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Many unit root tests have distorted sizes when the root of the error process is close to the
unit circle. This paper analyses the properties of the Phillips-Perron tests and some of their variants
in the problematic parameter space. We use local asymptotic analyses to explain why the Phillips—
Perron tests suffer from severe size distortions regardless of the choice of the spectral density
estimator but that the modified statistics show dramatic improvements in size when used in conjunc-
tion with a particular formulation, of an autoregressive spectral density estimator. We explain why
kernel based spectral density estimators aggravate the size problem in the Phillips-Perron tests
and yield no size improvement to the modified statistics. The local asymptotic power of the modified
statistics are also evaluated. These modified statistics are recommended as being useful in empirical
work since they are free of the size problems which have plagued many unit root tests, and they
retain respectable power.

1. INTRODUCTION

Testing for the presence of unit roots and cointegration is now a common practice in
applied macroeconomics. Often, one is required to use statistics which appropriately
account for serial correlation in the error process. Among statistics in this class, the
augmented Dickey-Fuller and the Phillips-Perron tests are perhaps the most popular, as
they are implemented in many statistical software packages. However, it is also by now a
well-documented fact that the Phillips—Perron tests, as originally defined, suffer from severe
size distortions when there are negative moving-average errors.' Although the size of the
Dickey-Fuller test is more accurate, the problem is not negligible.

The objectives of our paper are twofold. The first is to provide an understanding for
the sources of size distortions in the Phillips-Perron tests and to explain how these distor-
tions relate to the choice of the spectral density estimator. We use local asymptotic frame-
works to analyse the properties of the statistics when the autoregressive (AR) or the
moving average (MA) error process has a root close to the unit circle. We find that
although no spectral density estimator can eliminate size distortions in these cases, kernel-
based spectral density estimators tend to aggravate the size problem.

Our second objective is to compare the properties of the Phillips-Perron tests with
selected statistics which can be viewed as modified Phillips-Perron tests. These modified
statistics, based originally on the work of Stock (1990), are found to have exact sizes much

1. See Phillips and Perron (1988) and Schwert (1989), among others.
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closer to the nominal size when used in conjunction with a particular formulation of the
autoregressive spectral density estimator. However, these attractive properties do not gen-
eralize to kernel-based spectral density estimators. Using local asymptotic analyses as
developed in Nabeya and Perron (1994), we provide an explanation for these results,
qualify the conditions when the modifications will alleviate size distortions, and when they
will be vacuous.

This paper is organized as follows. Definitions of the statistics and estimators for the
spectral density at frequency zero are given in Section 2, where the finite-sample properties
of the statistics are also presented. The next three sections analyse the theoretical properties
of the statistics for different choices of the spectral density estimator under three different
stochastic assumptions on the error process. The local asymptotic size and power of the
statistics are analysed in Section 6. Section 7 analyses selected data series and discusses
the empirical relevance of the results in this paper. A conclusion completes the analysis.
The main proofs are contained in a mathematical appendix, and results pertaining to the
limiting behaviour of the autoregressive spectral density estimator are contained in Perron
and Ng (1995).

2. THE TEST STATISTICS

Consider the data generating process

=y, t+u, (2.1)

where {u,} isi.i.d. (0, 2). White (1958) showed that the normalized least squares statistic,
T(a - 1) and the ¢-statistic for @, defined as t53=(d— 1)/[s,,(zt ‘y, 1)"'?] with
se=T"" Z; , 7, have the following asymptotic distributions:

1 1 -1
T@a-1)= (f W(r)dW(r)) (J W(r)zdr) , 2.2)
0 0

| 1 . —-1/2
r,,=>( f W(r)dW(r))( '[ W(r)zdr> , (2.3)
0 0

where W(r) is a standard Brownian motion on C[0, 1], the space of continuous functions
on the interval [0, 1], and = denotes weak convergence in distribution. When {u,} is
serially correlated, Phillips (1987) showed that, under some regularity conditions, the
limiting distributions of the statistics become

1 1 -1
T(d—1)= (J W(r)dw(r)+ /l) (f W(r)zdr) ,
0 0

1 1 —-1/2
ta=>(0/0,) (J W(rydw(r)+ /1) (f W(r)zdr> ,
0 0

where A=(0’—02)/207, O',,_llmr_.w T E[Z u,] o’=lims,, T 'E[S?], and S;=
er u;. When {u, } is stationary, o*=2xf, (0), where f.(0) is the non -normalized spectral
dens:ty function of {u, } evaluated at frequency zero. The case 6 = o obtains with martin-
gale difference innovations. To remove the dependence of the asymptotic distributions on
the nuisance parameters ¢” and o2, Phillips (1987) and Phillips and Perron (1988)
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proposed the statistics Z, and Z,, defined in the case of regression (2.1), as
Z,=T(é-)- (=T L, yi-1) ™, (2.4)
Zi=(su/ta= (/DS =s)ST 2L yim) (2.5)

where s and s are consistent estimates of o2 and o respectively. We will frequently refer
to the term (s*—s2)(T>Y_, ¥7-1)™" as the serial correlation correction factor. The Z,
and Z, statistics, hereafter referred to as the PP tests, are often used in situations where
considerations of weakly dependent errors become relevant. The asymptotic distributions
of these statistics are given by (2.2) and (2.3) respectively.

Stock (1990) proposed a class of statistics which exploits the feature that a series
converges with different rates of normalization under the null and the alternative hypo-
theses. We consider two such tests, hereafter referred to as the M tests. The first statistic is:

MZ,=(T"'yi=s)T> Y], ¥ (2.6)
The statistic can be rewritten as
MZy=Z,+(T/2)(d— 1) 2.7

For this reason, MZ, can be seen as a modified version of Z, . The term (7/2)(d — 1)* will
subsequently be referred to as the modification factor. Under standard assumptions, conver-
gence of d to one at rate T ensures that Z, and MZ, are asymptotically equivalent. The
asymptoticcritical values of M Z,, are therefore the same as those of Z,,, i.e. those correspond-
ing to (2.2). The second statistic, MSB, is defined as:

MSB=(T Y], yi_\ /") (2.8)

Noting that the sum of squares of an /(1) series is O, (7*) but that of an /(0) series is 0,(T),
the M SB statistic effectively tests the null hypothesis that the former condition is true. Under
the alternative hypothesis, the statistic tends to zero. Hence, the unit root hypothesis is
rejected in favour of stationarity when MSB is smaller than some appropriate critical value.
Note that of all the tests considered, MSB is the only one that is bounded from below by
zero. The statistic is related to Bhargava’s (1986) R, statistic which is built upon the work of
Sargan and Bhargava (1983). Critical values with y, de-meaned and de-trended are provided
by Stock (1990). Note that MSB and the PP tests are related as follows:

Z,=MSB- Z,. (2.9)

This suggests a new modified PP test can be defined from the relation MZ,=MSB- MZ,,
viz:

MZ,=Z+ 1/, yi-1 /) (6 — 1) (2.10)

2.1. Estimating ¢* and o,
Construction of the statistics defined in the previous subsection requires estimates of o2
and/or o®. We consider three choices of s* as an estimator for o2. The first assumes that

2. If there are additional deterministic components (constant and trends) in regression (2.1), the Weiner
process W(r) in (2.2) and (2.3) and y, , in (2.4) and (2.5) should be replaced by their de-trended counterparts.
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o’ is known. The second is an autoregressive spectral density estimator defined as

sar =3t /(1= b(1))’, (2.11)
sa=T7'Y .. &, b(1)=Y*_, b;, with b; and {¢,} obtained from the autoregression:
Ay =boyi-1+Y;_, biAy,; +eu. (2.12)

When the roots of u, are bounded away from the unit circle, consistency of the parameters
in the augmented autoregression (2.12) has been shown by Said and Dickey (1984) to
hold under the null hypothesis that @ =1 if k=0T(3). Consistency of sir based upon
(2.12) follows from Said and Dickey’s results. The above formulation permits an estimator
of o’ that converges to a strictly positive value under both the null and the alternative
hypotheses. As discussed in Stock (1990), this ensures consistency of the unit root tests.
An alternative autoregressive spectral density estimator can be constructed from the regres-
sion (see e.g. Berk (1974)):

4,=Y"_ bil,_;+eu, (2.13)

j=1

where #, are the least squares residuals from the first-order autoregression (2.1). Estimates
of the spectral density implied by (2.12) and (2.13) are asymptotically equivalent when &
is a consistent estimate of @ =1. As we will see, the advantage of defining sir according
to (2.12) is that it does not depend on d (through #,), and therefore de-couples the
estimation of a from the estimation of &”.

The third estimator of o considered is a kernel estimator based on the sample
autocovariances and is defined as:

Swa=T 'Y @427 Y2 wk/M)Y_, | it (2.14)

The window or kernel function w(x) is assumed to satisfy the conditions in Andrews
(1991), except that we restrict our analysis to kernels which also satisfy w(x)=0 for |x| > 1.
The parameter M therefore acts as a truncation lag, and s, is consistent for o provided
M- o0 and M/T—0 as T—oo. For future references, we also define

1
y= J w(x)dx. (2.15)
0

Throughout this paper, we make use of the following estimator of o7 :
ss=T7'Y_ . (2.16)

2.2. Finite sample properties of the statistics

One problem with the PP tests is that they suffer from noticeable size distortions when
the root of the error process is close to the unit circle. This can be seen from the results
presented in Table 1, which are based on 1000 replications of the DGP y,=y,_, +u,, with
(1=pL)u,=(1+6L)e,. The regression is y,=pu+ay,—,+v,. The size of the PP tests is
evaluated at various sample sizes and the results for =200 and 500 are selected for
discussion. In column one, we report results based on the Bartlett window using an auto-
matic selection of the bandwidth as discussed in Andrews (1991). Column two presents
results for the autoregressive spectral density estimator formulated according to (2.12).}

3. The truncation lag is 6 for 7=200 and 8 for 7= 500.
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TABLE 1
Exact size of the Phillips-Perron tests; 5% nominal size
Z(a) Z()
Estimate of ¢ Sia Sir a’ S Sir o’ ADF(t)
(a) T=200
i.id. errors 0-044 0-079 0-039 0-030 0-058 0-026 0-045
MA(1)-0-800 0-983 0-736 0-687 0-981 0-903 0-922 0-356
—0-500 0-419 0-114 0-082 0-387 0-162 0-139 0-055
—0-200 0-101 0-072 0-038 0-070 0-046 0-027 0-035
0-200 0-033 0-073 0-048 © 0020 0-052 0-030 0-038
0-500 0-024 0-060 0-041 0-009 0-034 0-025 0-037
0-800 0-026 0-059 0-045 0-014 0-032 0-025 0-041
AR(1)—0-800 0-689 0-236 0-220 0-661 0-418 0-414 0-048
—0-500 0-211 0-110 0-071 0-207 0-130 0-104 0-060
—0-200 0-077 0-077 0-059 0-083 0-091 0-073 0-051
0-200 0-035 0-092 0-061 0-042 0-101 0-066 0-066
0-500 0-015 0-098 0-063 0-023 0-093 0-061 0-050
0-800 0-004 0-075 0-088 0-015 0-074 0-079 0-048
(b) T=500
i.i.d. errors 0-051 0-073 0-055 0-048 0-066 0-054 0-042
MA(1)-0-800 0-971 0-631 0-623 0-967 0-858 0-869 0-283
—0-500 0-345 0-085 0-078 0-332 0-135 0119 0-064
—0-200 0-104 0-063 0-063 0-098 0-073 0-070 0-057
0-200 0-036 0-062 0-047 0-039 0-055 0-052 0-047
0-500 0-038 0-054 0-052 0-035 0-047 0-044 0-059
0-800 0-038 0-058 0-062 0-047 0-062 0-059 0-046
AR(1) —0-800 0-653 0-170 0-172 0-638 0-276 0-274 0-046
—0-500 0-195 0-073 0-069 0-184 0-082 0-081 0-059
—0-200 0-083 0-050 0-060 0-080 0-055 0-062 0-045
0-200 0-041 0-057 0-059 0-045 0-057 0-062 0-058
0-500 0-021 0-064 0-057 0-033 0-056 0-055 0-045
0-800 0-013 0-065 0-080 0-024 0-053 0-067 0-052

Results with ¢ assumed known are reported in column three. For the sake of comparison,
the size of the ¢, statistic proposed by Dickey and Fuller (1979) and extended by Said
and Dickey (1984) is given in the last column.* Critical values are taken as the left tail 5
percentage point of the distribution given in Fuller (1976).

The simulations in Table 1 show that the PP tests are always too liberal when p is
negative. However, for positive and large AR(1) errors, the tests are conservative when
constructed with s34, but too liberal when constructed with sag or the true value o> For
moving average noise functions, the PP tests are too liberal with all estimators of ¢* when
0 is negative. Size distortions are noticeable even when 6 is around —0-5, with the unit
root hypothesis always being rejected as 6 approaches —1. The size of ¢, in the AR cases
are very accurate. This is not surprising given that the autoregressive noise functions
considered are of finite order. However, ¢, also has substantial size distortions in the
negative MA case, though the problem is less severe than with the PP tests.

Since ¢, does not require an estimate of the spectral density function, inadequacy of
the spectral density estimator could potentially explain why size distortions are larger with
the PP tests. The effect of the choice of the kernel on the size of the PP tests was analysed
in Kim and Schmidt (1990) via simulations. These authors experimented with the Bohman,
the Bartlett, and the Parzen windows and found the choice of the kernel did not make a

4. The truncation lag is based on the deterministic rule 4(7/100)'/.
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TABLE 2
Exact size of the modified tests; 5% nominal size
MZ(a) MSB MZ(1)

Estimate of o” Sia Sir a’ Sk Sir c’ Siva Sir o’

(a) T=200
i.i.d. errors 0037 0072 0-034 0-055  0:093  0-045 0-023  0-049 0-018
MA(1)-0-800 0-981  0:089  0-000 0-984  0-103  0:000 0-961  0-063  0-000
—0-500 0-383  0-052  0-005 0-425  0-063 0-018 0-302  0-038  0-005
—0-200 0-088  0-062  0-027 0-119  0-079  0-039 0-044  0-037 0-011
0-200 0-032  0-072 0-042 0-042 0-086 0-061 0-014 0048 0-026
0-500 0-022 0-057 0-040 0-037  0-076  0-053 0-007  0-032 0-024
0-800 0023 0-056 0-045 0-043 0072  0-057 0-014  0-031  0-024
AR(1)—0-800 0-629  0-034  0-008 0-667  0-041  0-008 0-604 0-040 0-017
—0-500 0-163  0-068  0-028 0-190  0-084 0-038 0-159 0069 0-033
—0-200  0-058  0-061  0-038 0-069 0-076  0-046 0-066 0073  0-056
0-200 0-019 0-073  0-045 0-032 . 0-090 0-057 0-037  0-089  0-057
0-500 0-007 0-085 0-054 0-013  0-107 0-065 0-022  0-092  0-059
0-800 0003 0-065 0074 0-005  0-087  0-095 0-015 0072 0-079

(b) T=500
i.i.d. errors 0-037  0-061  0-043 0052 0-069 0-054 0-044  0-060 0-048
MA(1)-0-800  0-961  0-010  0-000 0-970  0-012  0-000 0-950  0-010  0-005
=0-500 0-304 0-042 0-021 0-336  0-049  0-032 0-285  0-060  0-040
—=0-200 0-072 0-055 0-047 0-100  0-063  0-055 0-088  0-063  0-053
0-200 0-025 0-052 0-034 0-034  0-063  0-047 0-039  0-051  0-047
0-500 0-028 0-045 0-040 0-038  0-059  0-057 0-034 0046 0-043
0-800 0-024 0-048 0-044 0-038  0-058  0-062 0-046  0-059  0-057
AR(1)-0-800 0-624  0:027 0-030 0-653  0-036 0-041 0-594  0-038  0-041
—0-500 0-169 0-040 0-035 0-192  0-055 0-045 0-150  0-048  0-047
=0-200 0059  0-029  0-037 0-083  0-042 0-048 0-073  0-049  0-052
0200 0-027 0-042 0-046 0-042  0-066 0-064 0-044  0-053 0-058
0-500 0-013  0-048 0:039 0-025  0-057 0-064 0-032 0055 0-055
0-800 0-009 0-046 0-063 0-009 0-060 0-081 0-023  0-053  0-064

significant difference as far as size distortions were concerned. Our own simulations also
found the Quadratlc window, with and without pre-whltenmg, incapable of resolving the
size problem.” Table 1 also suggests that replacing s%. by sar will not improve the size
of the PP tests. Indeed, size problems persist even when o? is assumed known.

The properties of the M tests are presented in Table 2. When we use sy, with a
Bartlett window size distortions in the M tests are significant, just as in the PP tests.
When we use sar to construct the statistics, the size distortions in both negative MA and
AR cases are dramatically smaller than those of the PP tests, and the exact SlZeS of the
M tests are quite close to the nominal size of 5%. The M tests based upon sir (but not
Swa) continue to have much better properties than the PP tests even at larger sample
sizes. This suggests an intricate interplay between the choice of s* and the properties of
the M tests.

In the next three sections, the dependence of the statistics on the choice of the spectral
density estimator will be analysed. A result that will emerge repeatedly is that the standard
asymptotic distributions, i.e. (2.2) and (2.3), are reasonably good guides to the finite-
sample distributions of the M tests but are poor guides to the PP tests when the root of
the error process is close to the unit circle. Since the PP tests are built upon 7(d — 1), the

5. The Quadratic kernel was reported to have good properties by Andrews (1991), and Andrews and
Monahan (1992) showed that the properties can be further improved with pre-whitening.
6. Hyslop (1991) found the same results using the Parzen window.
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size problem with the PP tests follows naturally from the analyses of Nabeya and Perron
(1994) and Perron (1996), where it was shown that (2.2) is a poor approximation for
T(d—1) when @ is close to —1 or |p]| close to 1.

We extend previous work in the literature by deriving the local asymptotic distribu-
tions for the PP and the M tests for various estimators of the spectral dens1ty function.
ThlS allows us to explam why the size distortions are much larger with 5%, than with
sar, and why the size of the M tests are much better than those of the PP tests. Our local
asymptotic analysis is based on the following framework:

ye=0+c/T)y,-y+u,. (2.17)

The assumption that yo=eo=0 is maintained throughout. The series {y,} has an auto-
regressive root local to unity with non-centrality parameter c. A unit root obtains when
¢=0. We shall restrict attention to cases where {u, } is either a pure AR or a pure MA
process with roots local to the boundary of —1 and/or 1. Our derivations will be based
on a regression without a constant or a trend, but it is straightforward to generalize the
results to encompass additional deterministic terms. In most cases, one can substitute W(r)
by a de-meaned or a de-trended Wiener process without altering any of the analytics.

3. THE NEARLY-WHITE-NOISE, NEARLY-INTEGRATED CASE

In this section, we analyse the properties of the tests for the case where a large negative
moving-average component is present. Following the framework used by Nabeya and
Perron (1994), we specify the data-generating process as:

y=0+c¢/T)y-1tu, 3.1
u,=e,+0re _,, 3.2)
0r=—1+6/JT. (3.3)

Here, y, is an ARMA(1, 1) with an autoregressive root local to unity and a moving-
average coefficient local to —1. While the roots cancel and {y,} is a white noise process
in the limit, it is nearly integrated in finite samples. Nabeya and Perron (1994) showed
that the rate of /T at which @, approaches —1 ensures a non-degenerate limit for the
least-squares estimator @, with

1 -1
(@—1)=- (] +6° f J(.(r)zdr) , (34)
0

where J.(r)= [, exp ((r—s)c)dW(s). Since the limit of (¢—1) has a negative support,
T(a—1) is unbounded and diverges to —oco. Note that & is not a consistent estimate of
a in this local asymptotic framework. Furthermore,

1 -1
s,2,=>0'§(2—<1+62 J Jc(r)zdr) ) (3.5)
0

Hence, s is also not a consistent estimate of 62=202. Since s2 is based on the estimated
residuals, the inconsistency of & directly affects the properties of s2. Straightforward
calculations show that #, also diverges to —oo. The following theorems, proved in the
Appendix, characterize the asymptotic distributions of Z,, Z,, MZ, and MSB for the
different estimators of 6. We start with the case where o2 is assumed known, followed
by the autoregressive spectral density estimator.
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Theorem 3.1. Let {y,} be defined by (3.1) to (3.3). Let the estimator of o’ be
o2=02%8 2/ T which is assumed known when constructing the statistics. Let e,=
limy_, er/o.. Then as T—>0:

@) T™'Zg=>—(1/2)(1+ 57 [y J.(r)dr) ;

(b) T7'Z=>— (1482, J.(r)’dr)*/(26);

(©) MZo=((ew+08J.(1)) =8 (21487 [, J.(r)’dr)';
(d) MSB=(1+82, Jr)%dr)'?/s.

Theorem 3.2. Let {y,} be defined by (3.1) to (3.3). Let the estimator of o’ be the
autoregressive spectral density estimator sar based on (2.12). Furthermore, assume that
k/T—0 and k— o0 as T—oo. The asymptotic distributions of Z,, Z,, MZ,, and MSB are
the same as those given in Theorem 3.1.

Remark 1. The spectral density at frequency zero is zero in the limit for the present
model, a situation ruled out by assumption in Berk (1974). We cannot appeal to his results
or those of Said and Dickey (1984) to prove consistency of sar. However, we show in
Perron and Ng (1995) that 5(1) based upon (2.12) diverges to infinity, and that s% is
bounded. Thus, sir tends to zero, the asymptotic value of o%. The equivalence of the
results in Theorems 2.1 and 2.2 follows from the consistency of sir for o”.

The spectral density at frequency zero plays no role in the PP tests in the limit because
it converges to 0 whereas s2 is 0,(1). Since a normalization factor of 72 for the sample
moments of y2_, is too strong for this nearly-integrated nearly-white noise process, the
normalized serial correlation correction factor is O,(T), the same as the rate at which
T(d —1) diverges. In consequence, the PP tests diverge at rate 7. We note that upon
simplification, the limiting distribution of T~'Z, is the same as that of —(1/2)(d —1)?
the modification factor.

Although the normalized least squares estimator, the correction for serial correlation,
and the modification factor in MZ, all explode at rate T, the distribution of MZ, is
bounded. This is because the explosive terms in the PP tests are offset by the modification
factor asymptotically. As this last term is absent from the PP tests, their asymptotic
equivalence with the M tests breaks down under the assumptions of Theorems 3.1
and 3.2.

Size distortions associated with MZ, are due to the discrepancies between (2.3) and
the distribution implied by (2.6) evaluated at the null hypothesis of ¢ =0. The dramatically
smaller size distortions reported in Table 2 for MZ, suggest that while the approximation
provided by (2.3) for MZ, is not perfect, it is a substantial improvement compared
to Z,.

Theorem 3.3. Let {y,} be defined by (3.1) to (3.3) and let o’ be estimated by s,
defined by (2.14). Let y be defined by (2.15) and assume that M — o and M/T—0 as T— 0.
Then:

@) (MT)"'Z==y8(fy J. (1) dr)(1+8 [ J.(r)dr)

(b) (MT)™"2Z,=— (w(82/2) [y J(r)%dr)" (1 + 82 [, J(r)2dr) ™"
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(©) (MT) 'MZ,=—y8([y J.(r)’dr)(1+ 62 [y J(r)%dr)~?;
(d) (MT)'?MSB=(1+ 82 [y J(r)2dr)**Qy8? [, J.(r)dr) ™'/,

Remark 2. The PP tests in Theorem 3.3 based upon s, explode to —co at a rate
of MT, faster than the rate T when o is presumed known or estimated by sir. This is
consistent with the finding of Pantula (1991), who used a different local asymptotic frame-
work to show that when o7 is estimated by the Bartlett window, Z, and Z, are unbounded,
with the rate of divergence to —oo depending on the rate at which @ approaches —1 as
well as the rate of increase of the truncation lag. With Bartlett weights of 1 —k/(M+1),
w=1/2. Our results show that different choices of the weighting function will only affect
the magnitude of y but not the rate at which the statistics explode. This also confirms
the result of Kim and Schmidt (1990) that size distortions cannot be eliminated by an
alternative choice of the kernel.

An intuitive explanation of these results is as follows. The quantity 5%, is based on
a weighted sum of sample autocovariances which inherit inconsistency from d.” Divergence
arises from the fact that each sample autocovariance is O,(T), and the explosive terms
cumulate as the M lags are summed up. For this reason, the serial correlation correction
factor in the PP tests is O,(MT) and dictates the rate of divergence of the statistics. As
well, the modification factor in MZ,, (T/2)(d—1)? is only O,(T), and is not strong
enough to create an offsetting effect. Thus, MZ, also diverges to negative infinity and has
the same asymptotic distribution as Z, .

The rate of divergence of the PP tests depends on whether sir or s%, is used. For
the former, divergence is at rate T and for the latter it is MT. For this reason, size
distortions reported in Table 1 are larger for 53, than for sag.

Remark 3. Phillips and Ouliaris (1990) showed that the PP tests will be inconsistent
against stationary alternatives under the standard asymptotic framework (i.e. 6 fixed as
T increases) if residuals under the null hypothesis, Ay, =u,, are used to construct s3, and
s2. Theorem 3.3 shows that the use of the estimated residuals, {#,}, will lead to increasing
size distortions in the present local asymptotic framework. Thus, estimators of the form
(2.14) are inadequate whether one uses the estimated residuals or the residuals under the
null.

In view of the inconsistency of @, the formulation of the autoregressive spectral
density estimator based on Ay, is not asymptotically equivalent to that based on #,.
Specifically, (2.12) does not have a first-order dependence on @ as compared to a regression
based on #,. Simulations show that if s3 based upon (2.13) is used, the statistics will
behave much like those reported in Table 1 for the Bartlett window.® Thus, among those
estimators for o> considered, the one that is adequate in both the standard and the local
asymptotic framework is that based on the autoregression of the form (2.12) using first
differences of {y,} instead of the estimated autoregression residuals.

Although our discussion has focused on the properties of MZ,, the same intuition
applies to MSB and MZ,. For example, under Theorems 3.1 and 3.2, we have
T2¥!_, yi-i tending to oo, but shr and the true value of ¢ both converge to zero at
the same rate. The resulting distribution for MSB is therefore neither degenerate nor

7. An implication is that pre-whitening procedures which depend on the least-squares residuals will also
be affected by inconsistency of &.

8. Intuitively, the reason is that the moment matrix of regressors in (2.13) does not converge to the
population moments, and estimates from (2.13) cannot be used to obtain a consistent estimate of o,
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explosive. It can also be seen that MSB tends to zero in Theorem 3.3 because of the
unusually slow rate of convergence of Z,T=| ¥:. Since the test rejects the null hypothesis of
a unit root when the statistic is small, the probability that MSB rejects the null hypothesis
converges to one.

4. THE NEARLY-TWICE INTEGRATED CASE

This section studies the behaviour of the statistics in the presence of autoregressive errors
with a large positive coefficient. The data-generating process is:

y=A+c/T)y—1+u, 4.1)
u=1+¢/T)u—+e,, <0, 4.2)

where e,~i.i.d.(0, 62). As T—»o0, y,=2 y,_,—y,_»+e,, a process with two unit roois,
hence the terminology “nearly-twice integrated”. Nabeya and Perron (1994) showed that

1 -1
T(@—1)=Q.(J4(1))* <2 f 0:(Jy (r))zd") ) (4.3)
0

where Q. (J4(r))= [, exp ((r—v)c)J4(v)dv and J4(v) = |, exp ((v—=s)$)dW(s). Note that
unlike the previous model, @ is consistent, in the sense that & —(1+c¢/T)—0. It can be
verifizd that

T 's2=T"2 Yy =Ao?,

! ! ! @)
/1=f J¢(’)2dr—(Qc(J¢(]))2_2(—' f Qc(J¢(r))2dr) (4J Qc(J.,s(r))’dr) :
0 0 0

A consequence of this is that ¢, diverges to oo, even though the normalized least-squares
estimator does not. The following Theorems give the limits of the statistics for various
ways of estimating o>,

Theorem 4.1. Let {y,} be a stochastic process given by (4.1) and (4.2). Let the estima-
tor of 6* be T *c7=0? /¢° which is assumed known in constructing the statistics. Then as
T— o0, we have:

(@) Za=(Q:(Js (1))~ 1/8*)(2 fo Qc(Us(r))*dr)™";

(6) Zi=($/2)(Q:-(Js (1))’ = 1/87)([o Qc (U4 (1)’dr)™;

(©) MZy=(Q.(J4 (1))’ =1/¢" )2 fo Qe (Js (r))’dr)™";

(d) MSB=(¢" [, Qc(J4(r))dn)'"2.

Theorem 4.2. Let {y,} be defined by (4.1) to (4.2). Let the estimator of o be the
autoregressive spectral density estimator sir based on (2.12) with the truncation lag, k,
chosen such that k*/T—0 and k— o0 as T— . Let 1) represent the limiting distribution of
T(b(1)—b(1)). We have

@) Za=(Q(Js(1))’=1/(c++1)*)(2 [, QU6 (r))dr)™";

(b) Z=(1/2)(c+ ¢+ 1)(Q:(Jg (1))>=1/(c+ ¢+ n))(Jo QU4 (1)) dr)™"/?;

(©) MZ,=(Q.(J4(1))*=1/(c+ ¢+ )2 [y QU4 (1)dr)™";

(d) MSB=((c++1) [ Qc(Us(r)’d)'”.
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Remark 4. Said and Dickey’s proof of consistency of the coefficients b in (2.12)
requires that 1 —5b(1) be bounded away from zero, a condition which is not satisfied in
the limit since the autoregressive coefficient for {u,} converges to 1. Indeed, 65— oo for
the data-generating process in question. However, in this limiting case, Ay, is an integrated
process, and the coefficients on Ay,_; are order T consistent (see Park and Phillips (1988)
for the case of a finite-order autoregression). Hence, sag also tends to oo and is equivalent
to o7 asymptotically.

Even though sir and o7 both tend to oo, the limiting distributions of the statistics
are different. This is because T %sar—0?-/(c+ ¢+ n)* as shown and defined in Perron
and Ng (1995), whereas the true spectral density at frequency zero satisfies
T *0%=0?/¢>. Thus, the limiting distributions of the statistics based on sar contain the
variable 1 even under the null hypothesis that ¢=0.

The modification factor in MZ, can be written as (27)'[T(& — 1)]* which converges
to 0 in view of (4.3). Furthermore, the serial correlation correction factor converges to 0
upon normalization by 772 ZL, y?_, because the latter diverges to co. Thus, given the
consistency of @, the modifications to the PP tests are vacuous, and Z, and MZ, are
asymptotically equivalent.

Theorem 4.3. Let {y,} be defined by (4.1) and (4.2) and let 6* be estimated by s
as defined by (2.14) with truncation lag M. Let A be defined by (4.4), Q.(J4(r)) by (4.3)
and y by (2.15). If M— o0 and M/T—0 as T— oo, we have:

(@) Za=Q.(Js(1))(2 fy Qe (T (r))dr)™';

(b) (T/M)™"Z,=(1/2)(Qc (U (0))2VA [, Q. (J4(1)dr)™>;
© MZo=0.(Js(1))’2 fy Qc(Ug(r))dn)™";

(d) (T/M)™'*MSB=>([y Q.(J4 (1)) dr)"*(2yA) "2,

Remark 5. Theorem 4.3 shows that Z, and MZ, have the same limiting distribution
“as T(4—1) given by (4.3). Even though (s%.,—s2) diverges to infinity at rate
MT, T7>¥]_, y;_, diverges at an even faster rate of T°. The normalized serial correlation
correction factor therefore also has no role in the asymptotic distributions of the PP and
M tests. The fast rate of convergence of Z:T=| y2_, also explains why Theorem 4.3 requires
only that M/T—0 and M—o0 as T—oo. This condition is more flexible than in the
standard asymptotic case where M needs to be o(7T"'/*) (see Phillips (1987)).

Remark 6. Since most of the statistics are bounded under the parameterization of
this section, the discrepancies between the approximate and the exact distributions are
also smaller than the ones reported for the negative moving-average model. The size
distortions for Z, and MZ, observed in Tables 1 and 2 when p is close to 1 is primarily
due to the fact that the local asymptotic distribution of 7(d — 1) is non-negative, but the
critical values based on (2.2) are negative. This discrepancy is offset in part by the presence
of ¢ and n, which shifts the local asymptotic distributions to the left of 7(a —1). For
certain parameterizations, tests based on critical values from (2.2) will reject the null
hypothesis of one unit root in favour of stationarity even when there are nearly two unit
roots.
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5. THE NEARLY-INTEGRATED SEASONAL MODEL

This section studies the behaviour of the statistics in the presence of autoregressive errors
with a large negative coefficient. Consider the data-generating process:

y=1+c/T)y-1+u, (5.1
u=—(1+¢/T)u_1+e,, ¢<0. (5.2)

This model can be written as y,=[(1+¢/T)—(1+ ¢/T)]y,-1+ (1 +(c+ @) /T)y,—2te,. As
T— 00, the process becomes a seasonal model of period two with a root on the unit circle.
That is, y,=y,_»+e,. As shown in Nabeya and Perron (1994),

1 1 -1
d=1- (2 f B(r')2d1'> q (C(r)*+ B(r)z)di'> , (5.3)
0 0 ’

where A(r)=(¢— Q0 (J4.1 (r) = Qe (Jp2(r)] + 2.1 (1), B(r)=Jg,1(r) = Jp2(1),
C()=A(r) = B(r), Ja ()=, &xp ((s— 0))AWi (1), Jgu(5)=; €xp ((s— 0)$)dWi (v),
0:(J4,i(r)) =j'; exp ((r—s)c)J4.i(s)ds for i=1,2, W,(r) and W,(r) being independent
Wiener processes. The autoregressive coefficient in (5.2) approaches —1 at rate 7. This is
necessary to obtain a non-degenerate limit of d. Note that this is faster than the rate of
JT used in the MA(1) case, a difference that will be useful in explaining the relative size
distortions in the two models (see Remark 8 below). As in the moving-average case of
Section 2, d is not a consistent estimate of @, and T(d — 1) diverges to —oo as T increases.
However, like the twice-integrated model, the error process has an autoregressive root on
the unit circle, and the limiting variance of {u,} is infinite. Specifically,

T 's’=A02, (54)

where A, =(1/2)( L') B(r)’dr _[('] C(r)’dr)( ﬂ) C(r)*+ B(r)’dr)™". 1t is easy to show that ¢,
diverges to —oo at rate /7. The following two theorems characterize the distributions of
the various statistics when o is presumed known and when estimated by sig .

Theorem 5.1. Let {y,} be a stochastic process generated by (5.1) and (5.2). Let the
estimator of 6* be 6%=0? /(2+ ¢/ T)? which is assumed known in constructing the statistics.
As T— o0, we have:

() T™'Z,=-2(f, B(r)*dr)’(f, C(r)*+ B(r)dr)*;
(b) T™'Z==2([o B(rYdr)(f, COrY*+ B(rYdr)™;
(©) MZ,=((4(1)*/2)— 1)(f, C(r)*+ B(r)’dr)™";

(d) MSB=(3 [, C(r)*+ B(r)’dr)"".

Theorem 5.2. Let {y,} be defined by (5.1) to (5.2). Let the estimator of &” be the
autoregressive density estimator sar defined by (2.12) with the truncation lag k chosen to
be such that k*/T—0 and k— o0 as T-> 0. The statistics Zy, Z,, MZ,, and MSB have the
same limiting distributions as given in Theorem 5.1 for the case where o” is known.

Remark 7. We show in Perron and Ng (1995) that sir converges to o2/4, the same
limit as that of the true value o%=02/(2+ ¢/T)>. The asymptotic equivalence of the
results in the two theorems then follows.

While Z, is driven by (T/2)(d — 1)* in the limit, this explosive term is being offset by
the modification factor in MZ,. In both cases of negative residual serial correlation, the
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problem with the PP tests arises because d is not consistent for @, and the asymptotic
equivalence between MZ, and Z, breaks down.

Theorem 5.3. Let {y,} be deﬁned by (5.1) and (5.2) and y by (2.15). Let o* be
esttmated by sWA as defined ‘y (2 14)  with truncation lag M. Let

2= ((J, B(r)’dr)/(f, C(r)*+ B(r)’dr))*(f, C(r)*— B(r)’dr). If M=o and M/T—0, then
as T—»oo

() (MT)'Z,=(—4yi)(fy C(r)>+ B(r)’dr)™";
(b) (MT)™'2Z,=>—(2y2,)"([, C(r)*+ B()?)™'%;
(©) (MT)™'MZ =(—4y2,)([,C(r)*+ B(r)dr)™";
(d) (MT)'">MSB=([, C(r)*+ B(1)*)'*(8y1,) """

Remark 8. Theorem 5.3 shows that the statistics are divergent for any choice of
the truncation lag. This is because & is not a consistent estimate of @, and the sample
autocovariances constructed on the basis of i, are also inconsistent estimates of the true
autocovariances (see Remark 2).

Size distortions are expected to be smaller in this model with negative autocorrelation
than in the earlier model with negative moving average errors. This is because for an
autoregressive coefficient p and a moving-average coefficient 6 of the same size, the implied
value of ¢ is larger than the implied value of & for a given 7. This is due to the fact that
our local framework specifies a different rate of approach to the boundary —1, namely
JT in the MA case and T in the AR case. In this sense, a p of —0-8 is further away from
the boundary than a 6 of —0-8. The consequences of these different rates of normalization
are reflected in the simulations presented earlier.

6. SIZE AND POWER

In this section, we assess the properties of the modified tests based on the autoregressive
spectral density estimator. We first consider the local asymptotic size of the tests by
computing the p-value of the statistics in Theorems 3.2, 4.2 and 5.2 with ¢=0 using critical
values from the standard asymptotic distributions.” These results are presented in the top
panel of Figures 1 to 3. We then tabulate the 5% critical values from 10,000 replications
of the respective asymptotic distributions and construct size-adjusted power functions for
values of ¢ between —15 and 5. For T=200, this corresponds to values of a between
0-925 and 1-025, and for T=500 between 0-97 and 1-01. The integrals in the asymptotic
distributions are approximated by partial sums of i.i.d.N(0, 1) random variables with 1,000
steps. These experiments are performed for a set of non-centrality parameters (J in the
first model, and ¢ in models two and three).

For the nearly-integrated, nearly-white-noise model, we consider values of J between
1 and 20 (for T=500, @ varies between —0-96 and —0-11). The results are presented in
Figure 1. The top panel is the asymptotic size of the statistics. For small values of J, tests
based on the standard asymptotic critical values under-reject the unit root hypothesis, but
the local asymptotic size becomes more accurate as § increases. The local asymptotic size
is similar to the exact size reported in Table 2 especially when o? is assumed known. The

9. For MZ, and MZ,, the lower five percentage points are —8-1 and —1-95 as given in Fuller (1976). For
MSB the case without a constant was not provided by Stock (1990). Approximating the distribution of
(s W(r)zdr)'/ ? gives critical values for the lower and upper five percentage points of 0-23 and 1-28 respectively.
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a. Size using standard critical values
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FIGURE 1
Nearly-integrated, nearly-white noise model

i

Ml om|o
(] [ ] [/ ]
alelololeo
S O O © wn

>
I
—
4
o

S| &
i
e

HEEEE

L)
I
—
e
=]

%o
i
-1 o

O Rl Y
nynga
alwln
S © & & wn

§

%
]
—
b4
=)




PERRON & NG UNIT ROOT TESTS 449

local asymptotic size is still close to the exact size when o7 is estimated by sig, except
when T is small and @ is very close to —1. Although the exact size is slightly liberal in

" those cases, it is actually closer to the nominal size of the test. Thus, the finite-sample bias
of sar is such that it reduces size distortions. The bottom three panels are the size adjusted
local asymptotic power for MZ,, MSB and MZ,, respectively. As expected, local asymp-
totic power is higher against explosive alternatives (with ¢>0) than against stationary
alternatives (¢ <0). For values of & close to zero, MZ, and MZ, apparently has no local
asymptotic power. This can be explained by the fact that the distributions of these statistics
are independent of ¢ when § approaches zero. However, for MSB the power function is
independent of the value of 6.

For the nearly-twice-integrated model, ¢ is varied between —5 and —100, correspond-
ing to values of p between 0-975 and 0-50 for 7=200. We see from the top panel of
Figure 2 that the tests over-reject the null hypothesis for small values of ¢ but the size of
the tests improves as ¢ increases. The size implied by the local asymptotic results is larger
than the finite sample size reported in Table 2, but once again, the exact size is closer to
the nominal size for the parameters and sample sizes considered. As for local asymptotic
power, all three tests have low power when ¢ is small but it increases monotonically as ¢
increases.

For the nearly-seasonally-integrated model, ¢ is also varied between —5 and —100
implying values of p between —0-975 and —0-50 for T=200. The results are shown in
Figure 3. The tests based on the standard asymptotic critical values tend to under reject
the unit root hypothesis unless ¢ is large. This result parallels the finite sample size reported
in Table 2. Unlike the negative MA case, MZ, and MZ, do not suffer from power loss
at small values of ¢. All three M tests have comparable power. As in the nearly-twice-
integrated model, there is a strong dependence of power on the values of ¢.

Our local asymptotic simulations suggest that except when values of the non-centrality
parameters are extremely small, the local asymptotic power of the tests are good. More
importantly, the sizes of the tests based on standard critical values are usually within
reasonable range of the nominal size. This is a useful result since it suggests that standard
asymptotic critical values can be used with little loss of accuracy.

The finite sample power of the statistics using the standard critical values are reported
in Table 3 for 7=200 and 7=500. The power of the augmented Dickey-Fuller statistic,
t,, is also reported. Since the power functions are unadjusted for size distortions, the power
reported for z,, in the negative MA case is misleadingly high and should be interpreted with
caution.

There are several features of note. First, MZ, tends to be more powerful than MZ,,
consistent with a finding of Phillips and Ouliaris (1990) and Nabeya and Tanaka (1990)
that the z-statistic has a lower asymptotic power curve than the normalized least-squares
estimator. Second, the power of MZ, and MSB matches that of ¢, in finite samples except
in the negative AR case, where the power discrepancies can be traced to the fact the M
tests are undersized. Indeed, in the positive AR(1) case when the exact size is very close
to the nominal 5% (see Table 2), the power of the M tests exceeds that of 7, (see, in
particular, the cases p=0-5 and 0-9). Third, comparing the results for 7=200 and T=
500 in Table 3, the rate at which the power of the M tests increases is model dependent.
The M tests have lowest power when there is a large negative AR component in the noise
function and when the sample size is small, but power increases rapidly as T increases.
Although the power of these tests is much higher in small samples in the negative MA
case, it increases more slowly with T. These results are due to the fact that the distinction
between the null and the alternative hypotheses sharpens more rapidly in the AR models
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a. Size using standard critical values
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Nearly-twice-integrated model
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a. Size using standard critical values

0-05

0-04

0-03 MZ-a

0-02 MSB
MZt

0-01

b. Size adjusted power of MZ-a

¢. Size adjusted power of MSB

d. Size adjusted power of MZt

-15  -10 -8 -6 —4 -2 05 0-5 2 5
4
FIGURE 3

Nearly-seasonally-integrated model



REVIEW OF ECONOMIC STUDIES

452

0001 000-1 LLLO 000-1 000-1 6780 0001 000-1 ¥56-0 000-1 000-1 $76-0 008-0

000-1 000-1 198-0 000-1 000-1 $06-0 000-1 000-1 0860 000-1 000-1 1L6-0 005-0

0001 0001 6680 000-1 000-1 6260 000-1 000-1 086-0 000-1 000-1 $96-0 002-0

0001 0001 026:0 000-1 0001 0£6-0 000-1 000-1 186-0 0001 000-1 186-0 002-0—

0001 000-1 S16-0 000-1 000-1 8160 000-1 0001 £86-0 000-1 000-1 0L6:0 00S-0—

000°1 000 $68-0 000-1 000-1 9£8-0 000-1 000-1 996-0 000-1 000-1 ¥¥6-0 008-0—(1)AV

000-1 000-1 9€6-0 £86-0 £96-0 $LLO L66-0 L86-0 £68-0 L66-0 7860 L98-0 008-0

000-1 666-0 968-0 1860 6560 2180 866-0 886-0 616-0 966-0 £86-0 £68-0 005-0

0001 000-1 868-0 986-0 0L6:0 6680 0001 166-0 916-0 866-0 886-0 $88-0 00Z-0

000-1 0001 006-0 886-0 196:0 0180 666-0 886-0 9160 L66-0 0860 $88-0 002:0—

0001 0001 £56-0 656-0 2160 SLL-O 886-0 L96-0 LL80 7860 LS6-0 80 005 -0—

000°1 0001 0001 068-0 91L-0 16£-0 L£6:0 608-0 6550 €260 6LL-0 125-0 008-0—(1DVI

000-1 0001 106-0 L86-0 696-0 $18-0 L66-0 886-0 916-0 $66-0 6860 €680 SI10113 "PI'}
00s=.1 (9)

£09-0 11¢-0 861-0 LYL-0 665-0 99¢-0 098-0 ¥SL-0 6670 6280 €1L0 S¥b-0 008-0

8¥8-0 795-0 €0 LS80 7890 #8€-0 7560 $78-0 155-0 8€6-0 ¥8L-0 96%-0 00S-0

LL8-0 LT9-:0 ¥92-0 L88:0 TwWL0 €iv-0 7960 L98-0 $55-0 €960 £€8-0 805-0 002:0

$16-:0 089-0 L9T-0 £06-0 6CL-0 LLE-O €L6-0 L98:0 815-0 096-0 6£8-0 8LY-0 002-0—

9€6-0 669-0 0S2-0 $58-0 869:0 T€€-0 7560 LY8-0 66¥-0 $76-0 608-0 L¥¥-0 005 -0—

8260 S0L-0 992:0 969-0 S8Y-0 0 S18-0 1£9-0 6LE-0 08L-0 7090 £€€-0 008-0— (YUY

69L-0 08%-0 Ly1-0 918:0 6290 9620 £26-0 ¥6L-0 €910 906-0 96L-0 0zy-0 0080

£88-0 £29-0 LOT-0 106-0 0IL-0 $9€-0 £€56-0 7L80 0SS0 6£6-0 €€8-0 8890 0050

$06:0 889-0 8€C-0 906-0 19L-0 16€-0 TL6°0 688-0 685-0 096-0 158-0 625-0 002-0

2€6-0 LL9-0 082-0 ¥68-0 LyL-0 $6£-0 2960 1L8-0 €LS-0 6v6-0 8£8-0 125-0 002-0—

LL6-0 SI8-0 S1€-0 £58-0 #59-0 20€-0 1560 128-0 09%-0 6260 16L-0 0zy-0 005 -0—

000'1 000°1 #96-0 $¥6-0 0780 w0 086-0 7260 7650 €L6-0 8680 $55-0 008-0—(1)VI

$76-0 069-0 8520 106-0 9pL-0 €0v-0 796-0 888-0 £96-0 056-0 LS80 1250 S10.13 “p°Iy
007=L (®)

680 06-0 $6-0 80 060 $6-0 $8-0 06-0 $6-0 $8-0 06-0 $6-0 o

mJay Wz asmw (0)ZzZW

(81591 pajipi-au0 %,G) "10]DUINISI JISUP [D.0302dS 201$$2482.401nD Y3 Buisn SIISUDIS PaLfipow Ay Jo somod

€ 474dvVL



PERRON & NG UNIT ROOT TESTS 453

as T increases (recall the rate of approach to —1 is 7 in the AR case but is \/T in the MA
case).

7. EMPIRICAL ISSUES

Our theoretical analysis shows, and simulations confirm, that the modified statistics have
more robust properties than the unmodified unit root tests. The M tests have much better
size and higher power than ¢, in the negative MA case; comparable size and higher power
in the positive AR case; and lower power in the negative AR case due to size distortions
on the conservative side. Since negative AR errors are rarely found in economic data, one
can generally expect size and power advantages in the M tests over the PP tests and ¢,.

The real strength of the M tests is in the case of negative MA errors when most unit
root tests have size distortions. This is an important consideration in assessing the empirical
importance of the M tests because negative MA errors are not uncommon in macroecon-
omic time series. Such errors can arise for a number of reasons, among which is the
presence of additive outliers. Franses and Haldrup (1994) showed that the presence of
systematic outliers in an /(1) series will shift the limiting distribution of unit-root tests to
the left, and therefore imply an over-rejection of the unit-root hypothesis. Using data on
the U.S.-Finland real exchange rate, which has an apparent outlier in 1918 and possibly
six others, the authors find that using dummy variables to remove the outliers before
constructing ¢, will lead to stronger evidence of non-stationarity. However, one can also
use unit-root tests that are robust to the presence of negative MA errors. Vogelsang (1994)
exploits this property of the M tests and rejects a unit root in the real exchange rate data
using MZ, and MZ,. This shows that the modified statistics will have power. Use of the
modified tests in this context has the additional advantage of not having to identify the
outliers.

To illustrate when the modifications in the M tests are important, we now consider
unit-root tets on two series: real GDP and inflation.'® The values for Z, and Z, for real
GDP are —5-94 and —1-62 respectively, and the kernel-based normalized spectral density
at frequency zero (s34 /s2.) based on a 4-lag Bartlett window is 1:66. The values for MZ,,
MZ, and MSB are —9-69, —2-98 and 0-307, respectively.'' The normalized autoregressive
spectral density at frequency zero (sig /s2) estimated with k=6 is 2-58. Both spectral
density estimates are far from zero, suggesting that the series is neither nearly stationary
nor nearly-seasonally integrated. The ARMAC(I, 1) estimates are 1-002 and 0-25 respec-
tively. As the MA coefficient is far away from the problematic parameter space, the
modification factors in the M tests should have vacuous effects. Indeed, both Z, and MZ,
fail to reject the unit root hypothesis. The 7, statistic (12 lags) yields a similar conclusion
with a value of —1-23.

For the inflation series, Z, and Z, are —184-2 and —10-73 with 4 lags in s%,, and
are —322-25 and —13-49 with 12 lags. The values for 5%, /s are 0-99 and 1-91 respectively,
and are larger as the truncation lag increases further. By contrast, MZ,, MZ, and MSB
are —13-9, —2-59 and 0-18 with k=6, and —8-14, —1-96 and 0-24 with k=12. The values
for shr /s2 are 0-10 and 0-05 respectively, much smaller than the kernel-based estimates.

10. We use quarterly log (GDPQ) for output, and the first difference of monthly log (PUNEW) for
inflation. The data are taken from CITIBASE. The estimation period is 54:1 to 93:3. The inflation series is
demeaned prior to the construction of the statistics, while the GNP series is detrended by a linear time trend.

11. The 5% critical values for MSB with a constant is 0-191, and 0-164 when there is a constant and a
trend.
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The ARMAC(I, 1) estimates are 0-98 and —0-73, respectively.'> Although the autoregressive
coefficient is very close to one and one would not expect the unit root hypothesis to be
rejected, the large negative MA coefficient suggests the size of the PP tests might be
distorted. The results of the unit root tests are therefore as predicted by our analysis: the
larger the truncation lag in s, the faster the PP tests diverge. The autoregressive spectral
density estimator is accurate even when o is small, and along with the modification factor,
produces a test statistic that is well behaved. The M tests therefore suggest the presence
of a unit root. Use of Z, would have rejected the null hypothesis, while use of ¢, would
have yielded ambiguous results (the value with 8 lags is —2-53, close to a rejection at the
10% level ).

A negative MA component also appears in important macroeconomic variables such
as the unemployment rate and monthly consumption. The M tests analysed in this paper
can be seen as practical remedies to potentially serious inference problems. In Ng and
Perron (1995), we show that the presence of negative MA components can also affect
cointegration analysis. The modified tests are shown in that context to play a useful role
in determining the variable on which a cointegrating regression should be normalized, and
the consequence in terms of the accuracy of the coefficient estimates could be dramatic.

We close this section with some comments on the implementation of the M statistics
when the data are trending over time or when the mean of the series is unknown. In the
latter case, one simply treats y, in (2.6) and (2.8) as being de-meaned, and adds a constant
to the autoregression (2.12) when constructing the spectral density estimator. In the case
of trending data, the y, that appears in (2.6) and (2.8) is de-trended. However, we still
include only a constant in (2.12). The reason for this is that the estimate of the spectral
density function at frequency zero is still consistent under the null hypothesis and its limit
remains bounded above zero under the alternative of trend-stationarity. Including a time
trend in (2.12) would yield similar asymptotic results but simulations (not reported) indi-
cate that the size of the resulting M tests is less accurate. As well, the truncation lag has
been fixed in the simulations. A data-dependent rule for selecting & and a more effective
treatment of the deterministic terms in sar are under investigation by the authors.

8. CONCLUSIONS

When the root of the error process is close to the unit circle, many commonly used unit
root tests have size distortions. However, simple modifications which have negligible effects
in a standard asymptotic framework can lead to tests with substantially more accurate
sizes. The proviso is that the modifications be used in conjunction with an estimate of the
spectral density at frequency zero that is consistent in both the standard asymptotic frame-
work and in the local framework used here. Kernel-based spectral density estimators using
estimated residuals do not satisfy these criteria and tend to aggravate the size problem.
On the other hand, the autoregressive spectral density estimator formulated on the basis
of an augmented autoregression with first differences of the data serves this purpose. When
appropriately implemented, the modified statistics have robust properties and are useful
tests for a unit root. The statistics will also be useful in cointegration analysis where serial
correlation in the noise function is often encountered.

It is important to put into perspective the properties of the modified statistics vis-a-
vis the general issue of distinguishing between unit roots and stationary processes. As

12. Perron (1994) suggests that a negative moving average component should be present in the inflation
series if the monetary authorities react to offset inflationary/disinflationary pressures that are inconsistent with
a price level target path. This makes inflation strongly mean-reverting.
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discussed in Campbell and Perron (1991) these two types of processes are observationally
equivalent in the sense that for any stationary process, there will exist a unit root process
which approximates it arbitrarily well and vice-versa. To be concrete about the implication
of this result, consider the case of MA(1) errors with a negative coefficient 0. The near-
observational equivalence implies that when using unit root tests with asymptotic critical
values, there will exist values of 6 in the range (—1, x) for some —1<x<0, say, such that
liberal size distortions will surface. The value of x will depend on the sample size and the
test used, but it will always approach —1 as the sample size increases; i.e. the range over
which size distortions occur will diminish. The problem, as shown in previous simulations
including some presented in this paper, is that the rate at which the range shrinks can be
very slow.

In practice, the problem is that for conventional tests (e.g. the PP tests or ¢,) and
sample sizes commonly encountered, this value of x where size distortions start to be
important is too far away from —1 (e.g. somewhere around —0-4, when 7=100). This
has been the cause of some concern because this range includes values (e.g. between —0-8
and —0-4) which are of practical relevance (e.g. Schwert (1987)) and for which we would
rather not classify unit-root processes with such moving-average coefficients as stationary
ones.

The class of modified statistics discussed in this paper can be viewed as tests with a
much smaller range of size distortions (e.g. for 8 between —1 and —0-9) for any given
common sample size. This can be useful in practice because classifying unit root processes
with values of 0 in this range as stationary is likely to be of less concern. It is important
* to note that this improvement in size is achieved while retaining reasonable power.

The above justifications for using the modified statistics are valid insofar as the aim
of testing for unit roots is to classify as precisely as possible whether a process is difference
or trend stationary. There are, however, instances when the objective of the analysis is
otherwise and using the modified statistics may not be appropriate. Suppose the aim of
unit root tests is to decide which restrictions to make in a forecasting exercise. As reported
in Campbell and Perron (1991), near-stationary unit processes are better forecast using
stationary models, while near-integrated stationary processes are better forecast using
integrated models. To the extent that imposing a false restriction may help reduce the
mean squared error in this context, it is desirable to misclassify trend stationary processes
as difference stationary and vice-versa, and one would rather use the conventional Dickey-
Fuller or Phillips-Perron statistics to test for unit roots. Of course, in such cases, the
“optimal” value of x is highly dependent on the overall objectives of the analysis of which
unit root tests is just an important first step. On this issue, more work remains to be done.

APPENDIX

As a matter of notation, we shall let C; denote (not necessarily the same) constants throughout this appendix.
For each model, we start with a series of lemmas that consider the limit of the relevant sample moments. Proofs
of Lemmas 3.4, 4.2 and 5.2 are given in Perron and Ng (1995).

Proofs of results in Section 3

The following two Lemmas are taken from or generalizations of results in Nabeya and Perron (1994), and the
proof of Lemma 3.3 can be found in the working paper version of this paper.

Lemma 3.1. Let {y,} be generated by (3.1) to (3.3), and define X,=(1+¢c/T)X,-\+e,, ar=(1-8/
JDY(1 =¢/T), br=1—(—¢/T)(1 = 8 /JT) with ar—1 and T"*br -8 as T->. We have

(a) yi=are,+brX,;
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(®) I X,-16,=0,(T);
() T 2Y) X2=a2f, J.(r)dr.
Lemma 3.2. Let {y,} be generated according to (3.1) to (3.3) and J.(r) be defined as in (3.4). Let e,,=
limy.. ,, er/o.. Then as T—,
(@ T 'Yy \=0l+028 fo Jo(r)dr;
®) TSy wu=>—0l;
(¢) yr=>0.e,,+80.J.(1);
da T 'eruf=>203.
Lemma 3.3. Let {y,} be generated by (3.1) to (3.3). Let k/T—0 as k—~c0 and T—c0. Then Sor i, j=
1,...,k,
ol ifi=l,

aT'Y" - 9{
(@ Yokt Yot 0  otherwise;

oX(1+8° [y J.(r)’dr) ifi=],

(b) T Z,7=k |)’:-1J’17i=>{ | .
! afé'zjo.l,(r)zdr ifi#j;

207 ifi=j,
© TS w-an =y —0r fli=jl=1,
0 otherwise.

Throughout, it is useful to write ZL, ﬁf=2,1=| (u,— (4 —a)y,- )%, and note that (d — a)=Z'Ty, - ,u,/zlryfn..
Then (3.5) follows from Lemma 3.2.

Proof of Theorem 3.1. It is convenient to write T 1Z.=(@—1)— (1/2)(s*—s2)/T"" Z:),z 1. Given (3.2)
and (3.3), s°=0%=02(1+0;)>=028> /T, the correction factor is:

(F=s)AT STy )= /TT Ly =i/ (T Ty -1). (A3.1)

It follows that,
T 'Z,=(d-1)+s52/QT '3, ¥} ) +0,(1)

1
=>—1 /(1 +azf Jr(r)zdr)
0
1 1 2
+<1+252j Jc(r)zdr) /(2(1+62 f J,,(r)dr) )
1) 0

Part (a) follows upon simplification. Part (c) follows from (a) and (b) of Lemma 3.2 and the definition of 5.
To prove part (d), note that given the definition of o°, MSB=[T ' Y1 ¥ 1/(8%02)]'?, and the result follows
from (a) of Lemma (3.2). Given that Z,= MSB - Z,, part (b) follows from parts (a) and (d). ||

Proof of Theorem 3.2

Lemma 34. Let {y,} be generated by (3.1) to (3.3) and sir be obtained by applying OLS to (2.12). Then
sar—0 provided k/T—0 and k— o0 as T— 0.

The proof of the Lemma is given in Perron and Ng (1995). Given that sir and o7 have the same asymptotic
limit, the results for Theorem 3.2 are the same as those for Theorem 3.1. ]

Proof of Theorem 3.3. We start with a Lemma useful for deriving the limiting distribution of M sha.
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Lemma 3.5. Let M—o0 and M/T—0 as T—o0. Then

(@) M'T! 2;, Wi Z,:,“  Uetty 05

&) M TR we S v o0;

(c) M'T! Zi."_l Wk Z,:,H VYo ok=1u—0;

@) M'T 'S WS, Ve ik 102y 8 [ J(r)dr.

Proof. (a) Note that
T! sz=| Wi ZL,‘, et =T 'y ZLZ uu, \+T ' Z,’c"_z Wi Z,T_HI u U, . (A32)
Consider the first term in (A3.2). Using the fact that u,=e,— (1 — 8/JT)e, .,
w, T er=z uu,_ =w,T 'Z,T_z ee, —wi(1-8/yTHT "' Z,T_z el
“wi(1=8/JT)T 'Y ee, .,
+wi(1=8/JTY'T 'S e 1€, 5.

Since {e,} is i.i.d., all terms vanish except the second, and the expression converges to —u, o> and to zero upon
normalization by M '. To show that the second term in (A3.2) vanishes, note that

LAD WNET TR T
=7 Z:’_z‘ofk Z,T_,“ yee =T '(1-8/JT) Z:’,z “'kz,r_k., L€ 18k
=T =8/ Y, we Y, el x 1
+T "(0=8/JTY Y WY, €€ k1. (A3.3)
Now consider the first element. Define §=7""Y,_ e/ +2T "' Y¥ w. ¥/ ., e.e,.x. We have
T oS el x=@=T 'Y &)/2-T"'w ¥ ee, 1.

This expression vanishes since §2—a?2 (provided M/T-0 as T—oc), T Y ,e—al,and T ' Y, ee 1 -0
given that {e,} ~i.i.d. Similar arguments apply to show that the remaining terms of (A3.3) also converge to
zero. To prove part (b), note that

MI'T! Z:;l n'kz,r_“ly, Uk
=M'awT'Y_ e \—M "wia,(1-8/yT)T " Y e e
+wiM T2, T Y] X, e (= (1=8/VT) T, X, e 2)
+M T 'S w Y, (are, (b X, ()e i~ (1-8/Te, x 1)
Since ar—1 and T 'Y, ¢! \»07, arwiT 'Y, ¢? | converges to w02 and the first term vanishes upon

normalization by M '. The next three terms vanish using T7'%6,—5, T 'Y e, . e, ;-0, and Lemmas 3.1 and
3.2. It remains to show that the last term vanishes. We have

M T 'S, we Y. @re, 1 +biX, e, x—(1-8/YT)e, x.1)
=M 'la;T"'Y), Wi oo, e-1e-x—ar(1—8/JT)T" e, WY, L €18 ko
+T'%, T 3/2(2:,_2"'1: Z,T.k. P CRNTN

—(=8/NDY Y i Yoo X 1€ k- 1)) (A3.4)

The first two terms of (A3.4) converge to zero using arguments similar to those in part (a). Consider the third
term (the behaviour of the fourth is similar). Since T'?b;— 8, we consider

Ape3aeM T o ag -l 32eM T k
M T _ZMkZ’_k'IX, e =M T Zk=2wkzl aX,_kAK.’,‘k

=k11

+M T we Yz (A3.5)
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where z,=e, , Y_ @' 'e,.,.Since X, 4 e, x=(1/2a)(X*r—a’X2 s_1— € ;) and Xo=0 by assumption, the
first term of (A3.5) simplifies to

(120M ' T2 50 dwe(XF o= (@ =D T, Xk =5y, ).

=k+1

It is easy to see that the third term vanishes. For the first term, define the process on D[0, 1] as
Xr(9)=Xim=X,_,, (j—1)/T<s<j/T and Xr(1)=Xr. Now

T iapem
—M IT 3/22k=2a";ka%.k

2a
| R M. M. . T—s—1
=57 ‘/ZL exp (C[—T’—])u<[—Mi])T 'X}(l—;—])dﬁo,,(l),

which converges to 0 since 7~ 'X7(s)=0.J.(s). Similar arguments using the facts that T(a>—1)—2¢ and

T 2Z,T_ e X 2 e 1=>a? j':, J.(r)%dr show that the second term vanishes. Thus, the first term of (A3.5) vanishes.
k-1_2

It remains to show that the second term of (A3.5) converges to zero. Since E [z.x]=a" ‘o7, we can write the
expression as
M T oY Cum Elzu) ¥ M T2 w37 | (a* 'o?)
=M'T 2w Y., G Elzik]) +o(1).
It can be shown that Var (3, ,, zic) =20%®* "(T—k)+(T—k)o’(a®* - 1)/(a*~1). Hence using an argu-
ment as in Newey and West (1987),
P{UM 'T2 5w Y, = Elzu]) > €}
SYa L PUM T 2YT | (ze— Elzix])l > &/ CM] since wi < C
a*—1
=l [M"T' (T=k)(CM/8")o! {Za"*‘ ”+—}]

a’—1

by the Cauchy-Schwartz inequality

4 2M __ 4 2M
M 20 (T/M)(@ =D g M o ((T/M) @7-1_
T T T(1—a”) T T(a"—-1) T (a"—1)

since T(a>—1)—2¢ and (T/M)(a®¥ —1)>2c as M/T—0. This completes the proof for part (b). The proof of

|) C?/ -0

. part (c) is analogous. To prove part (d), note that

M'T! Zz:. Wi Z,T,,H Vi tik- =M 'T! Z,:l:. Wi Z,T=,H . are_ 1€ k-
+M _IaTTI/zbrT-J/Z(Z:’_I wk-ZrT=k4 1 /Y,~ 1€ - k-1
+Z:’_, sz,r.“,er» 1Xe x-1)

+M 'THT Y0 wie Y, XXk

t=k-+1
The first three terms converge to zero using arguments similar to those in parts (a) and (b). We therefore
concentrate on the fourth term, which we write as:

MT'TH T2y we Y, e X

+ Al"l Tb;T—z z:l_l Wi Z;r=k H Xi-k-n (Z::OI a‘e,~,_ 1).
The second term converges to zero by Lemma 3.1. Consider

THM 'T 2y w YT *a*x?,

=1

k/M yr
w(—[MS]) Yok f exp (ﬁ) T 'X(r)drds
k- 1)/M w-y/T T

¢

1 1—s(M/T)
= Tb’rj w([@) J exp (cs A—I) T 'XZ(r)drds
0 M (1] T
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1 1 1
=>62J w(s)o? J J, (r)zdrds=62v/0'3.[ J.(r)%dr,
V] V]

]

provided M/T—0. |

Lemma 3.6. Let {y,} be generated by (3.1) to (3.3) and 5%, be defined by (2.14), where i}, are OLS residuals
obtained from (2.1). Let y be defined by (2.15) and J.(r) by (3.4). Then

1 1 -2
M"sim=>(20'362|//f .I[(r)zdr)(l+62f Jt.(r)zdr) ) (A3.6)
(1)

[}

Proof. We first note that since s.=0,(1), the limit of M '(s},—s2)/2 is the same as the limit of
M 's},, /2. We have

M7= 5/2= M T 5w ST
=M'T"! sz=| Wi Z;r=lc4 1 {wu, = (@ — @)y, &
—(@= )y i+ (@ =)y \Yi-kr ) A7)

Using (A3.7), Lemma 3.5 and the result that (4 —a)=—(1+ 6 [, J, ()%dr) ™" give the result stated in Lemma
3.6. Theorem 3.3 follows from Lemmas 3.1, 3.2 and 3.6 |

Proofs of results in Section 4

Parts (a) to (d) of the following Lemma is proved in Nabeya and Perron (1994), and part (e) is given in
Perron and Ng (1995).

Lemma 4.1. Let {y,} he a process given by (4.1) and (4.2) with J4(r) and Q.(J4(r)) as defined in (4.3).
As T—o0:

(@) T¥pr=06.0.(J4(1));

() T %] yi=0? fo QulJo (1) dr;

(© TLy wi=(07/D{Qc (Jo(1))’ = 2¢ fy Q. (Jy () dr};

d T2 Z =02 j‘o Jo(r)dr;

e 71" Z,=k, Ay e =>0(c 50 Q[(.I',(r))dW(r)+j':, Js (rYdW(r)) if k/T—0 as T— 0.
Theorem 4.1 and (4.4) follow from this Lemma and the definition T~ 2g}=02/¢>

Proof of Theorem 4.2.

Lemma 4.2. Let {y,} be a process given by (4.1) and (4.2) with J4(r) and Q. (J¢(I)) as defined in (4.3).
Let sax be obtained by applying OLS to (2.12) with k— o0 and k o(T'/ %Y and let T(b(l) b(1))-n with the
random variable 1 defined as in Perron and Ng (1995). Then T *sar =02 /(c+ ¢+ 1n)>.

The proof of Theorem 4.2 follows arguments analogous to those used in Theorem 4.1, with (c+ ¢ + 1) replacing

¢ |

Proof of Theorem 4.3. Since T 'si=>102, (see (4.4)), the limit of M ~'T's%,,/2 is the same as the limit
of M™'T "\(s%,,—5s2)/2, which we write as

M__|T_|SZH/A_SIZI_M~IT'2 Mo ST ah
T Temt Wk Lmier il
=M"'T"ZZ,:'= w,,.z,r_k,,u,u, k
—T(d—-a)M"'T"? (Zk 1‘*kZ.=k+.y: ;- k+2k l“"zt k+ly’ k-1ts)
+TE—ayM T we Y Y-k (Ad.1)

We note from (4.3) that T(& —a)=0,(1). The next Lemma characterizes the limit of each term in (A4.1).
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Lemma 4.3. Let {y,} be generated by (4.1) to (4.3) and let M/T—0 and M~ as T—oc. Let
y= jo w(s)ds, Q.(J4(r)) and J4(v) as defined in (4.3). Then
(@ M 'T2EY wi YT, uit - x=>ya? ) Jo(r)dr;
&) M'T T w5y et k= (W /D0AQe T (1)) =2¢ o QU (1)) dr);
@ MITORL we T vk =(y/2)0UQe (Jo(1))*=2¢ o O (Jo () dr);
() M7 Ty WXl ¥ -k 1 =0 [y Q(Jo(r))dr.

Proof. To prove part (a), note that since u,=pu,.., +e,, where p=(1+¢/T),
MOT R T =M TSN S
FMOT AT STz (A42)

where z;,=u,. "(Z: —o p'e,_ ;). Consider the first term and let Ur(s)=uzg=u,-, (j—1)/T<s<j/T, and note
that T7'2Uz(s)=0,J4(s). Then

M'T? Zk=l Wi zlr=k+lpku’2 k

kM yr
= Zkhil ([SM]) Z: =k41 [ exp <¢5 M) T UT(")zd"ds
k--1)/M M « YT T
1 1
=f u(m) f exp <¢s M) T 'Ur(r)’drds
0 M sM/T T

1 1 1
=02 f w(s) J¢ (rYdrds = yo? j J4(r)idr,
o

provided M/T—0 and using Lemma 4.1. The second term in (A4.2) converges to zero since Z, k11€1€ -k 1S

0,(JT) and M/T—0 by assumption. The proofs to parts (b). (c) and (d) follow analogously using the results
of Lemma 4.1.

Combining (4.3), Lemma 4.3 and (A4.1), we have:

Lemma 4.4. Let 53, be defined by (2.14) with M— o0 and M/T—0 as T—o0. Let y= _[0 w(s)ds and A be
defined by (4.4). Then
(MTY IS%VA=>20'3W1-
The results of Theorem 4.3 follow directly from Lemmas 4.1 and 4.4. ||
Proofs of Results in Section 5
The following Lemma is proved in Nabeya and Perron (1994).
Lemma S5.1. Let {y,} be generated by (5.1) and (5.2). Using the definitions following (5.3), we have, as
T—o0:
@ T2%, ¥l 1=(07/8) [, (C(r)* + B(r))dr;
&) T2L, y- == (02/4) [ B(r)dr;
(©) T 'yi=(a?/8)A(1)%;
@ T *Y,_, u;=(02/2) f, B(r)'dr.
To prove (5.4), we slmp]y apply the above Lemma to the definition of T~ v,z, Theorem (5 1) uses the above

Lemma and the fact that s*= o%= oZ/2+ ¢/T) -0, /4 Since s2 is 0,(T) and s is o,(1), (s*—s2) is dominated
by s,

Proof of Theorem 5.2:

Lemma 5.2. Let { y } be generated by (5.1) and (5.2). Let sar be obtained by applying OLS to (2.12) with
k=0o(T'"?). Then sir— o> 2 /4.

The results of the Theorem are obvious in view of Theorem 5.1. |
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Proof of Theorem 5.3. We begin by considering the limit of M 'T Y(sha—s2) /2, which we write as
M'T '(Sa=s2)/2=M"'T >Y2l wi X, ity &
—(@—a)M 'T YN wie Yy k
—(é-a)M''T zzzlzl Wi erzkny, ol
+H(@—aVM T8 WY v ek (AS.1)
The next Lemma characterizes the limit of each term in (AS.1).
Lemma 5.3. Let {y,} be generated by (5.1) and (5.2) and let M/T—0 and M—o0 as T—oo with
y =, w(x)dx, we have
(@ M "T85 wieY) ., wi-=0;
B M'T 22X we X, vt k=05
© M 'TPLL weY Yk wi=0;

@ M 'T2EY we ¥, vk 1=>w(02/8) [y (C(r)* = B(r))dr.

Proof. To prove part (a), note that since u,= pu,. | +e,, where p=—(1+¢/T),
MIT 2L e wit =M T2 e S P
+M 'T2YY owe Y T (AS5.2)

where z;,=u,- k(Z::(: ple, ;). It is straightforward to show that the second term converges to zero. Consider
the first term. We have,

M ITrzzlrM=| Wk ZrT=k . pkulz' k=M"'T ZZII‘":l pkw"zrr=krl U
=M"'T z(zﬁllf pwy Z,7= 241 Uy

]

M2 21 T 2
- j=/| (-p)” Wz,-~lz,=2, U 1)

2f M/ %¢
=M IT Z(Z’leexp ("'7—:>Wz,' Z,T=2j“u,z 2j
; 2j—1
- j":lzexp (L]_;ﬁ) w2,v_|z;r=z,.u,2 2,-+|)+0,,(|).

Define wh/(r) =wy;, 2(j—1)/M <r<2j/M and let Ur(s) =urg=u;., for j—1/T<s<j/T. Now rewrite the first
term (for sum over even terms) as:

i(3)

1 L [YmM 2 ) YT _
=y exp (’—"’),‘:yds z,’ﬂmf T 'Up(r)dr
2 T =T

2 - /M

1 1
=1J exp (g[—w—/ﬂ‘é> Whe(s)ds J T "Ur(r)’dr
2 1] T (sM/2)/T

2

1 2 pl 1
::% J; w(s)a's%'— J:) B(r)zdr=-:—e WJ; B(r)zdr.

, 2j
Zj”:’lz exp (—]7:2) Wy (T 2 Z,:z“ LU 5)

The second term (for sum over odd terms) can be shown to converge to the same functional, giving the result
as stated in (a). Similar arguments can be used to show that the odd and even terms in parts (b) and (c) cancel.
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To show part (d),
mM'T? Z:’:, Wi Z,T=k Y-k =M 'T? Z:L. Wi er=k+| 'y
+MIT Y o Y ek (T, @ ). (AS3)
Using Lemma 5.1 and provided M/T—0 as T— o0, we have, for the first term of (A5.3):

. a2 (!
MI'T2YY Y, akyih.w;f (C(r)* + B())ydr. (A5.4)
0

The second term of (AS5.3) can be written as
MIT 2SN wd Y e ket MTTTEYN e ST vk (5 @ ).

It is straightforward to show that the second term vanishes. For the first term,

. - a2 [! '
M T2 wd T e et "’4 B(rYdr. (A5.5)

]

The result of (d) follows by combining (A5.4) and (AS.5). Therefore

M "T'Z(ti—a)zz,t:, wkZL,‘Hy.r- 1 V1 -k-1

1 1 -192 1
=(yo? /2)[(J B(r)zdr)(f C(r)2+B(r)2dr) ][(J (C(r)z—B(r)z)dr]
0 0 0

=yoll /2. |
Combining (AS.1), Lemma 5.3, (5.4) and (5.3), we have

Lemma 5.4. Let 5%, be defined by (2.14), A, be defined as in (5.3), let M- with M/T—0 as T— .
Then

M'T 'sfm:afw/lz.

The results of Theorem 5.3 follow directly from Lemmas 5.1 and 5.4. |
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