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Abstract

In this paper, we propose a simple heuristic approach for the inventory control problem
with stochastic demand and multiplicative random yield. Our heuristic tries to find the best
candidate within a class of policies which are referred to in the literature as the linear inflation
rule (LIR) policies. Our approach is computationally fast, easy to implement and intuitive to
understand. Moreover, we find that in a significant number of instances our heuristic performs

better than several other well-known heuristics that are available in the literature.

1 Introduction

Random yield has been recognized as an important phenomenon in inventory management. It
is well known that optimally managing periodic-review inventory control systems with random
yield and stochastic demand is difficult. (See Yano and Lee (1995) and Zipkin (2000)). Thus
the literature has seen several heuristic approaches to this problem. Perhaps the best known
heuristic approaches were proposed by Bollapragada and Morton (1999). These heuristics had
several attractive features. First, they are myopic, i.e., in each period, the quantity ordered is
based on a solution to a single-period problem. Second, many of these heuristic procedures fall
under the class of what Zipkin (2000) refers to as the linear inflation rule (LIR) policies. This
policy class is easy to understand and is a generalization of the well-known base-stock policy that is

commonly used in inventory management. Finally, as shown in Bollapragada and Morton (1999),
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these heuristics perform extremely well in several reasonable problem instances. Bollapragada and

Morton (1999) as in our paper, consider the infinite-horizon average cost criterion.

In a recent paper, Inderfurth and Transchel (2007) revisit the same solution procedures used in
Bollapragada and Morton (1999), and test their performances for a wide range of problem settings.
They point out certain flaws in the calculations in Bollapragada and Morton (1999), which explain
the steady deterioration in the myopic heuristics of Bollapragada and Morton (1999). Further, they
show that the performance of the heuristics proposed by Bollapragada and Morton (1999) is worse
than that reported in the original study, especially when the ratio of the backorder penalty cost to
the holding cost is high. However, they do not provide any alternate heuristic approach. Li et al.
(2006) also examine the heuristics of Bollapragada and Morton (1999), but under the discounted-
cost criterion. They demonstrate scenarios where the heuristics do not perform well and point
out certain difficulties associated with implementing some of the heuristics in Bollapragada and
Morton (1999). They propose a new heuristic that is dependent on the discount factor and cannot
be adopted to the average cost model. Thus, finding a good heuristic method for the random yield

problem is an open area of research.

In this paper, we study the periodic-review random yield problem under the average cost crite-
rion with emphasis on the class of LIR policies. Our contribution in this paper is both analytical
and computational, and is as follows: (1) We show certain useful properties of the cost function
when the class of LIR policies are used; in particular, we demonstrate a convexity property, which
is useful in finding the best parameters for this policy class. (2) We propose the best candidate
in the class of LIR policies as a heuristic for the random yield problem. This heuristic is intuitive
to implement and computationally fast. Numerical experiments indicates that, for a wide class of

problem instances, our heuristic performs better than other approaches available in the literature.

The rest of the paper is organized as follows: In Section 2, we state the problem and the notations
used in our analysis. In Section 3, we demonstrate certain simple properties of the random yield
problem and use these to construct our heuristic. In Section 4, we present computational results that
demonstrate the performance of our approach. We also present comparisons with other approaches

that exist in the literature.



2 Model

The description of the model is as follows. Let ¢ = 1,2, --- index time periods in a forward manner.
Let Dy > 0 be a nonnegative random variable representing demand in period t. We assume that
the sequence {D;|t > 1} is independent and identically distributed (IID), and we denote by D a
generic demand random variable. Let Y; > 0 denote a nonnegative random variable representing
the stochastically proportional yield factor in period ¢. The sequence {Y;|t > 1} is also IID, and

we denote by Y a generic yield factor random variable.

The sequence of events in each period is as follows. At the beginning of each period ¢t >
1, the manager observes the beginning inventory level Iy, and orders ();. The replenishment is
instantaneous, and the manager receives Y; - (Q; units. Then, demand D; is realized. Any excess
inventory incurs the holding cost of h > 0 per unit, and any excess demand is backlogged at the
rate of b > 0 per unit-period. Thus, the cost incurred in period ¢ is given by h- IN," +b-IN,,
where IN;y = I; + Y; - Q¢ — Dy is the ending inventory in period t. Let Ip1q = I V;.

In this paper, we assume that the manager’s decision in each period is the order quantity @,
and his objective is to minimize the infinite-horizon average-cost of the system. As mentioned, the
optimal order quantity in each period ¢ depends on the starting inventory level I; and does not
have a simple structure (Henig and Gerchak, 1990). Consequently, we restrict our attention to a
heuristic where orders are placed in every period by following a linear-control policy which in the
literature is referred to as the linear inflation rule (LIR) policy. This policy has two parameters 6
and (. Under this policy, the order quantity in each period depends on the beginning inventory I;

and is given by

(60— 1, if I; <0,
Qt:Q(It) _ ﬂ( t) iy =

0 otherwise.

We say 0 is the target inventory level, and § > 0 is the inflation factor. (Note that if 3 = 1, then

the LIR policy is the familiar base-stock policy with an order-up-to level of 6.)

Several control methods proposed as heuristic approaches to the random yield problem in the
literature belong to the class of LIR policies. In Bollapragada and Morton (1999), the following
two LIR policies have been considered: (i) MULT METHOD where 6 is the b/(b + h)-fractile of
the demand distribution D and § = 1/E[Y], and (ii) NLH1 METHOD where 0 is E[D] plus the
b/(b+ h)-fractile of D — (E[D]/E[Y])-Y and § = 1/E[Y]. (We remark that the MULT method
was originally proposed for the single-period problem by Ehrhardt and Taube (1987).) Note that



in both of the above methods, the inflation factor 3 is set to the reciprocal of the expected yield
factor E[Y]. Computation results in Bollapragada and Morton (1999) and Inderfurth and Transchel
(2007) show that NLH1 performs reasonably well when b/(b+ h) < 0.95. Zipkin (2000), similar to
our approach, discusses the question of picking the best § and . (To our knowledge, he coined
the term “linear inflation rule”, and first considered the possibility of 3 being values other than
1/E[Y].) He analyzes the behavior of the ordering quantity by calculating (approximately) its first
two moments, and then uses a Normal approximation to propose reasonable values for 3 and 6.

Our approach, as will be evident, is different.

Let S(0,3) be the inventory system managed by the LIR policy with parameters 6 and
assuming that the starting inventory level is §.! We sometimes use the superscript (6, 3) on the
variables to denote the inventory system. Thus for instance, Qge’ﬁ ) denotes the order quantity in
period ¢ in the (0, 3) system. Let C(6,3) be the expected long-run average of the S(6, 3) system,

i.e.,

T
1
C(@,ﬂ) = hmsupT—n)of E Ct(gaﬁ) where
t=1

Cu6.6) = {n-BUNOOY b BUNSO) L

Our heuristic approach seeks to find the optimal choice of the parameters in the LIR policy such

that C'(6, ) is minimized.

3 Analysis

In this section, we discuss how to find values of # and § in the LIR policy that yield good approxi-

mations to the random yield problem. In Section 3.1, we show that C'(0, 3) is convex with respect

1Such an assumption on the starting inventory level has been used in the inventory literature without random
yield, e.g., Glasserman and Tayur (1995) and Janakiraman and Roundy (2004). It facilitates the derivation of analytic
results. The analytic results of this note are based on and enabled by this specific assumption of the starting inventory
level.

Under the infinite-horizon average cost criterion, the starting inventory level does not affect the objective function
if the inventory levels in the S(0,3) system, for a given pair of @ and (3, converge to a steady-state distribution.
Unfortunately, this condition does not hold in general for the random yield problem. However, let us suppose
that demands are integer-valued, and consider a discretized approximate problem where the yield quantity Y; - Q:
is probabilistically rounded to an integer. Then, for this approximate problem, if P[D = 0], P[D = 1] > 0 and
P[B-Y > 1] > 0, then the time to reach the state of having 8 units in inventory after production is finite, and the

cost incurred in these initial periods does not affect the infinite-horizon average cost.



to #; thus, it is easy to find the optimal choice of 0 for any given (3. In Section 3.2, we discuss

several candidates for the choice of 5.

3.1 Convexity of C(0, ) with Respect to 6: Fixed

In the following discussion, we first fix the value of 5 > 0. (Later, we explore properties of the cost
function C(0, B) with respect to both its arguments. Moreover, we discuss our procedure behind
choosing (3 optimally.) The main result of this section is to show that C(6, 3) is convex with respect
to 6 (Lemma 2). The proof of this result is based on an observation that two inventory systems
with the same (§ parameter but different 6 parameters are translations of each other. We note that
Henig and Gerchak (1990) demonstrate convexity of the dynamic programming cost-to-go function

with respect to the order quantity. This however does not imply our result.

Proposition 1. For any pair of LIR parameters 0 and 3, the following statements hold for any
sequence of demand and random yield factor realizations: for each t > 1, (1) It(a’ﬁ) = It(o’ﬁ) +0, (i)
OB = Q" and (iii) INSP = INOP) 1 9.

Proof. Recall from the definition of the S¥#) system that I§0’6) = 0 and I{o,,@) = 0. In the first
period t = 1, we have Ife’ﬁ) — Ifo’ﬁ) = 6. Since 0 — I£9’ﬁ) =0-— Il(o’ﬁ), it follows that an,ﬁ) = ng’ﬁ)
from the definition of the LIR policy. Thus,

INl(e,ﬁ) _ I{‘)’ﬂ) 1Y, - Qgeﬁ) - D, = Ifo’ﬁ) 10+Y;- ngﬁ) - D, = INl(o,ﬁ) +0.

Thus, we have proved the required result for ¢ = 1. Since Igi’lﬁ ) =T Nt(o”6 ) and It(f_’? ) =T Nt(e’o) , the

remainder of the proof follows easily by induction using a similar argument. O

Lemma 2. For any fized 3, C(0,3) is convex with respect to 6.

Proof. For any 6, compare the two inventory systems S(6, 3) and S(0, 3). From Proposition 1, we
have INt(G’B) = INt(O’ﬂ) + 0 for each t > 1. The single-period costs in period ¢ satisfy

h-[INSPV 40 INOPT = (bt b) - NPT — b INP)
= (h+b)-UNOD 1 01F —b- INP b0,

which is convex with respect to 6. Thus, C(S, 3) is convex with respect to S. O

Lemma 2 shows that finding the optimal choice of 6 for a given value of § is a convex function

minimization problem. It can be shown that C(6,3) — oo as either § — oo or § — —oo. Thus,



ming C(6, () is attained, and we denote its minimizer by 6*(3). Minimizing this convex function
can be done efficiently, for instance, using bisection methods, given that there is a fast oracle for
evaluating the cost function C(6,3). Though it is difficult to derive an analytic expression for
C(6,3), one can compute it using simulation. Thus, one approach to minimize C(-, ) is to choose
the candidates of @ iteratively using a convex programming technique, and evaluate the simulated
cost for each 6. We note that extensive numerical simulations seem to indicate that C(6,3) is in

general not jointly convex but C(6*(53),3) is convex in (.

However, the following observation enables us to design a faster simulation optimization method
for obtaining 6*((3) without any explicit search. It shows that the optimal choice of # must satisfy
a newsvendor-like condition. Thus, one needs to simulate C'(0, 3) exactly once and then choose 6 to

satisfy an optimality condition as in the following lemma. Recall C'(0, 3) = lim supT_m% Zthl Cy(0,5).

Lemma 3. For any 8 and T, a minimizer of % Z?zl Cy(+, B) is given by

T
1nf{6 : TZP[INt +6<0] < h/(b+h)}

Proof. Note that
T T
> Cu6,8) = Z E[INCPY 4. BTN
t=1

T
= Z E[INYP) 4 b+ n) - EINSP))-

T
- Z E[IN? 4 6] + (b+h) - BIN" + 6]
=1

By differentiating it with respect to 6, we obtain

T T
d
52 C0.8) = Th—(b+h)-Y PN 19 <.
t=1 t=1
By setting the above expression to zero, we obtain the result. O

We note that in both MULT and NLHI, § is fixed at 1/E[Y], and in each case # assumes a
pre-defined ad-hoc value. Instead, the results of this section show that the optimal choice of 8 can
be obtained easily for any fixed 8 without much computational effort. We show computationally

that this simple calculation sometimes leads to significant improvements as compared to MULT

and NLH1.



Our approach and analysis in this section are quite general and are applicable to other models
of random yield. For example, the results in Lemmas 2 and 3 can be generalized to the case
of a positive replenishment lead-time, regardless of whether the yield is realized as soon as the
order is placed or at the time of delivery (or sometime in between). They can be also extended to
the case with a finite capacity on the order quantities, to a serial production system, and to any
yield model where the distribution of the quantity delivered in period ¢ depends only on the order
quantities {Q1, Q2,...,Q:}. In many such extensions, finding the optimal replenishment policy is
prohibitively difficult as the number of states in the dynamic programming formulation explodes
quickly; thus, our approach of optimizing within the class of LIR policies may be useful in finding

an efficient heuristic.

3.2 Optimizing C(6*(8), )

In Section 3.1, we have shown that it is easy to compute 6*(3) for a given value of . Minimizing
C(0, ) is equivalent to minimizing C(60*(3),3), a single-dimensional problem with respect to (3.
While computational results in Section 4 indicate the convexity of C(6*(3),3), we are unable to

prove structural results (such as the convexity or unimodality of C(0*(3),3) with respect to [3).

In this section, we suggest some reasonable choices for the inflation factor 3. Such choices
can be either directly employed, or used as initial solutions for a single-dimension minimization

procedure.

1. CHOICE A: (4 =1/FE[Y]. (We use the subscript A to distinguish it from other choices.) Both
MULT and NLH1 use this value of 8. It is the optimal choice if the yield factor distribution is
deterministic. Note that G4 does not depend on the variability of Y or on the demand distribution

D.

2. CHOICE B: Define

1 b
Be = sup{B : E[Y-]I[BgY]] <

E[Y]} .

Note that while G4 depends solely on the expected value of the yield distribution Y, 8p depends
on the distribution of Y, as well as the ratio between b and h. The choice of 3 we introduce here
is motivated by the deterministic version of the demand distribution. Consider a single-period
problem with the starting inventory level I and the known demand D. The following proposition,

which we state without proof, shows that the optimal policy for this problem is an LIR policy,

where the target inventory level is D and the inflation factor is given by 3p.



Proposition 4. Consider a single-period problem where D is the known deterministic demand and
1 is the starting inventory level. Then, the order quantity minimizing the expected holding and

backlogging cost is given by max{Qp - (D — I), 0}.
The following proposition establishes an upper bound and a lower bound on Gp.

Proposition 5. (i) 1/8p is bounded below by the h/(b+ h)-fractile of Y.

(ii) Suppose that the probability density function of Y is symmetric and quasi-concave. If b/(b+
h) > 0.75, then B > Ba.

Proof. (i) Let Q = inf{Q : E[I][Q < Y]] < b/(b+ h)}. For any Q < @, we have E[I[Q < Y]] >
b/(b+ h), and thus

-ElY] = EIY -1[Q <Y]],

implying 1/85>Q. Since this result holds for any Q < @, it follows 1/85 > Q.

(ii) From the definition of 34 and fp, it suffices to show E[Y -I[E[Y] < Y]] < b/(b+h)-E[Y].
Let fy denote the density function of Y. Since Y is nonnegative and has a symmetric and quasi-
concave probability density, the support of Y is bounded above by 2 - E[Y]. Let U be the uniform
distribution on [0, 2 - E[Y]]. It is easy to to verify that E[Y] = E[U], and that the CDF of YV
coincides with the CDF of U at E[Y] and 2 - E[Y]. It can also be shown that the CDF of Y is
bounded below by the CDF of U in the interval (E[Y], 2- E[Y]). (To see this, suppose by the way
of contradiction that there exists y € (E[Y], 2- E[Y]) such that Fy(y) < Fy(y), where Fy and Fyy
denote the CDF’s of Y and U, respectively. Then, since the derivative of Fy is the density of Y,
there exists, by the Mean Value Theorem, y’ € (E[Y],y) such that the density fy of Y satisfies

Fr(y) = FY(yzi:FY(E[Y]) Fy(y) — Fu(E[Y]) 1

E[Y] < y— E[Y] - 2-E[Y]"

Similarly, there exists exists y” € (y, E[Y]) such that fy(y") > 1/(2-E[Y]) > fy(y'). This

contradicts the condition that Y is symmetric and quasi-concave.) Then,
E[Y -I[E)Y]<Y]] < E[U-I[E[U <U]] = 0.75-E[U] = 0.75- E[Y] .

The required result follows since b/(b+ h) > 0.75. O

3. CHOICE AB: (ap = (Ba+ BB)/2. We combine 34 and [p by taking their average. Numerical

results suggest that this chioce of 3 performs well; see Section 4.



4. CHOICE Z: Based on the analysis of the first two moments of the Y, Zipkin (2000) proposes the
following choice of 3 value: 8z = E[Y]/E[Y?]. Since E[Y?] = Var(Y)+ E[Y]? and the coefficient of
variation for Y satisfies p? = Var(Y)/E[Y]?, it follows that 8z = [(1+p%)-E[Y]]™! < 1/E[Y]= Ba.

Therefore, under the condition of Proposition 5 (ii), 8z < 4 < fap < OB.

5. CHOICE C: One of the heuristic methods introduced by Bollapragada and Morton (1999) is the
NLH2 method, which is not an LIR policy. The ordering quantity as a function of the beginning
inventory level is piece-wise linear. (We describe this function in Section 4.) One of the non-zero

slopes is 1/E[Y], and the other one is

_ ~1/2

fo = BN -[1—s 0 /(b + )]

where s is the b/(b+h)-fractile of D/E[D]—Y/E[Y], and pp and py are the coefficients of variation
for D and Y, respectively. We take this slope as the inflation factor in an LIR policy.

We note that Bollapragada and Morton (1999) do not provide any theoretical justification for
this choice except that their computational experiments show good performance of NLH2. If G¢
exists, then the second factor in the definition of B¢ is at least 1, implying B¢c > 54. However, G¢o
may not be well-defined since the expression inside the square root operator in the definition of ¢

may be negative, as pointed out by Li et al. (2006).

4 Computational Results

In this section, we summarize the computational results on the performance of LIR policies for the
random yield problem. For several candidates for the inflation factor proposed in Section 3, we find
the best target level. We also find, numerically, the optimal parameters (6*, 3*), and report the
performance of the corresponding LIR policy. We also compare the LIR policies to other heuristics

in the literature.

In our experiments, we fix h = 1 and choose b such that b/(b+ h) is one of six possible values
from {0.85,0.90,0.95,0.97,0.99,0.995}. We use two possible demand and yield distribution cases:
D and Y are either both normal or both uniform.? Since we can replace Y with Y/E[Y] without
changing the nature of the problem (Henig and Levin, 1992), we assume E[Y] = 1. Similarly, we
fix E[D] at 20. We let py € {0.1,0.2,0.3,0.4} and pp € {0.2,0.4}. (Since the variance of Y satisfies

2When the distributions are normal, we truncate the random variables in our simulations such that they are

nonnegative.



02 = E[Y]? - p?, the standard deviation of Y is given by oy = E[Y] - py. In particular, if Y is
uniform, then it can be shown that Y ~ Uniform[E[Y]—A, E[Y]+A] where A = v/3-py - E[Y] since
02 = A?/3. A similar result holds for D.) In total, we consider 6-2 -4 -2 = 96 combinations. Our
test scenarios are based on Bollapragada and Morton (1999) and Inderfurth and Transchel (2007);
Bollapragada and Morton (1999) use the b/(b + h) ratios of {0.85,0.90,0.95} only, and Inderfurth

and Transchel (2007) consider the uniform distribution case only.

We briefly describe our methodology. To evaluate C(6,3) for any given 6 and (3, we simulate
the inventory system S(6, 3) for T° + T periods, and use the last 7" periods to compute the time-
average cost for this sample path. We replicate the experiment N times, and obtain the mean of

the average costs, which we denote by C’(H, B3). We let T° = 2000, T'= 5000, and N = 2000.

To find the optimal 6*(3) for any given 3, we simulate S(0, 3) for T° 4+ T periods, replicating
the experiment N times. From each replication, we collect the ending inventory levels I.N; of the
last T periods, i.e., t = T° 4+ 1,...,T° + T; thus, there are a total of T'- N samples of ending
inventories. We find 6 such that —6 is the h/(b+ h)-fractile of the sample distribution (see Lemma
3). We denote it by é(ﬂ), and use it as an estimate for 6*(3). Once we obtain é(ﬂ), we estimate
C(b(p).5).

To find the optimal choice of the parameters, we use MATLAB’s minimization function to find
3 minimizing C‘(é(ﬂ),ﬁ) Let 6 = é(/@) In our computational results, C’(é(ﬂ),ﬁ) appears to be a
convex function of 5. As discussed in Section 3.2, the convexity or the unimodality of C'(6(-),-) is

an open research question. However, our experiments indicate that C(6, 3) is not jointly convex.

We have used common number variables to reduce the variance of the simulated results. For
each combination of pp, py and b/(b + h), we have used the same realized N - (T' 4+ T°) samples
of D and Y to compute the results for all heuristics. We found that the half-width of the 95%
confidence interval for each C(0(3),3) was less than approximately 0.20% of the corresponding
sample average C(6(5), 3).

We compare the performance of LIR policies with other heuristics in Bollapragada and Morton

(1999).

10



e NLH2. The order quantity is a piece-wise linear function with two non-zero slopes. More

precisely,
E[D] s-E[D]-1 )
EY] T PVIVI=s 2 (D) if I < E[D]
Q) = Q(E[D])) - (I — ED)/E|Y], if E[D] <1< FE[D]+ E[Y]|Q(E[D])
0, otherwise,

where s is the b/(b + h)-fractile of D/E[D] — Y/E[Y]. Note that Q(I) is piece-wise linear,
with non-zero slopes being 34 and G¢o. As discussed in Section 3.2, the above function may

not be well-defined.

e NEWSVENDOR HEURISTIC (NH). Bollapragada and Morton (1999) give the expression for
the case of the normal distribution only. Let v be the b/(b + h)-fractile of standard normal
distribution. If I < E[D]- (14 v - pp), then

Ep] (L= 1/E[D]) +v\/(1 = I/EID])2p} + (1 — v2p} )%,

Q(I) = E[Y] ’ 1_ VQP%/ ;

otherwise, Q(I) = 0. As in NLH2, the @Q(-) function may not be well-defined.

In the case of uniform distribution, we numerically find Q(I) such that equation (12) of

Bollapragada and Morton (1999) is satisfied, i.e., P[D < I+4+Y - Q(I)] =b/(b+ h).

We summarize the computational results in Tables 1-4. In the tables, each row represents a
combination of pp, py and the b/(b + h)-ratio. We report the parameters of the best LIR policy
(é, B) and the associated cost C' (é, B) In the last column, we report the optimal costs reported in
the appendix of Bollapragada and Morton (1999); we caution that these “optimal costs” correspond

to discretized problems and thus they differ from the exact optimal costs. Overall, the numerical

experiments indicate that the class of LIR policies perform fairly well.

We also show the performance of other LIR policies and non-LIR policies; the cost associated
with these policies are presented in comparison to the cost of the best LIR policy. A positive
number represents a cost worse than the best LIR policy, and a negative number represents a cost
better than the best LIR policy. As expected, the best LIR policy outperforms any other LIR
policy; the reported costs of MULT and NLH1 exceed the cost associated with the best LIR policy
on average by 79.2% and 5.0%, respectively. Compared to the non-LIR methods, the best LIR
policy outperforms NH in all of the cases, and reports worse results than NLH2 only in three cases;

on average, it is better than NH and NLH2 by 6.5% and 1.4%, respectively. (We note that NH

11



actually performs quite well when py is small, but its performance deteriorates as py increases.)
We stress that both NH and NLH2 are not always well-defined as shown in Tables 3 and 4, and is

thus questionable whether these heuristics can be broadly applicable.

We also observe that while all of 57, 54, Bp and (¢ are reasonably good choices of 3 (having
costs exceeding the best LIR policy by 4.2%, 2.8%, 4.7% and 1.3%, respectively), S4p displays the

strongest performance (0.6%).

In summary, we recommend, in all cases, to always use the LIR heuristic with the optimal value
of the parameter 3. However, whenever this is not feasible, a very good alternative is to always
use the LIR policy with the choice of B45. Our results indicate that this is consistently a good

approach, independent of service levels and variability.
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01 085 |2449 103 6.84 0.2 00 01 00 01 05 00| 00 00/ 690
0.1 0.9 24.94 1.06  7.49 0.9 02 03 02 00 05 01| 01 00| 760
0.1 095 |2550 1.10 8.34 5.5 07 08 07 00 05 05| 05 00| 840
01 097 |258 112 881 13.7 12 14 12 01 04 09| 09 00
0.1 099 |2627 116 9.48 61.1 28 31 28 04 03 21| 22 00
0.1 0995 |2647 117 974 | 1347 43 44 40 08 02 31| 33 00
02 085 |24.03 1.13 8.89 4.0 08 1.3 08 00 08 05| 05 00| 890
0.2 0.9 24.66 1.18  9.81 9.8 16 22 16 00 13 10| 1.0 00| 9.90
02 095 |2543 126 11.02 | 306 33 42 33 02 18 20| 21 00| 11.10
02 097 |2584 131 11.68 | 60.7 50 60 49 04 20 30| 30 00
02 099 |2637 139 1264 | 2151 100 103 88 15 1.8 53| 58 00
0.2 0995 |2656 142 13.03 | 4459 154 131 114 25 16 69| 84 00
03 085 |2450 122 1150 | 123 21 38 21 01 08 12| 1.2 07| 11.60
0.3 0.9 2521 1.30 1271 | 25.0 35 54 35 01 19 1.7| 1.8 09 | 12.90
0.3 095 |2603 142 1438 | 654 62 83 59 01 37 26| 29 1.1 | 1460
03 097 |2639 151 1536 | 1205 89 106 7.8 03 47 31| 37 12
03 099 |2684 168 16.89 | 3944 192 156 122 09 50 42| 63 1.1
0.3 0995 |2697 1.76 17.57 | 7955 31.8 189 151 16 44 50| 89 1.0
04 085 |258 125 1499 | 18.1 19 46 19 01 07 05| 06 57| 15.20
0.4 0.9 26.73 135 16.76 | 35.9 31 61 29 00 20 06| 08 6.7 | 17.00
04 095 |2821 149 1933 | 91.2 63 87 48 00 55 05| 09 7.8 | 19.60
04 097 |29.19 158 2090 | 1645 103 107 63 01 85 03| 09 85
04 099 [3070 1.76 2361 | 5201 297 151 98 03 13.0 01| 11 9.0
04 0995 |31.43 186 2497 | 1031.9 560 179 122 02 133 00| 12 87

Table 1: Performance of LIR and Other Policies: Uniform D and Y, and pp = 0.2.

“OPT Cost refers to the solution to the dynamic program for the discretized problem as reported by Bollapragada
and Morton (1999).
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Best LIR Policy Cost (% Above Best LIR Policy) OPT
py b/(b+h)| @ B C@O,3 | MULT NLH1 8z fBa fBas Bz fPc | NLH2 NH | Cost ®
0.1 085 |2987 099 12.34 0.0 00 00 00 03 11 00| 00 00| 1240
0.1 0.9 31.03 1.01  13.29 0.0 00 00 00 03 15 00| 00 0.0 | 13.30
0.1 095 |3207 1.05 14.49 0.7 03 04 03 02 17 02| 02 00| 1450
01 097 |3253 108 1513 2.6 09 11 09 00 16 06| 06 0.0
01 099 |3314 113 16.07 | 16.6 30 33 29 02 12 23| 24 00
0.1 0995 |3336 1.15 1644 | 40.1 50 49 45 06 10 36| 41 0.0
02 085 |29.64 1.03 13.87 0.2 01 03 01 05 23 00| 00 0.0 | 13.90
0.2 0.9 30.69 1.08 15.20 1.2 04 09 04 04 29 01| 01 00| 1530
02 095 |31.85 117 16.94 6.7 19 28 19 01 35 08| 1.0 01| 17.10
02 097 |3241 122 1791 | 16.0 35 45 34 00 36 17| 22 0.1
02 099 |3312 133 1936 | 69.6 85 88 73 06 29 42| 53 0.1
0.2 0995 |3338 138 1995 | 1524 137 114 97 14 24 58| 80 0.1
03 085 |29.8 108 16.10 1.4 03 12 03 04 27 00| 00 07| 16.20
0.3 0.9 3094 1.15 17.85 4.5 1.1 25 11 04 42 02| 03 09 | 18.00
0.3 095 |3223 129 2024 | 17.3 33 53 32 02 62 07| 14 1.2 | 2040
0.3 097 |3282 138 2164 | 36.6 54 73 50 01 70 12| 23 15
03 099 |[3355 157 2390 | 1401 136 119 90 02 6.8 25| 47 16
0.3 0995 |3374 1.68 2495 | 2950 238 149 11.6 08 57 33| 68 14
04 085 |3073 1.10 19.13 3.3 04 23 04 03 27 00| 00 45| 19.40
0.4 0.9 31.98 1.20 21.43 8.8 13 38 13 05 49 00| 02 55| 21.70
04 095 |3359 136 2487 | 29.2 34 61 30 07 93 00| 07 7.2 2520
04 097 | 3470 147 27.00 | 585 58 75 41 08 125 00| 09 84
04 099 |3684 1.67 3084 | 2085 179 109 67 0.7 161 03| 1.7 9.2
04 0995 |37.83 1.79 3277 | 4276 356 133 86 04 158 09| 28 89

Table 2: Performance of LIR and Other Policies: Uniform D and Y, and pp = 0.4.

“OPT Cost refers to the solution to the dynamic program for the discretized problem as reported by Bollapragada
and Morton (1999).
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Best LIR Policy Cost (% Above Best LIR Policy) OPT
py b/(b+h)| @ B C@O,3 | MULT NLHL Bz fa PBas Bz Bc | NLH2 NH | Cost @
01 085 [2392 104 6.98 0.7 01 01 01 00 02 01/ 01 0.0 | 7.00
0.1 0.9 24.82 1.05  7.89 1.1 01 02 01 00 03 01/ 01 0.0 | 7.90
0.1 095 |2614 107 9.27 2.0 02 03 02 00 06 01| 0.1 0.0 | 9.30
01 097 |2701 108 10.19 2.7 03 03 03 00 09 02| 02 0.0
01 099 |2860 1.10 11.98 4.6 05 05 05 01 1.7 02| 02 0.0
0.1 0995 |2954 1.11 13.01 6.1 06 06 05 01 23 03] 03 0.0
02 085 |2384 112 8.92 5.6 06 10 06 00 03 04| 04 01 | 890
0.2 0.9 24.66 1.15  10.09 9.2 09 15 09 00 06 06| 06 01 | 10.10
02 095 |2596 121 11.90 | 17.3 16 22 16 00 15 08 | 09 01 | 11.90
02 097 [268 125 1312 | 251 22 28 21 00 25 10| 1.1 0.1
02 099 |2851 132 1551 | 49.9 36 39 32 00 58 12| 15 0.3
0.2 0995 |2952 137 1692 | 733 47 45 37 01 86 12| 1.7 04
03 085 |2446 117 11.64 | 120 11 24 1.1 01 03 05| 06 08 | 11.60
0.3 0.9 25.44 1.24 1326 | 20.6 18 32 18 01 07 07| 08 1.2 | 13.30
0.3 095 |27.04 133 1583 | 412 29 43 28 00 21 08 | 1.0 24 | 15.80
03 097 |2824 139 17.65 | 62.5 39 49 33 00 36 07| 1.0 40
03 099 |31.17 147 2148 | 1366 63 53 37 04 91 01 | 04 107
0.3 0995 |3339 149 2386 | 2155 86 53 37 14 145 01 | -0.1  20.0
04 085 |25.96 117 1500 | 16.3 10 31 09 00 04 02| 03 42 | 1510
0.4 0.9 2741 1.24 1725 | 284 14 37 14 00 1.1 01| 02 7.2 | 17.40
04 095 |3032 131 2099 | 59.5 23 42 18 01 33 00 | -01 170 | 21.20
04 097 |3291 132 2372 | 936 33 43 19 05 60 05| -03 321
04 099 |3851 134 2933 | 2221 &1 45 21 34 163 150 | 2.8  208.2
04 0995 |41.68 137 3273 | 3706 13.6 47 23 68 259

Table 3: Performance of LIR and Other Policies: Normal D and Y, and pp = 0.2.

“OPT Cost refers to the solution to the dynamic program for the discretized problem as reported by Bollapragada

and Morton (1999).
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Best LIR Policy Cost (% Above Best LIR Policy) OPT
py b/(b+h)| @ B C@O,3 | MULT NLHL Bz fa PBas Bz Bc | NLH2 NH | Cost @
0.1 085 |2830 101 12.87 0.1 00 00 00 01 04 00| 00 00 | 12.90
0.1 0.9 30.20 1.02  14.53 0.1 00 00 00 01 06 00| 00 00 | 14.60
0.1 095 |3304 1.03 17.09 0.2 00 01 00 02 10 00| 00 00 | 17.10
0.1 097 |3489 104 18.80 0.3 01 01 01 02 14 00| 00 00
0.1 099 |3836 1.05 22.09 0.5 01 01 01 04 23 00| 00 0.0
0.1 0995 |40.38 1.05 23.96 0.6 01 02 01 05 30 00| 00 0.0
02 085 |2843 1.05 14.17 0.8 01 03 01 01 08 00| 00 01 | 14.20
0.2 0.9 30.27 1.07  16.02 1.4 02 05 02 02 14 01| 01 0.1 | 16.00
0.2 095 |3300 1.11 18.88 2.6 05 08 04 03 27 01| 01 0.1 | 18.90
0.2 097 |3478 1.13  20.80 3.7 07 1.0 06 04 39 01 | 0.2 0.1
02 099 |3819 1.18 2453 6.8 13 16 1.1 09 72 01| 03 02
0.2 0995 | 40.09 1.20 26.67 9.1 1.7 1.9 13 14 98 00| 05 0.2
0.3 085 |29.08 1.07 16.29 2.5 02 09 02 01 12 00| 00 08 | 16.30
0.3 0.9 30.94 1.11  18.49 4.4 05 14 04 02 21 00| 0.0 1.1 | 18.50
03 095 |338 118 21.94 8.8 1.1 21 1.0 04 43 00 | 01 1.9 | 22.00
0.3 097 |35.69 1.22 2432 | 13.1 18 27 14 07 64 00 | 01 2.6
0.3 099 |3943 132 2913 | 26.9 37 37 22 19 130 01 | 05 5.6
0.3 0995 | 4179 1.36 32.02 | 39.9 54 42 27 32 184 07 | 1.7 93
04 085 |3039 107 19.14 4.5 02 16 02 02 15 00 | 0.0 3.9 | 19.20
0.4 0.9 3249 112 21.88 8.2 05 22 04 03 27 01 ] 00 6.0 | 22.00
04 095 |3590 120 2631 | 17.2 1.3 30 1.0 07 57 03] 00 123 | 26.60
04 097 |3837 125 2945 | 26.7 23 35 13 13 88 12| 02 220
04 099 |43.99 132 36.09 | 59.3 58 39 17 38 183 168 | 11.3 1368
0.4 0995 |47.96 1.34 4029 | 93.2 9.8 39 18 6.6 266

Table 4: Performance of LIR and Other Policies: Normal D and Y, and pp = 0.4.

“OPT Cost refers to the solution to the dynamic program for the discretized problem as reported by Bollapragada

and Morton (1999).
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