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This paper considers a moments-based nonlinear estimator that is ~/7-consistent
and uniformly asymptotically normal irrespective of the degree of persistence of the
forcing process. These properties hold for linear autoregressive models, linear pre-
dictive regressions, and certain nonlinear dynamic models. Asymptotic normality is
obtained because the moments are chosen so that the objective function is uniformly
bounded in probability and so that a central limit theorem can be applied. Critical
values from the normal distribution can be used irrespective of the treatment of the
deterministic terms. Simulations show that the estimates are precise and the 7-test
has good size in the parameter region where the least squares estimates usually yield
distorted inference.

1. INTRODUCTION

This paper considers a quasi-differencing (QD) framework that can yield +/7-
consistent and uniformly asymptotically normal estimators of autoregressions and
multiple regressions when the predictors are persistent and possibly nonstationary.
The approach can also be used to estimate dynamic stochastic general equilibrium
(DSGE) models. The critical values are invariant to the presence of deterministic
trends.

Let 6 be an unknown parameter vector and let 69 be its true value. We propose
nonlinear QD estimators that can generically be defined as

Ok = argmin g(0) Wrg(0), M
0e®

where g(0) is a K x 1 vector of moments, Wy is a K x K positive-definite

matrix, and © is a bounded set containing values of #.! The basic premise of QD
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estimation is that for O to have classical properties, g(@) needs to be uniformly
bounded in probability and that a central limit theorem can be applied. To this end,
g(#) is defined as the difference between the normalized autocovariances of the
variables in the model and the data, all quasi-differenced at a persistence parame-
ter that is to be estimated jointly with other parameters of the model. The normal-
ization and QD together provide a nonlinear transformation of the autocovariances
to result in estimators that are robust to possible nonstationarity in the data.

Achieving asymptotic normality without knowing when the exogenous process
has an autoregressive unit root can be very useful in applied work because the
answers to many macroeconomic questions are sensitive to assumptions about
the nature of the trend and to whether the corresponding regressions are esti-
mated in levels or in first-differences. The price to pay for practical simplicity
and robustness is that the proposed estimators are +/7-consistent rather than su-
perconsistent when the regressors are truly nonstationary. Although other asymp-
totically normal estimators robust to nonstationary regressors are available, they
apply only to specific linear models. The QD estimation framework is general and
can be used whenever the variables can be quasi-differenced in the way discussed
subsequently.

We establish uniform asymptotic normality of QD-based estimators in
many different settings. Throughout, we use the notion of uniformity given by
Mikusheva (2007a), who studied uniform coverage properties of various inference
procedures for the AR(1) model.

DEFINITION 1. A family of distributions Fg(’l} (x) = Py, 7{&1 < x}is asymptot-

ically approximated by (converges to) a family of distributions FH(Z) (x)=Pp{& <
x} uniformly over 6 € ® if

lim sup sup Fe(}% (x)— Fg(z) (x)|=0.

T—00ge® x

In our analysis, FH(Z) (x) is in the family of Gaussian distributions.

The paper is structured as follows. Section 2 provides a rigorous analysis of the
AR(1) model. Section 3 extends the analysis to AR(p) models, and Section 4 stud-
ies predictive regressions. Section 5 considers nonlinear estimation of structural
parameters. Simulations are presented in Section 6. The relation of QD estimation
to other +/T-consistent estimators is discussed in Section 7. All proofs are in the
Appendix. As a matter of notation, the indicator function [(a) is one if a is true
and zero otherwise. We let W (-) be the standard Brownian motion and use = to
denote weak convergence.

2. THE AR(1) MODEL

To systematically motivate the idea behind QD estimation, we begin with the sim-
ple AR(1) model with parameter o and whose true value is a. Fort=1,...,T,
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the data are generated by
w=a"y—1+e, =0 2)

Hereafter, we let ¢, be the deviation between the dependent variable and the con-
ditional mean evaluated at the true parameter value, whereas e, is the deviation
evaluated at an arbitrary value of the parameter vector. The error &, does not need
to be independent and identically distributed or Gaussian, but it cannot be condi-
tional heteroskedastic or heteroskedastic.

Assumption A. (g, F;) is a stationary ergodic martingale-difference sequence
with conditional variance E(8t2|.7-}_1) =02 =yppand I[E((g,2 — 02)2|.7-}_1) = U4.

The least squares estimator aprs is defined as the solution to g(a) = 0, where
2(a)=1/T Zthl e;y;—1 is the sample analogue of the moment condition

Eg (050) =Elery;—11=0,

with ¢, = (y; — ay;—1). When aV <1, Gors is /T-consistent and asymptoti-
cally normal. Although @ozs is superconsistent at ¢ = 1, its distribution is non-
standard, which makes inference difficult. In particular, the ¢-statistic for testing
a® =1 is nonnormal in finite samples and converges to the so-called Dickey—
Fuller distribution. The issue of nonstandard inference arises because of two prob-
lems. First, when o® = 1, the sample moment evaluated at a value o # ad =1
explodes, and second, the normalized sample moment evaluated at the true value
does not obey a central limit theorem. In other words, g(a) =1/ TZ,T=1 eryi—1
is stochastically unbounded, and 1/ TZszl EVie] = 0° fol W (r)dW (r), where
W (r) is the standard Brownian motion.

Our starting point is to resolve the second issue by exploiting the autocovari-
ance structure of the errors. Specifically, for j > 1, it holds that

E(ere;—j) =0. 3

Furthermore, for all |a0| <landé& =y — aoyt_l, the population moment con-
dition has a sample analogue that obeys a central limit theorem:

T2

1 T
ﬁ( S g[g,_j—E(g,gt_.,)> =&~ N(0,0%). @)

Obviously, a9 is unknown, and &, 1s not observed. However, we can quasi-
difference y; at some o and then optimize over all possible values of a by match-
ing the sample autocovariances of the quasi-differenced data”

1 T
yj(a) = T Z €rer—j
t=j+1

with those of the model evaluated under the assumption that « is the true value.
Precisely, the model implied moments are
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yi(@) =Eqere,—j =1(j =0)o2,

where E,, is the expectation taken under the (not necessarily correct) assumption
that a is the true value. In cases when y;(a) is constant, the dependence of y;
on a can be suppressed. For example, in the AR(1) under consideration, y;(a) =
0 for all j > 1, and we may write y; instead of y;(a). This is also true of the
AR(p) and predictive regressions considered in Sections 3 and 4. However, in
more complex models such as the one considered in Section 5, y; often depends
on o in a complicated and analytically intractable way. For clarity, we keep the
explicit dependence of y; on a throughout.

Let gnop (@) = (€onop(@), - --» 8k Nop(@))', Where
gjnop(a) =7j(a) —yj(a)

is the difference between the model-implied and the sample autocovariance of e;.
The NQD (nonstandard quasi-difference) estimator is defined as

0k Nop = argmin gyop (@) Wrgnop(a).
o

Although ok ngp is a standard generalized method of moments (GMM) estima-
tor, viewing it from the perspective of a covariance structure estimator helps un-
derstand the analysis to follow. In standard covariance structure estimation where
a typical element of g(a) is g;(a) = 1/TZtT=1 VeVi—1 — Eqy: yi—1, each sample
autocovariance is a function of the data y, and hence depends on o, but it does
not depend on a. In our g; yop(a), both the sample and model moments depend
on a. It differs from the standard formulation of covariance structure estimation,
but it is necessary because «/T(l/TZthl ViVi—1 — an,yt_l) does not obey a
central limit theorem at @ = a® = 1.

The NQD solves one of the two problems inherent in least squares estima-
tion by making /7" 8j.NoD (ao) asymptotically normal for all |«°| < 1. However,
the estimator still has nonstandard properties because 7;(a) is stochastically un-
bounded when a® = 1 and « # 1. Thus the moment 8j nop(a) explodes at a # a®
when a" is unity or in the neighborhood of one. To resolve this problem, suppose
o is known. Define the fixed quasi-differencing (FQD) estimator as

8j,rop(@) =8 nop(@) — 8o nop (@)
= (9j(a) —70(@)) = (7j(@) = o), (5)
dk . Fop = argmin g pop (@) Wrgpop(@).
a
Obviously, g; rop (o) obeys a central limit theorem. More important is that nor-
malizing 7;(a) by 70(a) and y;(a) by yo yields

T

1
8 rop(@) = T Z—}-let (e—j —er) + 0.
1=j
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As shown in Lemma A.2 in the Appendix, 7;(a) — y0(a) is bounded in probabil-
ity in the limit even when a® = 1 and a # a°. Because 8; rop(a) is uniformly
bounded in probability for all values over which a is optimized and a® € (1 -, 1],
the FQD has very different properties from the NQD in the local-to-unity frame-
work.

To gain insight about the importance of normalization, we let W7 be an identity
matrix as it does not affect uniformity arguments and this simplifying assumption
makes it possible to obtain useful closed form expressions.

PROPOSITION 1. Let y; be generated as in equation (2) with error terms
satisfying Assumption A. Assume that Wr is a K x K identity matrix.

(i) Let n € {1,2} be the number of local minima in the optimization problem
min, Z,le E,% NQD(a). In the local-to-unity framework in which a® = 1+
c/T withc <0, aK,NQD is superconsistent and

—<

> T, U< <0}
H{}’l = 2} . T3/2 (aK’NQD - 0!0) - fO JCZ(S)dS
Iin = 1} T Gk nop — @) 142y AW o) :
2y J2(s)ds

(6)

where J. is an Ornstein—Uhlenbeck process generated by the Brownian
motion W that is independent of ¢ ~ N(0,1/K).

(ii) Let yo be the true value of o*. For any fixed K > 1, the estimator aK.FOD
is consistent. Furthermore, uniformly over —1 46 < a® < 1:

VT (Gx pop —a®) = N(0, 02 ,  where
FO. K,FOD
(B @) ") sy (@)

(51, @)

The NQD estimator is the basis of the estimators we subsequently investigate.
It is consistent and has a data dependent convergence rate. Because the objec-
tive function is a polynomial of the fourth order, there are multiple solutions. If
the realization of data is such that there is a unique minimum to the optimiza-
tion problem, the convergence rate is 7. If there are two minima, a slower con-
vergence rate of T3/4 is obtained. In either case, the distribution of ok NoD 1S
not asymptotically normal because gyop(«) is not well behaved for all values of

OK,FOD =

o®. However, the problematic term that frustrates a quadratic expansion of 7j(a)
around a* is asymptotically collinear with the corresponding term in 7y(a) in
the local-to-unity framework. Normalizing each 7;(a) by 7o(a) and y;(a) by 7o
results in an FQD estimator whose asymptotic distribution is normal uniformly
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over a’ € (=14 6,1]. When K > 1, the FQD objective function has only one
minimum asymptotically.’

The properties for ak Fop are stated assuming the true value of o2 is known.
The reason why yg = o2 is not freely estimated along with a is that doing so
would yield multiple solutions. The objective function is zero not only at the true
solution a = a®, 6% = yo, but also at a = 1/a°, 62 = yo/(ao)z. Without addi-
tional information, the FQD cannot uniquely identify a and o2.

In practice, the true value of o2 is not known, and the FQD estimator is infea-
sible. This can be overcome by finding another moment that can identify o 2. Let
6 = (a,0?) and consider

S2 — 0'2
_ 71(a) —70(a) = (71(a) — %)
gop(0) = : ) (7
7k (@) —70(a) — (yx (@) — s%)

where s = (1/T)y'My and M = It —z(z'z) "' is the matrix that projects onto
the space orthogonal to z with z; = y;—1. Observe that the first component of
8op(0)is s2 — 2 or equivalently s2 — yo(a), but not s> — 7o(a). Thus, 8op(0)is
not a linear transformation of gyop (6). Using 52 —7o(a) in the first entry would
result in an estimator with the same nonstandard properties as dygp.

Let

é\K,QD = (aK,QD, EI%,QD) = arg;nin EQD(Q)/WTEQD(G)

PROPOSITION 2. Let Wr be a (K + 1) x (K + 1) identity matrix. For any
fixed K > 1, the estimator dk op is consistent, and the following convergence
holds uniformly over —1+6 < a® < 1:

T (a0
(Z/le (aO)Z(k—l)) R

Estimator a g gp can also be implemented as a two-step estimator in which 52
is first obtained and its value would then be used as y( in the moment function
Zrop(@) = (21,rop(@); - Bk rop(@)) .

The asymptotic variance of @ gp takes into account the sampling uncertainty
of s2. The surprising aspect of Proposition 2 is that ak,op does not have an in-
flated variance as is typical of two-step estimators. Instead, the estimator is more
efficient than ax rop that has a known 2. Pierce (1982) showed in a framework
for stationary data that using estimated values of nuisance parameters can yield
statistics with smaller variance than if the nuisance parameters were known. This

VT (@x.op—a®) = N(O, 0-12(,QD)9 where 012(’QD =
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somewhat paradoxical result was also reported by Prokhorov and Schmidt (2009)
and Han and Kim (2011) for GMM estimators. Our results suggest that this fea-
ture may also arise in the local-to-unity framework.

The closed form expression for the asymptotic variance of ok, op in Proposi-
tion 2 was obtained under the assumption that Wy is an identity matrix. For an
arbitrary positive-definite weighting matrix, the asymptotic variance of a gp is
the (1,1)th element of asymptotic variance matrix

Avar(@k op) = (G"WG°) ' GOWs'WG (G"WG®) T, ®)

where W, G°, and S° are the probability limits of Wy, the derivative of 8on(0)
with respect to 6 evaluated at #°, and the asymptotic variance of gQD(HO), re-
spectively. The asymptotic variance can thus be estimated as though the GMM
estimator were developed in the stationary framework under regularity conditions
such as those given in Newey and McFadden (1994). In theory, more efficient
estimates can be obtained if Wr is an optimal weighting matrix. However, it has
been documented in Abowd and Card (1989) and Altonji and Segal (1996) that an
optimal weighting matrix may not be desirable for covariance structure estimation
for empirically relevant sample sizes.

The key to the classical properties of dx op is the ability to exploit the autoco-
variance properties of the quasi-differenced data in an appropriate way. QD has a
long tradition in econometrics and underlies generalized least squares estimation;
see Phillips and Xiao (1998). Canjels and Watson (1997) and Phillips and Lee
(1996) found that QD gives more precise estimates of trend parameters when the
errors are highly persistent. Pesavento and Rossi (2006) suggest that for such data,
QD can improve the coverage of impulse response functions. In both studies, the
data are quasi-differenced at o = &, which is fixed at the value suggested by the
local-to-unity framework. In contrast, the FQD and QD simultaneously estimate
this parameter and use the normalized autocovariances of the quasi-differenced
data for estimation. Notably, both the FQD and the QD have classical properties
that hold even in the presence of deterministic terms. Consider data generated as

Vr =di + x4, (9a)
xr =% +é&. (9b)

The deterministic terms are captured by d; = Z]r'=o l//jtj where r is the order of
the deterministic trend function. In the intercept-only case, d; = g, and in the
linear trend case, d; = yo + w1 t. Once the parameters of the trend function are
consistently estimated, QD estimation proceeds by replacing y; with demeaned
or detrended data, X; = y, —d;. Let ¢; = X; — aX,—. The sample autocovariances
can be constructed as

T
k(@) = — €ter—k-
t=k+1
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Demeaning and detrending do not affect the asymptotic distribution of the
QD.*

The practical appeal of QD estimation is that asymptotic normality permits
standard inference. The usual critical values of £1.96 and 4-1.64 can be used
for two-tailed tests at the 5 and 10% significance levels, respectively. We will
see in simulations that the size of tests and the coverage of the confidence sets
based on the asymptotic normality of g gp are stable over the parameter set
a® € (=146, 1]. The cost of imposing the stronger assumption of conditional
homoskedasticity seems well justified.

To recapitulate, the proposed QD estimation of the AR(1) model is based on
two simple premises: first, that for all j > 1, E(e;e;—;) = 0 and its sample ana-
logue obeys a central limit theorem, and, second, that the objective function is
uniformly bounded in probability for all values of & and a°. The idea can be used
whenever the variables can be quasi-differenced to form suitably normalized mo-
ment conditions that satisfy these two properties. The next two sections consider
the AR(p) model and predictive regressions, respectively. We then show that the
quasi-differenced variables can be serially correlated and that the QD framework
can be used in nonlinear estimations.

3. AR(p) MODELS

Consider the data generating process

p—1

vi=ay 1+ Y b)Ay_j+e. (10)
j=1

Let f = (a,b1,...,bp,—1) be a p x 1 parameter vector of interest. The true pa-

rameter vector is denoted 3, and the correct lag length is denoted p. Let |11 <
[A2]... < |4p| be defined implicitly by the identity

p=l ,
l—aL— Y bjL/(1—L)y=(1=A1L)...(1=4,L).

j=1
We restrict the parameter set in such a way that the p — 1 smallest roots do not
exceed ¢ in absolute value for some fixed 0 < § < 1. If the largest root exceeds ¢
in absolute value, then it is positive and not larger than one.

DEFINITION 2. The parameter set Rs consists of all p such that the corre-
sponding roots satisfy the following two conditions:

(i) 1Ap—1l < 0;
(i) if 2p € R, then —6 < A, < 1.3

Define the quasi-differenced series e, by

p—1
€t =Yt —OaYr—1— Z bj Ayr—j.

j=l
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Obviously, e; = ¢; is white noise when /8 = S, but ¢; is in general serially corre-
lated. Thus, as in the AR(1) model, the model-implied autocovariances satisfy

yi(B)=Ep (e;e—;) =0,  j=1 VBeR;

with y0(8) = 2. The sample autocovariances of e, are

~ 1<
7i(B) = T Z €rer—j.
1=j+p+1

Let s> = (1/T)y'My where M projects onto the space orthogonal to the one
spanned by X; = (yi—1, Ayi—1,..., Ayi—pt1), t =1,...,T. Let yg be the true
value of o2. Define

B Fop = arg;nin 2rop(B) Wrgrop(B),

where

81,rop(B) 71(8) = 70(B) — (71(B) = y0)
8rop(B) = : = :

8k, rop(B) Yk (B)=70(B) = (rk (B) —70)
Define

(EK,QD» 812<,QD) = argrnzin 8op (B, 02)/WT§QD (B, 02),
p.o

where

80,00(B) s?—o?

g1,00(8) 1) = 70(B) = (1(B) —57)

EQD(:BaJZ) = .
gk.op(B) 7K (B) = 70(B) — (k (B) — )

PROPOSITION 3. Let y; be generated as in equation (10) with error
terms satisfying Assumption A. Let ay = E[(X 3k + Xi—x —2X)&] and G =
(Zleaka,’c)_l. For any fixed K > p > 1, the estimators B\K,QD and ,B’\K,FQD are
consistent. Furthermore, when Wr is an identity weighting matrix, the following
results hold uniformly over f° € Rs:

(l) v T(B\K,FQD - ﬁo) = N(O, ZK,FQD)r where EK,FQD — 0.4G +
’
14G (S an) (T ak) Gy
(ii) ~'T (B, op — B°) = N(0, Tk op), where Sk gp = c*G.
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The proof is a generalization of Propositions 1 and 2. A sketch of the arguments
is as follows. From the definition that e;(8) = &; + (8° — f)’ X;, we have

T T
@(ﬁ):% Z 8t6?—j+(ﬁ0_ﬁ)/% 2 (tht—j‘l'xt—jgt)

t=j+p+l1 t=j+p+1
1 T
(B =85 X XX (8- B).
t=j+p+1

The moment function can be rewritten as

Zi.rop(B) = Ajrop+ (B — B) Bj.rop + (B° — B) ' Cj.ron (B — B).

The thrust of the proof is to show that for each 1 < j < K uniformly over Rg,

1 & _
woo=(5 S wai=n0) - (3 d-nis) =or ),
t=j+p+1 t=p+1
(1
1 T
Bj,FQDZ* z tht_j +Xt—jgt_2tht —>paj, (12)
Tt=j+p+1
1 T
Cirop=35 X (X, S XX —2X X )=0p(1). 13)
t=j+p+1

Equations (11)—(13) imply that the function g; rop(f) is bounded in probability
uniformly for all £ in the optimization set and Sy € MR;. It also follows from
equations (11)—(13) that

98j,FoD
op

and

VT3 ron (Bk.Fop) =~T Ar.rop +aiN'T Bk rop — B°) + 0, (1).

The first-order condition for the optimization problem implies

(Br.rop) =7 aj

K
VT (Bx.rop = B°) = G™' Y, VT Aj rona; +0,(1).

=1

In view of equation (4), ﬁAj,FQD = \/ng’FQD (ﬁo) = ¢ — o uniformly over
Rs; part (i) of the proposition follows Part (ii) uses a similar argument with
one exception: Aj op = Aj Fop +s52—g2 =7 Zt 41 E1E1—j- As in the AR(1)
case, ﬂ k,op has a smaller variance than ﬁ k,Fop- Furthermore, one can use other
weighting matrices in the estimation. The asymptotic variance of ,B’\K,QD can be
computed from the expression given in equation (8).
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4. PREDICTIVE REGRESSIONS

Consider the predictive regression with scalar predictor x;_:

vi =% -1+ &y, (14a)
X = aoxt—l + &xt- (14b)

If a® =1, then (1; —p 0) is a cointegrating vector and ordinary least squares (OLS)
provide superconsistent estimates but inference is nonstandard. Unfortunately, the
finite-sample distribution of fors is not well approximated by the normal distri-
bution if x; is highly persistent. The challenge is how to conduct inference robust
to the dynamic properties of x;. Let ¢; = (sy, , & x,)/ be a martingale-difference se-
quence with E(g,¢)|F—1) = Q0 = 9y 9y¥ ) Consider quasi-differencing the

Oyx Oxx
data at & = (f8, ) to obtain

€yt = Yt —pxi—1,

Cxt =Xt —OXf—1.

Now Y, = 0°x,_1 + & where ¥, = <z’> and 6° = (59, a"Y. Let ¢, = <iyt) .
t Xt
Then

€ = (‘90 —0)x;—1+e.

Let I'; (0) = Eg(ee, _ j) where Ey is the expectation taken under the assumption
that @ is the true value. The model implies

[;@0)=0,  j#0,
o) =Q.

The sample autocovariance at lag j is

1

T = T

T
> erer_.

1=j+1

A central limit theorem applies to /T fj (00). Evaluating I'g at the true value of
Q and letting S = (1/T)Y' MY, M = It —z(z'2)"'2’, z; = x,_1, we can define,
forj=1,...,K:

8.rop(©) = vee(T;(0) = To(0) = (T;(0) = T'0)).

Let 2rop(0) = (21,7000, - ,?K’FQD(Q)/)/. The FQD estimator is

Ok Fop = argmaingFQD(H)/WTgFQD(e)~
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Analogously, let gop (0, Q) = (80,0p(0,Q)', ..., 8k op(0,Q)") where

%000, Q) =vec(T;(0) —To () — (T;0) - 5)),  j=>1,
20,000, Q) = vech(S — Q).

Define the QD estimator as
(éK,QD, ﬁK,QD) =arg ?glggp(@, Q)'Wrgop0,Q).

PROPOSITION 4. Suppose that the data are generated according to formu-
las (14a) and (14b). Suppose also that the error terms are stationary martingale-
difference sequence with E(e;e;| Fr—1) = QO and finite four moments. Define aj =
Elx;—1(e/—; — &:)]. Then for any fixed K > 1, the estimators §K,FQD and é\K,QD
are consistent. Furthermore, when Wr is an identity matrix, the following asymp-
totic results hold uniformly over all possible values of f and uniformly over all
possible values of a. € (—1+9, 1]:

(i) Let Ty = Q0. Then ﬁ(é\K,FQD — 90) = N(0, X k.Fop), where

2
1 K
Xk, FOD = () D (a, Q0a;)Q°

K /
Yi—1 9k | (=

1 ? K
+—— | E|E Y a)’ee|;
<2/§:1a1/<ak> [ tkgl S

(ii) «/T(é\K’QD —90) = N(O, ZK,QD) where

2
1 K
SK.0D = () Y (@, Q%) Q"

K /
Yh=19% | (=1

As in the case of autoregressions, the FQD moments alone cannot globally
identify both 8 and Q. Thus, the properties of 9\1(, Fop are stated by evaluating Q
at the true value of Q°. Proposition 4 shows that §K,QD has classical properties in
both the stationary and the local-to-unity frameworks and is more efficient than
the estimator 51(, rop that uses the known Q. The QD can be implemented as
a sequential estimator in which the covariance matrix is computed for shocks
obtained from two least squares regressions: one by regressing y, on x; to get e,;,
and another autoregression in x; to obtain ey;.

Proposition 4 has useful implications for applied work because there does not
exist an estimator that is robust to the persistent properties of the predictors. The
approach of Jansson and Moreira (2006) relies on model-specific conditional crit-
ical values, and, in any event, their inference procedure does not yield an estimator
per se. In contrast, the QD estimator is simple and robust.
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The predictive regression can be generalized to accommodate stationary and
predetermined regressors, z;. Suppose the data generating process is

Yt =xt—lﬂ0+ZtV0+3yt,

oo
Xt = (xox,_1 +&xts (8yta<9xt)/ ~(0,9Q), Q= ( Y y2x> .

Oxy OF.
Let 0 = (§,a) and as before, I'; = Eg(e,sg_j) =0 for all j # 0 with Ty = Q0.
Iiet 7oLs be obtained from least squares regression of y, on x;— and z, and let
Qors be the estimated covariance matrix of the errors. Because z; is stationary,
the estimator Jors is +/T-consistent and asymptotically normal uniformly over
a € (—1+9, 1]. Define the quasi-differenced sequence

_ ~ o - ey,
eyt =Mt —xi—18 —zt)oLS» €xt =Xt —OXt—1, e = .

Let fj @)= % ZtT:j+1 ete;_j and define g; op (0, Q) as in the absence of z;. Using
arguments analogous to Proposition 4, it can be shown that §K,QD is still /7-
consistent and asymptotically normal. Proposition 4 assumes that the regression
ErTor &y, is white noise. This is not restrictive as lags of Ay, and Ax; can be added
to z; to control for residual serial correlation.

5. NONLINEAR MODELS AND MINIMUM DISTANCE ESTIMATION

So far, the QD framework has been used to estimate linear models, where the
model autocovariances are such that y;(6) = 0 for all  assumed to be the true
value and j > 1. The analysis also holds if y; () equals a constant vector other
than zero provided that the constant vector is known or can be computed numeri-
cally. For example, if x; is an ARMA(1,1) instead of an AR(1), y;(¢) will depend
on the parameters of the model. Another example is DSGE models, which we
now consider.

To fix ideas, consider the simple one-sector stochastic growth model pre-
sented in Uhlig (1999). Let Q;,C;, K;,I; be output, consumption, capital
stock, and investment, respectively. The problem facing the central planner
is to maximize expected utility E;_; ¥7°,(1 + p)~"logC; subject to the con-
straints Q; = K 2}V = C,+ 1, and K; = (1 —8) K,y + I, where u; = log Z,
evolves as

U =ou;—1+¢&s, 8['\’(0,0'2).

Denote the deviation of a variable from its mean by lowercase letters. Let ¥; =
(y1t, ..., ynr)' be the collection of endogenous variables in the model (such as
consumption, output, etc.). As shown in Uhlig (1999), this simple model has an
analytic solution:

ki = vk —1 +vizuy,
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where vy, < 1 does not depend on a but vg, depends on . For each y,; € ¥;,
(I = vk LY(1 = a L) yns = us +Oput;—y

is an ARMA(2,1) with a moving average (MA) parameter ¥, that is a func-
tion of the structural parameters. Note that all series in Y; have the same au-
toregressive dynamics as k;. The parameters of the linearized solution are f =
(Vkk, Vkz, 91, ..., UN). The parameters of the model are 6 = (v, a, az,p,é). Let
® be a compact set containing possible values of 6.

In analysis of DSGE models, whether the shocks have permanent or transitory
effects matters for how a model is to be linearized. For this reason, researchers
typically need to decide whether to difference the data ahead of estimation even
though it is understood that the assumption affects the estimates and policy anal-
ysis. To date, there does not exist an estimator of DSGE models that has classical
properties for all values of o within the likelihood framework because the likeli-
hood function is not well defined when the data are nonstationary.®

We propose to estimate the parameters of the model without making a priori
assumptions about the degree of persistence of the shocks. We use the fact that the
features of covariance stationary processes are completely summarized by their
second moments. Conveniently, the software DYNARE automatically calculates
the covariance structure of the data. Even though the analysis is not likelihood
based, priors can still be incorporated using the approach of Chernozhukov and
Hong (2003).” The key is to construct the moments g (6) appropriately.

Two variations of the QD framework are considered. The first method pro-
ceeds as follows. For given 0, let ¢, = Y; —aY,_1 with T';() = E(e;e;). De-
fine the moment w; () = (I';(#) — I'9(0)) whose sample analogue is @;(0) =
(fj @) — To (9)). Note that because ¢;(f)) can be serially correlated, I';(0) need
not be a null matrix as in the applications considered thus far. Let gop(0) =
(€1,000) ... 8k,0p0)) where g; op(0) = vec(@;(0) — w;(@)). The QD
estimator considered in Gorodnichenko and Ng (2010) is defined as®

Ok .op = arggn;)in 2000 2op(0). (15)
€

As written, ngQD is an equally weighted estimator. An optimal weighting ma-
trix can be used subject to constraints imposed by stochastic singularity. In the
one-shock stochastic growth model considered, the autocovariance at lag one of
both output and consumption can be used to construct an efficient §K,QD, but ad-
ditional autocovariances will not add independent information. In contrast, the
use of data for both output and consumption in likelihood estimation would not
even be possible.

Another QD-based estimator can be obtained if we entertain the possibility of
areduced form model. Consider a finite-order AR(p) model:

p—1
ve=a"yioi+ Y B Ay_j+ep, (16)
j=1
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where g0 = (a%,5),..., bg_l) = B(0°) are the true “reduced form” parameters
that can be computed analytically or numerically. We also need the following

assumption.
Assumption B (Identification).

(a) There is a unique A° such that /8 (00) =49
(b) the function £(@) is twice continuously differentiable;
(¢) B(6°) = VB(6°) has full rank k = dim(0) < p.

The method proceeds as follows. For y,; € Y;, define e,; () = yu: — ayni—1 —
Zfz_ll bjyni—j where f = (a,b1,...,b,_1). Note that Y; is now quasi-differenced
using the “reduced form” parameter f instead of the structural parameter o as
in method 1. Once the data are quasi-differenced, estimation proceeds by defin-
ing w; (0; p) = (I';(0; p) —T0(0; p)) with g; op(0; p) = @;(0; p) —w;(0; p) and
sample analogue as in (15). Let gop(0; p) = (€1,00@; P)'> .-, 8k.00O; P))-
The estimator is

Ok .op = argrréin 2000 )8op(; p). 17)
€

Because £ is p-dimensional, this second estimator also depends on the choice
of p. Because e, is not necessarily exactly white noise, I';(¢) will not be zero.
However, its autocovariances can be computed for any given 6.

We have presented two uses of the QD framework that can yield estimators
that are robust to nonstationary exogenous variables in DSGE models. The data-
dependent transformations allow us to construct moments that are uniformly
bounded. Applying the central limit theorem to the sample moments yields
estimators with classical properties.

6. SIMULATIONS

We consider the finite-sample properties of OLS, FQD with y¢ fixed at the true
002, and QD. Even though the FQD estimator is infeasible in practice, it is a useful
benchmark. The simulations are based on 2,000 replications. We use the standard
Newey—West plug-in estimator for the variance of the moments. As starting val-
ues, we use 0.9 times the true values of the parameters. The QD estimator requires
evaluation of the model implied autocovariances I';(#). This is straightforward
once a model is cast in a state space. For example, the system

[ye] _ [0B] [yi- 10] [ey
)=l )+ ot Lo

in quasi-differenced form is

_eyt(é’)— . 00 ey,_l(H) 10 8yt
e (@) = [00] [ew1@)] T01] |ew]”
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More generally, every autoregressive moving average model has a state-space rep-
resentation from which a state-space model for the quasi-differenced data can be
expressed as

w; = Dow;—1 + D&,

where w; includes ¢;(6) (and possibly its lags) and &, is the set of exogenous
white noise shocks with variance €. The variance matrix Q,,(0) = E(w,w;) can
be computed by iterating the equation

Q9 (0) = DyQU=V (0)Dy+ D1Q. D] (18)

until convergence. The autocovariance matrices can then be computed as €, (j) =
DéQw (0). Now I';(@) are submatrices of €, (j). If we are only interested in
computing the moments wfl C w;, we iterate equation (18) until the block that
corresponds to wf’ converges; that is, “QS)Z’ 0)— di_l)(O) | <c.

Data are generated from the AR(2) model:

(1-202) (1=232) yi =&, &~ NO,1).
The process can be written as
Ve = 050)’1—1 —|—b0Ay,_1 +é&r.

The parameter of interest is a” = 19+ 19 — 2929 with ° = 1925. The OLS esti-
mate of o has a nonstandard distribution when the roots are unity, in which case
a®=1.

We estimate an AR(2) model when /1(2) =0 (Table 1). Demeaned data are used to
compute the sample autocovariances in the intercept case, and linearly detrended
data are used in the linear trend case. We report the mean of the QD, FQD, and
OLS estimates when 7' = 200 and 500, the J test for overidentifying restrictions,
and the finite-sample power for one-sided z-tests evaluated at a = a® —0.05.

Table 1 shows that all three estimators are precise when a® < 0.8. The ¢-statistic
for the null hypothesis that & = a° for all three estimators has rejection rates close
to the nominal size of 0.05 when a° < 0.8. The picture is, however, very different
at larger values of a.°. The FQD has slightly smaller bias but is much less efficient.
Although OLS has the largest bias, its root-mean-squared error (RMSE) is much
smaller than the RMSE of FQD. The QD is neither the most accurate nor the most
efficient but has RMSE closer to OLS and much smaller than the RMSE of FQD,
in support of Proposition 2.

Efficiency of OLS comes at the cost of size distortion, however. At T = 200,
the OLS-based ¢-statistic has a rejection rate of 0.473 when o = 1 and 0.15
when a® = 0.95, much larger than the nominal size of 0.05. Even at T = 500,
the rejection rates are 0.462 and 0.127, well above the nominal rate of 5%. The
rejection rates for the FQD and QD are 0.107 and 0.033 when 7" = 200 and are
0.066 and 0.023 when T = 500, much closer to the nominal size of 0.05. The QD
has accurate rejection rates that are always around 0.05 for all values of a, but



TABLE 1. AR(1) model

QD FQD OLS
t-test J-test t-test J-test t-test

T a Mean RMSE Size Power Size Mean RMSE Size Power Size Mean RMSE Size Power
(a) Intercept model

200 1.00 0.975 0.059 0.107 0.533 0.085 0.991 0.122 0.033 0.098 0.078 0973 0.035 0.473 1.000
200 0.98  0.960 0.052 0.102  0.484 0.083  0.971 0.113 0.032 0.085 0.069  0.956 0.035 0.219 1.000
200 095 0934 0.050 0.080  0.428 0.101 0.942 0.114 0.028 0.066 0.095 0929 0.036 0.150  0.969
200 090 0.883 0.054 0.098 0.417 0.088  0.888 0.117 0.030 0.084 0.083  0.880 0.040 0.111 0.687
200  0.80 0.782 0.058 0.091 0.359 0.075 0.794 0.126 0.035 0.081 0.077  0.782 0.050 0.097 0.413
500 1.00  0.990 0.030 0.066  0.748 0.069  0.997 0.072 0.023 0.136 0.061 0.989 0.014 0.462 1.000
500 098 0974 0.028 0.064  0.681 0.056  0.977 0.073 0.035 0.150 0.054 0971 0.015 0.138 1.000
500 095 0.943 0.030 0.076  0.676 0.077  0.946 0.072 0.037 0.154 0.071 0.941 0.019 0.127 1.000
500  0.90 0.894 0.031 0.073 0.598 0.068  0.896 0.074 0.029 0.144 0.067  0.893 0.022 0.082  0.930
500 0.80 0.793 0.035 0.085 0.545 0.047  0.792 0.080 0.043 0.146 0.052  0.792 0.030 0.082  0.687
(b) Linear trend model

200 1.00 0.964 0.063 0.224  0.641 0.108  0.991 0.112 0.025 0.091 0.101 0.950 0.057 0.775 1.000
200 098 0.954 0.058 0.164  0.547 0.099  0.967 0.114 0.028 0.081 0.098  0.940 0.050 0.454 1.000
200 095 0.926 0.056 0.146  0.511 0.090 0.945 0.111 0.022 0.078 0.077 0916 0.047 0.278 0.986
200 090 0.876 0.059 0.143 0.481 0.108  0.892 0.119 0.032 0.071 0.105  0.869 0.049 0.180  0.775
200 0.80 0.775 0.060 0.121 0.432 0.075  0.788 0.127 0.043 0.081 0.078  0.770 0.054 0.133 0.512
500 1.00 0.985 0.033 0.137 0.775 0.072  0.999 0.069 0.020 0.160 0.063  0.980 0.023 0.777 1.000
500 098 0972 0.029 0.080  0.717 0.082 0976 0.071 0.041 0.153 0.081 0.967 0.018 0.245 1.000
500 0.95 0.942 0.031 0.086  0.678 0.073  0.950 0.074 0.034 0.161 0.068  0.938 0.021 0.185 1.000
500 090 0.891 0.032 0.090 0.654 0.061 0.898 0.076 0.041 0.151 0.068  0.889 0.025 0.123 0.957
500  0.80 0.792 0.034 0.089 0.567 0.043  0.797 0.078 0.025 0.122 0.054  0.789 0.030 0.090 0.729

Note: The data generating process is an AR(1) model, whereas the AR(2) model is fitted. Three autocovariances are used in QD estimation. The 7-test and J-test sizes are for the 5% level.
Power of the 7-test is computed for the null of Hy : & = ap —0.05. Additional results are available in the online Appendix (www.columbia.edu/~sn2294/pub.html).
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FIGURE 1. Distribution of the ¢-statistic for the largest autoregressive root in the intercept-
only model with a9 = 1. See Table 1 and the text for more details.

it has less power than OLS. Figure 1 plots the distribution of ¢-statistics for QD
at T =200, T = 500, and 2000. The normal approximation to the finite-sample
distribution is good.

We also consider overparameterized AR(p) models and predictive regressions.
The general result is that the QD estimates are precise and the z-statistic is well
approximated by the normal distribution for all values of the persistent parameter.
To conserve space, these results are available on request.

Next, data are generated from the stochastic growth model presented in Section
5. We fix the true value of capital intensity  to 0.25 and o2 to 1 and consider five
values of a: 1, 0.98, 0.95, 0.9, 0.8. We use data on consumption to estimate y, o,
and o2 using the second method discussed in Section 5. This consists of solving
for w, a, and ¢ from the six autocovariances of ¢, (f3), where f are the parameters
of an AR(3) model. For the sake of comparison, we also use the Kalman filter
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TABLE 2. DSGE model, capital intensity y

QD MLE
t-test J-test t-test
T a Mean RMSE Size Power Size Mean RMSE Size Power

(a) Intercept model

200 1.00 0.255 0.122 0.077 0.245 0.088 0.181 0.117 0309 0.577
200 0.98 0.255 0.120 0.098 0.259 0.085 0.220 0.094 0.142 0.409
200 095 0.268 0.133  0.076 0.238 0.095 0.246 0.094 0.076 0.294
200 0.90 0.284 0.147 0.066 0.201 0.094 0.266 0.114 0.065 0.235
200 0.80 0.289 0.144 0.046 0.148 0.079 0.285 0.131 0.065 0.184

500 1.00 0.260 0.072 0.050 0.304 0.049 0.173 0.110 0.517 0.830
500 098 0.261 0.071 0.059 0.322 0.053 0.231 0.058 0.151 0.626
500 095 0.262 0.073 0.066 0.331 0.049 0.245 0.054 0.076 0.522
500 090 0.266 0.082 0.052 0306 0.043 0.253 0.062 0.053 0.428
500 0.80 0.281 0.110 0.035 0.197 0.035 0.270 0.096 0.062 0.315

(b) Linear trend model

200 1.00 0.255 0.123 0.088 0.264 0.093 0.223 0.094 0.153 0.399
200 098 0.267 0.128 0.075 0.222 0.090 0.243 0.091 0.102 0.315
200 095 0272 0.138 0.085 0.233 0.090 0.257 0.097 0.065 0.249
200 090 0.282 0.145 0.066 0.204 0.083 0.273 0.113 0.057 0.205
200 0.80 0.298 0.146 0.053 0.130 0.081 0.296 0.135 0.057 0.150

500 1.00 0.259 0.071 0.050 0.308 0.041 0.209 0.079 0.324 0.730
500 098 0.262 0.072 0.057 0.309 0.040 0.237 0.059 0.139 0.593
500 095 0.263 0.073 0.058 0.315 0.039 0.250 0.056 0.069 0.477
500 090 0.268 0.082 0.042 0.280 0.034 0.259 0.064 0.042 0.387
500 0.80 0.284 0.108 0.024 0.162 0.028 0.277 0.097 0.053 0.295

Note: The true value of capital intensity is y = 0.25. The observed series is consumption. 0D uses an OLS estimate of
the standard deviation of innovations consumption for QD estimation. MLE corresponds to the maximum likelihood
estimation (Kalman filter) of the structural parameters. Three autocorrelation coefficients (i.e, the fitted model is
AR(3)) and six autocovariances are used in QD estimation. The 7-test and J-test sizes are for the 5% level. Power of
the 7-test is computed for the null of Hy : v =y —0.1.

to obtain the maximum likelihood estimates. The results are reported in Table 2.
Evidently, the QD estimates of y are close to the true value of 0.25, and the
size of the z-test is close to the nominal value for all values of a. In contrast,
the maximum likelihood estimates are biased when « is close to one, and the
t-test for the null hypothesis that y = 0.25 is severely distorted.

7. RELATION TO OTHER ,/T-CONSISTENT LINEAR ESTIMATORS

As discussed in Section 2, one of the problems with the OLS estimator when a
unit root is present is that the moment condition at the true value +/7g(a?) =
ﬁ Zthl vi—1€&; does not satisfy a central limit theorem. Although y,_; is orthog-

onal to &, the persistence of y,_; requires a stronger normalization, and standard
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distribution theory cannot be used. The thrust of the QD estimator is to use mo-
ment conditions that satisfy a central limit theorem uniformly over values of .
The approach can be used to estimate a broad range of models. However, for
the simple AR(1) model, the ideas underlying the QD estimation can be used to
construct a two-step linear estimator. We now show how this can be done and
then relate this approximate QD estimator to other known linear estimators of the
AR(1) model with classical properties in the local-to-unity framework.

For the AR(1) model, the QD moment condition (3) replaces y;—1 with &, ;. As
seen from equation (4), the central limit theorem holds whether or not there is a
unit root present. But the moment condition can be understood in an instrumental
variable setup because ¢, _ ; is uncorrelated with &, and is hence a valid instrument.
The only problem is that &, ; is not observed. But doLs is consistent for all |a°| <
1. Thus, let e;—| = y; —dpLsy:—1, noting that generated instruments do not require
a correction for the standard errors as generated regressors do. We can now define
a (hybrid differencing) HD estimator using the following moment condition:’

_ 1 & .

Zup@up) = — Y, €—k(yi —@upyi—1) =0.
T t=k+1

This leads to the estimator

~ Z;T:k Vi€r—k 0 Z,T:k erer—
OHD =7 = =0 + 7 = -

ik Vi—1€1—k Dk Vi—1€1—k
We refer to a™P as a hybrid estimator because it is based on the covariance be-
tween the quasi-difference of y, and a stationary random variable. Notice that the
HD and QD use the same moment condition. What distinguishes the HD from the
QD is that the objective function of the HD is now linear in «. Consistency of ayp
follows from the fact that 1/ T Zthl e (aO)Et_k—IL)Egtg,_k = 0. It is straightfor-
ward to show that in the local-to-unity framework,

VT @ap—a®) = 2(1+ J.(1)) "N (O, 1).

Once the HD is understood as an instrumental estimator, other possibilities
arise. Instead of ¢;_, we can use any stationary series uncorrelated with the error
term. ' For example, using Ay;_; would bypass the need for a preliminary least
squares estimation. The first-differencing (FD) estimator is

Grp = Zthz Ay 1y
lezz Ay—1yi-1

The FD is a special case of estimators analyzed in So and Shin (1999). These
authors used the sign of y;_1 as instrument x; to construct

T
~ Z,=2)Czyz
2;:1 Xt Yr—1
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Another estimator with classical properties in the local-to-unity framework is
that of Phillips and Han (2008). The Phillips and Han (PH) estimator, defined as

. S Ayi—1QAy + Ay—y)
OPH = T )
Zzzz(Ayt—l)

>

has the property that VT (Gpy — a%) = N(0,2(1 +a)) for all a® € (—1,1].
As shown in the Appendix, the FD estimator is asymptotically equivalent
to the PH estimator in the stationary case when a is far from unit circle,
that is, for the AR(1) model, dpy = arp + 0,(1/T), under stationary clas-
sical asymptotics. However, these two estimators differ in the local-to-unity
setting. Whereas ~/T (@rp — a®) = 2(1 + W(1)>)~'N(0,1) when «° = 1,
VT (Gpy — a®) = N(0,4). The FD is thus more efficient at «® = 1. Simula-
tions presented in the Web Appendix (www.columbia.edu/~sn2294/pub.html)
show that the QD dominates the FD and PH but is comparable to the HD. The
simulations also support the theoretical predictions that the FD, HD, and QD are
all asymptotically normal and /T -consistent.

No estimator is perfect, and QD estimation has its drawbacks. As mentioned
in the Introduction, the price we pay for asymptotic normality is that dpp con-
verges at a rate of ﬁ instead of 7 when there is a unit root. Han, Phillips, and
Sul (2011) aggregated L stationary moment conditions and showed that by suit-
able choice of L, uniform asymptotic normality can be achieved at a rate faster
than +/T. Extension of their result outside of the AR(p) model is, however, not
straightforward. In contrast, the QD framework is broadly applicable.

8. CONCLUDING COMMENTS

In this paper, we use a quasi-differencing framework to obtain estimators with
classical properties even when the underlying data are highly persistent. QD can
render nonstationary processes stationary so that classical limit theorems can be
applied. However, the QD estimator is ~/7-consistent rather than superconsistent
in the local-to-unity framework. In exchange for this slower convergence is gen-
erality, as QD estimation can be used in a broad range of linear and nonlinear
models. However, there are several issues that remain to be solved. The first is
allowing J to be data dependent and increase with the sample size. The second
is to allow for conditional heteroskedasticity. Third, simulations suggest that the
QD works well even when the forcing process is mildly explosive. Relaxing the
assumption that the largest autoregressive root is inside the unit disk may well be
useful for practitioners. These issues are left for future investigation.

NOTES

1. The optimization is performed over an expanded neighborhood of the set of admissible values
of € so that the parameter of interest is not on the boundary of the support. For the AR(1) model, the
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admissible values are (—1+0, 1] where 0 > 0. We optimize over ® = [C, C3], where C| < —140 <
1 < C,. When the context is clear, @ will not be explicitly specified.

2. To be more precise, we should write }?l (a, af, 02) because the data are generated under a9 and
o2 and we quasi-difference the data at o.. For notational simplicity, the dependence of 7; on a9 and
oZis suppressed.

3. When the NQD has two local minima, it does not matter which one is chosen as they are asymp-
totically symmetric around the true value. This was why we state our result as T3/2 (@x,noD — a0)2
rather than 73/ 4(aK,NQD —a%). If K =1, the FQD objective function has two minima, only one of
which is consistent for a°.

4. Detrending does not affect the asymptotic distribution of FQD, but the J. in the distribution
of the NQD estimator will depend on d;. In the intercept-only case, one should use the demeaned
Ornstein—Uhlenbeck process Je ry=Jc(r)— jol Je(s)ds. In the linear trend case, the detrended pro-
cess is Jo(r) = Je(r) = Jo (4—65)Je(s)ds —r [§ (12— 65)J (s)ds.

5. The optimization in equation (1) is done over a bounded set that includes a neighborhood of R
to avoid the boundary problem.

6. Likelihood estimation is also problematic when there are more variables than shocks, a problem
known as stochastic singularity.

7. For an example of this implementation, see Coibion and Gorodnichenko (2011).

8. Identification requires rank (9g; op(0))/06 = dim¢. Now g;(0) depends on & through the
parameters in the solution to expectation equations. Formal identification conditions are given in
Komunjer and Ng (2011).

9. Laroque and Salanie (1997) used two OLS regressions in stationary variables to obtain a v/T-
consistent estimate of the cointegrating vector.

10. As suggested by a referee, E(e; (¢, j —e¢;—)) =0, 1 < j <k is also a valid moment condition.
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APPENDIX A: Proofs

The proofs proceed with the assumption that the weighting matrix Wz is an identity
matrix.

Proof of Proposition 1(i). First, consider the problem of matching the jth autocovari-
ance. Thatis, Q;(a) = (7} (@) — y; (2))2, and o = argming Q; (o). Under the assumption
that a is the true value, yo(a) = 2, and 7j(a) =0 forall j > 0. Note that

~ | T a—o0 T
Vj(a)—yj(“)=? Y - —yjla) — T Y, etyi—j—1+e—jyi—i]
t=j+1 t=j+1
02 T
a—a
+% Y Vi—1Yt—j—1-

t=j+1
As a result, the NQD objective function is the fourth-order polynomial:

0 1 2 (2 3,03 4 (4
0@ =0+ (a-a%) 0" + (a—a®)* QP + (a—a®)’ 0P + (a ) * 0!V
(A.1)

In the local-to-unity framework with ag = 1+c¢/T, the following results hold as 7 — oo:

1 1
?Zet—j)’t—l = 02+02/0 Je($)dW (s), (A.2)
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1 1
7 Zeioiny =0t [ J0dw ), A3)

1 1
ﬁZYt—lyt—j—l = 02/0 ch(s)ds. (A4)
It follows from equations (4) and (A.2)—(A.4) that

T T
1 1 1
TI/ZQJ(-) = =2JT (T > €t51—j_yj(a)) T > lervi—j—1+e—jvi1]
t=j+1 t=j+1

= -2 (02 +202 /0l Jc(s)dW(s)) ;

1200 _our (L LS
T Qj =2JT T 2 erer—j—yj(a) 72 2 Ye—1Y1—j—1

t=j+1 t=j+1

2
1 (1 & L
+ﬁ <T 2 [8tyt—j—]+8t—j)’t—l}) = 2o /() Je (s)ds;

1=j+1

1B _ (L5 . 15 ) )
o7 =-2 72 > vi—1yi—j-1 T S [ervi—j—1+e—jvi-1]

t=j+1 t=j+1

= —202/0] ch(s)ds (02+202/01 JC(s)dW(s)> ;

-2, < ’ 2 (12 ?
T Qj = ﬁ;yt—]yl—2 = (o‘ /() Jc (s)ds) >0,
where «/7(% Yerg—j—yj) =& = N(O,a4). To summarize:
) —1/2 @ 1/2 ©) 1 () 2
0} =0p(T 2), Q; =0,(1'?), 0;7=0p(T"), 0} =0p(T")
(A.5)
It follows that ©
Q/ (@)= Q; 1 2 4
TJ = (02/0 ch(s)ds> (a —ao)
uniformly over a bounded parameter space for a. As a result, @; is a consistent estimate

of aY.
To study the large-sample properties of @;, consider the first-order condition

0" +2(a; —a®) 0 +3(a; - «®)? 0 +4(a; - )’ 0P =o0. (A.6)

This is a cubic equation of the form ax3 +bx% +cx +d =0, where x stands for (&) —ap)
with the obvious correspondence between the coefficients. The cubic equation may have
one or three real roots depending on the sign of the determinant:

A = 18abcd — 4b3d + b*c* —dac® — 27a%d>.
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Given the orders established in (A.5), it can be shown that

1 5
77727 = —32510 </O ch(s)ds) 5/3.

The sign of the determinant A is asymptotically defined by the sign of ;. When the sign
of A is negative, there is a unique real root to equation (A.6); otherwise, there are three
real roots. However, in the case of three real roots, the middle one corresponds to the local
maxima, whereas the other two roots are the local minima of (A.1).

The next step is to work out the formulas for the roots and to check their rates of con-
vergence toward zero. For example, when there is only one real root, the formula is

1 9 27 1
xXp=—= <b+ §/b3 - Eabc+7a2d+ E\/—27a2A

3a

9 27
—I—\/b% — 5abc+ a%d - 2\/—27a2A) )

2

Using the asymptotic orders of the terms in (A.5) and after tedious algebra, we can deduce
that Tx; = Op(1) (ie., T(aj - ao) = Op(1)). Similarly, using the explicit formula for
cubic roots and denoting the two noncentral roots by x, and x3, we can deduce that when
A>0,T3%% = O, (1) and T3/ = 0,(1) (ie., T3/4(Zi]~ —a = O)(1) in this case).

To find the asymptotic distribution of these roots, we start with the case of one root.
Because T (a; — ao) = Op(1), some terms in equation (A.6) are asymptotically negligible.

Thus, asymptotically we have Qj(l) +2(a; — ao) Q](.z) = 0. Equivalently,

o
T(@—a’) =T Lo +op() =
Q]

o +202f0 Jc(s)dw(s)
202f0 J2(s)ds

Similarly, for the case of two local maxima T3/4 (&j — aO) = 0,(1), and asymptotically
= 2 ~ 3 (4 .

2(a; — ’10) Q]( )+4(0!j —ao) Q](- ) —o. Equivalently,
(2 .

0| &

2Q(‘” o2 o J2(s)ds

T32(3; _ao)z __732

The equation has a solution only when ¢; < 0. As shown previously, this is the condition for
the cubic equation to have three roots. Thus, we proved that equation (6) holds for a; with

= 1. Analogous arguments hold in the general case Gx yop = argming ZK_l Qj(a)

with ¢; replaced by ZK 16i/K ~ N(0, 04/K) This also shows that in the AR(1) case,
matching more than one auto-covariance leads to increase in efficiency. |

Proposition 1(ii) and Proposition 2 are special cases of Proposition 3. Observe that

8j,Fop(B) = JFQD+(5 -p) JFQD+(ﬂ ﬁ)CJFQD(ﬁ -B).

where A;j rop, Bj,rop, and Cj pop are defined in equations (11)—(13). The following
three lemmas will be used to prove Proposition 3.
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LEMMA A.1 (Uniform law of large numbers). Let &, = (1, e,’z)’ be a martingale-
difference sequence with Q = E(e;e;|F;_1) and finite fourth moments, Q = (o, j) and
Nei = Zj?’io c;-s,_j,i for i = 1,2. Uniformly over the set of all sequences c;- satisfying

720 |c§| < C for some constant C,

~

1
T z e, 1M1,2 —P Eln:, 11,21

Proof of Lemma A.1. Notice first that

in,i2 _
yj —COV(’It,ily’71+j,i2) Oiy,in z Cn+jcn

and for any i and i, Zoooly”’lzl < ||Q||C?. Furthermore,

12, 21 1,1 2,2
+7;

1,212
Elne1me 2t ji e 21 = (1977) "+ v

lt'th 2 Cn n+j n n+j

As a result,
1 2 21 2 2
OV 11,25 Mt j, 1 Me+7,2) = 7, +9 P+ B 63,) 2 Cnny inCa
n=0
and

2
o0
3 OV, 1m,2)- O 1 1520) <212 204 +E (262, (2 |c,£c%|>
j=1 n=0

< (2192 +EE? 52y) ¢,

Chebyshev’s inequality implies the statement of the lemma. n

LEMMA A.2. The following three statements hold asymptotically uniformly over Rgs
and uniformly over 1 < j < K:

(i) NT(A1FoDs---» Ak, FoD) = (&1 — &0, ... Ck — &), where (G0, &1.....¢k) isa
normally distributed random vector with mean zero and diagonal covariance ma-
triv, BEY = pg, BE? = o forall 1 < j < K;
(ii) Bj,FQD —P aj = E [(Xl‘-l-j + Xt—j —2X1)€[};
(iti) Cj pop = Op(1).
Proof of Lemma A.2. Part (i) follows from applying the central limit theorem (4) to the
sums of 8,2 —o?and ereg—j for 1 < j < K. For (ii) we need to show that the uniform law
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of large numbers holds for

T

1
BijQDZf z (Xf&‘t_j-i-Xt_ij—ZX[E,‘;)
t=p+j+1
1 I
- 3 (x,+j+x,_j—2x,)st+0p(1/ﬁ),
t=p+j+I1

where the 0, (1/ V/T) term appears as a result of the change of limits of summation
by a finite number of summands. To apply Lemma A.1, we need to show that the pro-
cess Xy + X;—j —2X; has absolutely summable MA coefficients. From Lemma S8 in
the Web Appendix of Mikusheva (2007b), the process Z; = X; — X, has absolutely
summable MA coefficients uniformly over Rs. Now

J j—1
Xevj+X—j=2Xe =Y Ziyk— 3, Zi—k-
k=1 k=0

Our process of interest is the sum of a finite number of processes each with summable MA
coefficients, and thus its MA coefficients are absolutely summable. Lemma A.1 implies
that uniformly over R

Bj,FQD —P E[(Xf-l-j +Xt—j —2Xt)8[] =aj.

Turning to (iii), the object of interest is the p x p matrix:

1 T
Cirop=537 % (XiX|_j+Xi—;X{=2X,X]), (A7)
t=j+p+l1

where all elements except possibly the top-left element satisfy the uniform law of
large numbers and thus are of order O,(1). Now the last p — 1 elements of X; are
AYyr—1s-+.s Ay;—py1. From Lemma S8 in Mikusheva (2007b), they have absolutely
summable MA coefficients uniformly over PRs. Thus, the elements of the right-bottom
(p—1) x (p—1) submatrix satisfy the conditions of Lemma A.1. The elements in the first
row and the first column (except the top-left element) are of the form

1 T
T > (12— +Yt—1—th—ZYt—1Zt)
t=j+p+1
1 T
=57 > (Vim14j +Yim1—j —=2y-1) 2+ Op (l/ﬁ) )
t=j+1
where z; is one of Ay;_y,..., Ay;—p41. From the proof of (i), the series y;_jy; +

Yi—1—j —2y;—1 also has absolutely summable MA coefficients. Thus, the conditions of
Lemma A.1 are satisfied.
It remains to consider the top-left element of the matrix C; pgp, which is given by

1 T

(Cj,FQD)U:f > [}’I—IYt—j—l_ytZ_1 .
t=j+p+1
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If the largest (in absolute value) root 4 is not real, then by definition of Ry, it is less than
0 < 1 in absolute value, and the process y; is uniformly stationary. Thus (Cj, FQD) 1] sat-
isfies the conditions of Lemma A.1. Assume now that the largest root 4, is a real number.
We have | —a L — Zp 1 bj Li-L)y=(1- Ap)B(L), where all inverse roots of B(L) are
strictly inside the 01rcle of radius J.

Let uy = yr — Apy;—1 and thus B(L)u; = &;. Now u; has absolutely summable MA
coefficients uniformly over R;.

| T —1
T > yz—m—j—l—* Z Vi ]—1<[7yt ,—H'zi Up—f— 1)

t=j+1 t J+1
175
_i/ 24)91‘*’2,}L 2 Vi—j—1Ut—k—1-
T2 j+1
As aresult,
(CJ’FQD) 1_/1]) Zy, 1+Zik 1T 2 Yi—j—1Ut—k— 1+0[7( _1/2);
1=j+1

again the O, term appears because of change of summation bounds. First, observe that

T—j T—j t
Var(T z ytu,_,_k) :Var( 2 z& Up— Au,_,_k)

t=1 t=1 s=0

1757 ¢

=73 DI »COV (g g, tr—s) < Var(ur) < const(d).
t=1s=0

The variance of u, is uniformly bounded because all roots of this process are uniformly
separated from the unit circle. That is, % ZIT:_lj Yty 4k = Op(1) uniformly over ﬁo € Ry
andforall 1 <k <j <K.

Next, consider the term (1 — /1{;)% th:] ytz—l' From Theorem 1 in Mikusheva (2012),
1- ip)% Zthl ytz_1 is uniformly approximated by 02/(g(c)) fol Jf(t)dt, where g(c) =
Efol Jg(t)dt, Je(t) is the Ornstein-Uhlenbeck process, and ¢ = T'log(|4pl). It follows

from Lemma 4(h) and Lemma 10 in Mikusheva (2007a) that 1/(g(c)) fol JC2 (t)dt is uni-
formly bounded in probability over c. Summing up, C; rgp is asymptotically uniformly
Op (1) over Ry, and the proof of Lemma A.2 is complete. n

LEMMA A.3. Under the assumptions of Proposition 3 the estimator Z’; K,FQD 18 consis-
tent for any K > p.

Proof of Lemma A.3. Let f(x) = (f1(x),..., fp41(x)), where f;(x) = x’Bj’FQD +
x/Cj,FQDx and Q(x) = Z]K:I sz(x). Any K > p+1 suffices for consistency of /)A’K,FQD,

though additional moments may improve efficiency. For any bounded set C in the param-
eter space, and by Lemma A.2, it holds that

K
sup |0(8° = B) = Y (85.r00B)*| = 0p (D).
peC j=1
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Because Q(0) = 0, for consistency of EK, FOD- it is enough to show that for any ¢ > 0,
there is &€ > 0 such that

lim P( inf O(x)> g) =1, (A.8)

T—o00 |x|>¢

where x = ﬁo — /. Because ,80 € M and S belongs to a bounded neighborhood of Ry, x
is bounded. There are two cases to consider: [1p| <y < 1,and 4p > dy.

Case (i) |1p| < J1. We will show that for any fixed 0 < J; < 1 statement (A.8) holds
uniformly over ﬂo e RgN{lipl <1}

Because K > p, Q(x) > f(x) f(x). For any orthonormal transformation A, Q(x) >
(Af (X)) (Af(x)) > (Af(x))z, where (Af); is the first component of vector Af (x). Con-
sider a linear transformation, the first component of which is

0, "o 1
(Af(x) = (fp+l —a fp— Z bj(fp+1—j _fp—j)> 2
Jj=1

where a = \/ 1+ (a0 —l—b?)2 —+ (bg - b(l))2 +--- is a (nonzero) multiplier that normalizes

the linear transformation. Let A(L) = 1 — oL — Z;:ll b;-)Lj (1 =L) be a lag operator.
Given the definition of f/ and linearity of the transformation,

1 1
(Af()) = ZA(L)pr = (x"(A(L)Bp41,FoD) +x"(A(L)Cp 11, FoD)X) - (A9)

From (ii) of Lemma A.2, Bj rop —P aj = E[X;4j&]. From (10) and the definition
of Xy,

A(L)Xl-l-p-‘rl = [gt-l—p-l—l , A81+p+1 gecey A8t+2]/ = ?,+p+1 . (A.10)
Because Ee; 1,165 =0forany s <1,
A(L)Bp-i-],FQD -7 .A(L)E[Xt+j€t] = E[A(L)Xt+18;j] = ]E[gt-{—p-{—let] =0.

Thus, uniformly over all x in a bounded set,

1
(Af () = - (x"(A(L)C p41,F0D)X) +0p(1). (A.11)
It follows from (13) and (A.10) that

1 Lo .
AL)Cpi1,FoDp = 57 > (€t+p+1X;+XtE;+p+1)_A(l)? Y, XiX;+op(1),
t=p+1 t=p+1
(A.12)

where o) (1) appears from change in the bounds of summation. Because |4,| < d; by

T
t=p+1

[Apl < d1 and A(l)% Zth 1 X, X; is uniformly positive definite. This gives us the needed
bound in (A.8) for processes with [4,| < dy.

assumption, the process is stationary. Thus % > erppr1X ;=7 0 uniformly over
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Case (i) [1p| > J1. To show that for d; < 1 close enough to the unity, (A.8) holds
uniformly over ﬁo € Ry N{lAp| > 1}, we divide the area [x| > ¢ from (A.8) into two
regions: I1 ={x :|x| > ¢,|x1| > ¢y} and Ip ={x: |x| > ¢, |x1| < ¢y}, where 0 < ¢ <¢.

Consider x € I1. We will prove that for any fixed ¢| > 0, one can choose J; close enough
to the unity such that uniformly over ﬂo € R5N{|4p| > 1}, an analogue of (A.8) holds
where the infinimum is taken over x € I.

Applying the arguments and transformation as in (A.9), it can be shown that equa-
tions (A.11) and (A.12) hold. Because .A(1) converges to zero as J converges to
1, one can choose Jd; close enough to one to make all terms except the (1,1)th ele-
ment of A(l)%zlrz 1 X X; sufficiently small, and all but the (1,1)-th element of

%ZITZP +1?t+ p+1X; converge in probability to its expected value of zero. In conse-

quence, the following result holds uniformly over ,BO e RsN{|Apl > 61} and x € I1:

X" A(L)Cpq1,FoDX = X7 (T Y Vil — A(l)? 2 vE 1)
t=p+1 t=p+1

+op(1)+op(1—0y).

It remains to show that %2z=p+l (8,+p+1 —A(l)yt_l)yt_l satisfies the uniform
law of large numbers and thus converges uniformly to a nonzero constant. To do so,
we use the decomposition as in Phillips and Solo (1992) that &4 41 —A(D)y,—1 =
ur —u;—1, where u; is a series with absolutely summable MA coefficients. Because
F g = ur—1)yi—1 = —(1/T)(yr = y;—1)us + Op(1//T), Lemma A.1 applies, and
%EIT 1 (at+p+1 —A(l)y, l)y, 1 converges in probability to its expectation. Be-

cause (A(1))/ TIEZt P+l yt 1 is uniformly different from zero, this implies that for any
fixed ¢1 > O there exists d; < 1 such that uniformly over |4,| > J; an analogue of (A.8)
holds where the infinimum is taken over x € I7.

Consider now x € Ip. One can choose ¢ small enough and J; close enough to the unity
such that uniformly over ﬂo € Ry N {lAp| > J1}, an analogue of (A.8) holds, where the
infinimum is taken over x € /5. Given that Bj rop and C; rop are uniformly bounded,

fj) =x_Bj _1+x_Cj _1x_1+0p(c1),

where x_1 = (x2,...,xp) is the (p — 1) x 1 subvector of x and B; _1 and C; | are the
(p—1)x1and (p—1) x (p—1) submatrices of Bj pgp and Cj,FQD correspondmg to the
last p — 1 components of . B

Let Z; = (Ay;—1,---» Ayr—p+1) and Z; = (-1 = ApYi—2s-s Vi—ptl _Apyt—p)/
be two (p — 1) x 1 uniformly stationary vector processes. Note that the matrices B;
and C;j, -1 satisfy equations analogous to (12) and (13) with Z; in place of X;. Slnnlarly,

B and C are defined as in (12) and (13) with Z; in place of X;. Observe that Z
Z; —(1=2p)(¥r=2, ..., yi—p). It is easy to see that

fi(x) :xngj +x’_15jx_1 +op(1—=081)+0p(s1).

The function fj =x IEJ' +x 15jx—1 corresponds to that of the uniformly stationary
process yr — Apy;—1 with all roots smaller than ¢ in absolute value. The rest of the proof
follows arguments as in case (i). u
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Proof of Proposition 3(i). To establish the asymptotic distribution of [? K,FQD> consider
the first-order condition

08j,FOD ;5 .
Y, (Bk.Fop) =0.

K
g;.rop (PK.FoD)
j=1

From Lemma A.2 and consistency of /)A’K’FQD,

08 FOD ,+
7JaﬁQ (Bk.rop) = —Bj.rop +op(1) =7 a;,

and uniformly over Rs:

ﬁ?j,FQD (EK,FQD) = ﬁAj,FQD +a}ﬁ(EK,FQD - ﬁo) +op(1).
As a consequence, the following result holds uniformly:

K -1k
VT (Bk.rop —ﬂo) = (2 ajC{}) (2 a;j (& —50)) =N(, 2k, Fop),
j=1 j=1
-1
where G = (Zleaja]’-) and g pop = 4G+ usG (E/K:l aj) (Zleaj)/G. |

Proof of Proposition 3(ii). The proof proceeds by treating QD as a two-step estimator.
First, note that

sz—% i g?:—% <;X,st>,<;X,X;>_l (;xtg,)

t=p+1
Theorem 1 in Mikusheva (2012) shows that the statistic (3; X&) (3 X¢ X)) ™1 Xrer)
is uniformly approximated by the distribution (¢ + N(0, p — 1))%, where ¢ =
T Jc(t)dw(t))/\ /[ J2(t)dt is a local-to-unity limit of a #-statistic and ¢ = T'log(|4,]).

Given that 7€ is uniformly bounded in probability over all possible values of ¢ < 0, the
following result holds uniformly over Rg:

1
52:?28%4-01;(1/7"). (A.13)
t

Because g; op(B) =8, rop(B) — 70 +52,
Zi.opB) =Aj.0p+ (B°—B)'Bj.op+ (8°—B) Cj.op(B° - B).

where Aj op = Aj Fop +s52—¢2, Bj op = Bj rop, and Cj gop = Cj pop- A result
analogous to Lemma A.2 holds for Aj op, Bj op, and Cjop with one correction:
\/T(Al,QD, s Ak op) = (£1, ..., ¢k )- This gives us consistency and asymptotic normal-
ity of ,B’\ k,op With asymptotic covariance matrix g op = 4. u

The following lemma will be used to prove Proposition 4.



1034 YURIY GORODNICHENKO ET AL.

LEMMA A.4. Uniformly over all possible values of 6,

(i) NT(Aj+Q0) = & — &

(ii) NT(Aj+S)= ¢
(iii) Bj,1 =P Eler(x;—j_1 —x,—1)]=0;
(iv) Bja =P Elx;—1(e—; —e) 1= aj;
(v) Cj=0p(D),

where % ZtT:j+1 atgg_j = {j and & is a 2 x 2 matrix with normally distributed com-
ponents such that for any nonrandom vector a the vector ja is normally distributed with
variance-covariance matrix Q0a’ Q0. We also have ﬁ Z,T: i1 e;e{ = &) where &) is
a 2 x 2 matrix with normally distributed components such that for any nonrandom vector
a, the vector &ya is normally distributed with variance-covariance matrix E |:(8; 3)28t8;:|.

The variables ; are independent for any j > 0.

Proof of Lemma A.4. Result (i) follows from the central limit theorem. To prove (ii),
note that

1< . Ssexste1)? (S ows¥s—1) (T 6ys¥ _1>>
S=— /_ s CXSAS s xsis s €ysXs )
T t;stc?t T 2sx52—1 <(ZA eysxs—1) s exsXs—1) s gysxx—l)2

Now (ZST=1 ExsXg—1 )/, /ZZ=1 xsz_1 = ¢ uniformly over aVe (=144, 1], and the family
t¢ is uniformly bounded. The sum (ZST=1 EysXs—1) / \ /ZST: 1 Exsz_ | has a bounded sec-

ond moment because ¢ysxs_1 is a martingale-difference sequence and thus it is uniformly
bounded by Chebyshev’s inequality. Last, (Zstl xs2—1) / (stzl Exsz—l) is uniformly sep-
arated from zero, a result that follows from Lemma 4(h) and Lemma 10 in Mikusheva
(2007a). Summing up, we have S = %Zthl erep+ Op(%). As a result, ﬁ(Aj +95) =
ﬁzfzm 8t8;—j =

The proof of part (iii) follows from Lemma A.1 because we show in the proof of Lemma
A.2 that x;— j_| —x;— has absolutely summable MA coefficients uniformly over a.

To prove (iv), rewrite

R 1 I
Bj,2:? Y xt—l(St—j—St)/Z? Y G j—1 —X—1)e;
t=j+1 t=j+1
|2 | T+
+? > Ni—161-j = % > X—1&—j.
t=j+1 t=T+1

The terms %thij_i_l X;—16;—; and %th:Tj-H X;—1&;—; both have j summands each of
which is of order O, (+/T). This means that for any j < K where K is fixed, the following
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result holds uniformly:

1 & 1
Bia=7 Y, (igjo1=X—1)e +0p (ﬁ)

t=j+1
The rest of the proof is the same as for part (iii). Part (v) follows from Lemma A.2(iii). ®

Proof of Proposition 4. Note first that

~ ~ 1 I
Fj(9)—l"o(9)=; > @) (e—j(0)—e(0)
t=j+1

1

T
= X (@ =0ximy +e) (@ =) (i jmr = X)) i —e0)

t=j+1

=A;j+Bj1(0°-0) +©°-0)B; , +(©° - 0)C; (0° -0Y',

where
1 L , 1 L
Aj=? 2 er(er—j—er)s Bj,1=? 2 er(x—j—1—X1-1);
t=j+1 t=j+1
1z , 1z
Bjo= T Y x—i(e—j—en)s Cj= T > x—1(i—jm1 —x—1).
t=j+1 t=j+1

Lemma A.4 showed that uniformly over o
IT;(0) = To®) + Q%13 = 11(0° = 0)B; o + C; (0° —0)(©° = 0)' 1 + 0, (1)
and
ITj©) =To©)+ S5 = 10° —0)Bj 2+ C;(0° —=0)(©° —0) |15+ 0p(1).

We minimize the sum of such functions for j = 1,..., K. Obviously, the minimized func-
tion is nonnegative, and one of its minimal value of zero is achieved at § = 6°. The
question is whether there are any other minima. For this, there should exist  such that
e —0)Bj»+C; 6% —6)(©° —0)||5 is zero for all j. For a given j, the only nontriv-
ial null of function [|(0° —0)B; 5 +C;(0° —6)(0° —0)' || implies 6; = 0° + (1/C})B; .
which is asymptotically different for different j. This implies that for K > 2 no other
asymptotic null of the objective function other than 6 = 09 exists, and thus §K, Fop and

0k ,op are consistent.
To derive the limit distribution of Ok ppp, we use the fact that the first-order condition
must be satisfied at 6 = é\[(’ Fop- Now the first-order condition is

VolIT;(0) —To©) + 9|3
) (Aj +304B;1(0°—0) +(6° —0)Bj o +C; (6° —0)(©° —9)/)

/

x (B] 1+ B2 +2C; 0" —0))
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Because we proved that @K’ Fop is uniformly consistent, and given statements (iv) and (v)
of Lemma A .4,

B/,2+2cj(90_§K,FQD)/ —P a;.

Furthermore,

ﬁ<Aj +Q%+ B; 1 ©° - §K,FQD) +(6° _gK,FQD)B',Z

+C;j ©° - §K,FQD)(90 - §1<,FQD)/)

= VT (A; + Q%) +VT(©0° -0k rop)aj +op(1).

As aresult,

1 K
Y G-

ﬁ(é\K,FQD —90) = X
2i_14j4; =)

uniformly over «. Similarly,

. 1 K
VTOk,0p=0") = <—— X &aj-
j=1%4% j=1
The last two formulas lead to the conclusion of Proposition 4. |

Relation between PH and FD. Observe that

T T T
2 (A)’t—l)2 = Ayr—1yi—1— z (Vr—1 = Y1-2)¥1—2
t=2 =2 =2
T T
= Zszz—lyH + ZzyH(yt—l — Vi) = Vi_ 1+
= =

T
=2 Ay_1yi—1—yr_ + 3.
t=2
Thus if |a0| < lisfixedand T — oo,

1L , 1 &
T 2 (Ayi—1) =25 2 Avi—1yi—1+ 0p(1/T).
=2 t=2

Similarly,

T T T T 5
N Ay 1 QA+ Ay—1) =2 Ay =2 Ay_iyi—1+ 3, (Ayi—y)
=2 =2 =2 =2

L 2 2
=2 Ay 1yt —yr_1+Y)
=2
and

T

1 1 L
— > Ay 1QAY +Ay—1) =2= Y Ay_1yi+ 0p(1/T).
Tl=2 Tt:2

This leads us to the result that apy = a + OI,(T_I) under stationary asymptotics.



