, r;.

“Trace” is Johansen’s statistic for determining r(), and “asic” is the information criteria that jointly determine p and r.

the number of cointegrating vectors developed by Johansen (1988). Whether
or not a hypothesis is entertained depends on the outcome of the preceed-
ing hypothesis being tested. As such, if the chosen level of significance is ¢,
the probability of selecting the true number of common trends converges to
(1 — ¢) < 1.2 In theory, the ASIC is immune to this problem. Although its
accuracy rate is also very high, in finite examples and at least for the configu-
rations considered, it does not appear to have an obvious advantage over the

M Q tests.

2Consistent rank selection using information criteria was also discussed in Chao and Phillips

(1999).
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5. CONCLUSION

This paper makes use of the observation that if a panel of data has a factor
structure, then testing for the presence of a unit root in the common and the
idiosyncratic terms separately should be more effective than unit root testing
of the observed data. Accordingly, we first consider how the common factors
can be consistently estimated irrespective of the stationarity property of the
idiosyncratic errors. We then show that inference about unit roots is not af-
fected by the fact that the true factors and errors are not observed. Our tests
for the number of common stochastic trends do not depend on whether the
idiosyncratic errors are stationary. Similarly, the test of whether the errors are
stationary does not depend on the presence or absence of common stochastic
trends. An appeal of PANIC is that r; can be determined without pretesting for
the presence of a unit root in the data. While pooling is inappropriate when
the observed data are cross-correlated, pooling over tests based on the idio-
syncratic components are more likely to be valid. Simulations show that the
proposed tests have good finite sample properties even for panels with only 40
units. In view of the documented problems concerning unit root tests applied
to observed data, the results using PANIC are striking.

The present analysis can be extended in several ways. The common-
idiosyncratic decomposition enables inferential analysis in general. The de-
terministic terms in the factor model are estimated in the present paper by
the method of least squares. As such, the unit root tests are implicitly based on
least squares detrending. But as Elliott, Rothenberg, and Stock (1996) showed,
unit root tests based on GLS detrending are more powerful. The tests devel-
oped in this paper can potentially be improved along this direction. Using the
results in the Appendix, other unit root and cointegration tests of choice can be
developed. Asymptotic analysis can also be developed to analyze time-series
processes with roots local to unity. In theory, the machinery developed in this
paper can also be used to test long memory, ARCH effects, and other time-
series features in the data.

Dept. of Economics, New York University, New York, NY 10003, U.S.A.;
jushan.bai@nyu.edu
and
Dept. of Economics, University of Michigan, Ann Arbor, MI 48109, U.S.A.;
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APPENDIX
By definition, ¢;, = 2222 z;, with é;; = 0. It follows that Aé;, = ¢é;, — €;,_1 = z;;. Now
Xy = Nifi + ziw = NH ' HS, + 2
and

Xit = }\th + 21t = }\;ﬁ + Aém
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Subtracting the first equation from the second, we obtain
(12) Aé, = z;, + N,H'Hf, — X f,
= zu = NH'(fy = Hf) — (L =H"A) f,
=z; — NH ', —df,,

where v, = f, — Hf, and d; = A; — HV ;. These representations hold for both the intercept and
the linear trend case and will be used throughout.
For the intercept model, z;, = Ae;,. We can rewrite the above as

(13) Aé; = Aey — N\H v, — dif,,
t t
(14) bu=ex—en—NH'Y v,—dY f.
s=2 §=2

(15) =e;—eqn— NH'V, —d:ﬁ,,

with V, =Y v and F, =Y, f.
For the linear trend model,

v eir —¢€i
Zip = Ae,-, — Ae,- :Aei, — %.
We have by (12)
(16) Aé; = Aey —Ae; — NH v, — dif,,

t t
s eir — € Sry—1 A
(17) € =€y — €1 — T_1 (l—l)—/\lH ;vé_dl;fé

er —e

(18) = e —en — (1= 1) = NH 'V, — diF,.

Throughout, we denote Cyr = min[v/N, /T 1. In this notation, Lemma 1(a) gives

1 T
7 2 Il = 0,(C)

=1

and Lemma 1(c) gives

1
112 — - -2
lld; |l 0p<min[T, N2]> < O0,(Cy7).

A. Proof of Lemma 2

For notational simplicity, we assume there are 7'+ 1 observations (¢ =0,1,...,T) for this
lemma. The differenced data have T observations so that x is 7 x N. Let Vyr be the r x r diagonal
matrix of the first r largest eigenvalues of (NT)~'xx’ in decreasing order. By the definition of

eigenvectors and eigenvalues, we have (NT)*lxx’fA: fVNT or (NT)*lxx’fAV,;; = f We make
use of an r x r matrix H defined as follows: H = Vy,-(f'f/T)(A’A/N). Then the following is a
mathematical identity:

_ 12 1 15 12
(A'l) fl_Hft:VN_Tl<Tfo'}’N(S,t)+?fo§st+?2fsnn+?fo}’sz 5
s=1 s=1 s=1

s=1
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where for z; = (z1;, Zoy - - - » ZN0)s
Z;z, s ) Ar
(AZ) ;\‘t: N nst:fyA Zt/Ny Vst :f,Azs/N-

Bai (2003) showed that ||[Vy 2|l = 0,(1). Using f’f/T = I,, together with Assumptions A and B,
IH|l = 0,(1). To prove Lemma 2, we need additional results:

LEMMA A.1: Under Assumptions A-D, we have:

. E(z4) =0, E|z;|’ < M;

CEWNTYYY ziszi) =y (s, 0, Yooy lyw (s, D] < M forall t;

. E(zizj)) = ¢y with Zkfi ) |q]svij\ <M forall j;

- E(maxicier 77 | iy 2ty Mizull) < M3

. EINT'2 YN [zizi — E(ziszi)lI* < M, for every (t, 5);

- E(maxizir 7= Yo, Y8 (2izi — E(zizi)))? < M, for every s.

[ R R S N

The proof of this lemma is elementary and thus is omitted. Note that this lemma does not
involve estimated variables.

LEMMA A.2: Under Assumptions A-D, we have for Cyr = min[v/N, VT :
@) TPsupy oy | X0 S0 frvw(s, 0l = 0,(1/(VTCxp)) + O, (T4
(b) T77sup,;_r | Zf:] Zstl fxfsr“ = OP(l/\/ﬁ)Q

(¢) T7sup, 7 | Zf:l Z;‘rzl fs’ht” = Op(l/\/ﬁ);

(d) T2supyr 12 X0 Syl = 0,1/ (VNCyr)).

PROOF: Consider part (a). By adding and subtracting terms,

ZZMN(s r)—Z(fs fo)ZyN(s r)+HZf‘ZyN(s 0.

t=1 s=1

Consider the first term:

T k 2\ 1/2
Y= H)Y (s, 1) ) :
s=1 t=1

By Lemma 1(i), (ZsT:1 ||fs Hf,|I»)Y? = TY20,(Cyy). Because IZ, Ln(s, 0] < M for all

k and s, (XL 150 (s, 02 < MYT. Thus T2 L (f — Hf) X0 (s, 0l =
Op((ﬁCNT)‘l). Consider the second term. We use the following fact: Let X;, X, ..., X7 be an
arbitrary sequence of random variables. If max;<;<r E|X¢|* < M (a > 0); then max; <7 | Xy | =

O,(T"*). Let ay = Zf LYn(s, ); then E|T-12 Zzlf‘ sl* < M by Assumption B and
Lemma A.1(2). This implies that with « =4 and X, = T~ Y7 fiay

Z fxaxk

proving (a). Consider part (b).

T_3/222fs§sr—TIZ(fs Hf,)—= ZJMHTlZfs wa

t=1 s=1

k
> wnis, 0

s=1

< (i Ifs - Hfs||2)]/2<i]

T737 sup
1<k<T

=0,(T),
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For the first term,

T R 1 k
T (f, — Hf,)— I

1 T 12 1 T 1 & 29172
<[ = — 2 — _
_<T;||f: Hfsu) [TZ< TZQ;)} :

Furthermore,

2 X 2
1 1 1 Z,Z; _
(ﬁZé}z) = TX; {_T;( N YN (S, l)>:|
1 & ziz,  E(z,z) ?
_TZ< N N )

11 1 &Y ’ 1
= N?Z{WZZ(ZiSZiI_E(ZiSZiI))} :0p<ﬁ)7
uniformly in & by Lemma A.1(6). Thus the first term is O, ((Cy7)~")O,(N~'/?). Next,

T k 1 T 1 X N 1 ,
-3/2 . 1 o o -
T ;f ; Lo = TN A — ; ;(Z;sZn E(ziszi1)) Wi ; Fidrs,

s=1

where ¢, is implicitly defined in the above expression. Lemma A.1(6) implies that
E(maxlgkgT |¢k,x|) = M. Thus

E< max (VNT)™!
1<k<T

T
Z fs¢k,s
s=1

because E(||f;llmax;<x<7 |$rs]) = Elfsll - E(max k<7 |k ) < M; (M; < 00) by the indepen-
dence of f; and the z;,’s. Thus, uniformly in k&,

e =oas) o) vl )=o)

Consider part (c):

T k . T . 1 k T 1 k
37 sNst = T! s— Hf)— s HT™! s T = ste
Zanz ;(f f)ﬁ;nz-ir ;fﬁ;nz

s=1 t=1

T
) = WND Y E(I£) max [i,]) = OV ),
s=1 -

But 7' fT2Y5 g = (T'YL, A HYNVT) Y Y8 Az = O,(N-'2), uni-
formly in k by Lemma A.1(4). Next,

T 1 &
T (fs —Hf)—= MNst

1z 1/2
<= F_ 2 =
_<T;||f: Hfsu) [T

,i
M=
—_—
’*]"i
M»
S

~
[
S
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The first expression is O, (1/Cy7) by Lemma 1. For the second expression,

() £ ()

t=1 i=1

uniformly in k. Thus, (c) is O,(N~Y?) + O,((+/NCyr)™") = O,(N~2).
Finally for part (d),

k T k T
T-32 Z Zﬁyﬁ =713 Z Z f\ft/AZ\/N

t=1 s=1 t=1 s=1

=T" 12(sz A/N)—= Zf,

It is proved in Bai (2003) that 7! Zzzl(ﬁz;A/N) = 0,((+/NCyr)™") (this can also be proved
directly). Assumption B implies that 7-1/? Zle fi =0,(1) uniformly in k. Thus (d) is equal to
0,((+/NCyr)~!) uniformly in k. The proof of Lemma A.2 is complete. Q.E.D.

From (A.1) and Lemma A.2

max — —Hf)
YRR PTEPITE R
o))

By definition, V; =Y _,v, =Y, (ﬁ — HF,). Lemma 2 can be stated as

(A3) Vil =

ax f =0,(Cyp)-

From V|| = O,(T/N) uniformly in ¢, we also have
1 < T

A4 — ViF=0,( = ).

(A4) - ; 4 p< N)

B. Preliminaries for Theorem 1

LEMMA B.1: For p;=1or|p;| < 1:
@A) (1/\/_)(9,, = (1/\/_)6” +0 (CIQT), uniformly in t € [1, T},
(ii) (1/T2)Zt 2€ —(l/Tz)Zz ze”—l-O (CNT)a
(i) (1/7) Z,:Z(Aen)z =(/T) Y, (Aei)* + 0,(Cy1);
(V) (/TYY i1, = (1/T) Y, ei1Bei + O, (Cyh).
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PROOF: (i) From (14),

i_e”_ﬂ_A —li _{L 3
N G (ﬁz) v, L

Now e;1/v/T = 0,(T~") = 0,(Cy}). The third term is 0,(Cy}) by (A.3). By Lemma 1(c),
d; = 0,(max{T~'2,N-1]) = 0,(Cyy), and

N H

1 1 <
0= [ |
=0,(Cyp) +0,(1)=0,(1).

Thus the last term is also O, (Cy1.), proving (i). Part (ii) is a direct consequence of (i).
Consider (iii). From (13), Aé;, = Ae;, — a;,, where a;, = \;H ‘v, + d/AF,. Thus,

Is ., 1 g , 2¢ 1,
T Z(Aeit) =T Z(Aeit) T Z(Aeit)ait + T Zait'
=2 =2 =2 =2
The middle term is O, (Cy}) by the Cauchy-Schwartz inequality and ¥/, a%/ T = 0, (Cx?). The
latter follows from a2 < 2||X.H~'|2[lv, 1> + 2Ild; 1?1 £ > and

1 T
T2 = 2INH ! Zuv,u +2lld;] —Zuf,u
t=2

= 0,(1)0,(Cy}) + 0,(C33)0,(1) = 0,(Cy7)

by Lemma 1(a) and Y""_, [|f;>/T = O,(1). This proves (iii).
Consider (iv). From é% = (&;,_; + Aé;)* = &2_, + (A&;)* + 2¢;,_1A¢é;,, we have the identity

A similar identity holds for 7! Z; e;—1Ae;. Comparing the right-hand side of the two iden-
tities, we have é%/T — e%/T = 0,(CyL) by part (i) with t = T, and T-' Y1 (Aé)? —
T7' 31, (Aei)? = 0,(Cy}) by part (iii), proving (iv). Q.E.D.

Let F: Zizﬁ,/(T —1Dand F = ZthzF,/(T — 1) be the sample means. Let Ff = 13"[ — F be
the demeaned series and we define F¢ similarly.

LEMMA B.2: Under Assumptions A-E:
() (1/vT)E, = HQA/NT)F, + 0,(CyL) uniformly in t € [2, T1;

() (/T Y EE =H((1/T) Y., F.F)H 4 0,(Cyb);

(iii) (1/T)Y.", AFAF, = H((1/T) Z,QAF,AF’)H’JFO (Cyb);

(iv) (1/T) Y, (FAF + AEFE )= (1/T)H Y., (F,\AF, + AF,F._)H' + 0,(Cyb);
v) (1/NT)HF = (1/VT)HF + 0,(Cyh);

i) (/T )Ee = 1/NT)YHF + 0,(Cxyb);

(vii) (1/T2)Z,T2ﬁcﬁc' H((l/T2)Z,T2F”F”)H’+O (Cyb);

(viil) (1/T) Y1, (F¢ AF, + AF,FS )= H[(1/T) Y[, (F¢ \AF, + AF,F¢ )]H' + 0,(Cxy}).
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PROOF: Because I:”t = 22:2]0; we have Aﬁ, = I:”t —I:”H = f, Thus v, = f, —Hf, = Aﬁ, — HAF,,
or AF, = HAF, + v,. The cumulative sum implies

t
(B.1) F,=HF,—HF +) v,

s=2

for t =2,..., T. Define F, =0. Thus T~-"2F, = HT~'*F, — HT'F, + T-'2Y"!_, v,. The sec-
ond term on the right-hand side is O,(T~'"/?) and the third term is O,(Cy}) uniformly in ¢ by
(A.3), proving (i). (ii) is an immediate consequence of (i).

Consider (iii). From AF, = HAF, + v,, we have

I o~ n 1 & 1 & 1 & 1 <
(B.2) 7 Y AFAF, = H > AFAFH' + —H Y AF, + o > wAFH + o > v
=2

=2 t=2 t=2 =2

The conclusion follows from |7 Y, vv)|| < T Y1, [u.]> = 0,(Cy3) and

T 12 T 12
s(T-‘ZnAF,nz) (T"vatnz) IH |
=2 =2

= 0,(Cy'1) - 0,(1).

T—l

T
HY AFu,
t=2

For (iv), we use the identity

1 an  a aa | FrBy EF 1 A, s

7 QAF:E_&F,_IAF»] B e i D IEL
and

RS ARF 4+ Foap | =D BE ] 3 AF,AF/

T ; t t—l+ -1 t | — T - T _T; t t

Note that F; =0 and F,F|/T = O,(T"). Part (i) of this lemma when ¢ = T implies that
FrFp )T = H(FrFy/TYH' + 0,(CyL). These together with part (jii) imply (iv).
Consider (v). Averaging over (B.1), we obtain £ = HF — HF, + Y., 3! v,/(T —1). Hence,

Ly AL, T N XT: 12
— F=H—_F-H-L — ) .
JTOUUT T T a-n & \T &
The second term on the right is OP(T‘W) and the last term is OP(CA‘,IT) because it is the average
of (T~'23"_,v,) and thus must be no larger than its maximum, which is 0,(Cy}) by (A.3),
proving (v). The difference of (i) and (v) yields (vi). Result (vii) is an immediate consequence
of (vi).

For (viii), the sum of demeaned series can be expressed as the sum of nondemeaned series
plus extra terms

1 d e A b i e
(B.3) = > (F¢AF, + AFFY)

=2

- % é(ﬁ,_lAﬁ; +ARE) - (%F) (\/LTFT> - (%FT> (%F)
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A similar identity holds for the true series F;. Part (viii) is obtained by comparing the right-hand
sides of the two identities and by invoking parts (iv), (v), and (i). Q.E.D.

Before proving the general case of serially correlated disturbances, we first consider the case
of uncorrelated disturbances. That is, e¢;, = p;e;,_1 + €;,, with €;, being i.i.d. This simple setup still
provides substantial insight.

PROPOSITION 1: If D;(L) =1, i.e., e;; = p;ej_1 + €i, then under the null hypothesis that p; =1,
i b 51’ 1)
(a2 Z;T:2 en 2 (fol W2dr)i/2 ’

(B.4) DF:(i) =

where 6% = ZLZ(A&, —b;8:_1)2/(T — 1) and b; is the OLS estimator when regressing Aé;, on &;,_,.
Proposition 1 is an immediate consequence of the following:

LEMMA B.3: Under the assumptions of Proposition 1 with p; =1, then as N, T — oo:
(l) (1/T2) Zt 2611 = o-et f[) I/Vfl(r) dr
(i) (1/T) Y, eu188y = (02/2)Wa(1)? = D).

These results are implied by Lemma B.1 parts (ii) and (iv) and the corresponding weak conver-
gence of I e2/T>and ", e;,_1Ae;,/ T. Note that 62 — o2. To see this, 62 = Y1, Aé2 /(T —

2b Zt ,Ae e /(T —1)+ b2 Zt ) A”/(T —1). From Tb =0,(1), the last two terms are
each 0,(1), and the first term converges to o2 by Lemma B.1(iii).

Next consider the Dickey—Fuller test based on F, with demeaning, when r = 1 (and hence H is
scalar).

PROPOSITION 2: If C(L)=1,i.e., F,=F, |+ u,, then

Y1 (Fy — P)AF, I AGLLAD

(B5) DF¢ = = o,
(B2 (B —Fyy2 (Jy W2 dn

where F Z[ 2F,/(T -1, 6= Z[ Z(AF, —aF, )2 /(T — 1) with a being the OLS estimator
when regressing AF, on F,_l, and Wi (r)=W,(r) — fo W, (r) dr is a demeaned Brownian motion.

The proposition is implied by the following:

LEMMA B.4: If C(L) =1,ie,F,=F_1+u, thenas N, T — oo:
() (/)X (Fy = F)AF, = H?02 [§ We(r) dW,(r);
(i) (YT (Fy— F) = H?o2 [, We(r) dr.

These results follow from Lemma B.2 parts (viii) and (vii), respectively, and from the known
weak convergence for the series F,.

C. Testing é;; Using the ADF Test, Intercept Only
Under Hy: p; =1, Ae;, = D;(L)e;, is a stationary process and D;(L) is invertible. We can write

Aey = Z S;0e;j+ €.

j=1
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Let w? = D;(1)?c? be the long run variance of Ae;,. The functional central limit theorem gives
T-172 Z[jfl' Aejj = wiWei(s). The regression when ey, is observed is

V4
(C1) Aey = byei1 + Z S;0ei i+ €,

j=1

(C2) €iip = €t + Z ijlei .

J=p+1

Let Z,‘t = (Aei,t—la ey Aei,,_p)’, Xit = (ei,,_lZlf,)’, and DT = diag(T" . Tﬁl/z, ey Tﬁl/z). Let

T T 2 T /
- _ e, _, €17
M;, =Dy intx;tDT :DT|: Zthp it—1 Zt}p -1 / ti|DT,

t=p Zt:p ei,tflzit Zt:p ZitZit
1
Ml-p _ -[0 I/VEl-(r)2 dr 0 ,

0 I.(p)

where I}.(p) = E(Z, Z,,). Consider ADF,(i), the ¢ test on 8, = 0. Let §,(p) = (80, 815 - - » ip)
be the least squares estimates from regressing Ae;, on e;,_; and lags of Ae;,. Let e = (1,0, ...,0)

be a selection vector. Note

T (81— 819) = ¢ D7 [8:(p) — 8:i(p)]

T T
rag—1 § : (a1 -1 2
=e Mip DT Xit€ir + € (Mip - M,'p )DT xtEi,tp
t=p t=p
T
rag—1
+e M,-p Dy § xit(fi,tp — €ir).
t=p

Said and Dickey (1984) showed that ||M;,| = O,(1), ||Ml-;1|| = 0,(1), DTZ,T:pani,tp =
0,(yP), P2IM;,} — M, || = 0if p*/T — 0as p, T — oo. Since &% =T"' Y[ & - o2,

where €;;, = Ae;, — Si(p)’xi,, under the null that §;) =0,

TS[O = fU] Wei(r) dWei(r)

ADF, (i) = .
&gi[Mi;l]ll (fo] Wei(r)*>dr)'/?

We use é;, instead of e;, for testing, where Aé;, and é;, are defined in (13) and (15). Define Mip,
3,-( p) with ¢, in place of e;. Then 31( p) are the least squares estimates from regressing Aé;,
on ¢é;,; and lags of Aé;,. Furthermore, €;, = Aé; — Si(p)’fci, are the estimated residuals, and
64 =T-'Y_, &, The test statistic is

T

ADF;(i) = ———tee..
a’fi[M,;l]n

We will prove ADF;(i) — ADF.,(i) = 0,(1) by showing T(8; — 8:0) = 0,,(1) and G2[M;,'11; —
5'62[[1\711.;1]” = 0,(1) under the condition p*/min[N, T]— 0.
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From T8, = e’D}lsi(p) = e’]\;li;lDr Z[T:P %uAé; and TS, = e’]\;li;lDr Z[T:P x;Aejy,

T T
T (61— 0i0) = e’(Mi;,l - M,‘;l)DT Z)AcitAéil + elM,;lDT Z()%Aéiz — xiAey).

t=p t=p

For the first term, Lemma C.1 shows that ||1\;Il.;l - Mi;l l=0,(p/ min[+/N, +/T)). Thus,

T
e/ (Mi;l — Ml;l)DT Z -iitAéi,t
t=p

T
= ”Ml;l _Mi;l ” . HDT Z)%itAéit
t=p

)4
=0, ————————1)-0,(1)-
) o0 v
32
o, (Pi)
min[v'N, vT]
which vanishes if p*/min[N, T]1— 0 as p, N, T — co. Next we show the second term is 0, (1).
. T ; T
¢ M;,'Dr Y " (Ri ey — xiley) = & (M, — M, ) Dr Y (£ Aé; — xiAey;)
t=p t=p
T
+ e/Mi;lDT Z(-’eitAéit —x;Aej).
t=p

The first term is 0,(1) because p1/2”]\;[i;1 - M|l =0,1) and |Dr Z[T:P(fci,Aéi, — xiAey)| =
p'20,(1). Since

1
eM;, = (a’gi‘/{) Wi(s)ds, 01XP)

it follows that

T T
1 1
e’Ml-_lDr ()2, Aél —X; Aei)zi— (éi,lAé,‘ —e,-,lAe,-).
P ;:p t t t t wzi fUl VVG%(S) ds T ?:p t t t t

But 7! ZtT:p(éi,_lAéi, — ei—1Ae;) = 0,(1) by Lemma B.1(iv). Thus, TS — 8i) = o,(1).

Next we show &fi[l\;li;l]n — &fi[Mi;l]n = 0,(1). But this follows from 62 — &2 -2, 0, which
is easy to verify, and [1\3[,;1]11 - [1\;[,;1]11 = 0,(1) by Lemma C.1(ii). In summary, ADF;(i) —
ADF, (i) = 0,(1) if p**/min[+/N,~T]1— 0.

LEMMA C.1:

(i) 1M, — My | = 0&*);
min[v/'N, vT1

i Mo N =0 (4)
(ii) 1M, P "\ inlVN . VT]

PROOF OF LEMMA C.1(i): From the definition of M ;p and Mip, we have

M~ _ M _ T Z;r:p(éi%z—l - ezz,z—l) T2 Z;r:p(éi,l—lzz{t - ei,l—lzt{t)
T Yl o Za— e Zi) TN (ZuZiy— ZiZy)
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i1

(a) By Lemma B.1(ii), (1/T%) Y82, — €}_)) = 0,(Cy}), thus |[(1/T?) 3] (@2
eI =0,(Cyp). _
(b) Consider now the upper off-diagonal block of M;, — M,

T
—3/2 A dd /
T E i1 2y — ein1 2y,

t=p

2

T 2
—3/2 ~ A
T E ei,t—lAei,t—j - ei,t—jAei,t—j

=p

P
=
j=1

=

2

<2y

T
T3? Z &i—1(Ae;—j—Aeiyj)
t=p

2 P
+2)°
j=1

T
~3/2 A
T Z(ei,t—l _ei,t—l)Aei,t—j
t=p

j=1
p 1 T 1 T

52 T_X[;éz -1 T[X[;(Aé’ t—j Ael t—j)
j=1 1= =

roq T L
+ 22 T2 Z(éi,t—] - 61,171)27 Z(Ae,,j)z,
j=1 t=p —p

Consider first Ae; j—Aej=NH v, — d’.f,,,-:

=p

T
TZ(Ae,,, ey < INH™ ||—Z||v, P+ e = leﬁf,-llz
t:p

1
= Op(C;gr) + Op<m> -0,(1) = Op(C;gr)-

Furthermore, from (15), é;, = e;; + A;;, where A;, = —e;) — NH 'V, — d,’ﬁ,. Note that

T 3e a o
Tzz < =t ZIIKII IAH P + 1] ZZIIF,ZIIZ
t=1

3 1 1 T 1 _ -2
- 0”(7) +0,(3)o(x7) +O<m) 10,(1)=0,(Cip).

Thus, (1/T%) Y1 S — e 1) = 1/ oA < < (/T Y, A2 = 0,(Cy2). Putting
everything together,

T 2
—3 A 5
T E €it—1Z,-, —ei_1Zj

t=p

= p-0,(10,(Cy7) + pO,(Cy7) - Op(1)

= OP(CJ\_IZT) ya
(c) Consider the lower diagonal block M, ip— M i

1 5 4 a ;
T2 Ly = ZuZ) Z = Zi)(Zi~ Zu)
= pap

T T
1 ~ 1 N
+ T E (Zy—Zi)Z;, + T E Zi(Zi— Zy),

t=p t=p
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which is dominated by the two cross-product terms. Now

2

1 s 1o
(C.3) H T Z(Z,‘[ - Zi,)Z;[ =< T Z “Z!t” Z ||Zl[ tt
t=p t=p
p 14 1 T
= (Z Z(Ael -) ) <Z T Z(Aéi,t—j - Aei,l—j)2>
=1 t=p j=1 t=p
= p20P(C1:/%")'
Combining parts (a)—(c), [|M;, — M, ||> = p*0,(Cy2) or | My, — My, | = pO,(Cyh). QE.D.

PROOF OF LEMMA C.1(ii): Since

1M, — M| = || M, (M, — M) M|

ip

< (1923, = | + [, 110, — M | | 025,

it follows that
1M, — Moy (1M, )?

1M, — _
1- IIsz Mtp“ IIMIP ”

-1
ol =<
Now [[M;,'|| < |M,! = M,,' || + IM;,' || = 0,(1) + O,(1) = O,(1). Using Lemma C.1(i),

N = MY < 0,(1) - | My — My | = O <4p )
It 811 = 0p 1) [ty — | = 0y B

This completes the proof of Theorem 1 Part 1. Q.E.D.

The proof of Theorem 1 Part 2 uses the identical argument as Part 1 and thus is omitted. We
next consider the proof of Part 3.

D. The MQ;(m) Test

If F, has m common trends, then any rotation of F, by a full rank r x r matrix, H, will also
have m common trends. Thus, there exist 8 and 3, both r x m, such that g’HF, is stationary,
Y, =B HF, is I(1), with 8/, 8 = 0. The test MQ assumes Y, has a finite VAR(p) representa-
tion as in Stock and Watson (1988). The data are filtered to remove serial correlation. Assume
II(L)AY,; = n, with 7, i.i.d. zero mean and E('r]m,) =3, where II(L) is a pth order polynomial
in the lag operator. Then y, = II (L)', HF, is an m-vector random walks since Ay, = 7,. Define

-1
LSy N
(D.1) (Pf(m):EZ(yzy[_l+yz_1y[)<2yl_1y,_1> .

t=1 t=1

Since S (Ayyi_, + yi1Ay) = yry, — Y. Ay,Ay, it follows that

-1

1
T(®;(m)—1I,) = %[Eg/zwm(l)wm(l)’zyz—ZU][zg/zf Wm(s)Wm(s)’dSEé/z]
0
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The eigenvalues of the right-hand side are the same as those of (matrix 4 has the same eigenval-
ues as BAB™!)

1 -1
(D.2) ¢*=%[Wm(1)%(1)’—lm][/ Wm(s)W,,,(s)’ds} )
0

Let v* and v, be the eigenvalues of @, and @ (m), respectively, with v*(j) and v (j) being the jth

ordered (from largest to smallest) element. Then MQ;(m) =T - (v;(m) — 1) 4, v*(m) under
the null of 7 unit roots and the statistic diverges to —oo under the alternative of m — 1 unit roots,
as in the Qy of Stock and Watson (1988).

Even if F, was observed, the M Q;(m) is still not feasible because 8, and II(L) are not ob-
served. Suppose (i) B, consistently estimates the space spanned by 8., i.e., B 25 8. C; for
some m x m matrix C;; and (ii) II(L) is an estimate of IT(L) satisfying ) = CUII(L)C.
By the result of Stock and Watson (1988), if Y, = B’lHF, and j, = I1(L)Y,, then with C, =
(C13CD'2,

T(®;(m)—1I,) = C,®.C/,

where @;(m) is as defined in (D.1) with y, replaced by j,. Because @, and C‘qu'*C"l‘ ! have the
same eigenvalues, the limiting distribution of T[¥;(m) — 1] is equal to »*(m). The test is also
valid for an intercept and/or a linear trend, with the obvious replacement of the vector Brown-
ian motion by its demeaned and detrended counterpart. In Stock and Watson’s implementation,
B, is the matrix of eigenvectors associated with the largest m eigenvalues of T2H Y F,F/H'.
Stock and Watson (1988) and Harris (1997) proved that the method of principal components con-

sistently estimates the space spanned by B, i.e., /§ B BN B.C; for some C;. Furthermore, I (L)
obtained by regressing AY, on lags of AY, consistently estimates I (L) as proved by Stock and
Watson (1988).

Since F, is not observed in our setting, our proposed test is based upon y, = II(L)Y,, where
Y, = Elﬁ,. We need to show that (a) B. obtained by applying the method of principal compo-
nents to F, satisfies 8, —> B, C’ for some matrix C; (b) I (L) obtained from regressing AY, on
its lags is such that I1(L) -2 CII(L)C™; ©)y= IAT(L)ﬁ’LHF,, and T(®,(m)—1I,) - CP,CY;
and (d) T(éf)f(m) —@(m))=0,(1) so that T(éf)f(m) —1,)— C®,C~!, where C = (C3,C)'2,
and é‘,-(m) and i)f(m) are defined as in (D.1) but with y, replaced by J, and ¥, respectively.

We begin with (a). Lemma B.2(ii) and continuity of the eigenvector space imply B —
B.C, - 0 for some invertible C,. But 8, > B, C]. Let C = C,Cy; then

B BLCiCy=B.C.
To show (b), note first that by definition, ¥, = 8, F,, Y, = B, HF,, and F, = HF, — HF, + V.
Thus,
Y,=B.HF,— B, HF, + B V,=CY,+ (B, — CBHF, - B, HF, + BV,
AY, = CAY, + (B, — CB,)HAF, + B, v,.
From ﬁL - B.C 2,0 and ||jv,|| = 0,(1) by Lemma 1(b) we have AY, = CAY, + o,(1). If
II(L)AY, = error, then estimation of a VAR in AY, yields i) (L), with 11 (L)Al;', = error. Since
AY, = CAY, +0,(1), [I(L) X5 CIT(L)C".
For (c), let , = II(L)B, HF,, and ®;(m) = (¥, [53,_; + F-17D(X [, F-13,_) " Then by

the argument of Stock and Watson (1988), T(éﬁf(m) —1I,)) = C®,C" and thus T(vp(m)—1) BN
v*(m).
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For (d), now , = IAY(L)[;LI:“,, we will show T[ffﬁf(m) i)f(m)] = 0,(1). Lemma B.2(ii) implies
1,7T?) Z[ SV = (1/T ) Z, 2)7,)7; + 0,(1). It is sufficient to consider the numerator of @f(m)
and (Df(m) Since H(L) = Ho +ILL +- —I—H L?, the numerator of T(fo(m) — 1) isequal to

1 T . A P P )
TZ[A)WH + J1A¥71 ZZ ZAF, FL g+ Fo AR BT,
t=2 Jj=0 k=0 =2
and the numerator of T(®;(m) — I) is

—Z[Ayty, |+ AT

=2
PP
Sy, [ SR AR k}mm

Lemma D.1 implies that the difference of the two numerators is 0,(1). Thus, T(ffﬁf(m) —

fﬁf(m)) = 0,(1). Combining (a)-(d), we have T (¥y(m) — vy(m)) = o0,(1), or T (¥y(m) — 1) LN
v (m).

LEMMA D.1: Forall j,k>0and j,k < p,as N,T — oo,

TS AFE o+ B AR )

-7 1HZ(AF, JFL 4+ F i AF,_OH 25 0.

=2
PROOF: When j = k = 0, the lemma is implied by Lemma B.2(iv). For all fixed j, k, by

adding and subtracting terms, the above can be turned into the case of j = k£ = 0 plus terms
that are o, (1). For example, when j =1 and k =0,

I~ A L
o > (AF_ F + Fi,AF)

:—Z(AF, L+ B AF) 4+ — ZAF, AF 1——ZAF, (AF
=2
AFrFr_
= —Z(AF L+ F_AF) - (%)
+ = ZAF, AR — —ZAF, WAF

=2

A similar identify holds for (1/7) Zt L(AF,_F|_, + F,_,AF)). The first term on the right-hand
side above corresponds to the case of j =k = 0 The remaining terms, after subtracting the cor-
responding terms from H(1/T) ZtTZZ[AF,_lF,_l + F,_,AF,_1]H’, are each 0, (1). Q.E.D.
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REMARK 1: The validity of the MQ; test using ﬁ, relies on the closeness of ﬁ, to HF,.

Lemma B.2 shows that ﬁf is close to HFf (demeaned series), and Lemma G.3 shows that ﬁ[ is
close to HF; (detrended series). Using analogous arguments, the M Q; test is also valid for de-

meaned and detrended F,, with the obvious replacement of W,, by W, or W Details are omitted.

E. The MQ.(m) Test
By definition, Y, = ﬁlﬁt, where 3, are eigenvectors corresponding to the m largest eigenvalue
of T2 F,F/. Also recall
Yi=CY,+ (B~ BLOYHF,~ B HF + BV,
AY, = CAY, + (B = BLOYH, + B v:.

Let &, = AY,; then &, is a linear process of the i.i.d. sequence of u,. Let (2 denote the long-run
variance of &,. It is given by 2 = )y + (2, + (2], where )y = E¢, ¢, and (2, = Z;’il E(&&}). Then
under the null hypothesis that Y, has m unit roots,

T 1
S Yy T (z'/zf Wy (F) W, () dr2'?,
=2 0
denoted by 5. In addition,

1< 1
5 (YA AY)Y )/ T =5 S0 W (W, (1) Q' — ),

=2

denoted by Y. Since {2 # (2 for serially correlated £,, the eigenvalues of Y Z~! are not invariant
to the nuisance parameter 2. However, if £2; 4 (2] is subtracted from the expression, so that

1 u 1
3T D VAY +AY] Y, = 2 = ) = S 10 W (D, (1Y QP — 01 =Y,
=2

say, then the eigenvalues of Y15~ do not depend on (2 and are the same as those of @, defined
in (D.2).

Because we do not observe AY,, but A)A’,, which is an estimate of CAY, = C¢,. The
long-run variance of C¢, is ¥ = CQC'. Let 3y = C2yC’" and 3; = CO;C". Lemma B.2 (ii)

implies ", Y,Y//T? LN V2 (W, (r)W,,(r) dr 3> = 57, say, and Lemma B.2(iv) implies
T YL (VAY + AYY, ) = SIEVW,(DW,, (1) 312 = 3] = Y7, say. Again the eigen-
values of Y57-! depend on nuisance parameters. Let 3, be a consistent estimator of 3. Then

1 a % O/ A% < S 1 ’
T ;(Y,_IAY, +AYY, -3 -3 = E[El/sz(l)Wm(l) 32 _3].

N =

Denote the limit by Y;'; then Y5~ have the same eigenvalues as @,.

The objective is to show that 3; is consistently estimable. Or equivalently, 3 = CQC’ is con-
sistently estimable. Consider the regression of IA/, on 17',,1, and let B be the estimated coefficient
matrix. Note that T(B — I) = 0,(1). From & =Y, —BY, =AY, + U - B)Y,_;, we have

& =Cé+ (B — BLOYVHS + v+ —B)Y,y,
where AY, = §,. Letting w, = ,é’lv, + - lA?)f/,_l, we have
(E.1) &=Cé&+ (B — BLOYHS +w,.
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For arbitrary time series a, and b,, define f,,h(j) =71 Z[T:_lf a,b;H and let

J
My =To(0) + Y KD () + Tan (1.

j=1
We next show ]\7133 is consistent for 3 = CQC'. By (E.1)
My — CMgeC' = CMyH'(By — B1.C) + (B — BLCY HMyC'
+(B. - BLC)/HMffH/(EL —BLC) + CM,, + M,,.C’
+(BL— BLCYHM;, -i-]\;lwa’(ﬁL —B1C) + My,

From B, — B,.C -2 0, My = O,(1), and M; = O,(1), the first three terms converge to zero.
‘We now show that Mgw SN 0, Mfw L 0, and 1\7[,,,1,, 25 0if J/ min[v/T, v/N ] — 0. We have

J 1 T—j 172 1 T—j 1/2
IMell <Y IK() {(7 > ||§t||2) <7 > ||w||?+,-)
=1 t=1

j=0
1 T-j 1/2 1 T-j 1/2
+<TZ||§I+,~||2) (72||wf||2) }
t=1 t=1

From w;, = B, v, + (I — B)Y,_;, we have [[w, || < 2[| B, I* - llv,1> + 2l — BJI* - | Y, |1%, and

1< . 1 <& 1< &
7 2wl < 208017 3 vl +20,(T72) - 3 1Yo I
t=1 t=1 t=1

1\ 1 & 4
= 0,(Ci) +0,,<—> A
T T2 p

1
= OP(C;/ZT) +0p(?> = OP(C;/ZT)'

Thus, using (1/T) Y/, 1€ = 0,(1),

) |7 1/2 [T 1/2
IMell < (T +1) - [opm(?z”w) +O,(O( =D IENIT) |- 0p(Cyp)
t=1 t=1

= +1)-0,(Cyp),

which converges to zero if J/min[v/N, /T ] — 0. Similarly, ||1\;[fu,|| <+ 1)0,,(C,j,lr) 250.
Next

J 1 T-j 1/2 1 T-j 1/2

1Ml < STIKDI2[ =Y Hwil?) (5 w1

T T

j=0 =1 =1
ST +1)-0,(Ci%) 0.

The above analysis shows M;g — CM,,C' = 0,(1). Since M, - 0 by Newey and West (1987),
we have M;; L coc=3.
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E Proof of Theorem 2, Consistency

PROOF OF THEOREM 2: Consider the regression in (C.1): Ae;, = 8pe; -1 + Z]‘;l S;0e;,j+
€;,p- Under the alternative hypothesis, 8,y < 0. Let e; = (€;p11, ..., €i7), €i, = (€ips ..., €i7-1),
€, = (eio, ity ---r€ir—p-1) . Let Ae,=e; —e; ..., Ael-fp =€, €, . Finally let Z; =

(Aei s ..., Ae; )and M;, =1~ Z(Z;Z)"' Z,. Define ]\;[i,z, é;_,, and Aé; analogously, with ¢, in
place of e;,. The least squares estimator of §; is S0 = (e M;.e; ) '(e; M, Ae;). Let 810 be the
counterpart using é;,. Then
L& M, .Ag
Sip = ————
e M;.eé;
iz
Sio%[e;;lMi,zei,]] + %[éL]Mi,zAéi - eLlMi,eri]

145 Y
7€i71M,')Z€L]

(1) -

Su(te, Mi.e; )+ o0,(1)

iy

145 Y
7€i71M,')Z€L]

(F2)

s

where the first equality follows from (e; | M;.Ae;) = S,-O(e;in,ze,;, ) and the second equality fol-
lows from Lemma F.2. Now [eL]M,;ZeLl /T] converges to a positive constant, and S,-O BN 8,0 <0
under the alternative. So the numerator converges to a negative number. The objective here is to
show that the ADF diverges under the alternative. The ADF is

i

ADF;(i) = —— —~ ,
@) (0'52,-(6:-71Mi,z€i,1)’1)]/2

where 6; is the sum of squared residuals divided by T — p. We simply note that &2 is bounded
because 67 < (1/(T — p)) Z,T:pﬂ Aé? = 0,(1). Now
Sl A
T3, — T(dul5¢; Mi-é; 14 0,(1))

1o, Mi.é: ’
VT (Sulte; Mi.ei 1+ 0,(1))

~2 1A ~
(0 (7 Mizei )

ADF; (i) =

Consider two cases: N
(a) If T/N is bounded, then é;ilM,-,zé,-il/T =0,(1) by Lemma E1, 50 T6;0 = 0,(T) - —o0

and ADF;(i) = 0,(JT ) — —oo.
(b) If T/N — oo, then by Lemma F.1
- N(Sul3e, Mi.ei 1+ 0,(1))
0= 0,(X)+0,(1)

=Nbi-0,(1)=0,(N) - —cc.

Similarly, ADF; (i) = 0,(~/N ) — —oo.
In summary, ADF;(i) = OI,(min[\/ﬁ, VT1) under the alternative |p;| < 1. Q.E.D.

LEMMA E1: (1/T)é; M;.é , <O,(1)+O,(T/N).



1170 J. BAI AND S. NG

PROOF: Note &, M;.é; , < ¢
1 > i

8, By (15), ¢ =e;, —eq — VH-'A, — Fd;, where 1 =
0,1, 1),V =V, Vosts oo, Vi) and F = (F,, ..., Fr_y). Thus,

&, &, <4[e e, +Tey+NH'WVVH )\ +dFFd),

L, Ll 1 & -
ei_y +4eh HAINH P2 Y IVIP + 40l 3 IF P
t=1 t=1

7o

Now ¢; ¢, ,/T =0,(1) and Ztrzl IViI?/T = O,(T/N); see (A.4). Since ||d;||> = O,(1/ min[T,

N2 and YL IFIY/T < O(T), > IEI?/T < O,(T/min[T,N?]) < O,(1) +

0,(T/N?). Q.E.D.
LEMMA F2: (1/T)é;_ M;.Aé; — +e; M;.Ae;=0,(p*/(min[v/N,VT1)).

o 1
€, < 4?3271

PROOF: (1/T)é; M, A = (1/T)& A& — (1/T)é, Z(Z;Z;/T)"' Z;Aé;/T.  Similarly,
(I/T)eL]Mi’eri = (1/T)e;-71Aei - (l/T)eLlZi(Z;Zi/T)qZ;Aei/T. By Lemma B.1(iv)
(1/T)e,_ Aé; — (1/T)e;_ Ae; = 0,(Cyp). Thus, it suffices to show
1, 1_, 1 , 2 -1

eilzi ?ZI-ZI' ?ZiAei:Op(p CNT)'

1 sl 1A \"1 4
—¢ Zil =722} =ZAé,— =¢
T i1 T i T i T i

The above can be written as

1 A5 1 15 B ’
T(GLI Z, — 61-71 Z,) (TZIZI> TZlAez
+ 1 zl(L22 B L27 B L one
Tei—l i\ F4iti T Li%i T €
Lo 2(Lzz _ll(Z’AA Z{Ae;) = (a) + (b) + (¢)
Teil i\ g L% T \“i € iaei)=a €)-

Consider (a). Let & = (Z;Zi/ T)‘IZEAé,-/T. Then ¢ is p x 1 and ||| = O,(p'/?). Next,

1., o~ I . .
= _ Zi— ei,IZi) = <T Z (€ir—1A¢;_1 — ei—1Aeiy),
t=p+1
17
cees 7 Z (éit—lAéit—p - eitlAeitp))~
t=p+1
= Zle(Z,T:pH[éi,,]Aé,-,,k —ei_1Aei_1/T)?. But for each k > 1,

Thus [[(&}_ Z; — ¢, Z)/T|?
from é;,_y = €;_j_1 + Aéy_i + - -- + Aé;_1, it follows that

t=p+1

1 & . 1 — . R
T Z (Ci—1A&j_ — ei1Aej) = ? Z (Ci—k-188i—k — €i_r—18ei_t)

t=p+1

k T
1 ~ ~
+ Z T Z (Aej_pAe;_ — Aej_pAej_i).

h=1 t=p+1



A PANIC ATTACK ON UNIT ROOTS 1171

The first term on the right-hand side is O,(Cy}) by Lemma B.1(iv). The second term is kO, (Cy})
following the argument in proving Lemma B.1(iii). Thus

T
% Z (Cir—10&;_i — ey_1Ae;p) = (kK + 1)0p(CX/]7),
t=p+1
and T, Zi — € Z)|* = Y0_ (k + D?0,(Cy}) = p*0,(Cy3). So llall < |T'(&  Zi —
e, Zoll&ll = p*0,(Cy1) /P = P*O,(Cyp).

Consider (b), which we can write as n(T~'ZZ; — T~'Z}Z,)¢;, where n; = T~'e|  Z/(Z|Z;/
T)~! and ¢; is defined earlier. Note that ||7,]| = O,(,/p). It is proved in (C.3) that |T~'Z]Z; —
T‘IZ;ZH = pO,(Cy}). Thus |b]l = p*0,(CyL). Next consider (c), which is equal to
0, T~N(Z/Aé; — ZjAe;) = pO,(Cy}) because |T-1(ZAé; — ZiAe)|| < (X0 [ Y, (A
Aey — Aey_jAei) Y2 < /PO (Chy). Q.E.D.

G. Preliminaries for Theorem 3
Introduce é;, = e;, — e — (e;r — €;1)(t — 1) /(T — 1); then by (17)

13 t
(Gl) =& - XH'Y v,—d Y f,
s= s=2

(G2) A& =A& — NH v, — df;.

LEMMA G.1: For p;=1or|p;| <1:
(i) A/VT)He, = (1/\/_)éu + 0,(Cy1), uniformly in t € [1, T1;
(ii) (1/T2)Z, 202=(1/TH Y, 82+ 0,(Cyh);
(i) (1/7) ZI:Z(Ae”)Z =1/T) Z,:Z(Aén)2 +0,(Cyp)=1/T) Z,T:Q(Aei,)2 +0,(Cy1)s
(V) (1/T) X8 188 = (1) T) Y\, & 188 + 0, (Cyp).

PROOF: The proof is similar to that of Lemma B.1. Consider (i). This follows from (G.1),
T2 vl = 0,(Cyp), lldill = O,(1/min[N,VT1) = 0,(Cyp) and T2, fill =
O, (1). Result (ii) is an immediate consequence of (i).

The first equality of (iii) follows from (G.2), "7, |0,/ T = 0,(C33), Y1, Ifi I3/ T = 0,(1),
and ||d;||*> = Op(C,j,zT). To prove the second equality, note that Aé;, = Ae;, — Ae;, but Ae; = (eir —
e1)/(T —1) = 0,(T~"?), implying the second equality of (iii).

For (iv), consider the two identities:

1 & 1 1
. —E ei188; = 5= (&ir)* — E Aéy)?,
(G.3) T tzzet 1R3¢€;; ZT(E ) 2T 11 ZT (Aejr)

. . 1
(G4 T ;ei,,,Ae,-, = ﬁ(eiT)z T e — 3T Z(Aen)
Applying (i) with ¢ = T and ¢ = 1, respectively, we get T~'[(&;7)% — (&7)%] = O0,(Cy%) and
“1[(en)? — (€1)*] = O,(Cx3). These results together with (iii) imply (iv). Q.E.D.

Next consider the properties of estimated common factors F,. From f, =Hf + v,

t t t t t
(G.5) F,=Yfi=HY fi+Y v=HY (AF,—AF)+) v
s=2 s=2 s=2 s=2 s=2
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=H|F,-F —
L

Fl(r—l)]w,,

where V; = 3;_, v,. For a sequence y;, let y7 denote the residual from regressing {y,} on [1, #]
(t=2,...,T). Thatis, y; is the demeaned and detrended series. Then from (G.6),

(G.6) FT=HF +V/

(clearly, demeaning and detrending will remove Fy + (Fr — F)(t — 1) /(T — 1)).

LEMMA G.2: maxy<,<r(1/~/T) V|| = O,(Cyh).

PROOF: This simply follows from T-2|[V;|| = T~'?| Y_!_, v, = O,(Cy}) uniformly in ¢. To
see this, let V' = Vo, Vs, ..., V), VT = (5, VY, ..., Vi), and let Z =(Z,, Zs, ..., Zr)', where
Z,=(1,1). Then V™" = M.V, where M, = — Z(Z'Z)~'Z'. Then, it is easy to show that V" can
be written as

~

T

=Vi+ar= Z +br(t/T) = Z

Jj=2 Jj=2
where ar and b7 are bounded numbers. It follows that

1 1 1 < 1 <
—=V = —=Vitar=3 ) Vi+br(t/T) == > jV,.
VT VT e j=2 o j=2

However, [[T-*2Y.0,V;|l < max, T-"2|V;||. Similarly, 75|31, jV;| < Cmax, T~2|V]].
QE.D.

LEMMA G.3: As N, T — oo:
() (A/VT)F7 =HQ/VT)F] +0,(Cyb), uniformlyin t € [1, T1;
(i) T2, P B = HT > S, FL FELH 4 0,(Cyp;
(i) (1/T)Zf2Aﬁf Er H(I/T)ZtTZAFAFH’—kO (Cyb);
(iv) (1/T) Y, (F7 AF + AEFT )= (1/T)H Y.\, (F7 | AF, + AF,F7 YH' + 0,(Cyb).

PROOF: (i) follows from (G 6) and Lemma G.2. (ii) is an immediate consequence of (i).
For (iii) write F 7= F, — & — bt for some & and b. This is possible because F T is the projection
residual of F,. Thus, AFtT — AF, — b. Note that the slope coefficient satisfies ||b|| = O, (T~'/?) be-
cause T~"2F, = 0,(1). Furthermore, AF, = H(AF, — AF) +v, = HAF, + O,(T~"/) + v, because
AF = 0,(T~"?) by assumption that AF, has zero mean. Thus Aﬁf = HAF, + O,(T7'*) + v,
from which (iii) follows easily. Next, consider (iv). First note that AF, can be replaced by AI:"[ .
This is because AF, = Aﬁ[ +band 2112 1:7,1 =0 (normal equation). Then we have the identity
F}ﬁ‘f/ FTFT/

11 _ = AFT FT/
T

(G.7) — Z( AF" + AFTET ) =
and

T
1 T T/ T T/ ’
Hz [ 2,:2: AF7F7, + F7_AF; i|H

FT FT/

—H TH/_ FTFITI
T

T

! 1 - T T/ !
H — HTZAF;AF[ H'.

=2
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From part (i) with t = T, FzFy/T — H(F;F/T)H' = O,(Cy}), and with t =1, F7EF7'/T —
H(FTF]'/T)H = 0,(Cy}). From AF™ = AF, + 0,(T~2), T-' "L AFFAF” —T-' Y"1 AF, x
AF, = 0,(T~%). This, together with part (iii), yields

15 .. 1<
- } :AF;AF;f — HT § :AF;AF;/H’ =0,(Cyp)-
t=2 =2

Combining these results leads to (iv). Q.E.D.

Before proving the theorem for serially correlated disturbances, we first prove the theorem for
i.i.d. disturbances, which provides a substantial insight with a very simple proof.
The DF statistic is
— T A A
T Z,:z ei—1A¢;

s27-2NT 52 12
(G2T2) 85 DY

DF; (i) =

N =T s oaa .
where 62 =T~'Y",_,(Aé; — d;é;_1)%, which converges to o?2.

PROPOSITION 3: Suppose the assumptions of Theorem 3 hold. If D;(L) = 1,i.e., e;; = p;e;;_1+€;
with €;; beingi.id. (0, c%), then under p;=1,as N, T — oo,

1 1 —-1/2
DF:(i)= —+ (/ Vem) .
2\ s

Proposition 3 is implied by the lemma below.

LEMMA G.4: Under the assumptions of Proposition 3 with p; =1, for t =[Tr],as N, T — oo:
(i) /VT)éw = Wa(r) = rWa(Dloa =Va(r)oa;

(i) T, 82, = o2 [ Va(r)*dr;

(i) (1/7) ¥, 5(Aeq)> = o2

(V) (/7YYL 64108, = —a2/2.

PROOF: (i): By Lemma G.1(i), it suffices to show 7-'/2¢;, has the said limit. But 7-'/%¢;, =
T2, —T Y2eir(t—1)/(T —1)—T~'?¢;;. By the invariance principle, T~'?e;, = W,;(r)o.;, and
T V2eir(t —1)/(T — 1) = rW,(1) 0. Furthermore, T-12¢;; — 0, proving (i). Result (ii) follows
from (i) and the continuous mapping theorem. Under p; = 1, Ae;, = €;,, and so T~ 2?22 Ae2 2>
o2 This implies (iii) in view of Lemma G.1(iii). Finally, (iv) follows from (G.3), part (i) and (iii).
To see this, by (i), T~'é% = o2V.(1)? = 0. Furthermore, T-'é2 = 0. Thus the right-hand side of
(G.3) converges to —a? /2, proving (iv). Q.E.D.

Likewise, when F, is I(1) and is driven by i.i.d. errors, the test is very simple. The DF statistic

for the series F; with demeaning and detrending is numerically equal to (see, e.g., Hayashi (2000,
p. 608))

T Zthz ﬁtllAﬁt
(G272 (Fr )2

(G8)  DF:=

where 62 =" (AF, — a — bt — ¢F,_1)*/(T — 2) with (@, b, ¢) being the OLS estimate when
regressing AF, on [1, ¢, F,_]. It is easy to show that o2 BN H?o2.
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PROPOSITION 4: Suppose the assumptions of Theorem 3 hold. If C(L) =1,ie.,F,=F,_;+u,
with u, beingi.id. (0, 0%), then

W (s)dW (s)
P2 Wy
(f, W(s)*ds)

This proposition is implied by the following lemma.

LEMMA G.5: Under the assumptions of Proposition 4,as N, T — oo:
(i) A/VT)HF7 = Ho W (r);

(i) T2, FL F7 = He oy [{ Wi (r) dr

(iii) (1/T) X1, F7 \AE, = H02 [ Wi(r)dW,(r).

PROOF: The results follow from Lemma G.3 and the corresponding weak convergence for
the series F7. For example, T~Y2F7 = o,W7(r). Result (ii) follows from (i) and the con-
tinuous mapping theorem. Result (iii) follows from Lemma G.3(iv) and T-' Y. F7 AF, =

o2 [V W (r) dW,(r). Q.E.D.

H. Testing é;, Using the ADF, Linear Trend Case
Recall

t t
(H1)  &=&-XH'Y v,-d ) f.
s=2 s=2

(H2)  Aé=Aé —NH v, —df,

where é;;, =e;;, —e;; — (e;r —ei)(t—1)/(T — 1), and Aé;, = Ae;, — Ae;. Also note &;, = 2222 Ae;,.
The proof consists of two steps. The first is to show the ADF test based on ¢;, has the desired
limiting distribution, i.e., ADF;(i) = (—1/2)([01 V;.«(r)*>dr)~'. The second is to show the ADF
test based on é;, is asymptotically the same as that based on &, i.e., ADF;(i) — ADF;(i) = 0,(1),
as N, T — oc.

The ADF test in this linear trend case has the same distribution as the test considered in
Schmidt and Lee (1991), a modified version of the LM test for the presence of a unit root around
alinear trend developed in Schmidt and Phillips (1992). Note that even when e;, is observable, the
first step has not been explicitly stated in the literature. Schmidt and Phillips (1992) considered
nonparametric correction of serial correlation, but not via ADF regression.

LEMMA H.1: Assume Ae;, = D;(L)e;, satisfies Assumption C(i). Consider the regression Aé;, =
8i0€i 1+ Zle 8;;Aé;,_;j+ error. Let ADF;(i) be the t statistic for testing 8,y = 0. If p is chosen

such that p — oo with p3/T — 0, then ADF;(i) = (—1/2)([01 Vi.e(r)?dr)L.

The proof uses a similar argument to that used in Said and Dickey (1984) and Berk (1974).
Since the argument is tedious, the detail is omitted. Instead, we outline the proof for fixed p,
which is drastically simpler. For this, we assume Ae;, = D;(L)e;, has a finite AR(p) representa-
tion:

P
Aey = Z SAej+ €y,

j=1
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where €;, are i.i.d. (0, Uii). It can be shown that, when replacing Ae;, by Aé;,,

P
(H.3) A&y =Y 8;0é;,_+e€n—&+O0,(T™,

j=1
where €; = Z,Tﬁ €, /(T — 1). Rewrite the regression equation stated in the lemma in matrix form:
Aé; =6yé; , + Z¢ +error,

where Z is a matrix consisting of lags in Aé;, and ¢ = (8,1, ..., 8;,)". The least squares estimator
of 8,y satisfies

T3 T-'¢; MzAe;  T7'¢; (ei—&)+o0,(1) T7'¢ (&—&)+o0,(1)
T T Mge, T, Mge, B T-%¢, & :

iy

-1
The second equality follows from Aé; = Z¢ + €, — €; + Op(T‘l) by (H.3) and M;Z =0, and the
last equality follows from T772¢; Mzé; , =T72&,_ & _, +0,(1).

We will show T8;9 = —[2D;(1) f, Vi(r)*dr]™". Now T2, &, =T>Y.| &} = Di(1)*07 x
fol Vi(r)*>dr simply follows from the relationship between é; and e; and the weak conver-
gence of T Y2e¢;, to D;(1)o;Wi(r) for ¢t = [Tr]. But the limit of the numerator requires an
extra argument. By the Beveridge-Nelson decomposition, Ae;; = D;(1)€;, + miu—1 — i Where
Nit = Z;’io(z,?;jﬂ dix)€i;—;. This leads to

Aé; = Ae;, _A_ei:Di(l)(Eit — &)+ N1 — N+ T (nir — Mar)-

Cumulating Aé;, gives

t t
éi = ZAén =D;(1) Z(Gis —&)+miu—nu+ T (ma — mir)(t — D).

s=2 s=2

Thus

T
Tﬁléh (6,—&)=T"" Zéit—l(eit —€;)

1=p
1 T t-1 1 T
=Di() 3 ) (e — &)lew — &) + = 3 (1 = i) (€ — &)
t=p s=2 t=p

1 T
+ (1 = i) 7y D (0= 2) (e — &),
t=p

The last two terms are each 0,(1) and the first term converges to —1 /2D;(1)c?, which can be

proved as in Lemma G.4(iv) since the term can be rewritten as D;(1)7 ! Z,T: » 8188, with g, =
Z;ZZ(E” — €;). The limit of TS,O is thus obtained, which depends on nuisance parameter D;(1).
But the ¢-statistic eliminates D; (1), as is well known in the standard ADF test.

Given Lemma H.1 and Lemma G.1, the proof that ADF;(i) — ADF;(i) = 0,(1) is almost
identical to the proof in Theorem 2. Thus the detail is omitted. For insight, see the proof of
Proposition 3 when the disturbances are i.i.d.

The proof of part 2 and part 3 for serially correlated disturbances is also omitted as the proof
is almost the same as in Theorem 2, given Lemma G.2 and Lemma G.3. Also see Remark 1 in
Appendix D. For insight, see the proof of Proposition 4 when the disturbances are i.i.d.
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PROOF OF THEOREM 4: In this theorem, e;, are assumed to be cross-sectionally independent.
Thus, the test statistics ADF¢S(i) (i=1,2,..., N) based on the true series e; are independent
over i. Theorem 1 shows that ADF3 (i) — ADF{ (i) = 0,(1), that is, ADF;(i) not only has the
same asymptotic distribution as ADF¢ (i), but they are asymptotically equivalent. This implies as-
ymptotic independence of ADF (i). The same is true for the linear trend model ADF (i) over i.
The analysis of the pooled test then proceeds following the arguments of Choi (2001). Q.E.D.
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