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ABSTRACT

This paper studies estimation of panel cointegration models with cross-sectional dependence generated
by unobserved global stochastic trends. The standard least squares estimator is, in general, inconsistent
owing to the spuriousness induced by the unobservable I(1) trends. We propose two iterative procedures
that jointly estimate the slope parameters and the stochastic trends. The resulting estimators are referred
to respectively as CupBC (continuously-updated and bias-corrected) and the CupFM (continuously-
updated and fully-modified) estimators. We establish their consistency and derive their limiting
distributions. Both are asymptotically unbiased and (mixed) normal and permit inference to be conducted
using standard test statistics. The estimators are also valid when there are mixed stationary and non-
stationary factors, as well as when the factors are all stationary.
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1. Introduction

This paper is concerned with estimating panel cointegration
models using a large panel of data. Our focus is on estimating
the slope parameters of the non-stationary regressors when the
cross sections share common sources of non-stationary variation
in the form of global stochastic trends. The standard least squares
estimator is either inconsistent or has a slow convergence rate.
We provide a framework for estimation and inference. We propose
two iterative procedures that estimate the latent common trends
(hereafter factors) and the slope parameters jointly. The estimators
are /nT consistent and asymptotically mixed normal. As such,
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inference can be made using standard t and Wald tests. The
estimators are also valid when some or all of the common factors
are stationary, and when some of the observed regressors are
stationary.

Panel data have long been used to study and test economic
hypotheses. Panel data bring in information from two dimensions
to permit analysis that would otherwise be inefficient, if not
impossible, with time series or cross-sectional data alone. A new
development in recent years is the use of ‘large dimensional
panels’, meaning that the sample size in the time series (T) and
the cross-section (n) dimensions are both large. This is in contrast
to traditional panels in which we have data of many units over
a short time span, or of a few variables over a long horizon.
Many researchers have come up with new ideas to exploit the
rich information in large panels.! However, large panels also raise
econometric issues of their own. In this analysis, we tackle two
of these issues: the data (y;, x;) are non-stationary, and the

1 See, for example, Baltagi (2005), Hsiao (2003), Pesaran and Smith (1995), Kao
(1999), and Moon and Phillips (2000, 2004) in the context of testing the unit root
hypothesis using panel data. Stock and Watson (2002) suggest diffusion-index
forecasting, while Bernanke and Boivin (2003) suggest new formulations of vector
autoregressions to exploit the information in large panels.
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structural errors e; = y; — X8 are neither iid across i nor
over t. Instead, they are cross-sectionally dependent and strongly
persistent and possibly non-stationary. In addition, e; are also
correlated with the explanatory variables x;.. These problems are
dealt with by putting a factor structure on e; and modelling the
factor process explicitly.

The presence of common sources of non-stationarity leads
naturally to the concept of cointegration. In a small panel made up
of individually I(1) (or unit root) processes y; and x;, where small
means that the dimension of y; plus the dimension of x; is treated
as fixed in asymptotic analysis, cointegration as defined in Engle
and Granger (1987) means that there exists a cointegrating vector,
(1 — B'), such that the linear combinations y; — x; 8 are stationary,
or are I(0) processes. In a panel data model specified by y;; = x}, 8+
eir where y;; and x;; are I(1) processes, and that e; are iid across
i, cointegration is said to hold if e;; are ‘jointly’ I(0), or in other
words, (1, —p) is the common cointegrating vector between y;
and x;; for all n units. A large literature already exists® for modelling
panel cointegration when e; is cross-sectionally independent. A
serious drawback of panel cointegration models with cross-section
independence is that there is no role for common shocks, which,
in theory should be the underlying source of co-movement in
the cross-section units. Failure to account for common shocks can
potentially invalidate estimation and inference of 8.3 In view of
this, more recent work has allowed for cross-sectional dependence
of e;; when testing for the null hypothesis of panel cointegration.*
There is also a growing literature on panel unit root tests with
cross-sectional dependence.’

In this paper, we consider estimation and inference of
parameters in a panel model with cross-sectional dependence in
the form of common stochastic trends. The framework we adopt
is that e;; has a common component and a stationary idiosyncratic
component. That is, ey = AjF; + uj, so that panel cointegration
holds when u; = y; — Bxi — AlF; is jointly stationary. A
regression of y; on x; will give a consistent estimator for 8
when F; is I(0). We focus on estimation and inference about
when F; is non-stationary. Empirical studies suggest the relevance
of such a setup. Holly et al. (2006) analyzed the relationship
between real housing prices and real income at the state level,
allowing for unobservable common factors. They found evidence of
cointegration after controlling for common factors and additional
spatial correlations. Some economic models lead naturally to this
set up. Consider a panel of industry data on output and factor
inputs such as capital, and labor. Neoclassical production function
suggests that log output y; is linear in log factor inputs x; and
log productivity e;. Decomposing the latent e; into the industry
wide component F; and an industry specific component u; and
assuming that F; is the source of non-stationarity leads to a model
with latent common trends. In such a case, a regression of y;; on
X;¢ is spurious since e;; is not only cross-sectionally correlated, but
also non-stationary.

We deal with the problem by treating the common I(1) variables
as parameters. These are estimated jointly with 8 using an iterated

2 See, for example, Phillips and Moon (1999) and Kao (1999). Recent surveys can
be found in Baltagi and Kao (2000) and Breitung and Pesaran (2005).

3 Andrews (2005) showed that cross-section dependence induced by common
shocks can yield inconsistent estimates. Andrews’ argument is made in the context
of a single cross section and for stationary regressors and errors. For a single cross
section, not much can be done about common shocks. But for panel data, we can
explore the common shocks to yield consistent procedures.

4 See, for example, Phillips and Sul (2003), Gengenbach et al. (2005b), and
Westerlund (2006).

5 For example, Chang (2002, 2004), Choi (2006), Moon and Perron (2004),
Breitung and Das (2008), Gengenbach et al. (2005a), Westerlund and Edgerton
(2005), Bai and Ng (2004), and Pesaran and Yamagata (2006). Breitung and Pesaran
(2005) provide additional references in their survey.

procedure. The procedure is shown to yield a consistent estimator
of B, but the estimator is asymptotically biased. We then construct
two estimators to account for the bias arising from endogeneity
and serial correlation so as to re-center the limiting distribution
around zero. The first, denoted CupBC, estimates the asymptotic
bias directly. The second, denoted CupFM, modifies the data so that
the limiting distribution does not depend on nuisance parameters.
Both are ‘continuously-updated’ (Cup) procedures and require
iteration till convergence. The estimators are /nT consistent for
the common slope coefficient vector, 8. The estimators enable the
use of standard test statistics such as t, F, and X2 for inference. The
estimators are robust to mixed 1(1) /1(0) factors, as well as mixed
1(1)/1(0) regressors. Thus, our approach is an alternative to the
solution proposed in Bai and Kao (2006) for stationary factors. As
we argue below, the Cup estimators have some advantages that
make an analysis of their properties interesting in its own right.

The rest of the paper is organized as follows. Section 2 describes
the basic model of panel cointegration with unobservable common
stochastic trends. Section 3 develops the asymptotic theory for
the continuously-updated and fully-modified estimators. Section 4
examines issues related to incidental trends, mixed 1(0)/I(1)
regressors and mixed I(0) /I(1) common shocks. Section 5 presents
Monte Carlo results to illustrate the finite sample properties of
the proposed estimators. Section 6 provides a brief conclusion.
Appendix A contains the technical materials. A detailed technical
appendix is given in Bai et al. (2006).

2. The model

Consider the model

/
Yie = X B + ey,
wherefori=1,...,n,t =1,...,T,y; isascalar,
Xit = Xjt—1 + Eit (1)

is a set of k non-stationary regressors, 8 is a k x 1 vector of the
common slope parameters, and e;; is the regression error. Suppose
e; is stationary and iid across i. Then it is easy to show that the
pooled least squares estimator of 8 defined by

. n T -1, T
Bis = Z ZMM,@ Z in[yit (2)

i=1 t=1 i=1 t=1

is, in general, T consistent.® Similar to the case of time series
regression considered by Phillips and Hansen (1990), the limiting
distribution is shifted away from zero due to an asymptotic bias
induced by the long-run correlation between e; and g;i. The
exception is when x; is strictly exogenous, in which case the
estimator is ./nT consistent. The asymptotic bias can be estimated,
and a panel fully-modified estimator can be developed along the
lines of Phillips and Hansen (1990) to achieve /nT consistency and
asymptotic normality.

The cross-section independence assumption is restrictive and
difficult to justify when the data under investigation are economic
time series. In view of co-movements of economic variables
and common shocks, we model the cross-section dependence by
imposing a factor structure on e;.. That is,

I
eir = AFr + Uy,

where F; is an r x 1 vector of latent common factors, A; is an
r x 1 vector of factor loadings and u; is the idiosyncratic error.
If F; and u; are both stationary, then e;; is also stationary. In this

6 The estimator can be regarded as +/nT consistent but with a bias of order 0(/n).
Up to the bias, the estimator is also asymptotically mixed normal.
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case, a consistent estimator of the regression coefficients can still
be obtained even when the cross-section dependence is ignored,
just like the fact that simultaneity bias is of second order in the
fixed n cointegration framework. Using this property, Bai and Kao
(2006) considered a two-step fully-modified estimator (2sFM). In
the first step, pooled OLS is used to obtain a consistent estimate of
B. The residuals are then used to construct a fully-modified (FM)
estimator along the line of Phillips and Hansen (1990). Essentially,
nuisance parameters induced by cross-section correlation are dealt
with just like serial correlation by suitable estimation of the long-
run covariance matrices.

The 2sFM treats the I(0) common shocks as part of the error
processes. However, an alternative estimator can be developed by
rewriting the regression model as

Yit = X;tﬁ + )";Ft + Uje. (3)

Moving F; from the error term to the regression function (treated
as parameters) is desirable for the following reason. If some
components of x; are actually 1(0), treating F; as part of the error
process will yield an inconsistent estimate for 8 when F; and x;; are
correlated. The simultaneity bias is now of the same order as the
convergence rate of the coefficient estimates on the I(0) regressors.
Estimating 8 from (3) with F being I(0) was suggested in Bai and
Kao (2006), but its theory was not explored.

When F; is I(1), which is the primary focus of this paper, there
is an important difference between estimating 8 from (3) versus
pooled OLS in (2). More precisely, if

Fr=F_1+n,

then e; is I(1) and pooled OLS in (2) is, in general, not consistent.
To see this, consider the following data generating process for x;;

Xit = r,‘/Ft + &t (4)

with &;; being I(1) such that §; = &;;_1 + ;. For simplicity, assume
there is a single factor. It follows that x;; is I(1) and can be written
as (1) with &; = t/n; + &. The pooled OLS can be written as

n T
(i) (250)
i=1 t=1

1

nT?

Bis— B = +0p(n™2) 4 0,(T7).
2
it

M:
M=

X

i=1t=1

If 7; and A; are correlated, or when they have non-zero means, the
first term on the right-hand side is 0,(1), implying inconsistency
of the pooled OLS. The best convergence rate is »/n when x;; and
F; are independent random walks. The problem arises because as
seen from (3), we now have a panel model with non-stationary
regressors X and F;, and in which u; is stationary by assumption.
This means that y; conintegrates with x;; and F; with cointegrating
vector (1, —p’, A;). Omitting F; creates a spurious regression
problem. It is worth noting that the cointegrating vector varies
with i because the factor loading is unit specific. As F is not
observable, consistent estimation of the parameter of interest 8
thus involve a new methodology.

In the rest of the paper, we will show how to obtain /nT
consistent and asymptotically normal estimates of 8 when the
data generating process is characterized by (3) assuming that
xi and F; are both I(1), and that x;, F; and u; are potentially
correlated. We will refer to F; as the global stochastic trends since
they are shared by each cross-sectional unit. Hereafter, we write

the integral f01 W(s)ds as [ W when there is no ambiguity. We
define £2'/2 to be any matrix such that 2 = (22"%)(22"/?), and
BM(£2) to denote Brownian motion with the covariance matrix
£2. We use ||A|| to denote (tr(A’A))'/?, LN to denote convergence
in distribution, -, to denote convergence in probability, [x] to

denote the largest integer less than or equal to x. We let M < oo
be a generic positive number, not depending on T or n. We also
define the matrix that projects onto the orthogonal space of z as
M, = It — z(z'z)"'z". We will use B° F?, and A} to denote the
true common slope parameters, true common trends, and the true
factor loading coefficients. Denote (n, T) — oo as the joint limit.
Denote (n, T)se — 00 as the sequential limit, i.e.,, T — oo first
and n — oo later. We use MN (0, V) to denote a mixed normal
distribution with variance V.
Our analysis is based on the following assumptions.

Assumption 1. Factors and Loadings:

@ E[A2* < M.Asn — oo, 130 20Y Lo, anr xr
diagonal matrix.

(b) E|ln:||*® < M for some § > 0 and forallt. AsT —
o0, 5 YL FOFY LN J/ ByB,, anr x r random matrix, where
B, is a vector of Brownian motions with covariance matrix £2,,
which is a positive definite matrix.

Assumption 2. Let w; = (uy, €}, 7). Foreachi, w;; = ITi(L)vy =
Zjoio ITjjvir—j where v are iid. over t, Z}ﬁojz 7]l < M, and
[IT;(1)| > ¢ > 0 for all i. In addition, E(vi¢) = 0, E(viv}) =1 > 0,
and E||vit||® < M < o0; vy are independent of A; foralli,j, t.

Partition IT;(L) and vy conformably with wy,

mr L mEw P!
MLy = | m'@w  mea) 1w |, vnz[vé].
o™ L " v

We assume, throughout, that vf, vf, and v/ are mutually
independent, and (vy, v5) are also independent across i. Since
n; does not depend on i, it must be the case that Hi"”(L) =
0 and 17/°(L) = 0. Moreover, IT/"(L) = M1"(L) does not
depend on i. The entry Hi”"(L) links the regression error u; and
the common shocks 7;. To prevent the regression error u; to have
strong cross-section correlation, one may assume Hi””(L) =0,
implying cross-sectional independence for u;. However, cross-
sectional independence for u;; is not necessary. Write Hi””(L) =
Y=o 11" We shall assume that the coefficients /;" are iid zero-
mean random variables across i. This assumption is similar to that
of Phillips and Moon (1999), who assume, in our notation, the
coefficients of every polynomial in the matrix I7;(L) are iid random
variables across i, but they do not consider common shocks. The
zero-mean assumption is sufficient for our purpose, and at the
same time, still permitting u; to be influenced by the common
shocks. For example, consider

Uiy = a;n;e + by,

where @; are iid zero mean and b; are iid zero-mean random
: : 1 n T _
variables across i and over t. Then —=37 > jux =

(2 YL )T 21:1 ) + \/% > Zfrzl bi = 0p(1).
Moreover, % Z?:] u; — 0 in probability; its limit is not zero if
E(a;) # 0.These properties are needed in our argument. Note that
zero-mean assumption is not made for other entries of IT;(L). In
particular, x;; can be strongly correlated with the common factors.

Assumption 3. One of the following holds:

(a) Hi“"(L) = 0 so that u; are cross-sectionally independent.

(b) The coefficients I7;;" in I7;" (L) are iid across i for all j, and they
are independent of all other random variables of the model;
E(ITy") = 0, E[[IT"|* < M, and E[Y_=,/*1T;"]] < M for
alli.
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Because 17 j are random variables that are independent of all
other random variables, they can be treated as constants when
convenient by invoking the conditional argument. Note that u;; are
cross-sectionally independent conditional on {7, }. The same is true
for x;. But unconditionally, they are cross-sectionally dependent
under Assumption 3(b).

Remark. When 17!.” (L) # 0 and their coefficients are not zero
mean, the problem can be solved by including I(0) common factors.
For example suppose that H;"’(L) = a,lL + ---aplP. Define
Fr=(F., v/, ....vl ) and A¥ = (A}, d, ..., a}), then A[F; +
up = AYFF +uf, where uf = I (Lvy + H“S(L)vn, which are
cross-sectionally mdependent, and F now includes I(0) factors.
However, p must be finite in order to obtain good estimate with
principal components. This is the approach employed by Bai (2004)
in the absence of regressors. Assumption 3 allows Hi”" (L) to have
infinite number of lags. Throughout our analysis, F; is assumed to
be I(1) for simplicity. Extension to I(0) common factors is discussed
in Section 4.

Assumption 4. {x;;, Ft0 } are not cointegrated.

Assumptions 2 and 3 imply that a multivariate invariance
principle for w; holds, i.e., the partial sum process ﬁ ZET]l Wit
satisfies:

1 I
fzw,r—>3() =B(£2;) asT — ooforalli,

where
/
B;=[Bu B, B,].
The long-run covariance matrix of {w;} is given by

) $2yi u¢i Quni
= Z Ec(wipwy) = Mi()IT;(1) = |:~qui §2¢ -Qeni:| (5)
-Qr]ui -Qnai Qn
partitioned conformably w1th Wit, where E. is the conditional
expectation, conditional on {IT;"}, see Lemma 3 of Phillips and
Moon (1999). Define the one- 51ded long-run covariance
Aw Ausi Auni:|

ZEc(w Owu) = |: eui Agi Asni
Anui Ansi An

For future reference, it will be convenient to group elements
corresponding to &; and 7, taken together. Let

I ¢ 2eni
By =[B, B,] = [QUZ _(5;“] .

Then B; can be rewritten as

g — [Bui| _[Qubi 22y "] Vi
" | Bei 0 2 Wi’

where [Vi W,f]’ = BM(I) is a standardized Brownian motion and
Qubi = Rui — Lupi$2y; " Lui
is the long-run conditional variance of u;; given (Axj,, AFY). Note

that £, > 0 since we assume that there is no cointegration

relationship in (x, F; )’ in Assumption 4. Once again, we
emphasize that u; ancl X are cross-sectionally independent
conditional on the common shocks {#;}.

f—

(6)

3. Estimation

In this section, we first consider the problem of estimating
B when F is observed. We then consider two iterative proce-
dures that jointly estimate 8 and F. The procedures yield two
estimators that are /nT consistent and asymptotically normal.
These estimators, denoted CupBC and CupFM, are presented in
Sections 3.2 and 3.3.

3.1. Estimation when F is observed

The true model (3) in vector form, is

yi = xiB% + FOA) + u;,
where

it X Fi Ui

Yi2 Xin Fz Uipp
yi=| .|, xi=| .|, F=].1, w=

iT Xir Fr Uit

Define A = (A1, ..., Ay)’ to be ann x r matrix. In matrix notation
y=XB° +F°A” +u.

Given data y, x, and F?, the least squares objective function is

Sh(B, A) =Y (¢ —xiB — FOL)' (v — xi8 — FO).
i=1

After concentrating out A, the least squares estimator for 8 is then

n -1,
Bis = (Z x;MFox,-) lefMFoyi.
i=1 i=1

The least squares estimator has the following properties.’

Proposition 1. Under Assumptions 1-4, as (1, T)seq — 00

VT (Bis — B°) — /1% —> MN(0, 2°),

where

-1
1 &, 1<

P = LTZ ;xiMFox,-:| [n ;9,.0], (7)

20 =p" [ngn;onzaub, (/QIQ,ICﬂD ‘ (8)

and with C being the o -field generated by {F},
-l n
D= 1lim - ) E Q/IC ),
im0 2 ([ i)

-1
Qi = Bei - (/ BEIB;]> (/ Br]B:]> Br]a

1
09 = ¥x;MFoAb,<.Qk;1.Qbm + (A, =87 A,

eui nu

80 = (F'F)'F'x;, Ab = (A% AF°),

AT I
A+~ — ) = (Apyi  Api ( - )
bui (A:u> ( ui 1) _-Qb,‘l-Qbui

= Apui — DbiS2p;" Puui-

The estimator is 4/nT consistent if %, = 0, which occurs
when x;; and F; are strictly exogenous. Otherwise, the estimator
is T consistent as there is an asymptotic bias given by the term
ﬁ¢,?T. This is an average of individual biases that are data specific
as seen from the definition of 6. The individual biases arise from
the contemporaneous and low frequency correlations between the

7 The limiting distribution when F is I(0) can also be obtained. Park and Phillips
(1988) provide the limiting theory with mixed I(1) and I(0) regressors in a single
equation framework.
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regression error and the innovations of the I(1) regressors as given
by terms such as £2;,; and Apy;.

To estimate the bias, we need to consistently estimate the
nuisance parameters. We use a kernel estimator. Let

~ K i\ -~
Q=) “’(E) OB

j=T+1

.= i\ =~

A=) o (E) LiG)
j=0

- 1

L) = T ; Wit4j Wit »

where Wi = (U, AX,, AFY')'. To state the asymptotic theory for
the bias-corrected estimator, we need the following assumption,

taken from Moon and Perron (2004):

Assumption 5. (a) liminf, 7, (logT/logn) > 1.

(b) The kernel function w(:) : R — [—1, 1] satisfies (i) w(0) =
1, w®x) = o(x), (i) [, 0 (®?dx < oo and with Parzen's
exponent q € (0, 00) such that lim 154

1

(c) The bandwidth parameter K satisfies K —~ n’ and + < b <

< Q.

2q
liminf &7 —
ogn
Let
1 < B
~0 , «
¢nT = ﬁ ZXiMFOXf 9”,
i=1

where " = 1 Z};] él-, él- is a consistent estimate of Oio. The

. . n . .
resulting bias-corrected estimator is

- ~ 1A
Brsec = Pis — f¢’?T' 9)
This estimator can alternatively be written as

n

-1
n

s = (z M) 3" (Mo — T (A% — 87 4%)). (10)
i=1

i=1

where 5 and At are consistent estimates of y*+ and A etc., with

AX; AX;
+ —1 it + -1 it
Yie = Yit — Qubigbi (AFP) Uy = Ui — Qubini <AF[0> .

The bias-corrected estimator can be seen as a panel fully-modified
estimator in the spirit of Phillips and Hansen (1990), and is the
reason why the estimator is also labeled BLSFM. It is not difficult
to verify that BLSBC and BLSFM are identical. Panel fully-modified
estimators were also considered by Phillips and Moon (1999) and
Bai and Kao (2006). Here, we extend those analysis to allow for
common stochastic trends. By construction u; has a zero long-run

covariance with (Ax, AFY)" and hence the endogeneity can be
removed. Furthermore, nuisance parameters arising from the low

frequency correlation of the errors are summarized in A} ..

Proposition 2. Let ,ELSFM be defined by (10). Under Assumptions 1-5,
as (n, T)seq — 00

VT (Bisen — B°) % mMN (0, x%.

In small scale cointegrated systems, cointegrated vectors are T
consistent, and this fast rate of convergence is already accelerated
relative to the case of stationary regressions, which is /T. Here
in a panel data context with observed global stochastic trends,
the estimates converge to the true values at an even faster rate of
4/nT and the limiting distributions are normal. To take advantage
of this fast convergence rate made possible by large panels, we

need to deal with the fact that F® is not observed. This problem
is considered in the next two subsections.

3.2. Unobserved F° and the Cup estimator

The LSFM considered above is a linear estimator and can be
obtained if F® is observed. When F° is not observed, the previous
estimator is infeasible. Recall that least squares estimator that
ignores F is, in general, inconsistent. In this section, we consider
estimating F along with 8 and A by minimizing the objective
function

Sur (B, F, A) =Y (v —xif — FA)' (y —x:if — FA)) (11)
i=1

subject to the constraint T™2F'F = I, and A’ A is positive definite.
The least squares estimator for 8 for a given F is

n -1
B = (Z ngFx,) ngMFyi.
i=1 i=1
Define

wi = Yi — Xip
= FAi + u;.

Notice that given 8, w; has a pure factor structure. Let W =
(wj, ..., wy) be a T x n matrix. We can rewrite the objective
function (11) as tr[(W — FA")(W — FA’)']. If we concentrate out
A = WF(F'F)~! = T"2W'F, we have the concentrated objective
function:

tr(W'MpW) = tr(W'W) — tr(FWW'F/T?). (12)
Since the first term does not depend on F, minimizing (12) with
respect to F is equivalent to maximizing tr(T—2F'WW'F) subject
to the constraint T"2F'F = I.. The solution, denoted F, is a
matrix of the first r eigenvectors (multiplied by T) of the matrix
# Yo i —xiB) i — xiB)

Although F is not observed when estimating 8, and similarly, 8
is not observed when estimating F, we can replace the unobserved
quantities by initial estimates and iterate until convergence. Such a
solution is more easily seen if we rewrite the left-hand side of (12)
with y — x8 substituting in for W. Define

1 n
Sar (B, F) = —5 3 0 = %iB) Mr (i = i) .
i=1

The continuously-updated estimator (Cup) for (8, F) is defined as
(ECups%\Cup) = ar%min Sur (B, F) .
,F

More precisely, (ECUP,?CuP) is the solution to the following two
nonlinear equations

n -1 g
B = (Z xQM;x,-) Zx,foyi (13)
i=1 i=1

~ 1 & — |~
FVur = |:rﬂ.2;(y:‘_xiﬂ) (Yi—Xiﬂ)i|F, (14)

where Mz = Iy — T~2FF since F'F/T? = I, and V,y is a diagonal
matrix consisting of the r largest eigenvalues of the matrix inside
the brackets, arranged in decreasing order. Note that the estimator
is obtained by iteratively solving for ,3 and F using (13) and
(14). It is a nonlinear estimator even though linear least squares
estimation is involved at each iteration. An estimate of A can be
obtained as:

A=T7%F (Y —XB).
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The triplet (E F, Z) jointly minimizes the objective function (11).

The estimator B¢, is consistent for . We state this result in the
following proposition.

Proposition 3. Under Assumptions 1-4 and as (n, T) — 09,
> P
/3Cup - ,80~

The next proposition concerns the asymptotic representation of

ﬂCup-

Proposition 4. Suppose Assumptions 1-4 hold and (n,T) — o0
with /n/T — 0. Then

\/ET (ECup -
_ 1 n 1<
=D (F°) 1 |:\/ET Z <x§MFo - ;a;kx,fMFo) u,-i| + 0p(1),

i1
where ay, = A;(‘VTA)”M,D (F) = # Y L.Z/Ziand Z; = Mpox; —
%22:1 MFoxka,»k.

The term involving ay is due to the estimation of F. Thus in
comparison with the pooled least squares estimator for the case
of known F°, estimation of the stochastic trends clearly affects the
limiting behavior of the estimator. This effect is carried over to
the limiting distribution and to the asymptotic bias, as we now
proceed to show. Let wy = (ui, AX], n;)’ where x; = x; —
% 22:1 Xiaj,. For the rest of the paper, we use bar to denote those
long-run covariance matrices (including one-sided and conditional
covariances and so on) generated from w;, instead of w;;. Thus, £2;
is the long-run covariance matrix of w; as in (5), and define A; is
the one-sided covariance matrix of w;;. These quantities depend on
n, but this dependence is suppressed for notional simplicity.

Because the right-hand side of the representation does not
depend on estimated quantities, it is not difficult to derive the
limiting distribution of ,BCUP, even allowing for cross-sectional
correlation in u;. However, u; are cross-sectionally independent
conditional on the o-field generated by {n:} or equivalently
generated by {v/} by Assumptions 2 and 3. This conditional
independence together with bias-correction is sufficient for the
mixture normality.

Theorem 1. Suppose that Assumptions 1-4 hold. Let [%up be
obtained by iteratively updating (13) and (14). As (1, T)seq — 00,
we have

\/—T (ACup

where

1 & e
b= | D Z%| |-
i=1 i=1

Z@') ,
:ui - S:An-'—u) )

— Vur —> MN(0, 3),

_ 1 ie-1a A
6 = ¥ZiAb,-.Qbi Qpi + (A

) :DZ_1 |:nli)r&n Z-Qubl (/RniR;ﬁ|C):| DZ_1’
/
z—nlgrolonZE(/RR ) (15)
Ry =Qi — EZQkaiks
k=1

Ab; = (A% AF°),

1!

X=X — = E Xk,
n k=1
18

8,’ = 81 - = Z(Bkaik.
=

Theorem 1 establishes the large sample properties of the Cup
estimator. The Cup estimator is «/nT consistent provided that
¢or = 0, which occurs when x; and F; are exogenous. Since
¢nr = Op(1), the Cup estimator is at least T consistent. This is
in contrast with pooled OLS in Section 2, where it was shown to
be inconsistent in general. Nevertheless, as in the case when F
is observed, the Cup estimator has an asymptotic bias and thus
the limiting distribution is not centered around zero. There is an
extra bias term (the term involving ay,) that arises from having to
estimate F;. In consequence, the bias is now a function of terms not
present in Proposition 1, which is valid when F; is observed.

We now consider removing the bias by constructing a
consistent estimate of ¢,r. This can be obtained upon replacing
FO, Abi, Qbi, Qbuis Am, A; by their consistent estimates. We
con51der two fully-modified estimators. The first one directly
corrects the bias of BCUP, and is denoted by BCupBC‘ The second one
will be considered in the next subsection, where correction is made
during each iteration, and will be denoted by Bcyprm. Let

~ -1 i\~
Qi = le (E) L,

j=T+

~ -1 i\~
A= . w (E) i)

j=0

~ 1 =50
L) = = ) Wieyjiy,
T t=1

where

)

A 2/ A . 2
wir = (e, Axy,, AF)) with Ax;y = Ax

-l n

- - Z AXp Q.
=

The bias-corrected Cup estimator is defined as

~ N 1A

ﬂCupBC = ﬂCup - ?‘bnTa

where

= (F’?WF@ Ab; = (A% AF).

Ai =Xi— Zxktazks Ty = )\ (A A/n) 1’):k'

k=

xI

Theorem 2. Suppose Assumptions 1-5 hold. Then as (11, T)s,q — 00,
- d
\/ET (ﬂCupBC - ,30) — MN(O, 2)

The CupBC is 4/nT consistent with a limiting distribution that
is centered at zero. This type of bias-correction approach is also
used in Hahn and Kuersteniner (2002), for example, and is not
uncommon in panel data analysis. Because the bias-corrected
estimator is o/nT and has a normal limit distribution, the usual ¢
and Wald tests can be used for inference. Note that the limiting
distribution is different from that of the infeasible LSBC estimator,
which coincides with LSFM and whose asymptotic variance is X°
instead of X. Thus, the estimation of F affects the asymptotic
distribution of the estimator. As in the case when F is observed,
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the bias-corrected estimator can be rewritten as a fully-modified
estimator. Such a fully-modified estimator is now discussed.

3.3. A fully-modified Cup estimator

The CupBC just considered is constructed by estlmatmg the

asymptotic bias of ﬂcUp, and then subtracting it from ﬁcUp
this subsection, we consider a different fully-modified estlmator

denoted by BCUPFM Let

AX;
y _.VII_Qubl‘le (AF">

5 = (FF)'Fx;,

where 2y, $2pi, and Ay, are estimates of £2,pi, 25 and Apy,
respectively. Recall that By, is obtained by jointly solving (13) and
(14). Consider replacing these equations by the following:

n 1 n ~

-~ = ==+

Beupm = (z x;M;xi> > (M =T (A= 8,4,) ) (16)
i=1

i=1

—~ 1 < _ _ —~
FVyr = |:nT2 ; (vi — xiBeuprm) (Vi — XlﬂCupFM)/i| F. (17)

Like the FM estimator of Phillips and Hansen (1990), the
corrections are made to the data to remove serial correlation
and endogeneity. The CupFM estimator for (3, F) is obtained by
iteratively solving (16) and (17). Thus correction to endogeneity
and serial correlation is made during each iteration.

Theorem 3. Suppose Assumptions 1-5 hold. Then as (n, T)seq —> 00,

~ d
VT (Bewpen — B°) —> MN(0, ),
where X is given in (15).

The CupFM and CupBC have the same asymptotic distribution,
but they are constructed differently. The estimator Bc,psc does the
bias-correction only once, i.e., at the final stage of the iteration,
and Bcyprm does the correction at every iteration. The situation is
different from the case of known F, in which the bias-corrected
estimator and the fully-modified estimator are identical. The
equivalence breaks down because of the need to iterate. Again,
because of the mixture of normality, hypothesis testing on 8 can
proceed with the usual t or chi square distributions.

Kapetanios et al. (2006) suggest an alternative estimation
procedure based on Pesaran (2006). The model is augmented with
additional regressors y; and X, which are cross-sectional averages
of y;r and x;;. These averages are used as proxy for F;. The estimator
for the slope parameter S is shown to be /n consistent, but a fully-
modified estimator is not considered.

While the focus is on estimating the slope parameters j, the
global stochastic trends F are also of interest. We state this result
as a proposition:

Proposition 5. Suppose that F; is I(1) and that Assumptions 1, 2 and
4 hold. Let F be the solution of (17). Then
(i) under Assumption 3 (b), we have 1 Zt L Fe—HF2||? = 0p(H)+
Op(f)v R
(ii) under Assumption 3 (a), we have + Y"/_, |IF,—HF?|> = Op(1)+
0p(5),
where H is an r x r invertible matrix.
Thus, we can estimate the true global stochastic trends up
to a rotation. Part (ii) has the same rate as in Bai (2004,
Lemma B.1) under the cross-sectional independence of u; but

without regressors x;. Similarly, the factor loadings A; are
estimated with the same rate of convergence as in Bai (2004).

Without Assumption 3, Bai (2004) shows that the rate on the right-
hand side is only O,(1).

Thus far, our analysis assumes that the number of stochastic
trends, r, is known. If this is not the case, r can be consistently
estimated using the information criterion function developed in
Bai and Ng (2002). In particular, let

T=arg min IC(r),

1=<r=<rmax
where 1 < rmax, 'max iS @ bounded integer and
IC(r) = log&*(r) + gt

where g,y — 0asn,T — oo and min[n, T]g,r — oo. For
example, g,r can be log(a,r)/a,r, with a;r = n’jl—iT Then P(7 =
r) — lasn,T — oo. This criterion estimates the total number
of factors, including I(0) factors. To estimate the number of 1(1)
factors only, the criterion in Bai (2004) can be used. Our theory
allows us to group the 1(0) common factors as part of the error
process u;, as shown in Assumptions 2 and 3. If u; are assumed
to be cross-sectionally independent, then I(0) factors must be
considered as part of F;.

4. Further issues

The preceding analysis assumes that there are no deterministic
components and that the regressors and the common factors
are all I(1) without drifts. This section considers construction
of the estimator when these restrictions are relaxed. It will
be shown that when there are deterministic components, we
can apply the same estimation procedure to the demeaned
or detrended series, and the Brownian motion processes in
the limiting distribution are replaced by the demeaned and/or
detrended versions. Furthermore, the procedure is robust to the
presence of mixed I(1)/1(0) regressors and/or factors. Of course,
the convergence rates for I(0) and I(1) regressors will be different,
but asymptotic mixed normality and the construction of test
statistics (and their limiting distribution) do not depend on the
convergence rate.

4.1. Incidental trends

The Cup estimator can be easily extended to models with
incidental trends,

Yie = o + pit + X, + AiFe + uye. (18)

In the intercept only case (0; = 0, for all i), we define the projection
matrix

MT = IT — LTL,T/T,

where (7 is a vector of 1's. When a linear trend is also included
in the estimation, we define My to be the projection matrix
orthogonal to ¢7 and to the linear trend. Then

Mry; = Mrx;8 + MrFA; + Mru;,

or

Ji = %B + Fod + i,

where the dotted variables are demeaned and/or detrended

versions. The estimation procedure for the cup estimator is

identical to that of Section 3, except that we use dotted variables.
With the intercept only case, the construction of FM estimator

is also the same as before. Theorems 1-3 hold with the following

modification for the limiting distribution. The random processes

B. ; and B,, in Q; are replaced by the demeaned Brownian motions.

When linear trends are allowed, Ax; is now replaced by &; =
Axj; — Ax;, which is detrended residual of x;;. But since ; is already
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a detrended series, and F is also asymptotically detrended (since
it is estimating F), A% and Aﬁt are also estimating the detrended
residuals. Thus we can simply apply the same procedure prescribed
in Section 3 with the dotted variables. The limiting distribution
in Theorem 2 and consequently in Theorem 3 is modified upon
replacing the random processes B,; and B, by the demeaned and
detrended Brownian motions.® The test statistics (t and x2) have
standard asymptotic distribution, not depending on whether the
underlying Brownian motion is demeaned or detrended.

When linear trends are included in the estimation, the limiting
distribution is invariant to whether or not yj;, x;; and F; contain a
linear trend. Now suppose that these variables do contain a linear
trend (drifted random walks). With deterministic cointegration
holding (i.e., cointegrating vector eliminates the trends), the
estimated S will have a faster convergence rate when a separate
linear trend is not included in the estimation. But we do not
consider this case. Interested readers are referred to Hansen
(1992).

4.2. Mixed I(0)/I(1) regressors and common shocks

So far, we have considered estimation of panel cointegration
models when all the regressors and common factors are I(1). There
are no stationary regressors or stationary common shocks. The
above results should be robust to mixed I(1)/1(0) regressors and
mixed 1(1)/1(0) common shocks. Below, we sketch the arguments
for the LS estimator assuming the factors are observed. If they are
not observed, the limiting distribution is different, but the idea of
argument is the same.

Recall that the LS estimator is fs = (Y1, XMpox)) "' S0, X,
Mpoy;. The term
Mox; = (It — FP(FYF)~'F%)x; = x; — F°5;
with §; = (FOF®)~1F%x; plays an important role in the properties
of the LS. When x;; and F; are I(1), 8; = 0,(1) and thus
(Mpox;), _ X 5{1:[0
VT VT VT
We now consider this term under mixed I(1) and I(0) assumptions.
I(1) regressors, I(0) factors. Suppose all regressors are 1(1) and all

common shocks are I(0). With I(0) factors, we have T~'FVF0 -2
Xr = 0p(1). Thus

/ -1 1 T
= (rer) 1Y R 5 [ dsg = 0,00
t=1

It follows that

(Mpox;): _ Xit — S{Fto Xt
JT VT VT

and ’% —d> B;iasT — o0.The limiting distribution of the LS when

the factors are I(0) is the same as when all factors are I(1), except
that Q; is now asymptotically the same as B,;. For the FM, observe
that the submatrix £2, in

L Qai ani
le - |:Qi78i Qﬂ

= 0,(1).

+0p(1)

is a zero matrix since n = AFtO is an I(—1) process and
has zero long-run variance. Similarly, £2.,; is also zero. The

submatrix 2y, in Qup = Ru — 2unif2y; 2p as well as
the submatrices (Ayi  Ayi) in (Api  Api) are also degenerate

8 Alternatively, we can use &, — % Z£:1 &Gy, in place of A)_Aqt in Section 3.

Similarly, we use 7j; = Aﬁt — AFin place of AI:"[.

because the factors are 1(0). Note that §2}; is not invertible. Under
appropriate choice of bandwidth, see Phillips (1995), £2,; ! Qpui
can be consistently estimated, so that FM estimators can be
constructed. This argument treats F; as if it were I(1). If it is known
that F; is I(0), one can assume u;; to be independent of common
factors so that £2,,,; and Ay,; are set to zero in the FM construction.
For example, if u;; = a;n; + by, then a;n; should be treated as part
of the common factors, leaving b;; as the regression errors, which
are assumed to be independent of ;.

I(1) regressors, mixed 1(0)/I(1) factors. Consider the model

Yie = X B + MiFie + AyiFar + i, (19)

where Fi; = 1y isry x 1and AF; = 1y is, x 1. We again have

MpoX; = X; — FO(SI' but §; = [511‘ 521'],. Then

(MFOxi)t — Xfit _ i [53 (Sé] [th]
JT VT JTHT R

Xit 1 0 / 10
= — — — (63;F}, + 05F
\/T \/T( 1i° 1t 2i 2t)
Xit Séith
= — + 0,(1)
NN

0

since §1; = 0,(1), 82; = Op (1) but % = 0,(1). The random matrix
Q; involves B,; and By,,. In the FM correction, the long-run variance
(uir, AX}, AFy,, AF;,)" is degenerate. With an appropriate choice of
bandwidth as in Phillips (1995), the limiting normality still holds.

Mixed 1(1)/1(0) regressors and I(1) factors. Suppose k, regressors
denoted by x,; are I(1), and k; regressors denoted by xy;; are 1(0).
Assume F; is I(1) and u;; is I(0) as in (3). Consider

/ / /
Yie = & + X381 + Xy B2 + AFe 4 Uy
AXoir = &2it.

With the inclusion of an intercept, there is no loss of generality
in assuming that x;; are mean zero. For this model, we add the
assumption that

E(xyieuie) =0 (20)

to rule out simultaneity bias with I(0) regressors. Otherwise f;
cannot be consistently estimated. Alternatively, if u;; is correlated
with xq;, we can project u; onto Xxy; to obtain the projection
residual and still denote it by u; (with abuse of notation), and by
definition, u; is uncorrelated with xq;. But then §; is no longer
the structural parameter. The dynamic least squares approach by
adding Ax,; is exactly based on this argument, with the purpose
of more efficient estimation of j,.

If one knows which variable is I(0) and which is I(1), the situ-
ation is very simple. The I(1) and I(0) variables are asymptotically
orthogonal, we can separately analyze the distribution of the es-
timated S8, and B,. The estimated S; needs no correction and is
asymptotically normal, and the estimated S, has a distribution as
if there is no I(0) regressors except the intercept. Note that the FM
construction for 32 is based on the residuals with all regressors in-
cluded. The rest of analysis is identical to the situation of all I(1)
regressors with an intercept.

In practice, the separation of 1(0) or I(1) regressors may not
be known in advance. One can proceed by pretesting to identify
the integration order for each variable, and then apply the
above argument. One major purpose of separating I(0) and I(1)
variables is to derive relevant rate of convergence for the estimated
parameters. But if the ultimate purpose is to do hypothesis testing,
there is no need to know the rate of convergence for the estimator
since the scaling factor n or T are cancelled out in the end. One can
proceed as if all regressors are I(1). Then care should be taken since
the long-run covariance matrix is of deficient rank. Phillips (1995)
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Table 1

Mean bias and standard deviation of estimators.

031 =0 o031 = 0.8 o3 = —0.8
LSDV 2sFM CupBC CupFM LSDV 2s FM CupBC CupFM LSDV 2sFM CupBC Cup FM

021 =

n,T=20 1.352 0.349 0.030 0.030 —-0.712 0.257 0.000 0.000 2216 —0.086 0.030 0.030
(1.559) (0.387) (0.030) (0.029) (1.505) (0.372) (0.030) (0.029) (1.524) (0.394) (0.029) (0.029)

n, T =40 3.371 —0.719 —0.000 —0.000 2.761 —0.246 —0.000 —0.000 1.010 —0.371 —0.000 —0.000
(1.139) (0.225) (0.009) (0.009) (1.529) (0.227) (0.010) (0.009) (1.124) (0.217) (0.009) (0.009)

n, T =60 —2.006 0.094 —0.000 —0.000 —1.393 0.038 —0.000 —0.000 —1.073 0.199 —0.000 —0.000
(0.920) (0.138) (0.005) (0.005) (0.915) (0.139) (0.005) (0.005) (0.929) (0.138) (0.005) (0.005)

n, T =120 0.204 —0.064 —0.000 —0.000 0.548 —0.062 —0.020 0.015 —0.163 —0.061 0.018 —0.000
(0.645) (0.056) (0.018) (0.002) (0.646) (0.056) (0.002) (0.002) (0.643) (0.056) (0.002) (0.002)

021 = 0.2

n,T=20 4333 0.317 —0.119 0.332 2.258 0.129 —0.158 0.293 4903 —0.220 —0.117 0.322
(1.584) (0.385) (0.030) (0.029) (1.529) (0.382) (0.031) (0.029) (1.614) (0.396) (0.030) (0.028)

n, T =40 4.567 —0.768 —0.113 0.100 4.051 —0.333 —0.117 0.101 1.964 —0.376 —0.115 0.102
(1.133) (0.223) (0.010) (0.009) (1.153) (0.227) (0.010) (0.009) (1.120) (0.216) (0.010) (0.009)

n, T =60 —1.100 0.109 —0.071 0.045 —0.337 0.082 —0.067 0.049 0.032 0.150 —0.065 0.051
(0.923) (0.138) (0.005) (0.005) (0.925) (0.139) (0.005) (0.005) (0.938) (0.140) (0.005) (0.005)

n, T =120 0.696 —0.059 0.000 0.178 1.161 —0.070 —0.017 0.017 0.151 —0.026 0.017 —0.017
(0.648) (0.055) 0.018 (0.002) (0.649) (0.055) (0.002) (0.002) (0.646) (0.055) (0.002) (0.002)

01 = —0.2

n, T =20 —1.600 0.376 0.179 —0.274 —3.763 0.331 0.151 —0.291 —0.754 —0.049 0.169 —0.274
(1.588) (0.393) (0.031) (0.029) (1.593) (0.345) (0.031) (0.029) (1.603) (0.394) (0.031) (0.029)

n, T =40 2.086 —0.653 0.105 —0.108 0.812 —0.077 0.101 —0.113 —0.353 —0.313 0.096 —0.112
(1.144) (0.225) (0.010) (0.009) (1.141) (0.223) (0.010) (0.009) (1.128) (0.218) (0.010) (0.009)

n, T =60 —2.850 0.008 0.055 —0.062 —2.178 —0.018 0.058 —0.058 —1.872 0.236 0.056 —0.060
(0.917) (0.142) (0.005) (0.005) (0.905) (0.136) (0.005) (0.005) (0.921) (0.138) (0.005) (0.005)

n, T =120 —0.501 0.000 0.000 0.000 —0.175 —0.000 —0.018 0.017 —0.839 0.029 0.000 —0.000
(0.650) (0.057) (0.002) (0.018) (0.646) (0.057) (0.002) (0.002) (0.654) (0.058) (0.002) (0.002)

Note: (a) The Mean biases here have been multiplied by 100. (b) c = 5, 03, = 0.4.

shows that FM estimators can be constructed with appropriate
choice of bandwidth. Interested readers are referred to Phillips
(1995) for details.

Finally, there is the case of mixed I(1)/I(0) regressors and mixed
I(1)/1(0) factors. As explained earlier, I(0) factors do not change the
result. In practice, there is no need to know whether FC is I(1) and

1(0), since the Cup estimator only depends on M ; scaling in F does
not alter the numerical value of 3Cup.

5. Monte Carlo simulations

In this section, we conduct Monte Carlo experiments to assess
the finite sample properties of the proposed CupBC and CupFM
estimators. We also compare the performance of the proposed
estimators with that of LSDV (least squares dummy variables, i.e.,
the within group estimator) and 2sFM (2-stage fully modified
which is the CupFM estimator with only one iteration).

Data are generated based on the following design. For i =
1,....,n,t=1,...,T,

Yie = 2% + ¢ ()»;Ft) =+ Uit

FE=F_1+n
Xit = Xit—1 + &it
where®

Uir\ g 0 1 o o3
Eit | ~ N 0 , | 021 1 0723 . (21)
Ul 0 031 o3 1
We assume a single factor, i.e.,, r = 1, A; and 7, are generated
from iid. N(us, 1) and N(u,, 1) respectively. We set u, = 2

9 Random numbers for error terms, (uy, &, ;) are generated by the GAUSS
procedure RNDNS. At each replication, we generate an nT length of random
numbers and then split it into n series so that each series has the same mean and
variance.

and pu, = 0. Endogeneity in the system is controlled by only two
parameters, 0,1 and o3;. The parameter ¢ controls the importance
of the global stochastic trends. We consider ¢ = (5, 10), 03, =
0.4, 057 = (0,0.2, —0.2) and o3, = (0, 0.8, —0.8).

The long-run covariance matrix is estimated using the KERNEL
procedure in COINT 2.0. We use the Bartlett window with the
truncation set at five. Results for other kernels, such as Parzen
and quadratic spectral kernels, are similar and hence not reported.
The maximum number of the iteration for CupBC and CupFM
estimators is set to 20.

Table 1 reports the means and standard deviations (in
parentheses) of the estimators for sample sizes T = n =
(20, 40, 60, 120). The results are based on 10 000 replications. The
bias of the LSDV estimator does not decrease as (n, T) increases in
general. In terms of mean bias, the CupBC and CupFM are distinctly
superior to the LSDV and 2sFM estimators for all cases considered.
The 2sFM estimator is less efficient than the CupBC and CupFM
estimators, as seen by the larger standard deviations.

To see how the properties of the estimator vary with n and
T, Table 2 considers 16 different combinations for n and T, each
ranging from 20 to 120. From Table 2, we see that the LSDV and
2sFM estimators become heavily biased when the importance of
the common shock is magnified as we increase ¢ from 5 to 10. On
the other hand, the CupBC and CupFM estimators are unaffected by
the values of c. The results in Table 2 again indicate that the CupBC
and CupFM perform well.

The properties of the t-statistic for testing 8 = o, are given
in Table 3. Here, the LSDV t-statistic is the conventional t-statistic
as reported by standard statistical packages. It is clear that LSDV
t-statistics and 2sFM t-statistics diverge as (n, T) increases and
they are not well approximated by a standard N (0, 1) distribution.
The CupBC and CupFM t-statistics are much better approximated
by a standard N (0, 1). Interesting, the performance of CupBC is
no worse than that of CupFM, even though CupBC does the full
modification in the final stage of iteration.
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Table 2
Mean bias and standard deviation of estimators for different n and T.
(n,T) c=5 c=10
LSDV 2sFM CupBC CupFM LSDV 2sFM CupBC CupFM
(20, 20) 2.258 0.129 —0.158 0.293 1.538 0.275 —0.158 0.294
(1.594) (0.382) (0.031) (0.028) (3.186) (0.771) (0.031) (0.029)
(20, 40) 4.832 —0.426 —0.067 0.107 8.141 —0.006 —0.067 0.106
(1.692) (0.288) (0.014) (0.014) (3.186) (0.566) (0.014) (0.014)
(20, 60) 0.460 0.282 —0.019 —0.058 —0.105 0.0561 —0.186 0.058
(1.560) (0.206) (0.009) (0.009) (3.121) (0.412) (0.009) (0.009)
(20, 120) 3.018 0.040 0.010 0.021 —6.550 0.067 0.010 0.021
(1.572) (0.123) (0.005) (0.005) (3.144) (0.245) (0.005) (0.004)
(40, 20) 4.012 —0.566 —0.225 0.320 5.092 —1.087 —0.226 0.320
(1.126) (0.280) (0.0218) (0.019) (2.252) (0.593) (0.021) (0.019)
(40, 40) 4.051 —0.332 —0.117 0.101 6.616 —0.622 —0.117 0.101
(1.153) (0.227) (0.010) (0.009) (2.305) (0.454) (0.010) (0.009)
(40, 60) 1.818 0.114 —0.055 0.051 2.628 0.248 —0.055 0.051
(1.098) (0.158) (0.007) (0.006) (2.196) (0.317) (0.007) (0.006)
(40, 120) 1.905 —0.090 —0.010 0.015 3.303 —0.178 —0.010 0.015
(1.111) (0.087) (0.003) (0.003) (2.243) (0.187) (0.003) (0.003)
(60, 20) 3.934 —0.317 —0.294 0.295 4.989 —0.544 —0.294 0.295
(0.921) (0.249) (0.018) (0.017) (1.841) (0.497) (0.014) (0.016)
(60, 40) 2.023 0.110 —0.125 0.108 2,573 0.267 —0.125 0.109
(0.923) (0.187) (0.009) (0.008) (1.296) (0.027) (0.009) (0.008)
(60, 60) —0.337 0.082 —0.067 0.049 —1.666 0.191 —0.067 0.049
(0.925) (0.139) (0.005) (0.005) (1.850) (0.279) (0.005) (0.005)
(60, 120) —1.168 0.109 —0.015 0.015 —2.839 —0.223 —0.014 0.015
(0.923) (0.075) (0.003) (0.003) (1.847) (0.151) (0.003) (0.003)
(120, 20) 2.548 —0.151 —0.304 0.294 2.236 —0.203 —0.304 0.294
(0.651) (0.182) (0.014) (0.011) (1.303) (0.362) (0.014) (0.011)
(120, 40) 1.579 —0.026 —0.013 0.001 1.678 0.000 —0.133 0.112
(0.661) (0.137) (0.006) (0.005) (1.321) (0.279) (0.006) (0.005)
(120, 60) 0.764 0.004 —0.077 0.013 0.539 0.061 —0.077 0.048
(0.634) (0.100) (0.004) (0.004) (1.267) (0.199) (0.004) (0.004)
(120, 120) 1.161 —0.070 —0.017 0.017 1.823 —0.134 —0.017 0.018
(0.649) (0.055) (0.002) (0.002) (1.298) (0.111) (0.002) (0.002)
(a) The Mean biases here have been multiplied by 100. (b) 057 = 0.2, 03; = 0.8, and 03, = 0.4.
Table 3
Mean bias and standard deviation of t-statistics.
031 = 0 031 = 0.8 031 = —0.8
LSDV 2sFM CupBC CupFM LSDV 2s FM CupBC CupFM LSDV 2sFM CupBC CupFM
021 = 0
n,T=20 0.036 0.006 0.016 0.016 0.006 0.0224 0.001 0.001 0.041 —0.001 0.019 0.019
(2.414) (2.445) (1.531) (1.502) (2.527) (2.449) (1.529) (1.503) (2.534) (2.455) (1.515) (1.491)
n, T =40 0.092 —0.036 —0.007 —0.006 0.074 —0.052 —0.012 —0.011 0.019 0.008 —0.006 —0.005
(3.576) (2.589) (1.276) (1.256) (3.592) (2.618) (1.273) (1.254) (3.588) (2.581) (1.278) (1.217)
n, T =60 —0.098 0.016 —0.019 —0.019 —0.036 —0.016 —0.011 —0.011 —0.060 0.045 —0.009 —0.009
(4.346) (2.647) (1.182) (1.169) (4.325) (2.640) (1.189) (1.178) (4.315) (2.644) (1.182) (1.169)
n, T =120 0.046 —0.019 —0.003 —0.003 0.099 —0.019 —0.075 0.102 —0.088 —0.040 0.068 —0.011
(6.093) (2.696) (1.101) (1.096) (6.089) (2.661) (1.118) (1.094) (6.095) (2.705) (1.120) (1.095)
021 = 0.2
n,T=20 0.104 0.040 0.001 0.185 0.070 0.037 —0.013 0.188 0.105 0.033 0.004 0.181
(2.508) (2.454) (1.558) (1.497) (2.529) (2.453) (1.561) (1.442) (2.539) (2.465) (1.543) (1.483)
n, T =40 0.149 —0.013 —0.081 0.140 0.134 —0.022 —0.085 0.142 0.059 —0.003 —0.081 0.143
(3.563) (2.597) (1.304) (1.252) (3.578) (2.639) (1.307) (1.252) (3.578) (2.612) (1.314) (1.258)
n, T =60 —0.032 0.039 —0.100 0.115 0.027 0.013 —0.094 0.123 0.011 0.038 —0.087 0.127
(4.357) (2.651) (1.209) (1.167) (4.357) (2.647) (1.215) (1.174) (4.325) (2.646) (1.204) (1.162)
n, T =120 0.049 —0.016 0.003 0.002 0.097 —0.019 —0.059 0.114 0.012 —0.029 0.062 —0.109
(6.060) (2.640) (1.096) (1.092) (6.084) (2.645) (1.115) (1.093) (6.043) (2.635) (1.111) (1.089)
021 = —0.2
n,T=20 —0.031 —0.013 0.029 —0.155 —0.064 0.005 0.125 —0.166 —0.031 —0.029 0.027 —0.152
(2.519) (2.456) (1.559) (1.497) (2.528) (2.439) (1.556) (1.498) (2.538) (2.458) (1.556) (1.498)
n, T =40 0.033 —0.068 0.067 —0.153 —0.005 —0.071 0.061 —0.162 —0.035 —0.021 0.058 —0.159
(3.586) (2.593) (1.312) (1.255) (3.597) (2.618) (1.305) (1.248) (3.588) (2.574) (1.305) (1.252)
n, T =60 —0.162 0.002 0.062 —0.154 —0.093 —0.035 0.067 —0.146 —0.114 0.028 0.067 —0.147
(4.335) (2.657) (1.212) (1.169) (4.283) (2.633) (1.210) (1.168) (4.308) (2.643) (1.206) (1.166)
n, T = 120 —0.066 0.001 0.007 0.007 —0.010 0.022 —0.062 0.117 —0.111 —0.004 0.077 —0.104
(6.098) (2.679) (1.106) (1.106) (6.152) (2.577) (1.116) (1.092) (6.119) (2.691) (1.125) (1.101)

Note: (a)c = 5,03, = 0.4.

Table 4 shows that, as n and T increases, the biases for the
t-statistics associated with LSDV and 2sFM do not decrease. For

CupBC and CupFM, the biases for the t-statistics become smaller
(except for a small number of cases) as T increases for each
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Table 4
Mean bias and standard deviation of t-statistics for different n and T.
(n,T) c=5 c=10
LSDV 2sFM CupBC CupFM LSDV 2sFM CupBC CupFM
(20, 20) 0.070 0.037 —0.013 0.169 0.036 0.030 —0.013 0.169
(2.529) (2.453) (1.561) (1.497) (2.532) (2.562) (1.560) (1.496)
(20, 40) 0.130 —0.007 —0.009 0.110 0.106 —0.011 —0.009 0.110
(3.539) (1.863) (1.313) (1.286) (3.541) (1.896) (1.313) (1.286)
(20, 60) 0.029 0.009 0.015 0.085 0.009 0.003 0.016 0.085
(4.303) (1.553) (1.253) (1.239) (4.305) (1.569) (1.253) (1.239)
(20, 120) —0.090 0.015 0.057 0.064 —0.105 0.013 0.057 0.064
(6.131) (1.222) (1.156) (1.151) (6.132) (1.220) (1.156) (1.151)
(40, 20) 0.119 —0.015 —0.086 0.242 0.073 —0.019 —0.086 0.241
(2.518) (3.376) (1.549) (1.443) (2.520) (3.610) (1.549) (1.443)
(40, 40) 0.134 —0.022 —0.085 0.142 0.100 —0.026 —0.085 0.142
(3.578) (2.639) (1.307) (1.252) (3.580) (2.739) (1.307) (1.252)
(40, 60) 0.113 0.012 —0.048 0.109 0.085 0.008 —0.047 0.109
(4.328) (2.164) (1.209) (1.177) (4.329) (2.222) (1.209) (1.176)
(40, 120) 0.133 —0.014 —0.007 0.059 0.113 —0.019 —0.007 0.059
(6.097) (1519) (1.131) (1.123) (6.098) (1.535) (1.131) (1.123)
(60, 20) 0.123 0.005 —0.161 0.276 0.067 —0.002 —0.160 0.276
(2.521) (4.042) (1.579) (1.424) (2.524) (4.409) (1.579) (1.425)
(60, 40) 0.100 0.069 —0.109 0.192 0.059 0.065 —0.109 0.192
(3.532) (3.206) (1.352) (1.272) (3.534) (3.375) (1.352) (1.272)
(60, 60) 0.027 0.013 —0.094 0.123 —0.006 0.010 —0.094 0.122
(4.426) (2.613) (1.215) (1.174) (4.359) (2.751) (1.215) (1.174)
(60, 120) —0.020 0.031 —0.024 0.077 —0.044 0.030 —0.025 0.077
(6.131) (1.866) (1.118) (1.104) (6.132) (1.902) (1.118) (1.104)
(120, 20) 0.139 0.044 —0.243 0.386 0.060 0.063 —0.243 0.386
(2.478) (5.269) (1.681) (1.404) (2.479) (5.969) (1.681) (1.404)
(120, 40) 0.135 0.037 —0.186 0.268 0.078 0.040 —0.186 0.268
(3.588) (4.369) (1.366) (1.233) (3.589) (4.706) (1.366) (1.233)
(120, 60) 0.099 0.011 —0.162 0.174 0.052 0.004 —0.162 0.174
(4.272) (3.683) (1.249) (1.166) (4.273) (3.902) (1.249) (1.167)
(120, 120) 0.097 —0.189 —0.589 0.114 0.063 —0.027 —0.059 0.114
(6.084) (2.645) (1.115) (1.093) (6.086) (2.741) (1.115) (1.093)

(a) o1 =0.2,03, =0.8,and o3, = 0.4.

fixed n. As n increases, no improvement in bias is found. The large
standard deviations in the t-statistics associated with LSDV and
2sFM indicate their poor performance, especially as T increases.
For the CupBC and CupFM, the standard errors converge to 1.0 as nn
and T (especially as T) increase.

6. Conclusion

This paper develops an asymptotic theory for a panel cointe-
gration model with unobservable global stochastic trends. Stan-
dard least squares estimator is, in general, inconsistent. In contrast,
the proposed Cup estimator is shown to be consistent (at least T-
consistent). In the absence of endogeneity, the Cup estimator is also
4/nT consistent. Because we allow the regressors and the unob-
servable trends to be endogenous, an asymptotic bias exists for the
Cup estimator. We further consider two bias-corrected estimators,
CupBC and CupFM, and derive their rate of convergence and their
limiting distributions. We show that these estimators are /nT
consistent and this holds in spite of endogeneity and in spite of spu-
riousness induced by unobservable I(1) common shocks. A simula-
tion study shows that the proposed CupBC and CupFM estimators
have good finite sample properties.

Appendix A

Throughout we use (1, T)s,q — 00 to denote the sequential
limit, i.e, T — oo first and followed by n — o0. We use
MN (0, V) to denote a mixed normal distribution with variance V.
Let C be the o-field generated by {Fto}. The first lemma assumes u;
is uncorrelated with (x;, F®) for every i. This assumption is relaxed
in Lemma A.2.

Lemma A.1. Suppose that Assumptions 1-4 hold and that u; is
uncorrelated with (x;, F°), then as (n, T)seq — 00

1
i 2 E

(for).

11, 11 QLA
=Y —=XMpox;i = — Y —x:MpMpoxi = — Y — Y XX,
n & T2 FOAi H;Tzl FOVIEOX] H;TZ; ittt

where X, = x; — §/F? and

8 = (FO/FO)*1FO/XI,

FOFN T 1 s o, d A :
= (TZ > EZFr"it_’ </ B,,B,7> anBgi
t=1

see, e.g., Phillips and Ouliaris (1990). Thus

’
Xi Xi F? !
7’_; — T”T - 5;ﬁ 4B — |:</BHB;) /Bnti] B, = Q.
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By the continuous mapping theorem

1 ~n d
EZX:H‘/ —>/QiQ,‘/:§li
t=

as T — oo. The variable ¢&;; is independent across i conditional on
C, which is an invariant o -field. Thus conditioning on C, the law of
large numbers for independent random variables gives,

1 n » ) 1 n ) 1 n ,
n;;u—>ngrgon;15<cu|c>=ngrgon;E(foQ,-|c>.

Thus, the sequential limit is

11
- Z ﬁxﬁMFox, LN llm - Y E (/ Q:Q/ |C>
i=1

This proves part (a).
Consider (b). Rewrite

1 Z“:l o 1 Z”: 1 ZT:~
— —XMpoll; = — = it Uit »
ST g TET

where X;; = X — S[Fto as before. By assumption, u; is I(0) and is
uncorrelated with Xj. It follows that

T 172
Z it Uit _) / QidBy;i = &y ~ -Q]/Z <f QJQ;,) x Z,

where Z ~ N (0,I;) as T — oo for a fixed n. The variable &; is
independent across i conditional on C, which is an invariant o -
field. Thus conditioning on C,

1 . ’ p . 1 L
- ; £y —> lim — ; E (£2i651C)

1
= lim —
n—oon

fo / E (QQ/IC). (22)

i=1

Let I; be the o field generated by {Fto} and (&1, ..., &;). Then
{&4, I;; i > 1} is a martingale difference sequence (MDS) because
{&,;} are independent across i conditional on C and

E(&illi-1) = E(521|C) = 0.
From ), &€, = O, (n), the conditional Lindeberg condition in
Corollary 3.1 of Hall and Heyde (1980) can be written as

-l n

=D E (&g (IEall > /16 li-1) 5 0 (23)
i=1

forall § > 0.To see (23), notice that

% ZE (&2851 (1621l > v/n8) 1Ii—1)
iz

1 n
= > (et (el > V) [€).
i=1

Without loss of generality we assume that &; is a scalar to save
notations. By the Cauchy-Schwarz inequality

E (&1 (&1l > v/nd) IC)
< {E(E410)} " {E [1 (1l > Vo) 1]}

Furthermore,

E[1 (Jeul > Vo) ] = £ 631D,

né?

It follows that

%iE(siﬂ (I&l > vas) Ic)

1 n
= U {,11 > [E@Eio)E (sz%w)]‘“} = 0p(n~"?)
i=1
in view of
. Z

This proves (23). The central limit theorem for martingale
difference sequence, e.g., Corollary 3.1 of Hall and Heyde (1980),
implies that

172
1 ¢ I T )
Jn ;gﬁ - [nlggc a ;E (fzi$2i|c):| x Z, (24)

where Z ~ N (0,1) and Z is independent of lim, .o + > | E
(&2&5;1C). Note that

1/2
[lmgo ZE aik3|C }

- (sm 2 os (faerc))
Thus, as (11, T)seg — 00, we have
L1 a0 (.
7¥;;Xﬁwr—> nlerolonZ.Qu, QzQ,|C <7

which is a mixed normal. The above can be rewritten as

Z letu” 4 MN (0 Jim — Z.Qu,E (/ @Q/|c)> )

i=1 t=1

(&51C) E(EZ1O]'? = 0,(1).

This proves part (b). ®

The convergence in parts (a) and (b) of Lemma A.1 holds jointly.
The proofs for Propositions 1 and 2 (with observable F) follow
immediately from Lemma A.1. Propositions 3 and 4 are proved in

the supplementary appendix of Bai et al. (2006).
To derive the limiting distribution for Bc,,, we need the

following lemma. Hereafter, we define 8,7 = min {/n, T}.

Lemma A.2. Suppose Assumptions 1-5 hold. Let Z;
% > k1 Mpoxiai. Then as (1, T)seq — 00

(a)

= Mpox; —

1< ,
nTz ZZ —>"ll)n;ogl ]E(/RniRni|C).

(b) If u; is uncorrelated with (x;, F) for all i, then

1 ,
IT Zz u -5 MmN (o, Jim 1 $2uiE | | RaiRyIC ) ] -
i=

(c) If u; is possibly correlated with (x;, F®), then

n
— >zl — Jmer
ﬁT; ’

d
— MN (O nILTo " Z-Qubl <f RniR;,u'|C)> )
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where
1 n
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Proof of (a). Recall
/ -1 /
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where

’ -1
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/ -1 _
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t=

—F%;,aT xk

isanr x kmatrixas T — oo. WriteX; =
matrix. Hence
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n
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n n &
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=——68—=—B
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ak x 1vector,as T — oo. It follows that

Xit Xit FO d
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and using similar steps in part (a) in Lemma A.1 as n — oo,

1 n
nT2i—]/Rm‘R —)n&rlélonZE</Rnl )

d 1 ¢
—>Qi_EZQkaik=Rm‘
k=1

as (n, T)seq — 00, showing (a).
Proof of part (b). Notice that

1 ¢ 1 <
ﬁ ZZ{ui = ﬁ Z (MFOXI ZMFOXkalk> u;

i=1 i=1

= ﬁ ; (MFOX,')/U,‘ — \/_T Xl: ( ZMFOXka,k> u;
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Iy is proved in Lemma A.1, as (11, T)geq — 00,

n

1 ,
I, = ﬁ ; (MFOX,') u;
d T ,
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=

if X;; and u;; are uncorrelated. Similarly, for II,, we have

Z ZalkMFOXk) uj
f T = < =
1
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Gl L’

where G; = 1370 ax [ QQ; we have used the fact that
5D ko1 i1 Qi@ = &y G Thus both I, and I, have a
proper limiting distribution. These distributions are dependent
since they depend on the same u;. We can also derive their joint
limiting distribution. Given the form of Z;, it is easy to show that
the above convergences imply part (b).

Proof of part (c). Now suppose X;; and u;; are correlated. It is known
that

T T T
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as T — oo (e.g., Phillips and Durlauf (198

6)). First we note
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such that
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Note that

_ 1., _
AF°) 2,7 244 = % (Ax  AF°) 24" Qpui

ui
T bz AFt

t=1

1 J
Tx,-MFo (Ax;

d / i / — -
—_— (Ik —Ni) |: <B€,;> dei‘Qbil'QbUi + Abi‘Qbil'QbUii| .
Therefore

AF®) 25" Qi

1, 1,
Tx,ul - inMFO (Axi

+ (e —87) [Apui — Abi91;19bui]i|



J. Bai et al. / Journal of Econometrics 149 (2009) 82-99 95

1. 1 _
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Then we use similar steps in part (b) in Lemma A.1 to get

Zx U — /nol = fT ZZEtuu — /oy

i=1 t=1

1
4 MN (0, Jim — ;Qu,be (/ QzQ,-’IC>>

as (1, T)geq —> 00.
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By — 7{B, = (Bsi - ZBskaik)
k=1

-1 n !
1
— </ BﬂB/n> /B,] (Bgi — E E nga,-k) B,]
k=1

1
= Q: - - Qkaik = Rm
L
Let
w11, .- 0y H—1¢ +
6 :EZ 72 (A% AF°) 25 2pui + (I —8]) A |-
i=1
Clearly

Y- fen—ﬂz< _Zxka,k) "

i=1

d
—>MN< nlggoanzub, (/RmR;AC))

Qi — 1 "¢, Qeay. This proves (c). ®

Proof of Theorem 1. This follows directly from Lemma A.2 as
(n,T) — ocowhen § — 0

V/nT (BCup — B) — Vnépur

d _ _
— MN (O,DZ] |:nll)ngo - Z.Qub, (f R,,,-R;i|C>i| DZ]>,

1
D; = nlggo;ZE (/ Rm-R;,»w)

and

as (n, T — oo) withRy; =

-1

1 n
bur = |:nT2 Zz,.’zi] 0". m
i=1

Proof of Theorem 2 and 3. The proof for Theorem 2 is similar to
that of Theorem 3, thus omitted. To prove Theorem 3, we need
some preliminary results. First we examine the limiting distribu-
tion of the infeasible FM estimator, Bcyprm. The endogeneity cor-
rection is achieved by modifying the variable y;; in (3) with the
transformation

- = AX;

+ —1 it
Vi = Yit — Q2upis2;; < )

it it ubi®4pj thO

and

= AX;
u,‘T = Uit — .Qub,.le <AF16> .
t

By construction u; has zero long-run covariance with

(ax, AF[O/)/ and hence the endogeneity can be removed. The se-
rial correlation correction term has the form

AL = (A An) e
Ar]+u bui bi _Q[;lgbui

= Api — Abi-@{,-]-ébui,

A+
Abui

where Ap,; denotes the one-sided long-run covariance between u;
and (e, n¢). Therefore, the infeasible FM estimator is

n

-1
n

Beuprm = (Z xl(MFOXi> Z (XiMpoy;” — T (A
p

i=1

)
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= / -1 /
with §; = (FO F°> FOx;.
The following lemma gives the limiting distribution of ECUPFM.

Lemma A.3. Suppose assumptions in Theorem 1 hold. Then as
(17, T)seq = 00

\/ET (ECupFM - ﬂo)
d _ , _
—> MN (o, D;! |:n1LngO . Zszu bi </ RmRni|C>i| D; 1) :

(u.* &t

Proof. Let w; = (ujf

n')" and we have

(1r] B; B .
Zw,t—> f | =g =BM (2") asT — oo, (28)
n

where

B.
By = | ¥ |,
bi |:Bn]

) .Qu,bi 0 0
Qi+ — I:Q(U)Abl S;) } = [ 0 Q:‘,‘f Qé‘ni}
o 0 Qui 2

-1
$upi = i — Qubi-Qbi puis

=yt +1~+’7
B, _|! —2ui$2; " | [ Bui
By 0 I Byi |-

Define A" = ¥* + I and let uf, = wie — 2upif2,;" ( xu) First
we notice from (26) in Lemma A.2 that

1 Xit
L = let”m Ik Z( l) Ugie

t=1

T
, 1< Xie 1< x[ AXi
~ )| () -7 30 () e (3

t=1 t=1
— 2 [ QdV; + (A%, — 7/ AL,) (29)
as T — oo. Now let

ﬁir = §1+iT (A:ul - S,A;u) :
Clearly,

d 1/2
cl*iT u/bz/QldVl

Thus,

n

1
W Z (XQMFouTi -T (A:ul -4 A;;—u))

i=1

\/_T Z (ZX””M A:uz - 8 A+ ))

i=1 \t=1

d . 1 . ’
— MN (0, nll{lgo E ;Qu.bils (/ Qle |C>>

as (n, T)seq — 00. Next, we modify (29).

T

1< 1 -
? ZZitu; = ? Z (Xif — (S:Fto) u?{
t=1

t=1

= /Rm'dBui + (Ik _7'_[1'/) (3&11‘)
nu

' H—15 — A H>—17
- / [Rnideinf]Qbui+ (I —7) (AH> 'Qbi1'QbUi:|

1/2
u.bi

=0 RudV; + (AL — /AL .

eui

Therefore,

1 n _ _
N Y (Zuf -1 (A%, - 545)
i=1
1< -
, Jim -~ ; QupiE ( / RuiR, |C>>

as (n, T)seq — 00. Then

V/nT (,ECupFM - ,30)

d _
— MN (0 D, 1nll)ngcn Z-Qum (/RmR,/MC) Dz1>

as (n, T)seq — 00. This proves the theorem. =

To show +/nT (BCupFM - ECupFM) =
following lemma.

4 MN (0

0p(1), we need the

Lemma A.4. Under Assumptions 1-5, we have
(@) Vi (A5, = Ak,) = 0p(D),

(b) = iy (847, — 814,) = 0p(D),

() ﬁ Y (MR — xiMpow") = 0,(1)

~ _ 5 o1 (A% _1 A+ +
where i _u,[—.Qub,.Qb,- (Aﬁ) Zl_ AT and AT =

eun — eui eun
!
i=1 eur

Note that the lemma holds when the long-run variances are
replaced by the bar versions. Since the proofs are basically the same
(as demonstrated in the proof of Theorem ), the proof is focused on
the variances without the bar.

Proof. First, note that

A = (A‘;rﬁ") = (Abui Api) ( —11 )
Anu _Qbi Lpui
= Apui — AbiS25 " Rbui.
Then
Aly = Aci — 8257 2euis

where .Q;‘i_] is the first k x k block of .Qb_il. Following the arguments
as in the proofs of Theorems 9 and 10 of Hannan (1970) (also see
similar result of Moon and Perron (2004)), we have

E|vn (4L,

sun) ” = SUPE H Asut - eut ”

+n sup [ EAgw

abil’

:o<§>+o(Ki2q).
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It follows that From the proof of Proposition 4 in the supplementary appendix,

K
Vn(ah, — AL = (max\/> / <2q) Zx — Mgo) u

if we replace u; by u;". Let Ab; = (Ax; AF°)beaT x (k+r)

From Assumption 5. K « n®. Then
matrix. Consider I.

n n
o~ — = n(liqu) — 0,

I 1 n
K2 2 Y M (i — uf)
ﬁT ; i""'F i i

if 1 < 2gbor ;—q < b. Next

i = Op(l)

1 u ~_ i~ _
= ﬁ ZX:MF (ui — Abin,‘]Qbui — U + Abi-Qbi]-Qbui)

K nb | nb
— v — =exp|log| =
B 3w (. )
o o X; IVIF Ab .Qub,.Qb — .Qub,Qb
=e P<b_10£> logn:nb’io%Z < P imIf S  g \/_T 1 1
logn —
_ Ly PN (b (22t — B

if b < liminf izgﬁ by Assumption 5. Then = /T ; Ir — Tz (A ( ubiSép; T Séubisép; ))

Vi (AL, = al)

= 0p(1) 1 . FF’
as required. This proves (a). 1=
To establish (b), we note =1l +IL.

1 n

K n / 1 5 =5
/ _——E X Ab; (2upi$2,; — SQupiS2y;

0, (max —, I<2q> ﬁT - i :( ubisp; ubi b,)

Ab; (.Qub,-Qb, — -Qulebz ))

n L Along the same lines as the proofs of Theorems 9 and 10 of
-~ / - Hannan (1970), we can show that

z :(S{A;u - S{A;;—u) = (n § :81') ‘/E(A;u - A77+u) ( )

i=1 i=

~ o~ ) 1
SUpE || 2uif2y;" — Q2ubis2y; || _o( >+o( )

K n i
= 0,(1)0 o wm (] =0
(10, (max{\/; \/E]) op(1) Then we have

as required for part (b). Qub191;1 _ Qusz
1
Let U = uy — Qupf2; ! ( AF0> Next,

K%

o )

o N ) and
N 'MEUT — X, ;
NG ; (xiMz1L — x{Mpou;") 7 Z | 2wy’ — ub19b11“
1 L ot gt -
=77 ,Ezl (XMIL — X[ MR, _ \/EE Z | 2wy — Buly! Hz
i=1

Y R Y Y S E T +
+ XMRU — X{Mzu;” + xIMpu;” — X{Mpou;")

n

1 ~
=77 > (XM — XMpuh)

nsup | 2usis2
1

ubl ||

- :ﬁ[o,, <Max[\/§\/jm

1
+ ﬁ > (XMpuf — XMou")

i=1 For I, by the Cauchy-Schwarz inequality,
n - n
+—= > (XM — XM Ll = [ — ST Ab (22 — By O
\/ET = 18] \/HT ;X, 1( ubid 4 p; ubiddp; )

n

1 u ~ 1
= > XM (I —uf) + T > (XM — XMpo) uff
i=1

i=1
n
Yo (@ )
i=1

IA

1 n
(a2

A

X;Abi

2) 1/2

1/2
( Z”Qubrgb, - ulebl H)

-l n
= — ) XM (i — Zx — Mpo) u
ml - = [0, (vm)]"* (v 0 (Max [v T })
+—= > XMz (U - T)
T & K [1
— [ 1411, OP(ﬁ)O"(’““{VT’VKM})'



98 J. Bai et al. / Journal of Econometrics 149 (2009) 82-99

Similarly,

.| Zx, 5 (b (Qunif2y" — Lunil2y; ))H

xFFAb oA o~
= Z Ulebi _-Qubi-Qb,')

1/2

xFFAb

IA

fZ

172
( > I - umszbnn)

0, (v/n) 0, (Maxiﬁ@})

Combining I.. and II;, we have
u K 1

72)(/»1\/1;(’11\'— 0p (Max{,/,,/])

JnT &7 T'V K2

o [ Ma nkK n

= X -, —_— .

b Vr'VK=

i —ﬂf) =0p (‘/ﬁ)

Recall K « n’ and lim inf > fogn > 1 from Assumption 5. It follows
that, as in Moon and Perron (2004)

nk  nb*! | nb+1 bt 1 logT |
— «» — =exp|log| — | | = ex — ——|logn
T T pLog T P logn &

logT
= n? 1 g < p

O
b+1— llmmflogn -0

by Assumption 5 and b < liminf ; logT — 1. Also note

n n
— o —— =72 0
K24 n2qb

by Assumption 5 and ;—q < b. Therefore

n
W ;X;Mf (-1 =0, (Max {\/nTT, \/E}) =0,(1).
Let
Ab; = (A% AF).
Note that

Ab; — Ab; = (A% AF) —
Consider III.

n
S Do B~ )
i=1
1 ] )
— N Zx;Mf (u;
i=1

1 &, ~ o~ g
—— ) XMz (Ab; — Ab;) 2;;" 2pui

(Ax, AF) =

(0 AF® — AF).
— Abi§};1§bui —Uu; + Abiﬁglﬁbui)

1< S
= > M (AF® — AF) 25" 2.
i=1

We use Lemma 12.3 in Bai (2005) to get
1
Op 77 .
min(n, T)

1 n
LS i (aF - aF) 0, (B — ) +
i=1

It follows that

n
YN 0 _
NG ; XMz (AF® — AF)

R 1
—Jn [op (B—#8°)+0, (rmn(nT))]
1 Vn
i (1) 0 )

since % — 0as (n, T) — oo. Collecting I-1Il we prove (¢). W
Proposition A.1. Under Assumptions 1-5,
/nT (BCupFM - ,ECupFM) =0,(D).

Proof. To save the notations, we only show that results with x;
in place of x; and §; in place of of §; since the steps are basically
the same. In the supplementary appendix, it is shown that (see the
proof of Proposition 4)

1 1
(nT2 ;xifo,) = <nT2 ;xiMFox,- +0,p(1).
Then

/nT @CupFM - ECupFM)

x 1= n + 0,(1)
=T (AL =A%) =T D (845, — 547
i=1
1 -
= n? ZX;MFOXI
i=
n
ﬁ ; (X{M{l?f — X;MFOU:F)
‘/_(A;Lun - eun - = Z 6 Ar]+u - S{A;u)
+0p(1),
where A%, = 13" AT and A%, = 131 A% Finally using

Lemma A.4,
/nT (ECupFM - ECupFM) =0,(1). W

Proof of Theorem 3. This follows directly from Proposition A.1.
|

Proof of Proposition 5. Consider (i). In the supplementary ap-
pendix, it is shown that

02 1
onFt HES|12 = T 0, (1 — ﬁll)+0(>+o (T)
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From ﬁT(B - B9 = 0,(1), the first term on the right-hand side
is 0,(1/(nT)), which is dominated by O(1/n) 4 0,(1/T). The proof
of (ii) is similar. M

Appendix B. Supplementary data

Supplementary data associated with this article can be found,
in the online version, at doi:10.1016/j.jeconom.2008.10.012.
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