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NOTES AND COMMENTS

DYNAMIC IDENTIFICATION OF DYNAMIC STOCHASTIC
GENERAL EQUILIBRIUM MODELS!

By IvANA KOMUNIJER AND SERENA NG?

This paper studies dynamic identification of parameters of a dynamic stochastic gen-
eral equilibrium model from the first and second moments of the data. Classical results
for dynamic simultaneous equations do not apply because the state space solution of
the model does not constitute a standard reduced form. Full rank of the Jacobian ma-
trix of derivatives of the solution parameters with respect to the parameters of interest
is necessary but not sufficient for identification. We use restrictions implied by obser-
vational equivalence to obtain two sets of rank and order conditions: one for stochasti-
cally singular models and another for nonsingular models. Measurement errors, mean,
long-run, and a priori restrictions can be accommodated. An example is considered to
illustrate the results.

KEYWORDS: Structural identification, stochastic singularity, measurement errors,
similarity transform, spectral factorization.

1. INTRODUCTION

DYNAMIC STOCHASTIC GENERAL EQUILIBRIUM (DSGE) models have now
reached the level of sophistication to permit analysis of important macroeco-
nomic issues. Whereas the model parameters (6) used to be calibrated, nu-
merical advances have made it possible to estimate models with as many as
100 parameters. Researchers are, however, aware that not all the parameters
can be consistently estimated because of identification failure: that is, changes
in some of the parameters may lead to indistinguishable outcomes. This pa-
per studies local identification of a DSGE model from its linearized solution.
We use the restrictions implied by equivalent spectral densities to obtain rank
and order conditions for identification. Mean and long-run restrictions can be
incorporated in the form of a priori restrictions. The error terms can be the
primitive shocks in the model, but can also be stationary specification or mea-
surement errors.

The literature on identification of DSGE models is relatively small. Canova
and Sala (2009) drew attention to the identification problem and suggested
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plotting some statistics of the estimated model evaluated at different parame-
ter values. Consolo, Favero, and Paccagnini (2009) compared the properties
of the DSGE model with those of a factor augmented vector autoregression
(VAR). Both approaches, while useful, do not provide formal conditions for
identification. Rubio-Ramirez, Waggoner, and Zha (2010) studied identifica-
tion of structural VARs, but not DSGE models per se. The most complete
analysis to date is due to Iskrev (2010), who proposed evaluating the deriva-
tives with respect to 0 of some J < T model-implied autocovariances, where
T is the sample size. His results depend on J and the autocovariance matrices
need to be solved numerically.

Our analysis has three distinctive features. First, we do not compute any
autocovariances. Instead, we study the implications of observational equiva-
lence for the canonical model that generates the autocovariances. This leads
to a finite system of nonlinear equations that admits a unique solution if and
only if 6 is identified. The rank and the order of the system provide the nec-
essary and sufficient conditions for identification of 6. Our approach has roots
in control theory which typically assumes that both the outputs (endogenous
variables) and the inputs (innovations) are observed. In that literature, the re-
strictions implied by minimal systems are enough to completely characterize
observational equivalence. However, this is not enough for DSGE models be-
cause the latent shocks have unknown variances and not all output variables
are observed. For this reason, we derive new results that characterize obser-
vational equivalence by further restricting attention to transfer functions that
are left-invertible. Minimality and left-invertibility, which will be explained be-
low, are what allow us to establish the necessary and sufficient conditions for
identification without computing any autocovariance or the spectral density.

Second, the identification conditions for singular and nonsingular systems
are studied separately. Classical identification results are typically derived un-
der the assumption that the number of endogenous variables equals the num-
ber of shocks and that the innovations are “fundamental.” However, DSGE
models can have fewer shocks than observables, a condition known as stochas-
tic singularity. Once measurement errors are allowed, DSGE models may also
have fewer observables than shocks and in such cases, the innovations are usu-
ally nonfundamental. As the singular and the nonsingular case each has specific
implications about what can be uncovered from the observables, the identifica-
tion restrictions are also different. Nonetheless, in the important special case
when the system is “square,” the two sets of conditions coincide.

Third, our conditions for identification are stated in terms of a matrix A(6).
The dimension of A(6) determines the order condition for identification and is
a simple function of the number of variables that appear in the DSGE model.
The rank of A(6) is a function of the parameters in the linearized solution to
the DSGE model only and can be evaluated prior to estimation. Collinearity
among the columns of A(#) sheds light on whether nonidentification is due to
parameter dependency or delicate interactions between the impulse and the
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propagating mechanism of the model. The null space of A(6) helps isolate
which parameters are responsible for nonidentification.

Before turning to the main analysis under more general conditions, it is use-
ful to better understand what is unusual about DSGE models. To begin with,
the observables of the model are usually vector autoregressive moving-average
(VARMA) processes. As discussed in Ravenna (2007), DSGE models have fi-
nite VAR representations only under specific conditions. Identification of
would thus be futile unless the VARMA parameters were identifiable, even
though we are not interested in these parameters per se. This, however, is
not a trivial problem because VARMA models are potentially “exchangeable”
and common factors can exist unless a so-called left-coprime condition is sat-
isfied® to rule out redundant polynomials that lead to an overparameterized
model (see, e.g., Hannan (1971)). The canonical VARMA model and its or-
der, also known as McMillan degree, can be solved only when the system is
small.* A problem that further complicates identification is that the VARMA
representations of stochastically singular models involve matrices that are gen-
erally not square. This violates the assumptions used in Deistler (1976), for
example. Thus, no attempt has been made to identify DSGE models directly
from the VARMA representations.

Second, the solution of a DSGE model is not in the form of a simultaneous
equations system for which classical results due to Koopmans (1950), Fisher
(1966), Rothenberg (1971), and Hausman and Taylor (1983) apply. First, these
results are derived for static models in which the errors of the reduced form
are orthogonal to the predetermined regressors. Obviously, DSGE models are
dynamic, and any serial correlation in the shocks will violate the orthogonality
conditions. Furthermore, traditional analysis assumes independent and identi-
cally distributed (i.i.d.) innovations which rules out important features in time
series data such as conditional heteroskedasticity. While results for full rank
dynamic models are given by Hatanaka (1975), Hannan (1971), and Sargan
(1975), they all assumed the presence of exogenous variables. However, there
are no exogenous variables in DSGE models other than the latent shocks. Fur-
thermore, results for full rank systems do not easily extend to singular systems.
Although we can drop some variables so that the system is full rank, the re-
sults will not be robust unless we know which variables are ancillary for the
parameters of interest.

Finally and perhaps the most important reason why classical identification
results are invalid is that the rank conditions of Rothenberg (1971) rest on
the assumption that the reduced form parameters are identifiable. However,

3Exchangeable means that two processes can have identical moving-average representations.
For example, if there is a unimodular factor U (L) in the autoregressive or moving-average matrix
polynomial, then the vector moving-average (VMA) model y, = U(L)®(L)¢, is equivalent to the
VARMA model U(L) 'y, = O(L)¢g, (see, e.g., Reinsel (2003, Section 2.3)).

4See, for example, Solo (1986), Reinsel (2003), and Liitkepohl (2005).
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as Wallis (1977) and others have pointed out, there may be common factors in
the rational polynomial matrices that relate the exogenous to the endogenous
variables, rendering the parameters of the “reduced form” model not identifi-
able. One of our main results is to show that this problem is a distinct possibil-
ity in DSGE models. This nonidentifiability of the parameters in the linearized
(canonical) solution of DSGE models should not come as a surprise because,
as already pointed out, the parameters of the VARMA representation for the
same DSGE model may have common factors that prohibit identification.

The rest of the paper is organized as follows. Section 2 sets up the econo-
metric framework. Sections 3 and 4 present rank and order conditions derived
for singular and nonsingular models, respectively. Section 5 studies partial and
conditional identification under a priori restrictions. Section 6 gives two differ-
ent perspectives on our results and relates them to the information matrix. An
application to An and Schorfheide (2007) model is given in Section 7. Addi-
tional examples are studied in the Supplemental Material (Komunjer and Ng
(2011)). The key steps of the proofs are given in the Appendix. A detailed long
proof is available on request.

2. SETUP

Consider a DSGE model with (deep) parameters of interest 6 belonging
to a set ® € R™. The variables of the model, denoted by X/, are driven by
structural shocks with innovations ¢,,. The model is characterized by a set of
equations that define the steady state values X (60) and Euler equations that
describe the transition dynamics. Linearizing around the steady state gives a
system of expectational difference equations E,I7(0) X/, = I1(0) X[ + &, that
can be solved to yield a solution in the form of difference equations. Solution
algorithms include Anderson and Moore (1985), Uhlig (1999), Klein (2000),
King and Watson (2002), and Sims (2002), among others. Numerical accuracy
of these algorithms is taken as given in the identification analysis to follow.

Let X, be a ny x 1 state vector that is a subvector of X/, and let Y, be a
ny x 1 vector of observables where ny is finite. We allow for measurement and
specification errors whose innovations are ¢,,. Collect all the innovations into
a n, x 1 vector g = (&, €,,)’. The state space solution of Y, is given by the
transition and measurement equations

(13) X1 =A0) X, +B(0) &141,
N A N
nyx1 nyxny nyxl nyxXng ngxl1

(1b) Yii=C(0) X, +D(0) &1 .
—_—— e
ny x1 nyxny nyxl1 ny xXng ngx1

ASSUMPTION 1: For every 6 € O and every (t,s), E(g,) =0 and E(g,e)) =
8,_s2:(0), where 3,(0) is positive definite with Cholesky decomposition L .(6).
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ASSUMPTION 2: For every 6 € @ and for any z € C, det(zl
implies |z| < 1.

— A(6)) =0

ny

Assumption 1 only requires the innovations ¢, to be white noise, which is
weaker than i.i.d. Since 3,(6) is allowed to be nondiagonal, the innovations
can be mutually correlated as in Curdia and Reis (2010). The conditional vari-
ance of &, can change over time to accommodate generalized autoregressive
conditional heteroskedasticity (GARCH) or stochastic volatility effects, pro-
vided the process remains covariance stationary. In these cases, 3,(6) is the
unconditional variance of &, which may be a complicated function of the un-
derlying GARCH or stochastic volatility parameters. The first order effects of
heteroskedasticity would be captured in a partially nonlinear approximation as
in Justiniano and Primiceri (2008) or in a conditionally linear approximation
as in Benigno, Benigno, and Nistico (2011). Nonlinearities that can only be
captured by higher order approximations are outside the scope of our analysis.

Assumption 2 is a stability condition. In cases when there are permanent
shocks, the variables of the model are assumed to be appropriately normalized
so that the eigenvalues of A(#) remain inside the unit circle. Under Assump-
tions 1 and 2, {Y,} is weakly stationary and its time series properties are com-
pletely characterized by its time invariant unconditional mean and autocovari-
ances. The same result can also be motivated by assuming &, is i.i.d. Gaussian.
The casual VMA (c0) representation for Y, is

(2) Y, =Y h.(j,0)e;=H.(L"; 0)e,,

j=0

where L is the lag operator. The ny x n, matrices h,(j, 6) are the Markov
parameters defined by £,(0, 6) = D(0) and h,(j, 0) = C(0) A(0)'~'B(0) for all
j = 1. For z € C, the transfer function (the z-transform of the impulse response
function) is

H,.(z;0) =D(0) + C(0)|z1,, — A(H)]_lB(H) = Z h,(j,0)z 7.

j=0

Let Iy (j; 0) = E(Y.Y, )= Iy (—j; 0)' be the autocovariance matrix at lag j.
Then for all z € C, the ny x ny spectral density matrix of {Y,} is

Qy(z:0) =1y (0:0)+ Y Iy(j: 0)z7 + Y Iy (—j: )z

=1 =1
=H.(z;0)3.(0)H.(z"; 0).

In addition to stability, it is quite frequent in econometric analysis to as-
sume left-invertibility (also known as miniphase). Left-invertibility fails if, for
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example, the shocks are anticipated. The issue is considered in Lippi and Re-
ichlin (1994) and Leeper, Walker, and Yang (2008), among others. Under left-
invertibility, (2) is the Wold representation and the innovations &, are funda-
mental, meaning that &, is spanned by Y' = {Y,_(}2,, the current and past
history of Y,. For square models with n, = ny, left-invertibility holds when
det H.(z; 6) #0in |z| > 1.° In models that are not square, left-invertibility re-
quires that H,(z; 0) is full column rank in |z| > 1 (see, e.g., Rozanov (1967)).
In general, the properties of H.(z; 6) are related to those of the (Rosenbrock)
system matrix

eC.

3) P(2: 0) = <ZInX — A(H) B(0)>

—C(0) D(0)

LEMMA 1: Suppose Assumptions 1 and 2 hold. Then rankP(z; 0) = nx +
rank H,(z; 0) for any 0 € O and for every z € C\ A(6), where A(0) is the set
of eigenvalues of A(0).

Lemma 1 will be used subsequently.

The identification problem can now be stated as follows. Suppose we are
given a sample of length T generated by (1a) and (1b) with 6 = 6,. With T infi-
nitely large, under what conditions would it be possible to uncover the value 6,
and the model that generated {Y,}? We start by discussing identifiability from
the autocovariances of Y;. Mean, long-run, and other (nonlinear) restrictions
are exploited in Section 5.

DEFINITION 1: 6, and 6; are observationally equivalent if (2y(z; 6)) =
Oy (z; 6;) for all z € C or, equivalently, I'y(j, 6y) = Iy (j, 6;) atall j > 0.

DEFINITION 2: The DSGE model is locally identifiable from the autocovari-
ances of Y, at a point 6, € @ if there exists an open neighborhood of 6, such
that for every 6, in this neighborhood, 6, and 6, are observationally equivalent
if and only if 6, = 6,.

In theory, a sufficient condition for uniqueness is that the matrix of
derivatives with respect to 6 of Iy (6) = limy_ . Iy 7(8), where Iy +(0) =
(Iy(0;0) Iy(1;60) --- Iy(T;0)), has full column rank when evaluated at
0 = 60,. The autocovariance matrix at each j is

Iy(j: 0) =Y ho(k + j; 0)3.(0)h.(k; 0)

k=0

= C(0)A(0)' Tx(0; 0)C(0) + 1,.0D(0)3.(0)D(0),

3In the borderline case det H.(z; ) = 0 at |z| = 1, the transfer function is left-invertible and
yet not invertible.
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where I'x(0; 0) = E(X, X)) solves I'x(0;0) = A(0)Ix(0; 0)A(0) + B(6) x
3.(6)B(0)'. Clearly, each I'y(j; 6) can only be approximated as a truncated
sum of the Markov parameters or I'y(0; #) has to be solved from a system of
nonlinear equations. Furthermore, we can only compute Iy 7(0) for some fi-
nite 7. The rank of Iy 7(6) can be sensitive to approximation and numerical
errors.

Observe, however, that I'y(j; 6) and 2y (z; 0) are defined from the parame-
ters of the canonical (ABCD) model. Rather than establishing identification
from the partial derivatives of I'y r(6) with respect to 6, we use features of the
canonical model to characterize observational equivalence through a finite sys-
tem of equations directly involving the ABCD matrices. This sheds light on the
identification problem without evaluating Iy r(6). We begin with the singular
case.

3. SINGULAR CASE 7, < ny

Stochastic singularity pertains to the situation when there are fewer stochas-
tic disturbances than observables. For example, stochastic growth models are
singular because output, consumption, and investment are all driven by a sin-
gle shock. While cointegrated systems have been widely analyzed, evidence
for stochastic singularity at business cycle frequencies is unusual. In practice,
measurement and specification errors are added to DSGE models prior to esti-
mation or endogenous variables are dropped from the analysis to restore non-
singularity. Nonetheless, if a singular system is not identifiable, it is not clear
whether a nonsingular system with measurement errors or few observables can
be identified. It is thus of interest to begin by studying singular systems, even if
one is eventually interested in estimating a nonsingular one.

Let AS(0) be the hyperparameters in the state space solution:

A%(6) = ((vec A(0)), (vec B(6))', (vec C(6))’,
(vecD(0)), (vech 3,(6))) .
The dimension of AS(0) is nS = n% + nyn, + nyny + nyn, +n.(n, +1)/2.

ASSUMPTION 3-S: The mapping AS: 0 — AS(0) is continuously differentiable
on 6.

Our point of departure is that associated with each 6 € @ is the transfer
function H,(z; A5(9)) and the covariance matrix 3.(0). The spectral den-
sity 2y (z; #) depends on 6 only through AS(6). By definition, Qy(z; 6,) =
£y (z; 6;) when

“4) H,(2; A%(60))3:(60)H. (275 A%(60))’
= H.(z; A%(61))3:(60)H, (275 A3(6)))'.
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Equivalent spectral densities can arise because (i) for given ¥.(6), each
transfer function H,(z; AS(6)) can potentially be obtained from a multi-
tude of quadruples (A(6), B(6), C(6), D(6)) or (ii) there can be many pairs
(H,(z; A5(6)), 3,(0)) that jointly generate the same spectral density. In eco-
nomic terms, the first problem can arise when two structures induce identical
impulse responses to an innovation of a given size; and the second problem
can arise when an innovation of arbitrary size can combine with the propagat-
ing mechanism to yield the same autocovariances. To make their implications
on the canonical model precise, the following assumptions are required.

ASSUMPTION 4-S: Forevery 8 € O, rank'P(z; ) = ny +n, in |z| > 1.

ASSUMPTION 5-S: For every 6 € 0, (i) the matrix C = (B(0) A(0)B(6) ---
A™=1(0)B(0)) has full row rank and (ii) the matrix O = (C(6)’ A(0)C(6) ---
A1) C(0)) has full column rank.

The transfer functions of singular systems are left-invertible if and only if
rank H,.(z; ) = n, in |z| > 1. Lemma 1 implies that H,(z; 0) is left-invertible
if and only if

rankP(z; 0) =ny +n, forall |z| > 1.

Thus, Assumption 4-S ensures left-invertibility in systems with n, < ny. It gen-
eralizes the conditions of Ferndndez-Villaverde, Rubio-Ramirez, Sargent, and
Watson (2007), who proposed an eigenvalue test for left-invertibility when the
system is square (n, = ny) and D(0) is invertible. Combined with Assump-
tion 1, Assumption 4-S also ensures that the rank of the spectral density is 7,
almost everywhere (a.e.) in C. That the ranks of y(z; 6) and H.(z; 6) coin-
cide is instrumental in the analysis that will follow.

Assumption 5-S ensures that (A(60), B(6)) is controllable and (A(0), C(0))
is observable, and hence, that the system is minimal. Controllability means that
for any initial state, it is always possible to design an input sequence that puts
the system in the desired final state. Observability means that we can always
reconstruct the initial state by observing the evolution of the output, given the
evolution of the input.® Minimality is similar to relative coprimeness and in
VARMA terminology, ny is the McMillan degree. Hannan (1971) imposed
coprimeness in his seminal work on identification of dynamic simultaneous
equations. A “minimal” system has the property that the state vector X, is of
the smallest dimension possible. In DSGE models, this is the smallest vector
of exogenous and endogenous state variables that are rid of common factors

8See, for example, Anderson and Moore (1979). The matrices A(0) and C(6) in a minimal
system need not be full rank, meaning that some components of X, can be white noise and that
identities are allowed in Y,.
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and redundant dynamics, and yet able to fully characterize the properties of
the model. Minimality thus simplifies the identification analysis. As a DSGE
model is based on microfoundations, ny is not hard to determine. This will be
illustrated in the example considered in Section 7.

Assumptions 4-S and 5-S are key to obtaining a complete characterization of
observational equivalence in singular models. This is achieved as follows. We
first use the fact that H,(z; 6y) = H,(z; 6,) if and only if there exists a full rank
ny X ny matrix 7T such that

) (A(61), B(61), C(61), D(6:))
= (TA(00)T", TB(60), C(80)T ™", D(y)).

The quadruples (A(6,), B(6)), C(6),D(6y)) and (A(6:),B(6:),C(6)),
D(6,)) are said to be related by a similarity transformation. That this trans-
formation is sufficient for transfer functions to be equivalent is obvious. That it
is also necessary follows from an algebraically involved but well known result in
control theory (see, e.g., Theorem 3.10 in Antsaklis and Michel (1997)). In that
literature when the shocks are observed, using minimality to identify 6 from
the system matrices ABCD is referred to as structural identification; see, for ex-
ample, Hannan and Diestler (1988, Chapter 2.7). However, in DSGE models
&, are latent with unobserved variances. Thus, minimality is necessary but not
sufficient to tie down the class of equivalent systems. To do so, we also need
to take into account that H,(z; 0) can interact with 3,(6) to give equivalent
spectral densities.

To characterize such interactions, let H,(z;6) = Hg(z’i 0)L.(0). Since
Qy(z;0) = H.(z; 0)H.(z7'; 0), it is not hard to see that H,(z; §) = H.(z;
0)V (z) will yield the same spectral density for any V' (z) satistying
V(z)V(z7')Y =1,, even if 3,(0) is an identity matrix. Thus, equivalent pairs
(H.(z;0),2.(6)) are related through a polynomial matrix V' (z) of unknown
degree. This is unlike in static models in which V' (z) =V is a constant ma-
trix. Hence, the number of static models in the equivalent class is substantially
smaller than in the dynamic case.

Assumption 4-S now comes into play as it will be used to narrow down the
equivalent pairs (H,(z; 0), 3.(6)). Suppose for the moment that the system
is square. It is well known that the spectral density of a full rank covariance
stationary process can be factorized as Qy(z; 0) = W.(z; )W, (z7"; ), where
Wg(z;~ 0) is known as the spectral factor. Much less known is that if W,(z; 0)
and W,(z; 6) are both spectral factors that are also left-invertible, then neces-
sarily I/T/g(z; 0) =W.(z; )V with VIV’ =1, (see, e.g., Youla (1961), Anderson
(1969), Kailath, Sayed, and Hassibi (2000)). Note that V' is a constant matrix
and is no longer a polynomial matrix in z. This means that no dynamic trans-
formations of left-invertible, factors are allowed. Importantly, this result holds
even in singular models. Our spectral factor is W,(z; 6) = H.(z; 6)L.(0). It is
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left-invertible if and only if H,.(z; 6) is left-invertible which holds by Assump-
tion 4-S. In such a case, two equivalent pairs (H,(z; 0), ¥.(6)) must be related
by a full rank matrix U = L,(6,)V L,(6,)~! such that

(6) HS(Z; 01) :HS(Z; GU)U and
U3, (0)U =23,6,) foreveryzeC.

Combining the transformations in (5) and (6) leads to our first main result.

PROPOSITION 1-S—Observational Equivalence n, < ny: Suppose Assump-
tions 1,2, 4-S, and 5-S hold. Then 0, and 6, are observationally equivalent if and
only if there exists a full rank ny x ny matrix T and a full rank n, x n, matrix U
such that

(7) A(6,)=TAWB)T", B(6,)=TB(6)U, C(6;)=C(6,)T",
D(8,)=D(0)U, 3.(0,)=U"'3.(6)U".

Proposition 1-S (proved in the Appendix) says that in singular systems with
n, < ny, there can exist no transformation of the hyperparameters A5(6) other
than those defined in (7) that can give rise to equivalent spectral densities. In
other words, these transformations are necessary and sufficient for observa-
tional equivalence. The crux of the proposition is to use minimality and left-
invertibility to narrow down the set of observationally equivalent hyperpara-
meters. The result also holds in the important special case of a square system.

An immediate implication of Proposition 1-S is that A5(#) may not be iden-
tifiable. In other words, the ABCD representation is not a reduced form in the
sense of classical simultaneous equations analysis. The problem can arise even
if the population autocovariances are available. Proposition 1-S can now be
used to derive formal identification conditions. Define the continuously differ-

entiable mapping 8%: @ x R" x R" — R\ as

vec(TA(OT™)
vec(TB(O)U)
3) 850, T,U) = vec(C(O)T™)
vec(D(0)U)
vech(U~'3.()U~")

The mapping defines »n5 equations in n, + n% + n* unknowns.

LEMMA 2-S: Under the assumptions of Proposition 1-S, 0 is locally identifi-
able from the autocovariances of Y, at a point 0, € O if and only if the sys-
tem of equations 8(6,,1,,,1,,) = 65(0,, T,U) has a locally unique solution
(6,, T,U) = (b0, Ly, L,).
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Lemma 2-S (proved in the Appendix) says that a singular DSGE model
is locally identifiable at 6, € @ if and only if 65(6, T, U) is locally injective
at (6o, L, 1,,). The matrix of partial derivatives of 6%(6, T, U) evaluated at
(6o, 1L,,,1,,) is given by’

As(go)z(éﬁs(a,lnx,lns) 985(0, 1y, 1,,) (755((9,1”)(,1%))
J0 dvecT dvecU

0=0
(?V%:w) AO) @ Lny —Iny ® A(9) Ot
&Vezf(ﬁ) B(6) ©1,, 1., ® B(6)
_ W%gw) ~I, ® C(0) Ony
av%g(e) Oyt L., ® D(6)
%&%(0) Oty n,+1)/2) 2 [%0) @] 6=6

(A5(80) A5(80) A(6p))-

As 8% is continuously differentiable, a sufficient condition for 8 to be locally
injective is that the matrix of partial derivatives of §%(0, T, U) has full column
rank at (6, L,,,L,,). The n% x n, block defined by A% (6,) describes the local
properties of the mapping from 6 to A%(6). When rank 45, (6,) = n,, the map-
ping is locally invertible at 6. The middle n5 x n3, matrix AS.(6,) corresponds
to the partial derivatives with respect to T evaluated at (T, U) = (I,,,,1,,).
When rank A%.(6,) = n%, then the only (local) similarity transformation is pro-
vided by the identity matrix. The final n5, x n? matrix A3, (6,) corresponds to the
partial derivatives with respect to U, evaluated at (7, U) = (1,,,1,,). When
rank A}, (6,) = n2, then the spectral factorization (locally) uniquely determines
the pair (H,(z; 6), 3,(0)). Note that since A3(6,) may not be identifiable,
full column rank of A3 (6,) alone is necessary but not sufficient for identifi-
cation.

PROPOSITION 2-S—Rank and Order Conditions n, < ny: Suppose Assump-
tions 1,2, 3-S, 4-S, and 5-S hold. If the rank of AS(0) remains constant in a neigh-
borhood of 6y, then a necessary and sufficient rank condition for 0 to be locally
identified from the autocovariances of Y, at a point 0, in O is

rank A%(6y) =rank (A45(6y) AS(6)) AS(6y)) = ny + nk + n’

A necessary order condition is ny + n3 + n> < n, where n, = (ny + ny)(nx +
ne) + ne(”s + 1)/2

"For any symmetric n x n matrix A4, &, is the left inverse of the n x @ duplication matrix
G, where vec(A) = G, vech(A).
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Proposition 2-S is new to both the econometrics and control theory litera-
ture. It extends the results of Hannan (1971), Deistler (1976), and Glover and
Willems (1974) to stochastically singular systems in which &, is unobserved with
unknown covariance 3,(0). The results allow researchers to establish identifi-
ability of DSGE models prior to estimation and independently of the estima-
tor used. Numerical evaluations of the population autocovariances or of the
spectral density are not necessary, because we study their determinants A5(9)
directly.

The order condition requires the number of equations defined by 8° to be at
least as large as the number of unknowns in those equations. It can be rewritten
as

n,(n,+1)

ng <nyny +n.(nxy +ny —n;) + >

The condition depends on ny, ny, and n, representing the structure of the
economic model. They play the role of the number of endogenous and pre-
determined variables in classical simultaneous equations analysis; the sample
size T is not involved. The term ny — n, > 0 reflects stochastic singularity and
is, however, specific to DSGE models.

An important implication of the proposition is that identifiability of 6 can be
studied from the second moments of the data, even though the hyperparame-
ters AS(0) may not be identifiable. The constant rank requirement in Proposi-
tion 2-S ensures that (6, 1,,,,1,,) is a regular point. Our rank condition is still
sufficient for identification, even if 6, fails to be a regular point.® Both rank and
order conditions have a classical flavor even though we work with assumptions
that would not be valid in a classical setup.

The submatrices

A% (60) = (A5(60) A3(80)) and  A%;(60) = (A5(60)  A3(60))

reveal delicate types of nonidentification due to the features of the impulse and
propagating mechanism of the model. It is possible that A% (6,) is full rank and
yet AS(6,) is rank deficient. As shown in Section 6, the null space of AS(6,) can
be used to isolate the parameters that are not identifiable. Such information
about the model is useful even if estimation is not of interest.

Minimality and left-invertibility are maintained assumptions of Proposi-
tion 2-S. However, the rank conditions on the submatrices of A%(6,) remain
necessary for identification even if one of these assumptions fail. In partic-
ular, (i) rank A%, (6,) = ny + n? is necessary for 6, to be identifiable when
the system fails to be minimal but the transfer function is left-invertible, while
(i) rank A%, (6y) = ny + n% is necessary for identification of minimal systems

8When the elements of AS(9) are analytic functions, then almost every point 6 in @ is regular
(see, e.g., Corollary 5.A.1. in Fisher (1966)).
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with transfer functions that are not left-invertible. To see why, consider case (i).
Since the transformation A(6,) = A(6,), B(6,) = B(0,))U, C(6;) = C(6y),
D(6,) = D(6y), and 3,(6,) = U™'3,(6,)U~" always leads to observational
equivalence whether or not the system is not minimal, local injectivity of
8%(0,1,,,U) at (0, U) = (6, 1,,) is still necessary for local identification of 6.
Even if both minimality and left-invertibility fail to hold, rank A5 (6,) = n, is
still a useful diagnostic and is still a necessary condition for identification.

4. NONSINGULAR CASE n, > ny

A nonsingular system occurs when there are at least as many shocks as vari-
ables. When n, > ny, (2) is no longer the Wold representation for Y; and &,
is no longer fundamental. More precisely, the transfer function of a nonsin-
gular system with more shocks than observables is not left-invertible. As the
foregoing results for singular systems are now invalid, a different framework is
necessary. We reparameterize the state space solution in (1la)-(1b) to obtain
its innovations representation, details of which can be found in Anderson and
Moore (1979) and Hansen and Sargent (2005).

The innovations representation consists of a system of measurement and
transition equations

(9a) A).;t4r1|t+1 = A(e)j;m + K(6)a,,
(9b) Y =C(O)Xy + i,

where K (0) is the steady state Kalman gain. The state vector, denoted by s
is now the optimal linear predictor of X, based on the history Y”, and the er-
ror of the system a,,1 = Y, — C(())X,‘, is the one-step-ahead forecast error
of Y,,,. Notably, the n, shocks are now consolidated into a vector of ny white
noise forecast errors a, whose variance is 3,(6). Let L,(0) be the Cholesky de-
composition of ¥,(6). Collect the system parameters of the innovations model
into

AN (0) = ((vec A(0))', (vecK(0)), (vec C(6))/, (VechZa(H))/)/,
in which the number of components equals n\® = n3 + 2nyny + ny(ny +1)/2.

ASSUMPTION 3-NS: The mapping ANS: 0 — ANS(0) is continuously differen-
tiable on 0.

ASSUMPTION 4-NS: For every 6 € ©, D(0)3,.(0)D(0) is nonsingular.
ASSUMPTION 5-NS: For every 6 € O, (i) the matrix (K(6) A(6)K(0) ---

AN (0)K(6)) has full row rank and (ii) the matrix (C(0) A(6)'C(6) ---
A"x=1(0) C(0)) has full column rank.
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The validity of the innovations representation hinges on the existence of a
positive semidefinite solution to the so-called discrete algebraic Ricatti equa-
tion (DARE). In the literature, the existence of this solution is often assumed.
To proceed with identification analysis, we need to make the primitive condi-
tions for this result precise. Specifically, D(6) must be full row rank (Assump-
tion 4-NS) so that each of the innovations affects at least one series. This rules
out observables that are defined by identities and are not affected by any shock
or measurement error. Under Assumption 4-NS, K(0) and 3,(6) are well de-
fined functions of the hyperparameter AS(6), and their expressions are given
in Equations (19) and (18) in the Appendix. Importantly, Y, now has Wold
representation

Y, =Y ha(ji 0)a,_;=H,(L"; 0)a,,

j=0

in which the innovations a, are fundamental and the covariance matrix 3,(6) is
nonsingular for every 6 € ®. Furthermore, the corresponding transfer function

H,(z;0) =1, + C(0)[z1,, — A(6)] ' K(6)

is such that H,(z; 6) is square and invertible in |z| > 1 by construction. In other
words, the innovations representation delivers left-invertibility automatically.
This is unlike in singular systems where left-invertibility needs to be assumed.
Assumption 5-NS ensures that the system (9a)-(9b) is minimal. Written in
terms of H,(z; 6) and 3,(6), the spectral density matrix of Y; is

0y(z;0)=H,(z; 0)3,(0)H, (z7"; 0)'.

The following result characterizes observational equivalence in nonsingular
models.

PROPOSITION 1-NS—Observational Equivalence n, > ny: Suppose Assump-
tions 1, 2, 4-NS, and 5-NS hold. Then 6, and 6, are observationally equivalent if
and only if there exists a full rank ny x ny matrix T such that

(10) A0)=TAWO)T ', K(6))=TK(6)),
C(0)=C(0)T™", 3.(6:)=3.(6p).

Proposition 1-NS takes as a starting point that transfer functions related
by similarity transforms must also have equivalent Kalman filters. Further-
more, H,(z; 0) is nonsingular in |z| > 1 so that the spectral factor W,(0) =
H,(z; 6)L,(0) is left-invertible. Combining the minimality and left-invertibility
restrictions yields (10). The restrictions no longer involve U because the inno-
vations representation imposes the normalization £,(0; 6) = I,,,. Instead, the
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restrictions are subsumed in K(6), which needs to be solved numerically, be-
cause the forecast errors a, are derived from Kalman filtering. No filtering is
necessary to study identification of left-invertible singular models.

For any 6 € @ and any full rank ny x ny matrix 7, let

vec(TA(OT™)
vec(TK(0))
vec(C(O)T™)
vech(2,(0))

(11) N, T)=

The mapping 8™ : 0 x R"x — R"" defines n)® equations in 1, + n% unknowns.
Under the assumptions of Proposition 1-NS, 6 is locally identifiable from the
autocovariances of Y, at a point 6y € @ if and only if the system of equations
™ (6y, L,,) = 6™(6y, T) has a locally unique solution (6, T') = (6, L, ). The
proof uses arguments analogous to those for Lemma 2-S. The matrix of partial
derivatives of 8¥(6, T') evaluated at (6, L,,) is

NS NS
ANS(Bo)E<a8 (07171)() 72 (eaInX)>
do) dvecT =0
dvec A(0) ,
T AO)Y @1, — L, ® A(H)
dvecK(0)
_ K(0) ®I1,
B =0 0)y®1,,
| dvecC(60)
_ -1, C(0
=0 » ® C(0)
dvech3,(0)
T Oy (ny-+1/20x% 66,

= (AV(0) AF(6)).

PROPOSITION 2-NS—Rank and Order Conditions n, > ny: Suppose As-
sumptions 1, 2, 3-NS, 4-NS, and 5-NS hold. If the rank of ANS(0) remains con-
stant in a neighborhood of 6,, then a necessary and sufficient rank condition for 6
to be locally identified from the autocovariances of Y, at a point 6, in O is

rank AN (6,) = rank (ANS(6y)  AYS(6y) ) = ny + ny.

A necessary order condition is ny+n3 < n\S, where n’\® = n% +2nxny +ny(ny +
1)/2.

The order condition simplifies to ny < 2nyny + %”“) Unlike in the sin-
gular case, the condition does not depend on n, because the error a, in the
innovations representation is always of dimension ny. As in the singular case,
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rank AN*(6,) = n, remains necessary for identification when the minimality
fails. While the rank requirement in Proposition 2-NS appears weaker than
in the singular case, the assumptions are stronger since Assumption 4-NS must
also hold. Furthermore, both K(8) and 3,(6) are highly nonlinear functions of
(A(6), B(6), C(0), D(0)). If one starts with a singular system and the mapping
from 0 to AS(6) is invertible, adding measurement errors does not guarantee
that the mapping from 6 to ANS(9) will remain invertible because filtering en-
tails information loss. The addition of measurement errors might help restore
nonsingularity but could complicate identification.

When the system is square, the rank and order conditions derived in Propo-
sition 2-NS coincide with those in Proposition 2-S. The reason is that the
state covariance matrix of the innovations model becomes degenerate when
ny = n,. This allows K(6) to be expressed in terms of B(#) and D(6).
Specifically, K(6) = (B(6)3.(6)D(0)'(D(0)X.(6)D(0)")~'. Simplifying shows
that the transformation (10) holds if and only if there exists a full rank
ny x ny matrix U such that (7) holds. Thus, in the square case, the condi-
tion rank ANS(6y) = ny + n% of Proposition 2-NS is equivalent to the condition
rank AS(6y) = ny + n% + n3 of Proposition 2-S, as it should be.

While left-invertible square systems can be analyzed by either Proposi-
tion 2-S or 2-NS, square systems that are not invertible (and hence fail to satisfy
Assumption 4-S) can only be analyzed using the innovations representation.
This is possible because the transfer function of the innovations model is al-
ways left-invertible. For example, the model considered Leeper, Walker, and
Yang (2008) is square, but the presence of anticipated shocks violates invert-
ibility. In such a case, identification can only be analyzed by Proposition 2-NS.

Our main identification results can be summarized as follows.

Square Systems

ng =ny

Singular Systems Nonsingular Systems
ng <ny Left-Invertible Noninvertible ng > ny
Representation ABCD ABCD AKC AKC
Obs. equivalence 1-S 1-S 1-NS 1-NS
Rank and order 2-S 2-S 2-NS 2-NS

5. CONDITIONAL AND PARTIAL IDENTIFICATION

Restrictions on some components of 6 are often imposed for a number of
reasons. They may enable identification of the remaining parameters when the
rank conditions in Proposition 2-S or 2-NS fail. A researcher may have detailed
information about a parameter so that consideration of other values is unnec-
essary. The unconditional moments implied by second order approximations
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to the model may contain information about 6. More generally, consider a set
of ny a priori restrictions that, when evaluated at 6,, satisfy

®(6p) =0.

For example, steady state restrictions EY/ = EYZ(6) can be written
as ¢(6y) = 0. Long-run restrictions can be imposed on H,(1; ).

In the singular case, let 850, T,U) = ((sS (‘Z“’T)U)) be the augmented vector of

restrictions where 8% is given in (8). Define its derivative matrix by

ZS(@O) = (0’)55(07 InX:Ing) ‘95(97 Inxalng) (958(0, InXaIng) )
06 dvecT dvecU

de0)

_ 90 npxny ngxn2

A5(6y)  A3(6y) Ay (60)

0=0

In the nonsingular case, let §¥°(6, T') = ( SN‘g’Ez,)T)) with 8™ as given in (11) and

A(g,) = (aSNS(e, L,) 98™(6,1,,) )
a6 dvecT
d¢(6y)
— 0.,0 nRxngf

AT(60)  ATS(6o)

0=0

Local injectivity of 8° at (6y, L, , L,,) or of 8" at (6, I,,) is necessary and suf-
ficient for 6, to be locally identifiable from the autocovariances of Y, under the
restrictions ¢(6,) = 0. We refer to such an analysis as conditional identification.

PROPOSITION 3—Conditional Identification: Suppose the conditions of Prop-
osition 2-S or Proposition 2-NS hold and let A(0) denote either AS(0) or ANS(9).
Assume that the ng, restrictions defined by ¢(6) are continuously differentiable on
O and that the rank of A(8) remains constant in a neighborhood of 6,. A necessary

and sufficient rank condition for 0 to be locally conditionally identified at point
6= 00 is

rank A(6y) = ny 4+ n + 1s - 12,

where 15 = 1 if the model is singular and = 0 otherwise. When ¢(0) involves the
mean, the above restrictions are necessary and sufficient for local identification of
0o from the mean and autocovariances of Y.

Our a priori restrictions are incorporated in the form of additional equa-
tions for solving the same number of unknowns. Thus, the required rank is
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always the same: it is the number of rows of the AS(6) or ANS(#) matrix that
increases with the number of restrictions. In singular models, the order con-
dition requires ny, + n% + n? < n% + ng; in the nonsingular case, we need
ny + n < n®> + ng. Proposition 3 provides formal ways to check how many re-
strictions are mathematically necessary for identification, which is very useful
in empirical work. For instance, univariate AR(1) shocks are often specified,
but this entails many restrictions on the contemporaneous and past correla-
tions among shocks. Proposition 3 provides a means to check their identifica-
tion implications.

Situations may arise when only a subset of 6 is of interest. As well, some
components of § may still be identifiable even when Proposition 2-S or 2-NS
fails. To analyze partial identification of a particular subvector 6;, partition the
ny vector 6 into two components 6; and 6_; of respective sizes ny; and n, _;
(with ny; + ne__; = ny). Without loss of generality, we order the components so
that 0 = (6_/, 6,)'.

PROPOSITION 4—Partial Identification: Suppose the conditions of Proposi-
tion 2-S or Proposition 2-NS hold. Assume that the ranks of A(0) and %(_9) remain

constant in a neighborhood of 6. A necessary and sufficient rank condition for 6;
to be locally partially identified at point 60 = 6, is

rankA(Qo)zrank( &‘(9 0)

)+(nel+nx+ﬂs n?),

—i

9856, I,,X In)

where (A(6), ﬁa(ﬂ)) = (45(0),
(A(6), 95(9)) (ANS(9), w

) with 1s = 1 if the model is singular and

) wzth 1s = 0 in the nonsingular case.

The results generalize Propositions 2-S and 2-NS to allow 6_; to be non-
empty. It is important to note that even though one might be mterested in
a subset of parameters, its identifiability will, in general, depend on the pa-
rameters that are not of interest. Straightforward modifications of the rank
conditions in Propositions 3 and 4 remain necessary when minimality and/or
left-invertibility fails. In such cases, appropriate columns should be removed
from A(6) and A(0), and the rank requirements adjusted accordingly.

6. RELATION TO THE INFORMATION MATRIX

All identification methods must exploit the canonical solution of the DSGE
model in one way or another. Iskrev (2010) used it to numerically evaluate
the T analytical autocovariances, while Qu and Tkachenko (2010) used it to
evaluate the discretized spectral density. Our approach is unique in that we
do not perform numerical calculations of any second moments, yet we obtain
necessary and sufficient conditions for identification. This section provides two
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different perspectives on our results: the first studies the null space of A(6)
and relates the proposed rank conditions to those on the Markov parameters
of Y,; the second relates our rank condition to the information matrix. Since
the information matrix is defined only when ny < n,, the focus of this section
is on the nonsingular case only. It is understood that A(#) and A(6) refer to
ANS(9) and ANS(0), respectively.

_ _ Hvecﬁj(ﬁ) _ &Vecﬁj(ﬁ) IA
Let Ahj(e) = =2 = =20 . 28 where, for any J > 0,

hy(0) = (h(0; 0)La(0)  ha(1;0)Lo(0) -+ ha(J; 0)La(6))

are the Markov parameters in the impulse response to mutually uncorrelated
unit shocks.

LEMMA 3: Suppose the conditions of Proposition 2-NS hold. Then for every
0 € O, the following statements hold:

(i) ForeveryJ >0, %}’(9) Ar(0) =001 2 -
(ii) IfJ = 2ny — 2, then rank 1, (6) = rankﬁz,qx,z(@).
(iii) rank A(6y) = n, + n% if and only if rank AanX_Z(HO) = n,.

Result (i), which follows directly from Proposition 1-NS, can be used to de-
termine the source of nonidentification. Since A(0) = (A,(0) Ar(0)), a direct
consequence of (i) is

avech;(6y)

IA . A(OO) = (AE](HU) 0(J+1)n%,><n%( ) .

To use this property in a constructive way, let v be a n, + n3 vector that is in
the null space of A(6,). The above equality then implies

(AZJ (6o) 0(1+|)n§,xn§( ) V= 0(l+1)n§,x1-

In particular, the first n, components of v form a subvector in the null space of
A;,(6y). Its entries are the combinations of components of 6 that leave /;(6y)
unchanged. In other words, these are the elements of 6 that are responsible
for identification failure. This suggests a simple procedure for determining the
source of nonidentification: (a) If the rank test on A(6,) fails, compute its null
space. (b) For each v in the null space, find the position of its nonzero entries
in the first n, rows. These positions correspond to the components of 6 that
are not identifiable without restrictions. A similar procedure based on the null
space of AS(6) can be used in the singular case.

Result (ii) says that all the information about the system is contained in the
first 2ny — 1 Markov parameters. This follows from the fact that in a minimal
system of order ny, the first 2ny — 1 Markov parameters uniquely determine
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all the remaining Markov parameters of order j > 2ny — 2. As rank 4z (6) =
rank A%X_Z(O) for any J > 2ny — 2, increasing the number of Markov parame-

ters does not increase the rank of the derivative matrix. Minimality thus allows
us to use a finite number of Markov parameters containing nonredundant in-
formation for identification. This avoids direct computation of the autocovari-
ances I'y(j; 6) which would have involved infinite Markov parameters.

Result (iii) says that our rank condition holds if and only if 6, can be locally
identified from the first 2ny — 1 Markov parameters /,,, ,(0). This result al-
lows us to link the rank condition in Proposition 2-NS to /(8), the information
matrix of the model. To make this link, let £ be an identifiable parameter of
the model, assume its true value &, is regular, and denote by /(&) the corre-
sponding information matrix. It is always possible to decompose I (6) into

1<9>=(‘9§> ro(5).

Since & is identifiable, I (&) is nonsingular. The rank of the information matrix
is given by rank / (00) =rank 3 % s lo=4,- Obviously, I(6y) is full rank n, if and only
if rank |9 9y = =n,.’

For the above information matrix decomposition to be useful, we need
to find an identifiable parameter &. By Proposition 1-NS, all observationally
equivalent combinations of (A(8), B(0), K(0), 3,(0)) give equivalent Markov
parameters h;(0) for J > 0. Thus, h;(6) are identified from the autocovari-
ances of Y,. Hence, if we define &; to be vec ki, (6), then I(&,) is full rank. It
follows that 1(6,) is nonsingular if and only if there exists a J > 0 such that

rank |9 9, = Ng. Using result (ii), a necessary and sufficient condition for
fznx 2

1(6y) to be nonsingular is that rank lg=9, = no- Combining this with result
(iii) then shows that 1(6,) is nonsmgular if and only if rank A(6y) = ny + n%.
Thus, the information matrix is full rank if and only if our rank condition is sat-
isfied. While the likelihood analysis typically assumes &, to be i.i.d. Gaussian,
we only require ¢, to be white noise and that the other assumptions in Propo-
sition 2-NS hold.

Lemma 3 also enables a comparison of the order conditions. The dimen-
sion of &, » = vechs,, 2(0) is ng = (2ny — 1)ni and the order condition
based on the information matrix is n, < (2ny — 1)n3. Our order condition
stated in Proposition 2-NS only requires ny, < 2nyny + ny(ny + 1)/2. Since
2nxny + ny(ny +1)/2 < (2nx — 1)n3, whenever ny > 1 and ny > 1, our order
condition based on A(0) is generally tighter than the one based on the infor-
mation matrix.

°In Iskrev (2008) and Bonaldi (2010), ¢ = vec(A, B, C, D). The (time domain) information
matrix of the reduced form (ABCD) model I (£) is not necessarily full rank. Hence, the decom-
position is not useful for identification analysis.
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7. EXAMPLE

The results just presented are now used to analyze the model in An and
Schorfheide (2007). The log-linearized model is given by

1
v=Ey+g—Eg.i— ;(”z —Em—Eizy),

= BE .+ @(}’t — &)
v
C=Y— &>
re=pirr+ A= p)gnm + (1= p)iha(y — &) + &,
8= Pg8i-1t+ &g

Z; = P:Zi-1+ Eus

with &, ~ WN(0, 6?), &, ~ WN(O, ag), and &, ~ WN(0, o) mutually uncor-
related. In the above model, 77 is the steady state inflation rate. The parameter
vector of interest is of dimension n, = 13. We consider two sets of 6,: the first
is taken from the last column (titled DGP) in Table 3 of An and Schorfheide
(2007); the second only modifies the values of p, and p, so that the correspond-
ing processes are considerably less persistent.

Let X, = (z;, & i, Yo ™15 €1y Ei(m141), E((yi41))" and &, = (&2, Egis &r) . WE
report results for Y, = (r,, y,, 7). Additional results with ¢, included in Y, are
reported in the Supplemental Material. Notably, adding the consumption c,
to the observables does not change the results below. This is not surprising
because ¢, is defined by an identity and adds no information to identification.

We use the GENSYS algorithm of Sims (2002) to solve the model. The solu-
tion evaluated at both parameter sets is determinate. However, as shown in the
Supplementary Material, the solution is not minimal because the state vector
X, consists of the expectational variables E, .1, E,y,.1, and identities. In con-
sequence, rankC =3 < ny = 8 and rank O =3 < ny = 8, where C and O are
the controllability and observability matrices in Assumption 5-S.

To be able to apply Proposition 2-S, the state vector will need to be of
the smallest dimension possible. Minimality is not a restrictive assumption, as
Kalman’s decomposition theorem assures that a minimal state system can al-
ways be constructed by eliminating the uncontrollable and unobservable states.
For example, the MINREAL function in Matlab produces the minimal state vec-
tors from an eigenvector analysis of the nonminimal state variables. However,
the eigenvectors depend on the parameters to be identified, and for our pur-
pose, MINREAL cannot be used to find the minimal state.

Nonetheless, the problem of finding the minimal state vector is made sim-
ple by the fact that DSGE models are based on microfoundations. As such, we
know which are the exogenous and endogenous state variables, and these con-
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stitute the minimal state vector. In practice, the problem reduces to arranging
the solution produced by numerical algorithms to be of the particular form

% _(Xl,m)_(%(e) 0> (X”)+<§1(9))8
T\ X ) T\ A 0) \ xa Byoy) "

~ ~ X1,
Yo = (Ci(8) Cz(a))<X1’+1>-
2,t+1

In other words, the key to finding a minimal representation is to rearrange the
solution such that the A4 matrix has columns of zeros. This may require order-
ing the variables prior to solving the model or simply reordering the solution
itself. Once this is accomplished, X, is immediately the minimal state vector.!
The required ABCD matrices are then defined by simple substitutions:

X101 = A1(0) X1, + B1(0) £141,
\—\,—/ N e’
A(0) B(6)
Yiir = (Ci(0) A,(0) + C2(6) A2(0) ) Xy,
C(6)
+ (Ci(6)B1(0) + C2(0)B1(6) ) &1

D(6)

In the An-Schorfheide example, X, = (z,, g;, ;)" and the new system has
ny = 3. The minimal state space form with Y,,; = (741, Y141, 711) 1S presented
in Table 1. As n, =3 = ny, the model is square and both Propositions 2-S
and 2-NS can be used to study identification. Table I shows that some of the
ny = 13 parameters of this model are not identified. An analysis of the null
space of A%(6,) quickly reveals that the columns corresponding to v, ¢, and 7
are not linearly independent. As already pointed out in An and Schorfheide
(2007), these three parameters are not separately identified and rank AS (6,)
should indeed be less than n, = 13. While nonidentifiability at this 13 dimen-
sional 6, is a foregone conclusion, it provides a useful case study to examine
some numerical issues involved.

The rank of any matrix M is determined by the number of its nonzero eigen-
values. Since the magnitude of the eigenvalues may depend on the units of
measurement, Anderson (1984) suggested considering the ratio of the sum of
the smallest k eigenvalues to the average of all eigenvalues; see also Canova
and Sala (2009). However, the choice of k£ remains arbitrary. Rank routines in
numerical packages use a cutoff to determine whether the eigenvalues are suf-

For the model of Smets and Wouters (2007), one more step is necessary because of the
coexistence of a flexible and a fixed price equilibrium. This is shown in the Supplemental Material.
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TABLE I
FULL MODEL: ny =13

T B v ¢ ™ V3% V%) or Pg Pz 10007 1000 1000

2 09975 0.1 536797 1.008 1.5 0125 075 095 09 0.2 0.6 0.3

Minimal State Space Representation

Zii1 09 0 0 1 0 0 P
Xgi=|gs|= 0 095 o |x;+| 0o 1 o0 Egri1
Fiil 05450 0 0.5143 0.6055 0 0.6858) \ £,111
——

A(6) B(0) Er+1

Fest 05450 0 05143 0.6055 0  0.6858
Yigr=| yer1 | =]13377 095 —0.8258 | x,+[1.4863 1 —1.1011 | £,4

T4 1.3418 0 —0.5596 1.4909 0 —0.7462
C(6) D(0)

Unrestricted Model Model With Restrictions: Tol = 1e—3
Tol Ai A% A% A8 Pass Restriction Zi ZST Zi, ZiT Zi U A5 Pass
e—02 11 9 9 28 No v - — 12 9 9 21 20 29 No
e—03 11 9 9 28 No v ¢ - 13 9 9 22 21 30 No
e—04 11 9 9 28 No ¢ T - 13 9 9 22 21 30 No
e—05 11 9 9 28 No v - 13 9 9 22 21 29 No
e—06 11 9 9 28 No B ¢ - 12 9 9 21 20 29 No
e—07 11 9 9 29 No ¢ pg - 12 9 9 21 20 29 No
e—08 11 9 9 29 No B v [ 13 9 9 22 21 30 No
e—09 11 9 9 29 No B Y ) 11 9 9 20 20 29 No
e—10 12 9 9 29 No v ¢ U 13 9 9 22 22 31  Yes
e—11 12 9 9 29 No v ¢ ) 13 9 9 22 22 31  Yes
Default 12 9 9 30 No T Y Yo 11 9 9 20 20 29 No
Required 13 9 9 31 13 9 9 22 22 31

ficiently small. Matlab uses tolerance Tol = max(size(M)) EPS(||M||), where
EPS is the float point precision of M. This default tolerance does not take into
account that the AS(6,) matrix is often sparse and can lead to misleading re-
sults. The present example bears this out. We consider 11 values of Tol ranging
from le—2 to le—11, along with the Matlab default (last row). Clearly, the
rank of ASA(BO) varies with Tol. As shown in the Supplementary Material, if Tol
is set to default, the rank of A5 (6,) in a non-minimal version of the model is 13,
suggesting identification may be possible even though we know that the model
is not identifiable! An overly tight tolerance here clearly gives the wrong result.

How should we set Tol? We use Tol = 1e—3 in the baseline analysis on the
grounds that the numerical derivatives are computed using a step size of 1e—3.
Furthermore, the rank of ASA (6y) is unchanged for a range of smaller and larger
values of Tol. Since Tol = 1e—3 is by no means the magic number, we also use
the change in rank as Tol tightens to isolate the parameters that are at not well
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identified even with infinite data. This flags the parameters that will likely be
difficult to identify when only a finite number of observations are available.!!

The rank of AS(6,) suggests that three restrictions may be necessary to iden-
tify the model. To find out which parameters fail to be identified, the rank
of AS(6y) is evaluated for 11 sets of restrictions. Recall that in our analysis,
a restriction adds to the rows of AS(8,) but leaves the number of columns un-
changed. Thus, the rank required for identification is always n, + n3 + n* = 31.
It is quickly found that v, ¢, and either ; or ¢, need to be restricted. Fixing
v and ¢ always leads to full rank of A% (6,), as we would expect. What is more
surprising is that not every choice of third restriction leads to identification.
For example, fixing v, ¢, and B leads to a rank deficient A%, (6,). The example
illustrates that individual full column ranks of the matrices AS (6,), 43.(6,), and
A%(OU) are necessary but not sufficient for identification.

Now consider a reparameterized model with k = and ny = 11.
A5 (6p), A5.(6y), and A3 (6,) of the reparameterlzed model are individually full
rank but AS(GO) is short rank by one. This is in agreement with Table I, which
shows that fixing two of v, ¢, and 7 is not enough for identification. Table II
shows that one of the three parameters in the Taylor rule (i, ¥, p,) needs to
be further restricted. This result, which was overlooked in An and Schorfheide
(2007), supports the argument of Cochrane (2011) that parameters of the Tay-
lor rule are not identified without restrictions.

Instead of a model with highly persistent shocks in which (p,, p.) =
(0.95,0.9), Table III takes these parameters to be equal to (0.15,0.1) while
keeping the remaining components of 6, the same as before. At Tol = 1e—3,
the three submatrices of A%(6,) are all full rank. However, AS(6,) always fails
to be so. Thus, general statements about nonidentifiability of the Phillips curve
cannot be made on the basis of rank tests evaluated at a particular 6,. Each pa-
rameter point has to be assessed on an individual basis. Adding measurement
errors to each of the three observed variables leads to the same findings.

It should be emphasized that our identification analysis does not require
solving for the autocovariances whose numerical errors could affect the rank
conditions. In the singular case, the only component of the A%(6,) matrix that
is subject to numerical errors is A% (6,). The remaining submatrices can be
computed exactly in a few lines of code. In the nonsingular case, the Kalman
gain matrix needs to be solved numerically. This too is a simple iterative pro-
cedure. The code and the results for larger and more complex models solved
using other solution algorithms are available in the Supplemental Material.

T(1-v)
VT

"The null space of AS(6,) is also used to find the parameters that are difficult to identify. The
null space depends on the rank of AS(6,) which in turn depends on Tol. We start with a large
Tol. The nonzero entries are the positions of the parameters that are most difficult to identify.
Then Tol is reduced to find additional problematic parameters. Restrictions on subsets of these
parameters are imposed to formally test conditional identification.
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TABLE II
REPARAMETERIZED MODEL WITH k = %
T B K V3% U5 pr Pg pz 1000y 1000g 1000z 1000y 1000yy 1000y

2 09975 033 15 0125 075 095 09 02 0.6 0.3 0.2 0.2 0.2

Tol = 1e—3 No Measurement Errors, ng =11 With Errors, ng = 14
ol =le—
Restriction Zi Z?- Z% Zi T Zi U A8 Pass ZE}IS Z]}IS ANS Pass
T 11 9 9 20 19 28 No 13 9 22 No
B 11 9 9 20 19 28 No 13 9 22 No
K 11 9 9 20 19 28 No 13 9 22 No
12} 11 9 9 20 20 29 Yes 14 9 23 Yes
123 11 9 9 20 20 29 Yes 14 9 23 Yes
pr 11 9 9 20 20 29 Yes 14 9 23 Yes
Py 11 9 9 20 19 28 No 13 9 22 No
p: 11 9 9 20 19 28 No 13 9 22 No
a? 11 9 9 20 19 28 No 13 9 22 No
0'§ 11 9 9 20 19 28 No 13 9 22 No
a? 11 9 9 20 19 28 No 13 9 22 No
Required 11 9 9 20 20 29 14 9 23
TABLE IIT

REPARAMETERIZED MODEL WITH k = Z& ;;)

T B K U3 U5 pr Pg pz 1000y 1000g 1000z 1000y 1000yy  1000ys

2 09975 033 15 0125 075 015 01 02 0.6 0.3 0.2 0.2 0.2

Tol= 1e—3 No Measurement Errors, ng =11 With Errors, ng = 14
Restriction Zi Z§- Z% Z%T Zi U AS Pass ZIXS ZI}IS ANS Pass
T 11 9 9 20 19 27 No 13 9 21 No
B 11 9 9 20 19 27 No 13 9 22 No
K 11 9 9 20 19 27 No 13 9 22 No
12} 11 9 9 20 20 28 No 14 9 22 No
123 11 9 9 20 19 28 No 13 9 21 No
pr 11 9 9 20 19 28 No 14 9 22 No
Py 11 9 9 20 19 27 No 13 9 21 No
p: 11 9 9 20 19 27 No 13 9 21 No
a? 11 9 9 20 19 27 No 13 9 21 No
0'5 11 9 9 20 19 27 No 13 9 21 No
o? m 9 9 20 19 27 No 13 9 21 No
Required 11 9 9 20 20 29 14 9 23
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8. CONCLUDING REMARKS

Almost every empirical DSGE exercise estimates a subset of the parame-
ters and fixes many others. At issue is how many restrictions are truly nec-
essary. This paper uses the structural properties of the canonical solution to
DSGE models to obtain identification results that do not require knowledge
of infinite autocovariances or Markov parameters. These conditions are easy
to compute; they do not depend on the data or the choice of the estimator.
Because the identification conditions are based on the structure of the model,
the results also help us uncover features of the model that are not immediately
transparent.

The results of this paper are local which leaves open the question of global
parameter identification. Given that DSGE models are highly nonlinear in 6,
establishing primitive conditions for global identification is not trivial. The
model may well be locally identified at every point of the parameter space and
yet fail to be globally identified. However, as discussed in Komunjer (2011),
there are special cases when adding the condition of “properness” could en-
sure that everywhere local identification results become global. Whether such
conditions are useful in the context of DSGE models and whether higher order
approximations can facilitate identification of 6 remain to be examined.

APPENDIX

PROOF OF LEMMA 1: For any 6 € 0, let A(6) C C be the set of eigenvalues
of A(6). Note that the set A(6) contains at most ny distinct points in C and
det(zl,, — A(0)) # 0 for any z ¢ A(6). There are two cases to consider.

Case ny > n,. For any 0 € @ and any z € C\ A(0), consider the identity

< InX Onxxny> (ZInX —A(H) B(O))
CO)[zl,, —AB)]" 1 —C(6)  D(b)

ny

P(z:0)

B zInX—A(O) B(6)
_( 0 H,(z; 0))'

ny xny
Thus, for any z € C\ A(9),
2L, — A(6) B(9)> (ZI,,X—A(O) B(6) )
k X =rank
o ( —coy  p®)" 0y HAz0)
= rank(zl,, — A()) + rank H,(z; 6)
=ny +rank H.(z; 0).
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Case ny < n,. For any 6 € ® and any z € C \ A(6), consider the identity

2L, — A(0) B(0)\ [ —[zl,, — A)] 'BO) [z, — A®)]"
—C(6)  D(6)

Il’lg Ong Xny

R(z:0)

Onxxng InX
N (Hg(z; 6) —C(0)[zL,, — A(e)]1>

Q(z:0)

with rankR(z;0) = ny + n,. Hence, rankP(z;0) = rank Q(z;0) =
rank H.(z; 0) + ny.
When D(6) is invertible and P(z; 0) is square (ny = n,),

In On XNg
DY (O)C(H) 1L,
zl,, — (A(0) — B(6)D~'(0)C(6)) B(0)
- vz eC.

Ony Xny D(G)

Since det(P(z; 6)) = det(D(0)) det(zl,, — (A(0) — B(6)D~1(0)C(6)), the ze-

ros of det(P(z; 0)) are the eigenvalues of A(6) — B(0)D~'(0)C(0), which is

the test proposed in Fernandez-Villaverde et al. (2007). In general, finding the

values of z, where a matrix of the form zM — P(6) drops rank and M is pos-

sibly singular or nonsquare, is a generalized eigenvalue problem, with z being

the generalized eigenvalues (see, e.g., Laub and Moore (1978)). In our case,

n On XNg —_ - . —_—
M=, e | pg)=[ 40 po ] and Pz 6) = zM — P(6). Thus, the
rank test can also be formulated as a generalized eigenvalue test. Q.E.D.

PROOF OF PROPOSITION 1-S: The proof combines two results: the spectral
factorization result and the similarity transformation.

Step 1—Spectral Factorization. The key argument is the following (e.g.,
Youla (1961), Anderson (1969), Kailath, Sayed, and Hassibi (2000, p. 205)).
Let r be the rank a.e. of the spectral density (2y(z;0). If W(z;0) is a
ny x r matrix such that for all z € C, Qy(z;0) = W(z; )W (z7!; 6) and
rank W (z; 0) = r for all |z| > 1, then W (z; 0) is a left-invertible (or minimum
phase) spectral factor that is unique up to a right multiplication by a con-
stant orthogonal r x r matrix V. That is to say, if W(z; 6y) and W (z; 6,)
are two left-invertible spectral factors that satisfy W(z; 00)W (z7; 6,) =
W(z; 0,)W(z7; 6,), then necessarily W(z; 6,) = W(z; 6)V with V'V =
Vv =1,.

Under Assumptions 2 and 4-S, the transfer function H.(z; 6) is left-
invertible in |z| > 1. Combing this with Assumption 1 gives rank W (z; 0) =
rank(H,(z; 0)L.(0)) = n, for all |z] > 1. By Lemma 1 and Assumption 1,
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0yv(z;0) =H.(z;0)3.(0)H.(z7"; 6) is of rank n, a.e. in C. Hence, W (z; 6)
is a left-invertible spectral factor. Using the above spectral factorization result,
it then follows that 2y (z; 6;) = 2y (z; 6,) for all z € C if and only if there is an
orthogonal n, x n, matrix ' such that

(12) HS(Z; el)Le(el) :Hs(Z; BO)LF(HO)V for every z € C.

Step 2. Necessity and sufficiency of the similarity transforms follow from The-
orem 3.10 in Antsaklis and Michel (1997). It remains to combine the result of
(12) with the similarity transform. From (12),

D(6:)L(6:) + C(6:)[ 2L, — A(Gl)]f] B(01)L.(0:)
[ S —— [ —

D(61) B(61)
= D(60y)L.(00)V + C(8y)[ 2L, — 1‘1(90)]71 B(6y)L:(60)V .
—_— —_—
D(6p) B(69)

The system (A(6), B(0), C(0),D(0)) is minimal whenever (A(6), B(0), C(6),
D(0)) is minimal, which holds under Assumption 5-S. Thus the above equality
can only hold if there exists a full rank nx x nyx matrix T such that D(6,) =
D(6y), A(6) = TA6,)T', B(8,) = TB(8,), and C(6,) = C(6,)T"!, that
is, D(0,)L,(0,) = D(6y)L.(60)V, A(6,) = TA(6,)T", and B(6,)L.(6,) =
TB(6y)L.(6)V, C(6;) = C(6,)T~". Letting U = L,(6,)VL,(6,)"" be a full
rank n, x n, matrix so that U, (0,)U’ = 3,(6,) gives the desired result.
Q.E.D.

PROOF OF LEMMA 2-S: The proof is in two steps.

Sufficiency. Consider the contrapositive. Suppose that 6, is not locally
identifiable. Then there exists an infinite sequence of parameter vectors
{61,..., 6k, ...} (of dimension n,) approaching 6, such that Qy(z; 6;) =
Oy (z; 6,) for all z € C. By Proposition 1-S, this implies that there exist infinite
sequences of full rank ny x ny matrices {71, ..., Ty, ...} and full rank n, x
n, matrices {U,, ..., Uy,...} such that T, A(6,)T, "' = A(6), T, B(6,)U; =
B(60), C(6)T; ' = C(6y), D(0,)Uy = D(6y), and U, ' 3(0,)U; " = 3(6,), that
is, 8%(6k, Ty, Uy) = 85(6y,1L,,,1,,). To show that the mapping 8 is not lo-
cally injective, it suffices to show that the sequences {Ti,...,T%,...} and
{Ui, ..., Uy, ...} approach I,, and I, , respectively. For this, note that

C(6y) C(00)Tx

C(0,)A(6k) C(00) T T, A(60) T
O(Bk) = . .

C(6) A™1(6) C(0) T T ' A"~ (60) Ty
=0(00) Ty,



DYNAMIC IDENTIFICATION OF DSGE MODELS 2023

where O(6) is the observability matrix of (A(6), C(8)). Since for all 6, the
system is observable, rank O(6y) = ny and a left inverse exists which gives
T = [O(60:)O(0:)]171O(6,) O(6;). By continuity of O(6), O(6;) — O(6)
as 0y — 6y, so Ty — 1,,. To show that U, — I, take any |z| > 1 and note
that

(2l — AB) BBy
P(Z’0°)_< —C(8y) D(90)>

_<ZInX—A(9k) B(Ok)Uk)
“\ —C) DU

L, 0
:P(Z, 0k)( 0 Uk>

Since rank P(z; 0,) = ny + n,, a left inverse exists and

L, 0 / - :
( 0 U )Z[P(z; 61 P(2; 0017 [P(2: 0P (z: 60)].
k

It follows from continuity that U, — I, as 6, — 6,. This shows that §° is not
injective in the neighborhood of (6, L., L,.,).

Necessity. To show that local identifiability of 6, implies local injectivity
of 8%, consider (8;,7T,U) with 8, € @, T and U full rank ny x ny and
n. x n, matrices, respectively, such that 8%(6,, T, U) = 8%(6,, L., , I,,,). That is,
TA0,)T ™" = A(6,), TB(6;)U = B(6y), C(6))T~" = C(6y), D(6,)U = D(8,),
and U~'3(0)U"" = 3(6,). This implies that 2y (z; 6;) = Qy(z; 6,) for all
z € C. Since 6, is locally identifiable, there exists a neighborhood in which
0, = 6y. To show that 8 is locally injective it suffices to show that the only
solution is 6, = 6, implies T =1,, and U =1,,. For this, consider again the
observability matrices and note that O(6,)T~' = O(6,). Under observability,
rank O(6,) = rank O(6,) = ny, so 6, = 6, implies T = I,,. We can then use
left-invertibility of P(z; 6,) and P(z; 6,) in |z| > 1 to show that U =I,,_. Hence,
8% is locally injective. Q.E.D.

PROOF OF PROPOSITION 2-S: The proof consists of two parts: the first es-
tablishes the rank condition; the second derives the order condition. Let vech
be the operator for the columnwise vectorization with the upper portion ex-
cluded. To “invert” the vech operator, we use an n*> x n(n + 1)/2 duplication
matrix G, which is a matrix of Os and 1s, with a single 1 in each row. Thus for
any n x n symmetric matrix S, vec(S) = G, vech(S). The matrix G, is full col-
umn rank and we let £, = (G,G,)'G/ be its left-inverse. Then &,G, = Liui1)2
and G,&, = (1/2)[Lz2 + P,..], where P, , is the n* x n? permutation matrix that
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transforms vec X into vec X', that is, P, ,vec X =vec X'. Note that P, , =P, !
and P, , = P, . In addition, rank(L2 + P,,) = ),

Rank Condition. Direct computations of the partial derivatives of 8%(0, T, U)
give:

(Tfl/ ® T)O’)Ve;gl(e)
) dvecB(0)
U'e T)iag
38%(0, T, U) _ v dvec C(0)
(13) T— (T ®Iny)T >
dvecD(0
W o1,) 0
5,18(U’1 ® Ufl)gnsw
a0
S
(14) d6°(0, T, U)
dovecT
(T @ DI(AB) ®1,,) - (L, ® AB)] (1, © T
(U'®T[BO) ®L, |1, ®T")
= —(T7"®L,)[Ly ® C(O)](L, ®T) ,
Onyngxn%(
Oy tnpt 11250
and
S
(15) 3650, T, U)
dvecU
On%\,xn%
(U'® [, @ BO)](U"®I,)
= OnynXxn%
(U'eL,)[L. ®D®]U"®L,)
£, (U@ UG, [28,(2(0)®1,)]|(U"®]1,)
Now let

98%(0, Ly, L) 98°(0,1,,,1,,)  98°(6, 1.y, 1) )

A5(9) = (
d0 dvecT dvecU
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that is,
PEAO  [(A0y © 1) ~ (1 @ 4(0)] Ot
w0 e e
(16)  A%6) = &%5(0) ~[L ®Co)] Oryw
%&)X(G) e o172 502, 2. [X®el.]

We can write (”Ss(ﬁ’g’w %Z(V%CT%U) ﬁaZ(Vi’CT&U)) = M(T,U)AS(O)N(T, U), where
M(T,U) and N(T,U) are, respectively, a n5 x n% diagonal matrix and a

(ng + n3 + n?) x (ny + n% + n?) diagonal matrix defined as

M(T,U)
T-VerT
UT )
= T-V®1,, ,
U @1y

En, (U@ UGy,
In,
N(T,U) = Iy, ® T~! )
UV o1,

The 2eeth x 2eCetD matrix &, (U~ ® U™1)G,, is nonsingular if and only if U
is nonsingular. Since T and U are full rank, both M (T, U) and N(T, U) are
full rank:

98%(0, T,U) 9850, T,U) 985, T,U)
00 dvecT dvecU

If the rank of AS(#) remains constant in a neighborhood of 6,, then the
rank of the partial derivatives of 8 remains constant in a neighborhood of
(009 InX9 Ing)-

Order Condition. The necessary (order) condition is established by counting
the number of rows in the matrix AS() in (16). This yields rank AS(9) < nS, =
n§( + nyn, +nyny + nyn, + %“), hence a necessary order condition is that

£ £ 1
ng < nyny 4+ n,(ny + ny — n,) + "=l Q.E.D.

rank ( ) =rank A3(9).

PROOF OF PROPOSITION 1-NS: Unlike in the singular case, the spectral fac-
tor W (z; 6) is now a square matrix of size ny x ny. We can no longer directly
consider H,(z; 0)L.(0). Instead, we work with the innovations representation
for Y,. We proceed in three steps.
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Step 1. The existence of the innovations representation depends on the ex-
istence of the positive semidefinite solutions to the discrete algebraic Ricatti
equation (DARE)

17) 3(0) = A(0)3(0)A(6) + B(6)3.(6)B(6)
—[A(0)2(0)C(0) + B(6)3.(0)D(6)]
x [C(8)3(6)C(8) + D(6)2.(6)D(6)1
x [C(8)3(6) A(8) + D(6)2.(6)B(8)'].

Under Assumptions 2 (stability) and 4-NS (positive definiteness), Lemma E.3.2
of Kailath, Sayed, and Hassibi (2000) shows that there always exists a maximal

positive semidefinite solution E(G) to the DARE (17). Moreover, if

(18) 3.(0)=C(0)X(0)C(0) + D(0)3.(0)D(0Y,
(19) K(0)=[A(0)S(0)C(0) + B(0)3.(0)D(0)1%,"(6),

then all the eigenvalues of A4(6) — K(0)C(0) lie inside the closed unit disc
(Lemma E.4.1 in Kailath, Sayed, and Hassibi (2000)). Thus Y; has the innova-
tions representation

(200) Xy = A Xy + K(0)ap,
(ZOb) Y= C(H))?z\t + a1,

where )?,‘, is the optin/l\al linear predictor of X, based on the history Y’
and a,,, = Y,y — C(0)X,, is the one-step-ahead forecast error of Y,,;, a, ~
WN(O0, 3,(0)). Hence, forall z € C, Qy(z; 0) = H,(z; 0)3,(0)H,(z™'; 8)', with
the transfer function H,(z; 6) =1,,, + C(0)(z1,, — A(6))'K(9).

Step 2—Spectral Factorization. It must first be shown that rank H,(z; 6) =
ny for all |z| > 1. As in Hansen and Sargent (2005), the proof is based on
the property that for any conformable matrices a, b, ¢, and d with a and d
invertible, det(a) det(d + ca~'b) = det(d) det(a + bd~'c). Now, let a = z1,,, —
A(0),b=K(0),c=C(0),and d =1,,. Since A(0) is stable, a is invertible (so
is d) and det(zI,, — A(0))det(I,, + C(0)[zl,, — A(0)]'K(0)) = det(zl,, —
A(6) + K(0)C(0)). Equivalently,

(21)  detH,(z; 0) = det(L,, + C(6)[zL,, — A(0)] K (0))

_ det(zl,, —[A(0) — K(0)C(0)])
- det(zL,, — A(6)) '

Since det(zl,, — [A(0) — K(0)C(6)]) # 0 for all |z| > 1, it follows that
rank H,(z; 6) = ny for all |z| > 1. Now, under Assumption 4-NS, 3,(6) in
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(18) is positive definite with L,(6) as its Cholesky decomposition. Then
rank W(z; ) =rank(H,(z; 6)L,(0)) = ny for all |z| > 1. In addition, it follows
from (21) and Qy(z; 6) = H,(z; 6)3,(0)H,(z"'; 6)' that the rank of Qy(z; 0)
equals ny a.e. in C. Hence, W (z; 0) = H,(z; 0)L,(0) is a left-invertible spec-
tral factor. By the spectral factorization result of Youla (1961) and Anderson
(1969), 2v(z; 6,) = N2y (z; 6y) for all z € C if and only if there is an orthogonal
ny x ny matrix I such that

(22) H,(z; 0,)L,(0,) = H,(z; 0)L.(0,)V forevery z € C.
Step 3. From (22),

L (6)+C(6)[zL, — A(0)] " K(6)La(6))

D(61) B(61)
= L (09)V + C(60)[2L,y, — A(09)] " K(B0)L.(60)V .
e’ |
D(6p) B(6y)

Minimality of (A(6), K(0), C(6),1,,), which is ensured by Assumption 5-NS§,
implies minimality of (A(0),B(6), C(0),D(6)). Using the same argument as
in the singular case, the above equality holds only if there exists a full rank ny x
ny matrix T such that D(6;,) = D(6,), A(6,) =T AO)T", B(6,) = TB(H,),
and C(0,) = C(6,)T~'. Equivalently, L,(6,) = L,(00)V, A(6,) =T A(6,)T",
K(6,)L,(6,) = TK(6y)L,(6y)V, and C(6,) = C(6,)T~'. Now uniqueness of
Cholesky decomposition implies V' =1,,,. Thus L,(6,) = L,(6,) and the result
follows. Q.E.D.

The proof of Proposition 2-NS follows directly from the proof of Proposi-
tion 2-S and is hence omitted. The proofs of Propositions 3 and 4 are analogous
to the poofs of Propositions 2-S and 2-NS.

PROOF OF LEMMA 3: Recall that A = AN = ((vec 4), (vecK)', (vecC),
(vech 3,)"Y.Forany j>0and J >0, let

h(j; 0) = h,(j; 0)L.(6),

EJ(G)E(ha(Ov G)La(e) ha(l’ H)La(a) ha(-], O)La(e))s
dvech(0; 0)
dvech;(0) oA
N B ’
dvech(J; 0)
A
A-(j: 0) = avech(j; 0).

a0
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Direct computations show that for any j > 0,

avech(j; 0)
dA
. . dvecL,(0)
=((L,(0) @L,,)H,(j: 0) (L., ® ho(j; 0)) ————- ),
(L@ @T)HLG: 0 (L ® (s 0) S0 )
where H,(j; 0) is the jth row of H,(6) defined by
On2 ><n2
Y X
Onz )
Y X
H.(0)=| ;
D K () AH(6) ® C(0) A(6)"!
k=1
On%,xnxny On%,xnynx
L, ® C(6) K0 ®1,,

L, ® C()A(0) K(6) A/(8) ®]1,,

(i) To show that for any j > 0, % - Ar(0) = 0,22 (Where A7(6) =
ATS(6)), write

[(A0) ®1,,) — (L, ® A(6))]
=[(La(0) ® L, )HL (j; 0)] [K(6) ®1,,]

—[Ly ® C(0)]

. dvecL,(0)
+ [(I}’ly &® ha(]; 6))m:| ' (ny(ny+1)/2)><n§( = On%/xn%(’

where the second equality follows by direct computation. This establishes re-
sult (i) of the lemma. The result is quite intuitive: By Proposition 1-NS, for any
observationally equivalent values 6, and 6y, h,(j; 61)L,(01) = h.(j; 600)L.(6y)
for all j > 0. This implies that the columns of A;(80) belong to the null space of

‘”“Tﬁf(e) because Ar(6) is the Jacobian matrix of the similarity transformation
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(A(6)), K(6,), C(0:), 3,(6,)) = (T AT, TK(8)), C(00)T", 34(6y)) that
leaves /;(0) unchanged.

(ii) To show that rank /1, (0) = rankEnX_z(B) for all J > 2ny — 2, we use
the Cayley-Hamilton theorem which ensures that for any minimal system
(A(0), K(6),C(0),1,,),

rank(Cy(6)' Oy (6)') =rank(C,, (6)'O,,(6)) forall N > ny,

where Cy(0) and Oy (0) are the controllability and the observability matrices
of order N, that is,

Cy(0)=(K(@®) --- A 'K(0)) and

C(9)
On(0) = ( : ) .
C(0)A(O)N!

Take N = ny + 1. Then K(0) A*x~1(6)C(6) is a linear combination of
(K(0) A™~1(0)'C(8), ..., K(8) A*x~2(0)'C(0)'). Therefore, L,(0)K(0) x
A>x=1(9)'C(0) is a linear combination of (L,(0)K(0) A™x~1(8)'C(8Y,...,
L.(0)K(6) A*x~2(0)'C(0)") and rank hy,, 1(0) = rank hy,, »(8). The result
holds recursively for any J > 2ny — 2.

(iii) Combining A(6) = (A4(6) Ar(0)) and result (i) gives

aEZnX —(0)

(23) A

CA0) = (81, 2O Oy 1z, ) -

Necessity. We need to show that rankAEanz(Bo) = ny implies rank A(6y) =
ng + n%. Now, rankA;ZnX*Z(BO) = ny implies that rank A,(6,) = n, because
from (23), rank Aﬁznx_zw") <rankA,(6y) < ny. Then proceed by contradic-
tion: assume that rank AEZnX_Z(O()) = ny and that rank A(6,) < n, + n%. Then
rank A, (6y) = ny and rank A(6y) < n, + n5. This means that at least one col-
umn of A,(6y), say C,(6y), can be written as a linear combination of the

columns of A7 (6,). Using (23), it follows that MCA(QO) =0

A @nx—1yny,x1*
This implies Aﬁznx-z(OO) has one zero column, which is a contradiction.

Sufficiency. We need to show that rankA(6)) = n, + n% implies
rankAngz(Go) = ny. Now, rank A(6y) = ny + n% implies rank A,(6y) = n,
and rank A7 (6,) = n%. First, we show that when the system is minimal and
left-invertible, then

15%2;1,(72(90)

(24) N( =

) =span(4Ar(6)),
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where A/ ((%”’;7;2(0”)) is the null space of W and span(A7(6,)) denotes
the subspace spanned by the columns of A7(6y). For this, consider a Taylor

expansion of vec h,,, »(0) around 0 = 6,,

f?ﬁznx —2(0p)

VeCEan_z(a(] + 8) =VeCEZnX_2(00) + A

A4(6)8",

where 8" € (0, §). Under minimality and left-invertibility, equalities (10) are
the only transformations that lead to the same h,,, _,. That is, vec h,,, 2(6) +
0) = vechy,,»(6y) if and only if A,(6y)0" € span(Ar(6,)). Combining this
with the Taylor expansion gives

Iy (6
MAA(HO)S*:O(ZnX—l)n%, < A,4(6))0" € span(Ar(6y)),

dA
so0 (24) holds. To show that this implies that rank Azhrz(eo) = rank( W :
hapy—2(60) )

A,(6y)) = ng, we proceed by contradiction. Suppose that rank(

A,(6y)) < ny. Then there exists a nonzero linear combination of the columns of
Ax(6y) which belongs to the null space N(Z222“") Then using (24), there
exists a nonzero linear combination of the columns of A,(6,) which can be

written as a linear combination of the columns of A(6,). This violates the as-
sumption that rank A(6y) = ny + ngf and thus leads to a contradiction. Q.E.D.
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