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1. Introduction

Large dimensional factor analysis has been found to be useful
in an increasingly large number of applications, and the theoreti-
cal properties of the principal components estimates are quite well
understood. The method of principal components estimates the
space spanned by the latent factors instead of the factors them-
selves. Thus, if F; is the r x 1 vector of latent factors, and F; is the
vector of factor estimates, there exists an r x r invertible matrix H
such that F; estimates H'F,. Asymptotic results are stated in terms
of Ij} — H’F,. Similarly, if A; is the vector of factor loadings and )~Li
is the corresponding estimate, asymptotic results are known for
5;,' — H_l)»,'.

In some instances, the object of interest is the conditional
mean, and interpretation of the parameters that determine the
conditional mean is not necessary. For example, in diffusion in-
dex forecasting analysis of Stock and Watson (2002), the primary
interest is the predicted value of the dependent variable. In factor
augmented regressions, the factors are merely present to control
for latent common effects. In problems with errors-in-variables or
endogeneity such as considered in Bai and Ng (2010), one only
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needs the factors to be strongly correlated with the endogenous
regressor to validate the factors as instruments. In all these cases,
we are not interested in the coefficients on the factors per se and
being able to estimate a rotation of F; suffices.

There are, however, cases when the parameters of interest are
the coefficients associated with the factors, or even the factors
themselves. For example, in arbitrage pricing theory, restrictions
on the factor loadings would be necessary to pin down the sen-
sitivity to risk factors such as inflation, real activity, and finan-
cial markets. In factor augmented regressions of the form y, =
o'F + W{B + &;, one might be interested in testing a hypothe-
sis concerning «. Since the asymptotic theory is only available for
ﬁ(& — H™ 'a), the test is uninformative except when « is zero. If
H is known, @ can be given economic interpretation.

We study three sets of restrictions such that F and A are ex-
actly identified. If the underlying F and A that generate the data
satisfy those restrictions then H is asymptotically an identity ma-
trix. This is useful because F; can be treated as though they were
the latent F; and « can be learnt from &. We derive the asymptotic
distributions for the estimated factors and the loadings based on
these restrictions. In case there exist no F and A that satisfy any of
the identification conditions considered here, the rotation matrix
H will not be an identity matrix asymptotically and we will be es-
timating rotations of the underlying F and A. Other identification
conditions may be considered; the method developed in this paper
should be useful to derive the corresponding limiting distributions.
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Our analysis is extended to allow for (i) additive individual effects,
(ii) common time effects, and (iii) heterogeneous time trends in the
panel of data.

2. Factor models and identification

Let T and N denote the sample size in the time series and

cross-section dimensions, respectively. Fori = 1,...,Nandt =
1, ..., T, the observation X;; has a factor structure represented as
Xie = A.;Fr + €.

As written, there are no deterministic terms. Individual fixed ef-
fects and time trends will be considered subsequently. Let X and e
be T x N matrices. The factor model in matrix form is

X=FA +e

where F = (F, F>, ..., Fr) isthe T x r matrix of factors and A =
(A1, A2, ..., An) is the N x r matrix of factor loadings. Our objec-
tive is to estimate both F and A. We make the following assump-
tions:

Assumption A. There exists an M < oo, not depending on N and
T, such that

@) E||F:|* < M and D N L 5 > 0isar x rnon-
random matrix.
(b) A;iseither deterministic such that ||A;|| < M, oritis stochas-

tic such that E[| A < M. In either case, N"1A'A & ¥, >
Oisar x r non-random matrix as N — oo.

(ci) E(ex) = 0and Eley|* < M.

(cii) E(eiress) = Oijss, loyjis| < oy for all (¢, s) and |oy; 5] < s for
all (i,j).Furtherr]nore, ZL &;j < M for eachj, Zthl s <M
foreachs,and g >/ 1 |0ijes| <M.

(c.iii) For every (t,s), EIN"2 YN [esei — E(esei)]|* < M.

(d) {Ai}, {F:}, and {e;}, are three mutually independent groups.

. d . d

(e) () N"V2 3N hie — N(O, ID); (i) T™2 3 Fey —
N(0, ).

Assumptions A(a) and (b) imply the existence of r factors. The
idiosyncratic errors e; are allowed to be cross-sectionally and
serially correlated, but only weakly as stated under condition A(c).
If e;; are iid, then A(c.ii) and A(c.iii) are satisfied. Assumption A(d)
allows within group dependence, meaning that F; can be serially
correlated, A; can be correlated over i, and e;; can have serial and
cross-sectional correlations that are not too strong so that A(a)-(c)
hold. We assume no dependence between the factor loadings and
the factors, or between the factors and the idiosyncratic errors,
which is the meaning of mutual independence between groups.
Part (e) of Assumption A defines the limiting covariance of the
factors.

The method of principal components minimizes the objective
function tr[(X — FA")’(X — FA’)] by choosing the normalizations
that F'F/T = I, and A’ A is diagonal. The estimator for F, denoted
F= (E e I:"T)/, isa T x r matrix consisting of r unitary eigenvec-
tors (multiplied by JT ) associated with the r largest eigenvalues
of the matrix XX'/(TN) in decreasing order. Then A = (A1, ...,
Av) = X'F/TisaN x r matrix of estimated factor loadings.
The estimators F and A satisfy the normalization restrictions since
F'F/T = I, holds by constructionand A’ A/N = V where Visarxr
diagonal matrix consisting of the r largest eigenvalues of XX’ /(TN).

While the restrictions used by the principal components esti-
mator identify the space spanned by the columns of F and the space
spanned by the columns of A, they do not necessarily identify the
individual columns of F or of A. To be precise, let H beanr x r
matrix whose transpose is

H =V~ (F'F/T)(A'A/N). (1)

Under Assumption A, Stock and Watson (2002) and Bai and Ng
(2002) showed that H is invertible, F estimates FH (a rotation of
F), and A estimates AH'~! (a rotation of A), though the product
F A’ estimates FA’.

We are specifically interested in conditions under which we can
identity the columns of F and the columns of A from the product
FA’. Notice that FA’ = FRR™' A’ for any r x r invertible matrix R,
and R has r? free parameters. Thus we need at least r restrictions in
order to identity F and A, see Lawley and Maxwell (1971). While
more than r? restrictions can be imposed as in Heaton and Solo
(2004) and Reis and Watson (2010), the method of principal com-
ponents is not suitable for imposing over-identifying restrictions.
We consider three sets of restrictions that will lead to exact iden-
tification. We then show that if the true F and true A satisfy these
restrictions, then the corresponding rotation matrix is asymptoti-
cally an identity matrix.’

Identifying restrictions:

Restrictions | Restrictions on A
onF
(2.1): PC1 1FF=1 A’ A is a diagonal matrix

with distinct entries

_ (M _
(i

(2.2): PC2 1FF=1

T
A3 O - 0
A1 Ap - O
: : . A #
)\rl )er e )\rr
0,i=1,...,r
(2.3): PC3 Unrestricted | A = (/I‘r )
2
2.1. PC1

PC1 requires that the diagonal elements of A’ A are distinct
and positive and are arranged in decreasing order. The standard
method of principal components implicitly invokes the first re-
striction in PC1 but does not require the diagonal matrix A’ A to
have distinct elements. Without this restriction, the principal com-
ponents estimator cannot identity the individual columns of F and
those of A, and there will be rotational indeterminacy. Under PC1,
the normalization on F gives r(r + 1)/2 restrictions since a sym-
metric matrix contains r (r + 1) /2 free parameters. The diagonality
of A’ A gives r(r — 1) /2 restrictions. Together, the two normaliza-
tions lead to exactly r? restrictions. We show in the Appendix that
if the restrictions defined by PC1 also hold for the underlying F and
A that generate the data, then

H=1 + 0,0y, (2)

where Syr denotes min [W, ﬁ] throughout this paper.

PC1is a statistical restriction and is often used in the maximum
likelihood estimation, see Lawley and Maxwell (1971). This identi-
fication condition is less restrictive than it appears. A block diago-
nal matrix of factor loadings also satisfies PC1.2 For example, with

1 By symmetry, three different sets of identification restrictions can be obtained
by switching F and A. For example, 2F'F is diagonal and 4 A’A = I,. Since the
asymptotic results still hold by switching the role of F and A, we only consider the
three sets of restrictions given above.

2 An extension of this model is the inclusion of a global factor, see for example,
Moench and Ng (2011), Hallin and Liska (2008) and Wang (2008). However, the
factor loading matrix does not necessarily satisfy PC1; it will satisfy PC2 if there is
a cross-section unit which is affected by the global factor only.



20 J. Bai, S. Ng / Journal of Econometrics 176 (2013) 18-29

r = 3, the following loading matrix will satisfy PC1:

T 0 0
A=(0 m O
0 0 T3

where 7; is a vector of N; x 1 with N; + N, + N3 = N. The load-
ing matrix implies that the first factor affects the first Ny individ-
uals, the second factor affects the next N, individuals, and so on.
This case is potentially useful for economic applications. PC1 still
holds under an arbitrary permutation of the cross sections. Thus in
the block diagonal case, it is not required to know which cross sec-
tion units belong to the first group (affected by the first factor) and
which belong to the second group, and so forth.

The next two sets of restrictions, PC2 and PC3, involve ordering
the data. Both of which are frequently used in empirical work.

2.2. PC2

PC2 restricts A to be an invertible lower triangular matrix. It
thus requires knowledge of which variable is affected by the first
factor only, which variable is affected by the first two factors only,
and so on.> PC2 is analogous to a triangular system of simultaneous
equations. The choice of the first r variables of X; and their ordering
provide the auxiliary information for identification.

Given the unrestricted estimates F and 4, it is easy to obtain
estimators satisfying PC2. Let A be the first r x r block of A and let
F and A denote the estimators that satisfy PC2, i.e., F'F/T = I, and
A; is lower triangular. Then F and A can be obtained as follows.

e Step 1: obtain a QR decomposition of A} to yield A} = Q - R,
where R is an upper triangular matrix with positive diagonal
elements, and Q isanr x r orthogonal matrix such that Q'Q =

I,. This decomposition is unique for any invertible A;.
e Step 2: define

PO A~ R

F=F-Q, A:A-Q:[Az]

By construction, F’F/T = Q/(F'F/T)Q = Q'Q = I,. The new
rotation rr)atrix is H* = HQ.

Since F and A are rotations of the principal component esti-

mates F and A, they are equivalent in a certain sense. However,
their asymptotic distributions will be different. We show in the Ap-
pendix that H* is asymptotically an identity matrix, but JT (H* —
I,) is asymptotically non-negligible unless r = 1. More specifically,
if the true F and A satisfy PC2, then

H* — I, = 0,(67),
{H* — 1 = 0,(T™"%),
This implies that & = VTH =) = 0p(1) forr = 1.Infact, when
r = 1,PC1 and PC2 are identical and (2) is in agreement with & =
0p(1). However, & = ﬁ(H*—Ir) = 0p(1)whenr > 1.Infact, the
limit of & is a skew-symmetric random matrix.# In consequence,
the limiting distributions of I:"[ and ):,- will be affected by ='.

r=1
r>1.

2.3. PC3

The third set of identification restrictions specify the first r x
r block of A (denoted A;) to be an identity matrix and leaves
the factor process F completely unrestricted other than requiring
F'F/T to be invertible so that r factors exist. Unlike PC1 and PC2,

3 The structure of A is similar to Stock and Watson (2005), though they are
interested in identification of shocks to the factors rather than the factors. A
variation to PC2 is to normalize the diagonal elements A; (i = 1,2,...,r) to be
1, with F'F/T being diagonal (instead of an identity matrix).

4 A matrix C is skew-symmetric (also known as anti-symmetric) if C + C' = 0.
So the diagonal elements of a skew-symmetric matrix are zero, and C; = —Gj;.

all r? restrictions are imposed on A under PC3. The restrictions
imply that the first variable Xy, is affected by the first factor only,
the second variable X, is affected by the second factor only, etc.
The resulting structure resembles the classical ‘errors-in-variables’
model in which X;; = F; + e fori = 1,...,r, as in Pantula
and Fuller (1986), and Wansbeek and Meijer (2000, pp. 148-150).
While PC3 requires the choice of the first r variables, the estimators
for A and F are easy to obtain. Given the principal components
estimates A and F, let

A=AA7',  F=FA,

The rotation matrix in this case is H' = HA/, because F = FA} =
FH/NX’1 + 0,(1). If the F and A underlying the data satisfy PC3, then
HT will converge in probability to I,. It follows that F estimates F
and A estimates A without rotation. We show in the Appendix that

VTH' = 1) = & +0,(1) 3)

where &7 is defined in (11) below. The fact that «/T(HT — I;) is not
negligible for all r > 1 will affect the limiting distributions of A;
and F;.

Remark 1 (Local vs. Global Identification). Conditions for global and
local identification of factor models are discussed, for example, in
Bekker (1986) and Algina (1980). Both PC1 and PC2 identity F and
A up to a column sign change. Changing the sign of any column
of F and the sign of the corresponding column of A will leave the
product F A’ unchanged.

The resulting new F and new A still satisfy PC1, and hence ob-
servationally equivalent to the original F and A. Thus PC1 and PC2
are local identification conditions. However, once we fix the col-
umn signs of A (or F), PC1 and PC2 become global identification
conditions. There will be no other F and A with the given column
signs and the given product FA’.

To understand how global identification is achieved, consider
PC2. Once F A’ is given then A(F'F/T)A’ = AA’ is known, since
F'F/T =I,.Let C = AA’.From A" = (A}, A}), we have

A Ay A A, Cn Ci2
AN = ) 2, C=
[AZA; Ay A, G &
where we also partition matrix C correspondingly. Suppose for

concreteness that r = 3. Knowing Cy; is equivalent to knowing
the elements of

A2 2)\11)L212
I
AAL = | — A+ Ay,

A11A31
A21A31 + A2A 3
My A5+ A5

If the sign of Aq; is known, then Aq; is identified from )\fl. Since
A11 # 0, Ay1 and A3q can be identified, which further implies the
identification of kﬁz. If the sign of A,, is known, then X, is also
identified. Since A,, # 0, this implies the identification of A3,. The
same reasoning implies the identification of 133, given its sign. In
summary, we can identify A; provided that A is invertible and the
signs of A;; (i = 1, 2, 3) are known.> Next, from Cy; = Ay A7, we
identify A, from A, = Cyy (A’l)*l. Thus PC2 together with the col-
umn signs of A (or F) imply global identification in the restricted
parameter space that ensures invertibility of A;.

5 Identification of A; alone does not require A33 # 0, but further identification
of A, does need A33 # 0 so that A, is invertible.
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PC3 also implies global identification, but sign restrictions are
not necessary. To see this, let C = A(F'F/T)A’ be given. Under
PC3,

AFF/T)A = [ FFD - EF T)A'z] .

Ay(FFJT)  AyA,

Knowing Cy; is equivalent to knowing F'F/T. Thus we identity A,
from Ay = Co1(F'F/T)™" = Cu Gy

3. Asymptotic theory

We are interested in the implications of using the factor
estimates identified using PC1, PC2, or PC3 for inference. To this
end, let

Zn = (FF/T)" T-WZF[ew

By Assumption A(e), Zr; i Z; where Zy; is a zero mean normal vec-
tor as T — o0. To derive the limiting distribution for F[ and A,, we
use the asymptotic representations for Frand X;, given in Theorems
1 and 2 of Bai (2003). Specifically, if «/_/T — 0, then

FF\ 1 &
VNE —HF)=V" ( ) Aiei + 0, (1) (4)
t— t T \/ﬁ; t p
and if /T/N — 0,
- 1 <
VTG —H "A) =H — ) Fey + 0,(1). (5)
ﬁ; eic + 0

A useful and alternative expression for (4) is

N
— > hieie +0p(1) (6)

i=1

\/N(I:}—H/Fr):H’( /A) !

VN
because (1) implies V! <FT) v (#) (A’ A/N)(A' A/N)™!
=H'(AA/N)"L.

3.1. PC1

Under PC1, H' = I, + 0,(8y7). It follows that v/N(F; — F;) =
VN(F, —H'F) +~/N(H —I,)F, = v/N(F, — H'F;) +0,(1), provided
that \/N/BI%,T = 0(1), or equivalently, «/N/T — 0.Thus under PC1,
we can rewrite (6) as

/ -1
VN —F) = (ﬂ)

L
—Z)\ie,-[ + 0,(1). (7)

N UNG

This result says that F is asymptotically equivalent to the least

squares estimator for F; in a cross-section regression with A as the

regressor, as if A were observable. Similarly, if /T /N — 0and

H™' =1, + 0,(8y7), then

/ -1
VTG —ai) = (FF>

1 J
i Freir +0,(1) (8)
T JT ; P
because F'F/T = I, and v/T(H™ ' — I,) = 0,(1) if /T/N — 0.In
view of (8), we can now interpret X; as the least squares estima-
tor for A; in a time series regression with F as regressor, as though
it were observed. These representations and the required relative
rate between N and T are the same as in (4) and (5), except that

we replace H by an identity matrix in view of the identification re-
strictions.

The fact that H is an r dimensional identity matrix asymptoti-
cally simplifies the limiting distributions for F, and ; because the
right hand sides of (7) and (8) do not depend on any estimated
quantities.

Theorem 1. Suppose that Assumption A and PC1 hold. Let F and X
be obtained by the method of principal components. Thenas N, T —
oo with +/N/T — 0, we have

VN(F,
Furthermore, if ﬁ/N — 0,

d _ _
—F) = N@©O, Z,'I: 2. 9)

VTGi—2) 5 N, ). (10)

A formal proof is given in the Appendix. In essence, I:"’F/T =1+
0p(8y7), and V = A’A/N + 0,(8y) under PC1. Thus the limit of
F'F/T is I, and the limit of V is X 4. Since A’A/N — X, by As-
sumption A(b), and (9) follows from (7). Furthermore, (8) together
with F'F/T = I, implies (10). Theorem 1 sheds light on the role of
identification assumptions on the principal components estimator.
As H and Q are now identity matrices, the identification assump-
tions affect not just where we center the limiting distribution of
the factor estimates, but also their asymptotic variances.

Using the limiting result in (10) we can test if A; or some com-
ponents of A; are zero. Consider testing the null hypothesis that
RXA; = A;, where Ris a (q x r) known restriction matrix (¢ < r) and
A is g x 1, a known vector. Under the null hypothesis,

T(RA; — 7 RBR) ™ (R — &) > 2.

We can also test restrictions between A; and A;(i # j). Put§ =
(A, Ajf)’ and § = ():;, ):j/-)/. Consider the hypothesis R§ = §, where
Risq x 2r and § is g x 1. By the asymptotic representation of (8),
if E(eicej) = O fori # j, then A; and A; are asymptotically indepen-
dent. So let ¢ = diag(cfﬁ,-, @j) (a block-diagonal matrix), then
T(RS — 3) (ROR) (RS — 3) > x2.

If Eeirejr) # 0, then @ will not be a block diagonal matrix, but it
is straightforward to estimate the joint asymptotic covariance ma-

trix. Statistics for testing hypotheses concerning the factors F can
be similarly constructed.

3.2. PC2

To derive the asymptotic distributions of I:} and ):,» for PC2, and
PC3, we need the following:

. d
AssumptionB. (Z;, 71, ..., 2.) — (Z],Z]...,Z]).

The random variables Zy; are defined earlier. Assumption B
strengthens A(e) to require the joint convergence of Zy and
(Zr1, ..., Zyy) to the joint limit of Z; and (Z4, . . ., Z,). Hereafter, we
let & be an r x r matrix defined by

FFN7' 1 &
é&r = (7> = (Frexes .- -y
r) Ak

= (Zr1, ..., Z1y). (11)

The limiting distributions of the factor estimates under PC2 de-
pend onwhetherr = 1orr > 1.Ifr = 1,PC1and PC2 are identical,

so the limiting distributions I:"[ and ii are given in Theorem 1. When

Frer)
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r > 1, the representations for ﬁt and ):i each has an extra term be-
cause ~/T(H* — I,) is non-negligible. More specifically, fori > r,

. FFN7' 1 &
Thi—x) =|—) —=) Fei
VTG =% (r) 77 e

—VTH" = 1)+ 05(1) (12)

and for each t,

. U
VNE —F) = (—) — Y e
t t N \/ﬁ ; 1cit

— (N/T)'2VT(H* = I)F; + 0p(1). (13)

Let & = ﬁ(H* — I;) and let =}, denote the (k, h)th element of
Z (1 <k, h <r).We show in the Appendix that

Er AT Dm +o0p(1), k>h
0,(1) k=h (14)
— &+ 0p(1), k<h

where 0,(1) holds if ﬁ/N — 0. The limit of the off-diagonal el-
ements of = are determined by the limit of the off-diagonal ele-
ments of &7 (AQ)”, where &7 is defined in (11).

It turns out that (12) also holds fori = 1, 2, ..., r, not just for
i>r.For1l <i <r,thelastr — i components of }:i and of A; are
zero. Using the asymptotic representation of JTH* — I;) in (14),
it can be shown that the last r — i components of the right hand
side of (12) indeed have zero limits.

Recall that Xy = [, under PC2, and Z; is the limiting distri-

;o\ —1
bution of <¥) % ZZ:] Fiei;. Let veck(A) denote the column
vector that stacks the lower triangular elements of A (excluding
the diagonal elements). Note that veck(-) is different from vech(-).
For any skew-symmetric matrix A, there is a duplication matrix
D such that vec(A) = Dveck(A). Eq. (14) implies veck(Z) =

’_ d
veck(ér A, My 4 0,(1). From &r(A) ™! = (24, Za, ..., Z)(A)DT!
we have veck(Z) 4 n, where 1 is defined as n = veck((Z;,
Zy, ..., Zr)(A)™Y. Then
VTH =)k = Exi= (A, @ I)vec(&)

= (A ® I;)Dveck(Z)

En =

d
— (A ®I,)Dn.

Let Z; be the limit of the first term on the right hand side of (12).
We have

Theorem 2. Suppose that Assumptions A, B, and PC2 hold. Let ﬁt and
A denote the estimates with the restrictions of PC2.

(i) Let Z;=9N(0, ®;). Then for each i and as N,T — oo with
VT/N = 0,

A d ,
VTGi—a) S Z— (M ®1,)Dn

where n = veck[(Zy,Z,, ... ,Zr)A/l_l] and D is a duplication
matrix linking vec(-) and veck(-).

(i) Let G, =N(0, ¥, ' I £ ;") andisindependentof n.If N/T — ¢
with0 < ¢ < oo,

INFE = F) S G+ Ve(F ®1,)Dn,

In part (i) of Theorem 2, (A; ® I;)Dn is the limit of ﬁ(H* —I)A;,
which is also normal since 5 is normal. Similarly, for part (ii) of
the theorem, G; is the limit of the first term on the right hand side
of (13), and +/c(F/ ® I,)Dn is the limit of the second term of (13).
Hypothesis testing can be performed as in Section 3.1.

3.3. PC3

Similar to PC2, the representations for I:‘t and ):,- each has an

extra term because ~/T(HT — I,) is non-negligible. As A; is known
fori < r, we only need to consideri > r + 1. We show in the
Appendix that

. FFN 7' 1 <
Thi—x) =|—) —=) Fei
VTGi= (r) 77 e

—VTHT = 1) + 0p(1) (15)

and for each t,

. AANTT 1 E
VNE —F) = (—) — E Aiei
t t N \/ﬁ — itit

+ (N/T)V2VTH = 1)F; + 0,(1) (16)
where «/T(HT — I, is given in (3).

Theorem 3. Suppose that Assumptions A, B, and PC3 hold. Let Fiand

A; denote the estimates with the restrictions of PC3.

(i) Let Z=N(0, =, '®;2;"). Thenfori > r 4+ 1,as N, T — oo
with ~/T/N — 0,

VTGi— ) S z— @, ... 20

(i) Let G, =YN(0, ¥,' I X ;") and is independent of (Z1, ..., Z).
If N/T - cwith0 < ¢ < 00,

INGE = F) S G+ Ve, ... Z)F..

To understand part (i) of Theorem 3, note that Z; is the limit of
the first term on the right hand side of (15). Under Assumptions A,
B, and PC3, the second term in (15) satisfies

VTH = 1) S 21,25, ..., 2,),

which is an r x r matrix of random variables.5 Although F'F/T
(whose limit is Xr) is not required to be an identity matrix under
PC3, Z; is normally distributed. As a consequence, (Z1, ..., Z)A; is

also normally distributed if A; is non-random. It follows that ii is
still normally distributed. Similarly, part (ii) of Theorem 3 comes
from the fact that G; is the limiting random variable for the first
term on the right hand side of (16). Again, hypothesis testing can
be performed similarly as in Section 3.1.

4. Implications for factor-augmented regressions

Consider the infeasible regression model
Y = Ft/a +Wt,13 +8t

where F; is not observable and is replaced by I:} estimated under

one of the three identification assumptions. Let = (&', B')’ de-
note the least squares estimator of the “factor augmented regres-
sion”

Ve =Fa+WB+v =28+ (17)

where v, = & + (F — F)'a, 2 = (F,,W/),and § = (o, ). To
state the asymptotic behavior of §, we also need the following:

6 The matrix convergence in distribution implicitly refers to the convergence
with vectorization. In any event, ﬁ(HT — I)A; is already a vector, so its
convergence to the vector (Z1, ..., Z)A; is well defined.
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Assumption C. For zz = (F/,W)),E|lz|* < M < o0;E(g|
Zt-1,2t—2, ...) = 0; z; and ¢; are independent of the idiosyncratic
errors e; for all i and s. Furthermore, % Z[T=1 7z LN X, > 0and
T2 76 £ N(o, X22.), where X, . = plimg i &z
> 0.

If F; was observed, then under Assumption C, the asymptotic
variance of 8 would be givenby X LD ). X 1. As shown in Bai and
Ng (2006), & is an estimate of H '« (and not o) when Ft is used in
place of F;. The following theorem studies the properties of § when
I:} is used in place of F;.

Theorem 4. Suppose JT /N — 0and Assumptions A-C hold. Define
s =%,'%,.5; . Let 8 = (o, B') and let § be obtained by the
least squares estimation of factor augmented regression (17), where ﬁt
is obtained under the restrictions defined by PC1, PC2, or PC3. Then

VTG —8) 5 N, Avar(3))

where Avar(8) = X under PC1, Avar(3) = X5 + diag[(e/ ® I,)
Dvar(n)D'(a ® I,), 0] under PC2, and Avar(S) = X5 + diag(var
[(Z1, ..., Z)a], 0) under PC3. Furthermore, n and D are defined in
Section 3.2, and (Z1, ..., Z) is defined in Section 3.3; diag(A, B)
refers to the block diagonal matrix with blocks A and B.

Theorem 4 states that under PC1, § has properties as though the

latent factors F; were available as regressors. Although the distri-

bution of /§ is invariant to identification assumptions used, the dis-

tribution of & does depend on whether PC1, PC2, or PC3 is used.
To understand Theorem 4, note that under PC1,

VT@ —a) = VTG —H 'a) — VT(H — DH 'a.

The first term on the right is analyzed by Bai and Ng (2006). Under
PC1, ﬁ(H —I;) = 0p(1) provided \/T/N — OsinceH — I, =
0, (81\772). As H is asymptotically an identity matrix, @ now directly
estimates «. Thus, the limiting distribution for JT @ — H ')
stated in Bai and Ng (2006) simplifies to the case of standard least
squares as if F; were observed. Under PC1, the asymptotic variance
of X5 can be consistently estimated by

( Zzg/> (;im;a;) ( igtg/>
t=1 t=1

which is White’s heteroskedasticity robust covariance estimator
using Z; as regressors.

Under PC2 and PC3, «/T(H* — I,) and ~/T(H' — I,) are not
asymptotically negligible when r > 1. The asymptotic variance
of @ under PC2 has an extra term given by the variance of (& ®
I.)Dn. Under PC3, the extra term in the asymptotic variance of & is
due to var[(Zy, ..., Z;)«]. Details on estimation of the asymptotic
variances are given in Appendix A. It is however useful to note that
if e;; are independent forj = 1, 2, ..., r, then the normal vectors
Z; are also independent. In such a case, var[(Zy,...,Z)a] =
> k1 Proy can be consistently estimaAted by Y is Db

It is useful to remark that when F; estimates F; instead of a
rotation of F;, we can give economic interpretation to the coeffi-
cients on the regressors F,. For example, in factor augmented auto-
regressions (FAVAR) or for the factor models considered in this
paper we can obtain the impulse responses of each observable X;;
in the panel to the common shocks that drive F;..” Suppose that

7 Similar issues have been considered by Stock and Watson (2005) and Forni et al.
(2009).

Fr = A1Fe—1 + -+ - 4+ ApFr—p + Aouy, where u; is a vector of struc-
tural shocks, and Ag is a r x r matrix linking the structural shocks
u; to the reduced form shocks v; such that v; = Aou..2 Observing
F; (with economic interpretations for each component) allows us
to use standard structural VAR analysis to identity Ay and compute
the impulse responses dF”" . It follows that we can compute the

0Xit+k — /e OFrk

impulse responses for the observable variables E o

for eachiand for all k > 0.

5. Factor models with deterministic terms

In practice, the data are demeaned and trends are removed
before the factors are estimated. Factor models with deterministic
terms are of the form

Xie = i + 8i(t) + AiFe + e

where p; is an individual fixed effect and §;(t) is a time effect.
When §;(t) = &, the time effects are common. When §;(t) =
d; - t, we have individual specific linear trends. These treatments of
deterministic terms will be analyzed in the next three subsections.

5.1. Individual fixed effects

We first assume that the time effect is absent. The model in
vector form is written as

Xe = u+ AF +ey.

The model is observationally equivalent to the following model
Xe = u* + AF} 4 e, where u* = u + AF,and F = F, — F.
We impose the restriction F = % ZL] F: = 0. Equivalently, with
ir = (1,1,...,1),aT x 1vector, the restriction is

(FE1)

In the absence of fixed effects, the principal components esti-
mator is based on the T x T data matrix X'X, where X = [X;, Xa,

., Xrl. To account for the fixed effects, we need to demean the
data. Equivalently, we can estimate 4 by X = 1 3"/, X, and use
the residuals to estimate A and F. The demeaned data matrix is

Z=1[X - S Xr— X1 =X = Xd.

The principal components of F, denoted F, corresponds to the
eigenvectors (multiplied by VT ) of the r largest eigenvalues of
the data matrix Z'Z. That is,
(NT)"'Z'ZF = FV (18)
where V is r x r diagonal matrix consisting of the first r largest
eigenvalues, arrgnged in decreasing order. The factor loading esti-
mator is A = ZF /T. By construction, F and A already satisfy PC1,
namely, that F'F/T = I, and A’A = diagonal. We now want to
show that (i) these estimates also satisfy the constraint (FE1) and
(ii) that A; has the same expression with or without demeaning.
To see (i), first note that (72" = (X" — (pip)X = ;X' — TX'
which equals zero by the definition of X. Multiply ¢} on each side
of (18), we have

0=17'7 =UFV.

8 The model is still static even though F; is dynamic.
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Since V is an invertible (diagonal) matrix of eigenvalues, it follows
that ;. F = ZZ:] F; = 0, which is (FE1). The principal components
estimator for A can now be rewritten as

A =ZF/T = (X — X{})F/T = XF/T

where the last equality makes use of the result L’TI:" = 0. Therefore,

the expression for Xi has the same form with or without demeaning
the data. _

To show (ii) that the limiting distribution for A is of the same
form with or without fixed effects note that since F; = F; — F and
F = 0 by assumption, the model in demeaned data is

Xit —)_(,' = )\;Ft + e — e;.

Replacing e;; with e;; — &; in (8) and since ZL] Fe; = (ZL
Fr)éi =0,

’ -1
x/ﬁd,-—xf):(?) IZW" &) +0p(1)

_ (FF\~

ST
This representation coincides with (8). Thus under Assumptions A,
B, PC1 and (FE1), the limit is again \/N(Ai — Xi) ~ N(0, &;), which

is (10). The limiting distribution for F; also has the same form with
or without demeaning. Replacing e;; with e;; — e; in (7), we have

1
= ZFtej[ + Op(]).
VT 5

/

-1 N
NG~ F) = (AA) iN 3l = &)+ ()

N
A AN N 1 (A A
— _ /2
‘(N) JNZ“" " (N)
erwop(l)

i=1 t=1

[ AAN
N
The second term on the right hand side is 0,(T~"/?) because
(NT)=/23"N ST Ajey = 0,(1). The asymptotic representation
for F, is thus the same as when fixed effects are absent. This implies
that the limiting distribution has the same form.
The estimators under identification restrictions PC2 and PC3 are
constructed exactly the same way as when fixed effects are absen’E,
but using the newly defined principal components estimators F

and A. Thus when (FE1) holds, the expressions for % and F; are
the same with or without demeaning.

1
—— )»ie,-t +0p(]).
g

5.2. Common time effects

We now allow for common time effects.
Xit = mi + 6 +)";Ft + ejt.
For identification, we now need the additional restriction®

(FE2)

2 \

9 The restriction may be replaced by E(A;) = 0 if each A; is considered to be a
vector of random variables.

To estimate the model, we first remove the cross-section mean

and time series mean from the data. Let Xiy = X;: — Xi. — X + X,
where X;. is time series mean for each i, X;; is the cross-section
mean for period t, and X.. is the overall mean of X;. The variable
Xi is the usual within group transformation of Xj. By similarly
defining é;;, the demeaned model is
Xj[ == )\.:Ft + é,’t.
This is now in the form of a pure factor model without individual
and time effects. We can again estimate the model using the data
Xit, with any of the three sets of identification restrictions, PC1,
PC2, and PC3. There is no need to directly impose the fixed effects
restrictions (FE1) and (FE2). When (within-group) transformed
data are used, these restrictions are automatically satisfied.

The limiting distributions can again be derived using represen-
tation (8) with e;; replaced by é;; = e;; — e;. — e.; + e... Specifically,

T
T-1/2 Z F(ei — 8. —&¢+2.)
t=1

T T
T71/2 ZF[el‘t - T71/2 ZF[E t
t=1

t=1

T 1 N T
—T12 Z Frep — T—l/zW Z ZFte,-t

t=1

T
=T Fey — 0,(T™'/?)
t=1

where the first equality follows from (ZLlFf) e. = 0 and
(ZL F[) 8. = Osince Y""_, F, = 0. Thus the limiting distribu-

tion is still determined by the limit of (F'/F/T)~'T~"2Y"[_, Feey.
Similarly,

N
N2 " g =N~
i=1

It follows that the limiting distribution for the factor loadings is
of the same form as when fixed effects are absent. The values of
the limiting variances will, however, be general different. If there
are no fixed effects in the true model but demeaned data are used
in estimation, the resulting estimates for the factors and their
loadings will, in general, have larger variances than those without
demeaning the data.

To see this, recall that under PC1 or PC2, the estimated factor
loadings in the fixed effects model are represented by

’ -1
VTGi = xi) = (FTF> [ ZF[EI[ +0,(1)

whether or not the fixed effects are estimated. If e;; ~
is a stationary vector, then the limiting distribution is

N
23" hiei + Op(N~'72).

i=1

(0, 02), F;

VNG = 1) 5 N, 2 [EREDTT).

Now estimation of the fixed effects will also remove the mean
from F;.!9Although the representation looks the same, the limiting
variance of A; is then o?[var(F;)]~'. As F; can have non-zero mean,
the second moment E(F;F/) is in general larger than the variance
of Fy. As E(FF}) > var(F,) implies [E(F.F))]™" < [var(F)]™", the
limiting variance of ):,- is smaller when fixed effects are known to
be absent and are not estimated.

10 gyr assumption that F = 0 is asymptotically equivalent to E(F;) = 0.
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5.3. Heterogeneous trends

Instead of common time effects, consider a model with hetero-
geneous coefficients on the linear trends:

Xie = pi + 8it + MFe + eye.

We now assume that F; is a zero mean process that does not contain
a linear trend because in the presence of u; + §;t, we cannot sepa-
rately identify the heterogeneous trends and the factor process. For
example, suppose that F; = ¢ + dt + n;, where 7, is a zero mean
process, we can rewrite the model as X = u + 8t + Ain: + e;
with uf = p; + Ajc and 87 = &; 4+ Aid. We can only identify 7.

We focus on the identification restriction PC1, i.e., F'F/T = I,
and A’A is diagonal. Let X denote the residuals from the least
squares detrending for each series i. We have

T _ 2/pT T
Xy = MF + ey,

where F and ej, are also the residuals from the least squares
detrending (no actual detrending is performed on them since they
are unobservable). Let ar and br be the OLS coefficients when F; is
regressed on [1, t], and a; . and b; . are similarly defined, we have

Ff =F —ap — bt

eirt =€jt — Qie — bi,et-

While F} is not equal to F;, one can easily show that Ff = F; +
0,(T~'/2). Note that F'F/T = I, implies that F*F*/T = I, +
0,(1/T) because F; is a zero mean sequence by assumption in this

section. Together with diagonality of A’ A under PC1, we can use
earlier arguments to show that

VNG — 1) = (FT Fr) ZFtre:Tr+0p(1)

A
( T ) \/_ZF eir + 0p(1).

t=1

Note that we can replace e, by e;s because {F/ } is orthogonal to the
sequence {1, t}. Similarly,

- AANTT 1T E
\/N(Ft_ D) = (N) Wzkie;+op(l)

(52 e ()

1
x 7= ;Ai(ai,e + biet) + 0,(1)

AA
- (T) fZA ieir + 0p(1).

i=1
The last equality follows from the fact that a; . + b;t is a linear

. . 1 T 1 T
combination of 1 Y., e; and (f Dot

e,s) 7+ each of which is
0, (T~1/2). Using the assumption that e;; has weak cross-sectional
correlation, we can show that N~1/2 Zf; Ai(@ie + biet) = 0,
(T~1/2). Asymptotic normality for ~/T(k; — A;) and for ~/N(F; —
FF) follows from the fact that T-1/2 Zle FregandN~1/2 Zf’zl Ai€i
are asymptotically normal. Once the data are demeaned and de-
trended, the estimation procedure is identical to the case with or
without linear trends. In addition, the asymptotic variances for A;
and F; are estimated as if there were no deterministic terms. Anal-
ogous arguments can be used to establish that the limiting distri-
butions under PC2 and PC3 also have the same form as the case
without deterministic intercepts or trends. Details are omitted.

Table 1
Marginal R?: F, rotated under PC2.
Series  Factor1 2 3 4 5 6 7 8

1 ces002 0.789 0.000 0.000 0.000 0.000 0.000 0.000 0.000
2 ips10  0.564 0.349 0.000 0.000 0.000 0.000 0.000 0.000
3 sfygtl 0.034 0.043 0.794 0.000 0.000 0.000 0.000 0.000
4 puxhs 0.002 0.000 0.000 0.769 0.000 0.000 0.000 0.000
5 fygtl 0.068 0.016 0.007 0.004 0.797 0.000 0.000 0.000
6 hsbr 0.154 0.005 0.006 0.000 0.019 0.739 0.000 0.000
7 fmrra  0.000 0.001 0.000 0.009 0.000 0.001 0.648 0.000
8 fspcom 0.003 0.029 0.020 0.001 0.050 0.000 0.001 0.602

6. An application

Stock and Watson (2005) analyzed 132 series over the sample
1959:1 to 2003:12. The predictors include series in 14 categories:
real output and income; employment and hours; real retail,
manufacturing and trade sales; consumption; housing starts and
sales; real inventories; orders; stock prices; exchange rates;
interest rates and spreads; money and credit quantity aggregates;
price indexes; average hourly earnings; and miscellaneous. The
series are transformed by taking logarithms and/or differencing so
that the transformed series are approximately stationary. The IC;
and IG, criteria developed in Bai and Ng (2002) find 7 static factors
explaining over 40 percent of the variation in the data.

Stock and Watson (2005) performed variance decompositions
and reported that the first factor explains much of the variation in
production and employment related series, while the second factor
explains movements in interest rates, consumption, and stock
prices. Variation in inflation is mainly explained by the second
and third factor. Factor four is highly correlated with interest rate
movements, factor five with employment, factor six with exchange
rates, stock returns, and hourly earnings.

We use the Stock-Watson data extended to 2007:12 and used
in Ludvigson and Ng (2011). After deleting a series that is no longer
published, the new dataset has 131 series. We first transform the
data to be stationary. The demeaned and standardized data are
then used to estimate the factors. The first 7 factors still explain
45% of the variation in the data, though the IC, criterion now finds
the optimal number of factors to be 8.

An important aspect of PC2 is that it uses the ordering of the
variables to identify the factors. We reorder the data such that the
first eight series are (1) ces002, total employees on non-far payroll;
(2) ips10, industrial production total index; (3) sfygtl, spread
between one-year T-bill rate (fygt1) and fed funds rate; (4) puxhs,
CPI excluding shelter; (5) fygt1, one year T-bill rate; (6) hsbr,
housing units authorized; (7) fmrra, total reserves; (8) fspcom, S&P
500 index. Under PC2, employment responds to the first factor only
while industrial production responds to the first two factors. The
interest rate spread responds to factors one to three, while inflation
responds to factors one to four, and so on. This in turn implies
that shocks to ﬁl are shocks to employment, while shocks to ﬁz
are industrial production shocks orthogonal to employment, and
so forth.

Table 1 reports the marginal explanatory power of the j-th fac-
tor. The (i, j)th entry of the table is computed as follows. Let R?(j) be
the R? in a regression of the series in question on the first j rotated
factors. We first regress the ith series on the first j rotated factors to
get R2(j), and then regress the same series on the first j — 1 rotated
factors to get R%(j — 1). The (i, j)th entry equals the difference be-
tween R?(j) and R?(j — 1). The results conform that under PC2, the
first two factors are real activity factors while factor four is infla-
tion. Factors three and five are related to interest rates, while factor
seven is a monetary factor. Factor six is a housing factor, and factor
8 is that of the stock market.

It is useful to compare the marginal R?s obtained by regressing
these same series on the standard principal component estimates,
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Table 2

Marginal R2: F,.
Series  Factor1 2 3 4 5 6 7 8
ces002 0.695 0.005 0.000 0.017 0.050 0.004 0.001 0.016

ips10  0.662 0.032 0.002 0.076 0.092 0.001 0.008 0.041
sfygtl  0.113 0.385 0.005 0.025 0.162 0.139 0.038 0.004
puxhs  0.003 0.028 0.701 0.035 0.000 0.001 0.002 0.000
fygt1 0.196 0.144 0.018 0.257 0.242 0.003 0.011 0.022
hsbr 0.288 0.005 0.010 0.173 0.188 0.218 0.024 0.017
fmrra  0.000 0.001 0.028 0.007 0.001 0.142 0.477 0.003
fspcom 0.002 0.170 0.004 0.009 0.027 0.064 0.003 0.426

CONO UL WN =

F;. This is reported in Table 2. The results are in line with what
was reported in Stock and Watson (2005) that the first two factors
highly correlated with output and employment data. However, the
remaining factors load on a variety of other variables.

Using the PC2 rotation, the eight factors are much more con-
centrated on the variations in eight series which facilitates the in-
terpretation of these factors. This is useful in subsequent factor
augmented regressions in which economic interpretation of the
coefficients on F is warranted.

7. Conclusion

This paper considers principal-components-based estimation
of factors and factor loadings. In general, the method does not
separately identify the factors and factor loadings but only their
rotations. This paper considers identification restrictions under
which the latent factors and the loadings are identified so that the
estimates are not rotated. Three sets of restrictions are considered.
We show that if the underlying factors and factor loadings satisfy
the restrictions used in the estimation, then the rotation matrix
is asymptotically an identity matrix. Limiting distributions are
derived, and the asymptotic covariance matrices are obtained for
each case separately. Other restrictions may also be considered and
the asymptotic properties of the corresponding estimators may be
derived based on similar arguments.
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Appendix A

This appendix shows how to consistently estimate the asymp-
totic covariances under PC1-PC3.
PC1. This is straightforward. We estimate X, by £, = A’A/N.
To estimate @; and I}, we can use one of the three methods given
in Bai and Ng (2006). Let @; and [} denote these estimates. Then
>z is estimated by 117 571
PC2. To estimate the asymptotic variance of i,», first consider the
case when e; are cross-sectionally independent, so that Z; are
independent over i. This implies that Z; (i > r) is independent of
n (the latter depends on (Zy, ..., Z)). Noting that (F'F/T) = I,
under PC2,

Avar(i;) = ®; + (A ® [)Dvar(n) D' (A ® )
which is the sum of the variances of Z; and of (A} ® I;)Dn. To es-

timate the variance of n, we let {; = veck[F; (e, ..., ert)A/fl].

Then 1 is the limit of T~"/ Y"/_, ¢. In the absence of serial cor-
relation in e; (j = 1,2,...,r), the variance of 7 is equal to the

probability limit of %Zle ¢/, and is estimated by var(n)

% ZL1 Z’tft’ with ¢, = veck[F; ey, . . ., ér[)fl’l_l]. With serial cor-
relation in ey, the variance of 7 is the limit of % ZLI 21:1 E(&et)),
and it is estimated by the Newey-West method using the series
L(t=1,2,...,T).Given var(n), we estimate Avar(x;) by

Avar(A) = & + (A, ® I)DVar(n) D' (A ® I)

where (131» = % ZL] FtF[ ,Zr in the absence of serial correlation in
ej¢, and 53,- is constructed by the Newey-West method based on the
series ﬁté,-t in the presence of serial correlation.

If the e;;s are cross-sectionally correlated, Z; can be correlated
with 5. Especially for the case of i < r,Z is correlated with 7.
To account for this correlation, we let t; be the vector that stacks
Fieir and & so t; is an r + r(r — 1)/2 dimensional vector. Then

VIGi = ) = [y —Gf ® DT 230 7 + 0,(1). In the
absence of serial correlation in e;, we estimate the variance of
T-1/2 Zfﬂ . by V, = %ZL] 7.7/ in the presence of serial
correlation, V, is the Newey-West estimator using the series ;.
Finally,

Avar(A) = I, — (&} ® I)DIV: [Iy, —(A; ® 1,)DJ .

Consider now estimating the asymptotic variance of ﬁr. Whether
or not e; are cross sectionally correlated, G; is independent of n
since G; is obtained by the CLT with the entire cross sections, and
n only depends on e; fori < r. Thus

Avar(Fy) = ;' 2" 4 c(F, ® I)Dvar(n) D' (F; ® I,).
It is estimated by
Avar(F) = £, 557 + (N/T)(F, @ I,)Dvar(n) D' (F; ® I,)

where 3, = (A/A/N), and 1} is given by any one of the three
methods in Bai and Ng (2006) using the series }:,-éit i=1,2,
., N). Furthermore, Our earlier discussion on estimating var(n)
does not assume ey, ..., e; to be uncorrelated, so var(n) given
earlier is valid whether or not e; are cross-sectionally correlated.

PC3. We separately discuss whether or not e;; is cross-sectionally
independent.

Case i: If e;; are cross-sectionally independent, then Z; are indepen-
dent over i and

:
Avar(iy) = ;! (@ + cbkk?k) >

k=1

which is the sum of variance of Z; and that of (Zy, ..., Z.)\;. Fur-
thermore, as G, is the limit from the central limit theorem applied
to all the cross section units, G; is independent of Z4, . . ., Z. Thus

k
Avar(F) = S 0E, + 7Y duFy (19)
r=1
An estimate of Avar(ﬁt) is given by f‘lf}ﬁ_] + (N/T) 22:1
By F2 v and an estimate of Avar(i) is SN+ Z, 1 qbk)\,k)Efl,
where 3p = F F/T, Si= (A A/N), and ﬂ and CD, have the same
form as under PC1 and PC2 but using the new F and A.

Case ii: If e; is cross-sectionally correlated, then combining (15)
and (3), we have

\/_()w—)\)—<l> (Ir, =1Iv) ([Zﬁ@b:t)‘i‘op(])

where b;; is a 2 by 1 vector with e; as the first element and
(E1ts - .., E)Aj = Z,:Zl exc ik as the second element. Thus the lim-
iting covariance is given by

Avar(iy) = S (I, =)Wy, —1) 2!
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where ¥ = lim % ZL] 25:1 E(F:F, ® bybj,), which specializes
to ¥; = plim% (Z[T=1(FtF[ ® b,-[b;t)) in the absence of time se-
ries correlation. To estimate ¥;, apply the Newey-West estimator
to the sequence F; ® b;. The asymptotic variance is estimated by
Avar(iy) = 57 (e, 1) iy, —1) £

Although G, is still independent of Z;, ..., Z (because G, is
obtained from averaging the entire cross sections), Zi,...,Z,

are dependent among themselves. Under PC3 and cross section
dependence,

1 T
VNH' = L)F = (F ®lvec| —= > F ®a; | +0,(1)
ﬁ s=1
S F@lved(Z,....2)]
.,eq). Let

Y = Avar(vec[(Z,...,Z)'])
T

where a; = (ey, ..

T
= % Z Z E[vec(F, ® as)vec(F; ® a;)]

s=1 t=1

which simplifies to ¥ = % 23:1 E[vec(F; ® a;)vec(F; ® a;)] in the
absence of time series correlations. Let ¢ be the limit of N/T. The
limiting variance of VN (F; — F;) becomes

Avar(F) = 5, L E 4+ AF QL)Y (F: Q1).

To estimate 7", apply the Newey-West estimator to the sequence
13; ® d,. The asymptotic variance of P} is estimated by K/;r(lf}) =
SRS+ N/ E @ IDTE L.

Appendix B

Proof of (2). Rewrite
F'F/T = (F—FH)F/T + H'F'F/T
= H'F'F/T + 0,(8y7) (20)

because (I:' — FH)'F/T = Op(cS,;Tz), see Lemma B.2 of Bai (2003).
Right multiply H to both sides,

F'FH/T = H'(FF/T)H + 0,(8).
Rewrite the left hand side of above as
F'FH/T = F'(FH — F + F)/T = 0,(83) + 1,

because F/(FH — F)/T = 0,(8y7) and F'F/T = I,, see Lemma B.3
of Bai (2003). Equating the above two equations we obtain

I, = H'(F'F/T)H + 0,(857)- (21)
Thus if (F'F/T) = I, we have
I, = H'H + 0,(87). (22)

Ignore the 0,(8y7) term, the above shows that H is an orthogonal
matrix so that its eigenvalues are either 1 or —1. We need to show
that H is a diagonal matrix. From the definition of H

H' =V (FF/T)(A’A/N) = V'H' (A’ A/N) + 0,(53%)

where we use the fact that F'F/T = H'+0,(8y?) under F'F/T = I,
see (20). Multiplying V on both sides and taking the transpose
(A'A/N)H = HV + 0,(8y1). (23)

This equation implies that H (up to a negligible term) is a matrix
consisting of eigenvectors of (A’ A/N). The latter matrix is diagonal
and has distinct eigenvalues by assumption. Thus, each eigenvalue

is associated with a unique unitary eigenvector (up to a sign
change) and each eigenvector has a single non-zero element. This
implies that H is a diagonal matrix up to an 0,(87) order. It is
already known that the eigenvalues of H are 1 or —1, H is a diagonal
matrix with elements of 1 or —1 as its elements. Without loss of
generality, we can assume all elements are 1 (otherwise multiply
the corresponding columns of F and A by —1). This implies H =
I +0, (8§T2). Moreover, from (23) we obtain

(A'AIN) =V +0,(87). O

Proof of Theorem 1. Result (2) leads to representations (7) and
(8). The theorem is a direct consequence of these representations
and Assumption A. O

Proof of (14). Note H* = HQ is the rotation matrix under PC2.
Under PC2, F'F/T = I, thus (22) holds. This implies that H is an
orthogonal matrix, up to a negligible term, and so is HQ since Q
is also orthogonal. Furthermore, left multiply (22) by Q” and right
multiply it by Q, and use Q'Q = I,, we have

I, = Q'H'HQ + 0,(8y1)- (24)

We next show HQ is a diagonal matrix, up to an 0, (T~'/?) term. By
(5), for each i, A; — H~'x; = 0,(T~"/?), we have

Ay =0, M) =H 0, A) + 0p(T7).

That is, A} = H™' A} + 0,(T~"/?). By the QR decomposition, we
have QR = A} = H™'A} + 0,(T~"/2). Since A} is also an upper
triangular matrix (an assumption of PC2) and H~! is an orthogonal
matrix up to a negligible term, by the uniqueness of the QR de-
composition, we have Q = H~! + 0,(T~"/?). Right multiply H
on each side we have HQ = I, + 0,(T~"/2). When r = 1, HQ
is a scalar, and combined with (24), we strengthen the rate to
HQ = I, +0,(8y7). For general r > 1, the rate cannot be improved.
Let A = HQ — I, = 0,(T~'/?).Eq.(24) implies (A +1,)' (A +1,) =
0,(857)- Thatis, A’A + A"+ A = 0,(8yf). But A’A = 0,(1/T),
so A" + A = 0,(8;7)- This implies that the diagonal elements of
A are all 0,(8y7) and A is skew-symmetric up to an 0,(8y;) term
(and especially forr =1, A = OP(SIQTZ)).

We next derive the asymptotic representation for A. Using (5),
we can write

. 1 <
A —H'A, = H'Z Y Flew ... en) +0p(T712).
t=1

Left multiplying H and using HH' = I, + Op((SIQTz) = (FF/T) '+
Op (S,QTZ) [see (22), which still holds under PC2], we have

2 ’ F'F 7]1 d —-1/2
HA = Ay = (— ¥ZFt(e“,...,en)+op(T ).
t=1

The first term on the right hand side is T~/2&r, where & given in
(11), so that

HA, — Ay =T Vg 4 0,(T7V2).

By the QR decomposition of A’], H;X’] =HQR= (HQ —DR+R =
AR+ R.Thus HA, — Ay = AR+ (R — A}). 1t follows that
A=—R— ADR+ T V2R +0,(T71?).

Since both R and A are upper triangular matrices, the below di-
agonal elements of A are equal to the corresponding elements
of T™1/2&R™1 + 0,(T~"/?). Since A is skew-symmetric up to an
0,(857) order, the elements of A above the diagonal are also given.
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That is, Ay = T~ V2R 1) + 0,(T7V?) fori > j, and 45 =
—Aji + 0,8y fori < j,and Ay = 0,(857) (i,j = 1,2,...,1).
Furthermore, we can replace R by A). To see this, by the unique-
ness of QR decomposition, R = A} + 0,(1). So T~2&R™ =
T~12Er(AD ™ + T 2610,(1) = T~ 260(AD ™" + 0,(T7/?). Fi-
nally, (14) is obtained by noting & = JTA. O

Proof of (12). Using A; = Q'%;,
Ai—di=QRh—A=0Q(R—H"A)+QH U —HQ.
Multiplying ~/T,

VTG —

SinceQ'H ' =1, + 0,(1), the second term on the right hand side
is —ﬁ(H* — I;)Ai + 0,(1). Using (5), the first term on the right
hand side is Q’H'T~1/? ZL] Feeir +0,(1).ButQ'H = I, +0,(1) =
(F'F/T)"! +0,(1) under PC2. Combining the results yield (12). This
argument holds foralli=1,2,...,N. O

A) = QVT(hi —H W) — QH WT(HQ — I)A:.

Proof of (13). Using F; = Q'F;,
—F=QF —F =Q'(F

Multiplying VN,

VN(F,

From (6), the first term on the rightis Q'"H’ (A’ A/N) ™! Zf’zl Aieie +
0p(1); but Q'H" = I, 4 0,(1). For the second term on the right,
VTQ'H —I)F, = —/T(HQ — I,)F; + 0,(1) because ~/T(HQ —
I;) is skew-symmetric up to an op(1) term when ﬁ/N — 0.
Combining results we obtain (13). O

—HF) + Q'H - I)F.

—F) = Q'VN(F — HF) + (N/T)>VT(Q'H' — I,)F,.

Proof of Theorem 2. This is a direct consequence of (14), (12),
(13), Assumptions Aand B. O

Proof of (3). Note Hf = H]l/1 is the rotation matrix under PC3.

Since the principal components estimator satisfies x; — H™'A; =
0,(T~1/2), we have
Ay =y ) =H Oy oo M) 4+ 0,(T7172),

Left multiply H to obtain HA/, = I, 4+ 0,(T~"?) because (A4, ...,

Ar) = I, under PC3. Thatis, H' = I, + 0,(T~"/?) so H' L 1. Using
representation (5), we have

VIH' ~ 1) = HH' —= Z(Ffen, s

Frert) + Op(l)-
However, (21) implies HH' = (F'F/T)™' + Op((S,;TZ). This proves
(3. O
Proof of (15). Recall that
A== AT == AT —H W)
+ATHT = A
Multiply +/T on each side
VTGi—a) = A7WT Gy —H ')

+ ATTHTWT (A, — HY

For the first term on the right hand side, using (5),
ATWT Gy — H'h) = (A7 H ) (HH) —= f Z Feeie + 0p(1).

Since HA' = I, + 0p(1) its inverse is also I + 0,(1). Furthermore,
as argued earlier, HH' = (F'F/T)"! + Op(é,;Tz). Thus

ATWTGR—H ) = (FF)

T ZFten + 0p(1).

t=1

The second term on the right hand side equals «/T(Ir — HYHA +
0p(1). This proves (15). O

Proof of (16). Firstnote thatF, —F, = AF,—F, = A (F,—H'F,) +

AH'F, — F, = A((F, — H'F,) + (H't — I,)F,. It follows that
VN — F) = AW/ NE, — H'F) + (NJT)>VTH' — 1)F,.

From (6), and using A;H’ = I, + 0p(1), the first term on the right
hand side is

AVN(F, — H'F,) = <ﬂ>

N Zk eir + op(1).

i=1

Combining the two equations leads to (16). O

Proof of Theorem 3. This follows from (3), (1
sumptions AandB. O

5), (16), and As-

Proof of Theorem 4. We first consider the case of identification
under PC1 so that we use F; in place of F; in the regression model.
We can rewrite the model as in Bai and Ng (2006)

[~ ’ Hila ’ Typy—1
ye=(F W) +eé + (FH—F)H 'a

B
28" + e +a;

where 2, = (1:"[/, wy),8* = («’H™', B)', and a; represents the
last term on the right hand side. When ﬁ/N — 0, Bai and Ng
(2006) shows that the error a; is negligible, and the least squares
estimator & has the standard limiting distribution as if F, contains
no estimation error (as if H'F; were observable). More specifically,

A e d e _
VTG —5%) 5 NO, &' 5,1 5, . 5,05 )

where @y = diag(V-'QX,,I) and V-'Q X, is the probability
limit of H, where Q represents the probability limit ofI:"F/T. In our
case, the limit of H is an identity matrix (also follows from Q = I,
and V = X, in the present case) so that @y is an identity matrix.
This implies that

VTG =55 N, 55)
where X5 = ¥ '%,, . X 1. Furthermore,
VTG —8) =TG-8 +Tll@ —H 'a),07.

But v/T(¢ — H'a) = ~/T(H — I,)H"'a = 0,(1) provided that
JT/N — 0because H — I, = 0,(8y2). It follows that under
VT/N = 0, VTG —8) 5 N, ).

We next consider PC3. We use Ft in place of F;, where Ft is
defined in the main text. Since F[ is an estimate ofHT’Ft, we define
8t = [H''a), ). Theny, = 26" + & + q, here ] =
(F/H'! — F')H™o. The same argument in Bai and Ng (2006) leads
to
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VT =81 5 N©, 0y 251 5,0 . Ty ")
where @, = diag(plimH', I). Under PC3, plimH' = I,. Thus,
ﬁ(g — M 2 N(0, Xs), where X is defined earlier. Next,

ﬁ(g —68) = ﬁ(g —sh+ ﬁ[(a —H'"a), 07.
But the term

VT —H'" o) = VTH — )H o

is not negligible and /T(H! — I,) 4 (Z1,...,Z) and Hi "o =
a + 0p(1). It follows that

VTG —8) 5 N©, Z5) + [(21, : 6%)01} .

Since the normal random variable N(0, Xs) is derived from the
central limit theorem (CLT) involving {e;}, while (Zy, ..., Z.) are
derived from the CLT involving {e;}, these normal variables are
independent of each other under Assumption C. Therefore, the
asymptotic variance of § is equal to X5 + diag(var[(Z,...,Z)
«], 0), where diag means block-diagonal. Under the assumption
that ej; are independent over j = 1,2,...,r, then Z;,...,Z
are also independent so that var[(Z,...,Z)x] = er<=1 Dra.
For dependent ej over j, (Z1,...,Z)a = (&' ® I)vec(Zy, ...,
Z;). Consistent estimation of var(vec(Zy, ..., Z:)) is discussed in
Appendix A.

Finally consider PC2. Define §* = [(H*'a)’, 8’]. The same
analysis as in PC3 gives

VTG —8) = VTG — 8" + VT[(@ — H* o), 07
with vT(3 — 8*) 5 N(0, ). Furthermore, v/T(« — H* 'a) =

VTH* — DH* 'a = JTH* — I)a + 0,(1) = (& ® I;)D
veck(ETA/l_l) + 0,(1), which converges in distribution to (¢’ ®

I;)Dn. Thus the asymptotic variance of § is equal to X5 +diag[(a' ®
I.)D var(n)D'(a ® I,), 0], where diag means block-diagonal. O
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