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We study stochastic inventory planning with lost sales and instantaneous replenishment where, contrary to the classical
inventory theory, knowledge of the demand distribution is not available. Furthermore, we observe only the sales quantity in
each period and lost sales are unobservable, that is, demand data are censored. The manager must make an ordering decision
in each period based only on historical sales data. Excess inventory is either perishable or carried over to the next period.
In this setting, we propose nonparametric adaptive policies that generate ordering decisions over time. We show that the
T-period average expected cost of our policy differs from the benchmark newsvendor cost—the minimum expected cost that
would have incurred if the manager had known the underlying demand distribution—by at most O(1/7°?).
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1. Introduction. The problem of inventory control and planning has received much interest from practition-
ers and academics from the early years of operations research. The early literature in this area modeled demand
as deterministic and having known quantities, but it soon became apparent that deterministic modeling was often
inadequate and uncertainty needed to be incorporated in modeling future demand. As a result, a majority of
the papers on inventory theory during the past 50 years employ stochastic demand models. In these models,
future demand is given by a specific exogenous random variable, and the inventory decisions are made with
full knowledge of the future demand distribution. In many applications, however, the demand distribution is
not known a priori. Even when past data have been collected, the selection of the most appropriate distribution
and its parameters remains ambiguous. In the case when excess demand is lost, the information available to the
inventory manager is further limited because she does not observe the realized demand but only observes the
sales quantity (often referred to as censored demand), which is the smaller of the stocking level and the realized
demand. Motivated by these realistic constraints, we develop a nonparametric approach to stochastic inventory
planning in the presence of lost sales and censored demand.

In our model, time periods are indexed forward by t =1,...,7, and random demands in each period
D,, D,, ... are independent and identically distributed. We denote by D a generic random variable with the same
common distribution. We develop an adaptive inventory policy ¢ = (y, | t > 1), where the decision y, represents
the order-up-to level in period . We allow y, to depend only on the observed historical sales (or censored
demand) during the previous t — 1 periods, neither assuming any prior knowledge of the underlying demand
distribution nor observing any lost sales quantity. We assume that the inventory decision is made at the beginning
of each period and the replenishment lead time is instantaneous. We consider two separate models in which
excess inventory at the end of a period either perishes or is carried over to the next period.

For any order-up-to level y, let Q(y) denote the expected overage and underage cost in a period, where the
overage cost and the underage cost are linear and the expectation is taken with respect to the underlying (yet
unknown) demand distribution. Had we known the underlying demand distribution, it is a well-known result
that the minimum expected cost corresponds to the newsvendor cost, that is, min,_, Q(y) = O(y""), where yMV
denotes the newsvendor quantity.

To assess the quality of an inventory policy ¢ = (y,: t > 1), we use the newsvendor cost Q(y"") as the
benchmark and compare it to the average expected cost over time under ¢, that is, we consider the T-period
average expected regret:

3(®) = 5[ 1 000] - 00™)

103


mailto:huh@ieor.columbia.edu
http://www.columbia.edu/~th2113/
mailto:paatrus@cornell.edu
http://legacy.orie.cornell.edu/~paatrus/

Huh and Rusmevichientong: Nonparametric Inventory Planning
104 Mathematics of Operations Research 34(1), pp. 103-123, © 2009 INFORMS

where T > 1. Note that A, is nonnegative by the definition of Q(y""). A major result of this paper is to propose
an adaptive inventory policy ¢ whose average expected cost converges to the newsvendor cost benchmark at the
rate of 1/+/T, that is, A, (¢) = O(1/+/T). Our convergence results hold for both perishable and nonperishable
inventory settings. To our knowledge, this represents the first algorithm with a provable rate of convergence for
this problem.

1.1. Algorithm overview. We briefly outline the ideas behind our algorithm for perishable products. The
problem described above is difficult to solve optimally because it involves multiple periods; the current period’s
decision affects the censoring of the current demand data, which in turn affects future inventory decisions. How-
ever, the newsvendor benchmark Q(y"") corresponds to the minimum of a single-period convex cost function Q.
Given the order-up-to level y, in period ¢, it turns out that we can compute an unbiased estimate of a subgradient
of Q at y, using only the sales (censored demand) data at time t. This result enables us to leverage the online
convex optimization method for minimizing the convex function Q, by adjusting the order-up-to level in the
next period based on the subgradient of Q evaluated at the order-up-to level of the current period. Under our
proposed algorithm, the sequence of order-up-to levels (y,: ¢t > 1) is generated as follows: For any ¢ > 1,

Yey1 = P[O,j](yt —€H,(y,)),

where €, denotes the step size in period ¢ and H,(y,) denotes an unbiased estimate of the subgradient of Q
at y,, which is computed solely from the sales data in period 7. We use the projection operator P}, ;(-) onto a
bounded interval [0, ¥] where ¥ denotes an upper bound on the newsvendor quantity. (Later in the paper, we
extend the result to the case where the knowledge of y is not available. See §3.1 for more details.) By choosing
€, = O(1/4/t), we show that the average expected cost converges to the newsvendor benchmark Q(y"") at the
rate of O(1/+/T) (Theorem 2 in §2.2). We also show how we can obtain better convergence rates of O(log T/T)
by imposing additional assumptions on the problem (in §3.5). Our analysis makes use of recent results in the
online convex optimization literature.

In the case of nonperishable inventory, the major difficulty in applying existing online convex optimization
is the dependency of decisions from one period to another; the order-up-to level decision in each period is
constrained by the current on-hand inventory because leftover inventory is carried over to the next period. Thus,
the target order-up-to level computed using the above stochastic gradient descent method may not be feasible
because it may be less than the on-hand inventory. We circumvent this difficulty by establishing a relationship
between the amount of inventory in excess of the target level and the waiting time process in a GI/D/1 queue.
By controlling the step size of the gradient descent method, we prove that over T periods, the average expected
inventory in excess of our target order-up-to levels is also at most O(1/+/T). Thus, the average incremental
holding cost is at most O(1/+/T), still giving us the desired convergence result.

1.2. Literature review and our contributions.

Classical inventory theory. The nonparametric approach taken in this paper contrasts with conventional
approaches that exist in the inventory literature. The classical stochastic inventory theory assumes that though the
inventory manager does not know the realization of future demand, she has full access to its distribution when
she makes inventory ordering decisions. The most well-known stochastic inventory problem is the newsvendor
problem, whose objective is to minimize the expected overage and underage costs in a single period. The optimal
solution for this problem corresponds to a fractile—a ratio involving per-unit overage and underage costs—of
the underlying demand distribution. Whether excess inventory is perishable or not, the newsvendor-based base-
stock policy is optimal. (See, for example, Karlin and Scarf [21].) In this paper, unlike the classical stochastic
inventory literature, we assume that the manager has no prior information regarding future demand distributions
and observes only the sales data.

Bayesian approaches. When information on demand distribution is not available, the most common approach
in the literature is the use of Bayesian updates. Under this approach, the inventory manager has limited access
to demand information. In particular, she knows the family of distributions to which the underlying demand
belongs but she is uncertain about its parameters. She has an initial prior belief regarding the uncertainty of
the parameter values, and this belief is continually updated based on historical realized demands by computing
posterior distributions. Early papers such as Scarf [37, 36] Karlin [20], and Iglehart [17] consider cases where the
demand distribution belongs to the exponential and range families. Other papers that incorporate the Bayesian
approach into stochastic inventory models include Murray and Silver [30], Chang and Fyffe [6], and Azoury [2].
Lovejoy [27] shows that a simple myopic inventory policy based on a critical fractile is optimal or near-optimal.
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In all of the above references to Bayesian updates, in contrast to our approach, the manager observes the realized
demand regardless of whether it is higher or lower than the inventory level.

In many applications, however, excess demand is lost when stock-out occurs, making it impossible for the
manager to observe the realized demand; she observes only the sales (or censored demand) information. The
contrast between demand and sales quantities was pointed out by Conrad [9], who shows the effect of censoring
in estimating the parameter of the Poisson demand distribution. In the Bayesian literature with unobservable lost
sales, demand is assumed to be stationary and the replenishment lead time is instantaneous. Excess inventory
is either perishable or nonperishable. In the former case of perishable inventory, the inventory decision in each
period is not constrained by the ending inventory level of the previous period. The main result here is that the
optimal stocking quantity is higher than the myopic solution. The intuition behind this result is that by stocking
higher, it is more likely that we can obtain more accurate, uncensored demand information, which is useful for
future decisions. This result is due to Harpaz et al. [14] and Ding et al. [10]. A recent paper by Lu et al. [28]
provides an alternate proof of this result using the first-order condition of the optimality equation.

In the latter case of nonperishable inventory, however, the inventory level of a period is constrained below
by the ending inventory of the previous period. Thus, the impact of overstocking may last longer than a single
period and the above stock-higher result no longer holds. In this case, the optimal inventory level may be higher
or lower than the myopic solution. Lariviere and Porteus [24] study this case with a particular distribution called
the “newsvendor distribution” (Braden and Freimer [4]) and provide sufficient conditions for the stock-higher
result to hold. Using a sample path argument, Lu et al. [29] prove that, in general, the stock-higher result does
not hold. Chen and Plambeck [7] also consider the Bayesian learning of product substitution.

In the case where the manager knows the distribution family to which demand belongs but does not know
either its parameters or its priors, Liyanage and Shanthikumar [26] propose an approach called operational
statistics that integrates the tasks of parameter estimation and expected profit optimization. They consider the
stationary models with perishable inventory. Subsequently, Chu et al. [8] show how to find the optimal mapping
from data to the decision variable.

All the current literature on unobservable lost sales and censored demand focus primarily on the Bayesian
framework, where the posterior distribution of the demand is updated based on observed sales data. In the
Bayesian approach, it is sometimes difficult to parsimoniously update the prior distribution as pointed out by
Nahmias [31]. Additionally, in many applications, it is unclear which particular prior distribution one should be
using.

We point out subtle but important differences in the formulation of the objective function between the
Bayesian approach and our nonparametric method. In the Bayesian framework, the expected cost in each period
is accounted for using the Bayesian estimate of the demand distribution in that period. This estimate is com-
puted based on the assumed family of distributions that the underlying demand belongs to as well as historical
observations. In other words, the expected cost in a period depends not on the underlying demand distribution,
but on the manager’s belief of the demand distribution in that period. (See, for example, Ding et al. [10].) The
inventory planning problem under the Bayesian framework can thus be formulated using a Markov decision
process whose state at time ¢ corresponds to the posterior distribution ¢, of the underlying demand distribution
based on observations up to time 7. We then have the following dynamic programming recursion relating the
cost-to-go functions V,’s:

V/((b/) = ;gf(){Q¢, (Yt) + E[Vt+l (d)t+l (d)t’ yz))]}’

where the random variable ¢, ;(¢,, y,) corresponds to the posterior distribution of the demand in period ¢+ 1,
which depends on the posterior distribution ¢, in period 7 and the order-up-to decision y,. Note that the expected
cost O, (v) incurred in period ¢ is computed based on the posterior distribution ¢, of the demand in period t,
representing the manager’s belief about the demand in period 7.

In contrast, our method assumes that there exists a unique true underlying demand distribution (even though
the manager does not know it a priori). The expected cost in each period, Q(-), is always computed with
respect to this unique true underlying demand distribution. Our analysis uses the newsvendor cost Q(y"") as
the benchmark (corresponding to the minimum expected cost that the manager would incur had she known the
true underlying demand distribution), and examines the rate at which the average expected cost ZtT:] o(y,)/T
converges to this newsvendor benchmark cost. Our method does not use any prior distribution.

Nonparametric approaches. In this paper, we take a nonparametric approach where the inventory manager
knows neither the demand distribution nor the distribution family to which the demand belongs. The manager
must make an ordering decision in each period based only on historical sales (censored demand) data. There is
a limited number of nonparametric approaches dealing with censored demand data. One such approach is based
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on a variant of a stochastic approximation algorithm that finds the critical fractile of the demand distribution
using censored demand samples. Using this approach, Burnetas and Smith [5] develop an adaptive algorithm for
ordering and pricing when inventory is perishable. They show that the average profit converges to the optimal,
but they do not establish the rate of convergence. Our algorithms exploit the convexity of the cost function and
make use of the gradient information in each iteration, enabling us to establish the convergence rate and to
extend our result to the case of nonperishable inventory.

Another nonparametric approach that utilizes censored data to estimate the newsvendor cost function by
recognizing its convexity is the concave adaptive value estimation (CAVE) algorithm. This algorithm successively
approximates the cost function with a sequence of piecewise linear functions. When inventory is perishable,
Godfrey and Powell [13] show that the CAVE algorithm has good numerical performance but does not prove any
convergence result. Powell et al. [34] extend this line of research and propose a modified algorithm that produces
an asymptotically optimal solution. (In both of the above papers, the speed of convergence was addressed
experimentally.)

The methods mentioned above have been used only for the perishable inventory case. Our algorithms apply to
both perishable and nonperishable inventories. Furthermore, we provide the convergence rates of our algorithms
in both cases; to our knowledge, our rates of convergence represent the first such results for these problems.

We mention other nonparametric approaches in the inventory literature. Recently, Levi et al. [25] study a
multiperiod inventory system without any knowledge of the demand distribution, when uncensored samples
from the demand distributions are available. They compute the sample size required to achieve a certain level of
accuracy with high probability. Also, with uncensored demand data, Chang and Fyffe [6] propose an adaptive
algorithm using results from multiarmed bandit problems (see Lai and Robbins [23] and Auer et al. [1] for more
details). Another approach with uncensored demand data is the bootstrap method, as shown in Bookbinder and
Lordahl [3], to estimate the fractile of the demand distribution. Yet another approach is applicable when the
manager has limited access to the demand distribution (such as mean and standard deviation). The objective is to
compute the optimal stocking quantity that will provide the maximum expected profit against the worst possible
demand for that stocking quantity. See Scarf [35], Jagannathan [18], and Gallego and Moon [12]. Perakis and
Roels [32] present an algorithm for minimizing regrets from not ordering the optimal quantity.

Online convex optimization. The analysis of the algorithms developed in this paper is based on recent devel-
opments in computer science. The aim of online convex optimization, as in regular convex optimization, is to
minimize a convex function defined over a convex compact set. However, it is “online” because the optimizer
does not know the objective function at the beginning of the algorithm, and at each iteration he chooses a feasible
solution based on the information available to him thus far. He incurs a cost associated with his decision for that
period and obtains some pertinent information regarding the problem. When this information is the gradient of
the objective function at the current solution, Zinkevich [39] has shown that the average T-period cost converges
to the optimal cost at the rate of O(1/+/T). This result was extended by Flaxman et al. [11] to the case where
the optimizer instead obtains an unbiased estimator of the gradient. Under additional technical assumptions on
the shape of the convex function, a modified algorithm by Hazan et al. [15] achieves a faster convergence rate
of O(log(T)). The case where the available information is an unbiased estimator of the objective value, not its
derivative, has been studied by Flaxman et al. [11] and Kleinberg [22].

Mathematical contributions. Our paper offers the following contributions to the mathematical inventory theory:

e Motivated by realistic constraints faced by an inventory manager, we offer nonparametric adaptive inventory
policies that do not require any prior knowledge of the underlying demand distribution and make the ordering
decision in each period based only on historical sales (censored demand) data. We also establish the first rate of
convergence guarantee for this class of inventory problems.

o Our proof technique for the perishable inventory case relies on existing results on online convex optimiza-
tion; however, existing analysis no longer applies if inventory is not perishable. The order-up-to level decision
in each period is constrained by the decisions made in the earlier periods. In this case, we introduce a new
proof technique by establishing a connection between the application of the stochastic gradient method and the
waiting time process in a single server GI/D/1 queue, whose service time parameter is related to the step size
of the gradient descent method (see Theorem 6 in §2.3.2). We believe that this new insight is of independent
interest, and may be applicable to other online optimization problems where the decision in each period may be
constrained by past decisions.

e The existing analysis of online optimization methods requires the compactness of the feasible set, which
in the inventory model corresponds to the assumption that the manager knows an upper bound on the optimal
order-up-to level (the newsvendor quantity) a priori. In many applications, however, this information on the
upper bound might not be available. We introduce a new variation of the stochastic gradient descent method
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that does not require any knowledge of the upper bound on the optimal order-up-to level (§3.1). We show that
for any 6 > 0, there is an adaptive algorithm whose average expected cost converges to the newsvendor cost
benchmark at the rate of O((1/T°°~%)+ (A'/%/T)), where the constant A is independent of § (Theorem 7). Our
technique is applicable to a general online convex optimization problem in removing the assumption that the
compact feasible set is known a priori.

1.3. Organization. This paper is organized as follows: In §2, we describe the problem in detail and pro-
pose an adaptive policy. We establish that the T-period average expected cost of the policy converges to the
newsvendor cost benchmark at a rate of O(1/+/T ) in both perishable and nonperishable inventory settings. In §3,
we consider several generalizations and extensions, including the case where an upper bound on the newsvendor
quantity is not available a priori. We conclude in §4.

2. Adaptive inventory control. In this section, we develop an adaptive inventory policy and prove its con-
vergence. We present our problem formulation in §2.1 and state the algorithm and our main result (Theorem 2)
in §2.2. After establishing a connection between the application of the stochastic gradient descent method and
the waiting time process in a GI/D/1 queue in §2.3, we prove Theorem 2 in §2.4.

2.1. Problem formulation. We consider a multiperiod inventory system with stationary demand where any
demand that cannot be satisfied immediately is lost. Excess inventory in each period is either scrapped entirely
(perishable) or carried over to the next period (nonperishable). (In §3.3, we discuss the case of partially perishable
inventory where only a fraction of the inventory is scrapped.) Both overage and underage costs are linear. Let
D,, D,, ... denote the sequence of nonnegative demand random variables, where D, denotes the demand in
period ¢. Though the manager knows that the demand is independent and identically distributed in each period,
we assume that she does not know its distribution a priori. She observes only the sales quantity in each period
corresponding to the minimum of the demand and the stocking quantity; she does not observe lost sales.

In each period ¢ > 1, we assume that the following sequence of events occur:

(1) At the beginning of each period f, the manager observes the initial on-hand inventory level x, > 0.
Without loss of generality, we assume that x, = 0. In the case of perishable inventory, we have x, =0 for each .
(ii)) She makes a replenishment decision to order u, € R* units, incurring the ordering cost of c¢ - u,. We
assume instantaneous replenishment. Let y, = x, 4+ u, denote the inventory level after the replenishment decision.

(iii) The demand D, in period ¢ is realized and we denote its realized value by d,. The manager does not
observe d,; instead, she observes the sales quantity min{d,, y,}.

(iv) The overage and underage cost associated with this period is & - [y, — d,]* + b - [d, — y,]t. Though the
manager does not observe the quantity of lost sales, we assume that she incurs the goodwill loss of b per unit.
The inventory at the beginning of the next period is given by x,,; = 0 in the perishable case, and x,,, = [y, —d,|*
in the nonperishable case.

Note that our cost-minimization formulation is equivalent to the following profit-maximization version. Let
¢ be the purchase cost and let p be the selling price per unit, where p > ¢ > 0. Let & be the per-unit holding
cost in the case of excess inventory, and let b be the goodwill lost in the case of unsatisfied demand. Then, the
T-period profit is:

Z(E s U “Fﬁ 'min{dw yt} - l_/l ! [yt - dt]+ - B ! [dr _yt]+)'

t=1

Because u#, =y, — x, and x, =y,_, —min{d,_,, y,_,}, it equals:

T T
C-(rp—x)+(p—0)-2d, =3 (h-[y,—d ] +(@+p—0)-[d —y]").
t=1 t=1
Under any reasonable policy, the first term is finite and does not affect the long-run average cost. The second
term is a constant independent of the decisions. The third term represents the overage and underage cost, where
h=h and b=b+ p — ¢. Thus, in this paper, we suppose ¢ = 0, and under the long-run average cost criterion,
this assumption is without loss of any generality by appropriately modifying 4 and b parameters. Interested
readers are referred to Veinott and Wagner [38] and Janakiraman and Muckstadt [19] for more details.
For any y > 0, let Q(y) denote the expected one-period cost when the inventory level is y, where:

Q(y)=h-E[y—D]"+b-E[D—)y]", (1)
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and where D denotes the demand random variable, having the same distributions as D,, D,, ... . This single-
period cost function is also known as the newsvendor cost function. It is well-known that Q(-) is convex because
its left derivative is:

. +¢e)—

o 20+ —00) _

li

: h-P[y>D]—b-P[y<D], (2)
el0 &

and that Q achieves its minimum at the newsvendor quantity given by:
YW =inf{y = 0| F(y) = b/(b+ h)},

where F denotes the distribution function of the demand D. (See, for example, Zipkin [40] or Porteus [33].)

Because the manager does not know the demand distribution, she does not know the function Q. In both
perishable and nonperishable inventory settings, we aim to find a sequence of inventory levels (y,: 7 > 1)
whose average expected cost E[(1/T) Y., O(»,)] converges to the newsvendor cost Q(y""). We require that
the inventory level y, depends only on the sales quantities observed by the manager during the previous t — 1
periods.

In the classical inventory model where the manager knows the demand distribution, the stationarity of demand
implies that a myopic solution is optimal. Thus, the stationary multiperiod inventory model is analytically
equivalent to the single-period newsvendor model, and ordering up to y“" in each period is also optimal for
this problem; in such a case, the expected cost incurred in each period is Q(y""). Under this myopic policy,
the constraint y, ., > [y, — d,]* never becomes binding. However, when the demand distribution is unknown, the
manager makes a decision based on the collection of observed sales quantities and, as a result, the order-up-to
levels may change. Thus, in the case of nonperishable inventory, her decision in each period may be tightly
constrained by the carry-over inventory from the previous period.

2.2. AIM algorithm. In this section, we define the adaptive inventory management (AIM) algorithm that
generates an asymptotically optimal sequence of inventory levels. To facilitate our discussion and analysis, let
us introduce the following assumption that will be used throughout §2:

ASSUMPTION 1. The manager knows an upper bound y on the newsvendor quantity y¥V, that is, yM < 3.
Furthermore, in the nonperishable inventory case, she also knows a lower bound p > 0 on the expected demand,
that is, 0 < p < E[D,].

The above assumption is introduced primarily to simplify the description and analysis of our AIM algorithm.
We emphasize that even when the above assumption fails, we can still develop variations of the AIM algorithm
that yield an asymptotically optimal sequence of inventory levels with similar convergence rates. These variations
and extensions are considered in §§3.1 and 3.2.

The AIM algorithm maintains a pair of sequences (J,: £ > 1) and (y,: ¢ > 1). The auxiliary sequence (,: t > 1)
represents the rarget inventory levels while the second sequence (y,: ¢ > 1) represents the actual implemented
inventory levels after ordering, with y, >y, for all ¢. The two sequences are recursively defined as follows. Set
y; =, to any value in [0, ¥]. For ¢t > 1, let:

Vg1 = Py 5 (3, —€H,(3,)) and Yerr =max{P, 1, X, 41}, (3)

where the function Py, ;(-) denotes the projection operator onto the set [0, y], mapping any point z to its closest
point in the interval [0, y], i.e., P}y ;(z) = max{min{z, y}, 0}. The step size €, is given by:

vy

e, =———— forsome y>0 4
" max{b, h}1 Y @
and the random variable H,(3,) is defined as:
h, ifD, <3y,
H,©,) = 5
=1 ipe )

Use of historical sales data in the AIM algorithm. We emphasize that the random variable H,(y,) appearing
in the update equation for the AIM algorithm (see Equation (3)) can be computed based on the sales (censored
demand) data observed by the manager in period ¢. In the perishable inventory case where y, = y,, the event
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D, >y, corresponds to zero ending inventory (that is, sales equal inventory) and the event D, < ¥, corresponds
to strictly positive ending inventory. These events are observable by the manager, who sees the inventory level
and the sales quantity in each period. In the nonperishable inventory case where y, > y,, the event D, > ¥, is
equivalent to the case where the ending inventory in period ¢ is at most y, — y,; thus, this event is also observable.
In both cases, we can compute H,(y,) based on the observed sales quantity and inventory level y, in period ¢.
The main result of this section is given in Theorem 2, which states that the expected running average cost of
the AIM algorithm converges to the newsvendor benchmark cost Q(y"") at the rate of O(1/+/T). The proof
of Theorem 2 appears in §2.4. Furthermore, we provide an example in §2.5 showing the convergence rate of

O(1/JT).

THEOREM 2. Under Assumption 1, the sequence of order-up-to levels (y,: t > 1) generated by the AIM
algorithm has the following properties:
e Perishable inventory case: For any T > 1,

B[ 2 000] - 00 = (v 1 )Pt

e Nonperishable inventory case: Suppose E[D$] < oo and y < (pmax{b, h})/(hy). There is a constant C
such that for any T > 1,

C
<—.
JT

The explicit formula for the constant C above is given in the proof of Theorem 2 in §2.4 (Equation (9)).
According to Theorem 2, when excess inventory is perishable, the average expected cost under the AIM algorithm
converges to the newsvendor benchmark for any choice of the scaling parameter vy used in the definition of the
step size. The algorithm and performance analysis use the knowledge of y but not p. When excess inventory
is nonperishable, however, the AIM algorithm uses both y and p, requiring that the scaling parameter y be
sufficiently small relative to p. As we mentioned earlier, we will generalize the AIM algorithm to the settings
when y and p are not known a priori later in §§3.1 and 3.2.

e[ X000 - 00

2.3. Preliminaries. In this section, we present and prove properties of online convex programming (§2.3.1)
and establish a connection between the gradient descent method and a queueing process (§2.3.2). We use these
results in the proof of Theorem 2.

2.3.1. Online convex programming. In an online convex optimization problem, the objective function is
not known a priori, and an iterative selection of a feasible solution yields some pertinent information. When
this information is the exact gradient at each step, Zinkevich [39] has proposed the first asymptotically optimal
algorithm, where the expected running average converges to the optimal at the rate of O(1/+/7). This algorithm
is extended to the case of the stochastic gradient by Flaxman et al. [11]. Lemma 3 below is a minor adaption of
this result to the case where the objective function may not be differentiable, and this lemma is used to establish
Theorem 2. The proof of Lemma 3 appears in Appendix A, and it will be modified later in §3.1 to address a
case where the domain of the function may not be bounded.

Let S be a compact and convex set in R". We denote by diam(S) the diameter of S, i.e.,

diam(S) = max{||u —v|| | u,v € S},

where ||-|| denotes the standard Euclidean norm. Let Pg: R" — § denote the projection operator onto the set S.
For any real-valued convex function ®@: § — R defined on S, let y®(z) denote the set of subgradients of ® at
z€Ss.

LEMMA 3. Let ®: S — R be a convex function defined on a compact convex set S € R". For any z € S, let
g(z) be any subgradient of ® at z, i.e., g(z) € v®(2). For any z € S, let H(z) be an n-dimensional random
vector defined on S such that E[H(z) | z] = g(z). Suppose that there exists B such |H(z)| < B with probability
one for all z € S. Let w, be any point in S. For any t > 1, recursively define:

Wy = PS(wt - e,H(w,)),
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where €, =y diam(S)/{B+«/t} for some y > 0. Then, for all T > 1:

o] <o) (2207)

where w* = argmin, g ®(w).

2.3.2. Connection between the stochastic gradient descent method and the waiting time process in a
GI/D/1 queue. A GI/D/1 queue denotes a single server queue with general identical and independently
distributed (i.i.d.) interarrival times and deterministic service times. For any 6 > 0, consider the stochastic process

(W,(6) | t = 0) defined by the following Lindley’s equation: W,(0) =0 and
W1 (0) =[W,(6)+6—D,]", (6)

where D,, D,, . .. are independent and identically distributed demand random variables. For any i > 1, define a
random variable 7,(0) by 7;(6) =inf{r > 7,_,(60) | W,(6) =0}, where 7,(8) =0. Let J,(0) = {s|7,_,(0) <s <
7;(6)}. The random variable W,(6) can be interpreted as the waiting time of the rth customer in the GI/D/1
queuing system, where the interarrival time between the tth and 7 4 1th customers is distributed as D, and the
service time is deterministically 6. Then, |J;(0)| corresponds to the length of the ith busy period. Proposition 4
below establishes an upper bound on the second moment of |J;(6)| for any 6 > 0. The proof is based on the
Markov’s inequality and the Hoeffding inequality, and is given in Appendix B.

PrOPOSITION 4.  Suppose 0 < 0 < E[D,].

(i) If E[D}] < oo, then E[J,(0)*] = 7m*E[(D, — E[D,])°]/(E[D,] - 6)°.

(i) If there exists D > O such that D, < D with probability one, then E[|J,(0)|*] < 2a/(1 — a)?, where
a=exp{-2-(E[D,] - 6)*/D*}.

Note that the condition E[D¢] < oo is satisfied for a large class of demand distributions, including Gaussian,
Poisson, geometric, negative binomial, light tail distributions, and any distribution with a finite support.
For any 6 > 0, we define an auxiliary stochastic process (Z,(6) | t > 0), where

0 +
Z,,(6)= [z,<e> 4 D,] )

and Z,(0) = 0. The process (Z,(6) | t > 0) is closely related to the original waiting time process (W,(6) | t > 0),
as shown in the following lemma:

LEMMA 5. Forany 06 >0and T > 1, E[Y._, Z,(0)] < 20E[|J,(0)]*]VT.

The main idea behind the proof of Lemma 5 is to circumvent the difficulty of working with the nonstation-
ary Z, process by using the process W, given in Equation (6), which is stationary and dominates the original
process along each sample path. The proof of Lemma 5 appears in Appendix C.

The main result of this section is stated in the following theorem, which shows the connection between the
inventory y, — y, in excess of our target level y, under the stochastic gradient descent method and the waiting time
of the tth customer in the queueing process Z,(p). Our proof approach is novel to the best of our knowledge,
and it is instrumental in upper bounding the impact of the period-to-period dependency of the ordering decisions
(in the nonperishable inventory setting).

THEOREM 6. Under Assumption 1, suppose that excess inventory is nonperishable. If y < (pmax{b, h})/
(hy) holds, then for any t, y, — 3, < Z,(p) with probability one.

Proor. The difference y, — 3y, is always nonnegative by our definition. We claim that it satisfies the following
recursive relation: For any 7> 1,

Yir1 — )A}t+1 <[, — ﬁt) + he, — dr]+’

where d, denotes the realized demand in period ¢. If x,,; < J,,,, then by definition of the AIM algorithm, we have
Y141 — Y41 =0 and the above claim holds. Otherwise, we have x, , > ¥,,,, in which case y,,, =x,,, =y, — d,
holds. Because the AIM algorithm starting at x; =0 does not let any target inventory level y, exceed y, we have
that y > x, | > J,,,, which implies that:

Vi1 — )A’t+1 =Ve1 — P[O,y]()A’t —€H,(y.)) <y — O — €H,(y,),
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where the last inequality follows from the fact that §,,, <y and, thus, $, —€,H,(y,) < Py 5(3; — €, H,(y,)). From
Vi1 =Y, —d,, it follows that

YVit1 _§t+1 = _)A’r +€rHt(yt) - dz =¥ _)A)t +h€t - dn

where the last inequality follows from the fact that H,(y,) < h. Thus, we prove the claim.
Now, consider the stochastic process (Z,(p) | # > 1) defined in Equation (7) by:

2= 200+ 2 - D}

where Z,(p) = 0. Because y < (pmax{b, h})/(hy), it follows from the definition of €, (Equation (4)) that for
any > 1,
v
he, = — Y P
max{b, h}/t ~ /1

Because y,,, — ¥4 < [(y, —¥,) + he, — d,]" for all 7 from the above claim and y, — y, =0, it follows from the
recursive definition of Z, process that y, — y, < Z,(p) holds with probability one. O

2.4. Proof of the rate of convergence for the AIM algorithm (Theorem 2). In this section, we prove
Theorem 2 for both the perishable and nonperishable inventory settings simultaneously. The proof relies on the
results established in §2.3. We express:

E[% ZQ(%)} — 0O =A(T) + A (T),
where
AI(T)zE[%ZQ(ﬁf)}—Q(yNV) and Az(T)ZE[%ZQ(y,)—Q()?,)]. (8)

We will first show that:

1

A(T) < <v+ ;) ymaxib, b},

VT

This result follows from the fact that the expected single-period cost Q, given in Equation (1), is convex and

has a left derivative given by &h - P{D, <y} — b - P{D, > y}. It follows from the definition of H,(3,) (see

Equation (5)) that E[H,(¥,) | J,] is an unbiased estimate of the left derivative of Q. Moreover, it is easy to verify

that |H(-)| < max{b, h}. Let S =[0, y] and B = max{b, h}. The desired result follows directly from Lemma 3.
In the perishable inventory case, we have y, = y,, which implies that A,(7") = 0. Thus, the result of Theorem 2

for perishable inventory follows directly from the bound on A, (7). For the remainder of this section, we focus
on the nonperishable case. Because y, = max{J,, x,} for each ¢, it follows that:

Q(yz) - Q()A)t) = h'E[yt_Dt]++b'E[Dt _yt]+ —h-E[)A?, _Dt]+ _b'E[Dt _.)A)t]+
= h'E[yt —max{fz,, Dr}]+ —b~E[min{y, Dt} _)A}t]Jr

= h'(yt_ﬁt)'

It follows from Theorem 6 that y, — 3, < Z,(p) with probability one and, therefore, for any 7 > 1,
1z 1z
A1) = B[ 3000 - 06 | < h-£] 1 X050
t=1 t=1

¢ 2hpE[]J,(p)|*]
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where the last inequality follows from Lemma 5. To complete the proof, note that if E[D¢] < oo, it follows from
Proposition 4 that:

E[%ZQ@»] = 0(™) = A(T)+ Ax(T)

5 <y+l)ymax{b,h} 2hpE[|1,(p)IP] _ C
- y) VT VT T VT
where

1472hpE[(D, — E[D,])°]

(E[D,]=p)°

c— (y+%>§max{b,h}+ , ©)

completing the proof of the theorem. O

2.5. Example: O(1/+/T) convergence rate for Theorem 2. In Theorem 2, we have shown that the expected
running average cost of the AIM algorithm converges to the newsvendor benchmark at the rate of O(1/+/T).
In this section, we show by example that this rate can indeed be ®(1/+/T). Hazan et al. [15] have established
such a lower bound on the convergence rate in an adversarial setting, but not for the stochastic nonadversarial
setting.

Suppose that each D, assumes 0, 1, or 2 with the equal probability. Let b = h = 1. Then,

1—y/3 for y € [0, 1]
1/34+y/3 forye|l,2],
which is minimized at y¥¥ =1 with Q(y*") =2/3. We consider the perishable inventory only. Then,
B {yt—Zv/«/? if D, <,
S yi+2y/Jt if D, >y,

Observe that y, > 1 implies P[y,,, > 1+ 2y/+/t] > 1/3 and that y, < | implies P[y,, <1 —2y//t] > 1/3.
Thus,

0(y)= {

2y 1 2y

ERN)
implying that 3" E[Q(y)]/T — Q(»"V) = Q(1/+/T). Combining this result with Theorem 2, we obtain that
Y E[QO)N/T = M) = 0(1/VT).

3. Generalizations and remarks on the AIM algorithm. In the previous section, we described and ana-
lyzed the AIM algorithm under the assumption that the manager has prior knowledge on the upper bound y
of the newsvendor quantity y¥¥ and she knows a lower bound p on the expected demand (Assumption 1). We
develop generalizations of the AIM algorithm that remain asymptotically optimal with similar convergence rates
even when these assumptions fail. In §§3.1 and 3.2, we discuss the case when the manager does not have prior
knowledge of y and p, respectively. Then, in §3.3, we show that the original AIM algorithm from §2 continues to
work even when only a fraction of excess inventory perishes. Section 3.4 considers the case of discrete demand
and discrete ordering quantities. In §3.5, we discuss how to improve the convergence rate to O(log(7')/T) under
a minor technical condition.

E[Q(y)]—0OM) = Py, = 14+ 2y/Vtor y,, <1=2y/V1]-

)

Sl

3.1. Without prior knowledge of y. The description of the AIM algorithm in §2 depends on y, an upper
bound on the newsvendor stocking quantity y¥¥. In this section, we consider the case when y is not known
a priori. We will show that for any 6 > 0, there is a modified AIM algorithm whose average expected cost
converges to the newsvendor cost benchmark at the rate of O((1/T%°7?%) 4 (A'®/T)), where the constant A
is independent of 8. Thus, even when y is not known a priori, we can still obtain an asymptotically optimal
sequence of order-up-to levels with a convergence rate that is comparable to the case when the upper bound is
known in advance. For ease of exposition, we focus on the perishable inventory case only; a similar result can
be shown for the nonperishable case as well.

Let 6 > 0 be given. The modified AIM algorithm generates a sequence of order-up-to levels (3°: ¢ > 1) whose
definition is similar to the original AIM algorithm described in §2.2, with the changes listed below. The key
idea is to iteratively expand the domain of the projection operator in order to achieve a target convergence rate.



Huh and Rusmevichientong: Nonparametric Inventory Planning
Mathematics of Operations Research 34(1), pp. 103-123, © 2009 INFORMS 113

Highlights of the modified AIM algorithm.
o Redefine the step size €, in Equation (4) so that it does not depend on y, i.e., for any # > 1,

1
€ =—"—"7""°".
max{b, h} -/t
e Modify the updating of order-up-to levels in Equation (3) so that the projection operation does not depend
on y. We define:
)A’z(:—l = P[O, tﬁ/zl(i’f - etHr()A’f))~
Note that the range of the projection operation [0, #/?] increases with ¢ and depends on the parameter J.

Theorem 7 shows that the modified AIM algorithm has a T-period average expected regret of O((1/T%°~%) +
(A'°/T)).

THEOREM 7. Consider the perishable inventory case. Suppose the manager does not know any upper bound
on YNV a priori. For any 8 € (0,1/2), the sequence of order-up-to levels (y°: t > 1) generated by the modified
AIM algorithm has the following property: for any T > 1,

1L s o 1 1 (V)
E[;{Z;Q(y,)} — Q") < max{b, h} - [TO'S . +W+T]'

PrROOF. Let 8 > 0 be given and let B =max{b, h}. For any ¢ > 1, let @, = t%?, and let y* be the minimizer
of Q in the restricted domain [0, «,], i.e., y* = min{y"", a,}. Then, for any T > 1,

E[ZQ(ﬁ?)—Q(y”V)]ﬂ[ > {Q(ﬁf)—Q(yNV)}}rE[ > {Q(ﬁ?)—Q(yNV)}}-

[<(yNV)2/§ ZZ(yNV)Z/S

To establish the result of Theorem 7, it suffices to prove the following two inequalities:

E[ > {o0) - Q(y’w)}] <BO")"™°  and (10)

t<(yNV)2/5

E[ ) {Q(ﬁf)—Q(va)}} <B-T**+B.T%. (11)
r=(yNV)2/8

To establish the inequality in Equation (10), note that # < (y*)?/? implies a, = 1%> < y¥V. Because §? € [0, «,],

it follows 0 < y" — §° < yMV. Thus, Q(5?) — Q(y"") is bounded above by B - y"V. Thus, the left-hand side
of Equation (10) is bounded above by B - y¥" multiplied by (y"")*?, obtaining the bound in the right side of
Equation (10).

Now we prove the inequality in Equation (11). Let ¢, = [(y"")*°]. Observe that most of the arguments in
the proofs of Lemma 3 remain valid in this case. In particular, Equation (A.1) in the proof of Lemma 3 in
Appendix A holds. Thus,

iE[Q(ﬁ?)—Q@:)ki{ 15, = i1 E||y,+21 P
=t € €,

€ .
+SEIHGHI)

=<

EII92—y"I*  ENF, =M IP +E.ZTje
2, 2€, 2 r

1M~ 1
o

where the last inequality follows from the fact that y; =min{y"", a,} = y" for t > 1,. Because €, = 1/(BJ/1),
the second sum above is bounded above by B - T95. Thus, it remains to show that the first term above is bounded

by E . TO'5+E.
Consider
E|5) —y" I ENFp. —y"IP) _ EIS -y 1 1 o
Z = +5 Z — —— |El5, ="l
t=t, 26! 2Et 26!9 t:t t+1 Et

2 T
a1 117,
< e - —|ar,,,
- zeto 2 Z|:£:+1 5;] o

t=t,
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where the last inequality follows from ||$? — y™|| < «, for all 7 > ¢,. Then,

2 T 2 T 2
a4 1 |: 1 1 ] 2 1 |:0‘T+1 Lo, 2 ] T4
=+ -3 —— |, = | TS (e —ad ) | <
26,0 2t:to €it1 € ! 2 €141 t=t, 1t t . 2€T+l

where the last inequality follows from «, < «,,,. Using the definition of a;,, and €;,;, and the fact that
(T + 1)*3° <2795+ for § € (0, 0.5), we have:

R _ _
AT _ B-(T+1)° - JT+1 _ E(T—i— 1)05+0 < B. 705+
2er, 2 2

which is the desired result. O

3.2. Without prior knowledge of p. In the nonperishable inventory case of Theorem 2, we have required
that the scaling parameter y used in the step size of the AIM algorithm be small relative to p, a lower bound on
the expected demand. This requirement assumes that the manager knows p a priori. In this section, using a more
refined analysis, we show that the AIM algorithm remains asymptotically optimal with the same convergence
rate for any choice of the parameter y. We assume, for ease of exposition, that the manager knows y a priori.
The intuition underlying our analysis follows from the fact that the step size €, = O(1/4/1) given in Equation (4)
decreases in ¢; thus, even when v is large, its impact on the running average cost decreases over time.

For any 6 and z, consider a random walk starting at z with the i.i.d. increment of {§ — D, | s > 1}. Let K(0, z)
be the first hitting time of (—oo, 0] by the random walk, i.e.,

K(G,z):min{tzo

z+i(0—Ds)§o}. (12)

s=1

Also, recall that for any 6, J;(6) denotes the ith renewal period associated with the stochastic process W,(0)
defined in Equation (6). The following theorem establishes an error bound for the AIM algorithm under any
arbitrary scaling parameter ©y. We note that by Equation (8) in §2.4, it suffices to establish a bound on A,(7)
the bound for A,(T) is already given in the proof of Theorem 2.

THEOREM 8. Let m = (hyy)/ max{b, h}. Consider the AIM algorithm for the nonperishable inventory case,
and suppose that the manager knows an upper bound y on y"V. For any choice of the parameter vy, we have,
forany T > 1 and p’ < min{m, E[D,]},

Theorem 8 provides an upper bound on A,(T) for any choice of scaling parameter vy. The second term in the
above error bound is similar to the bound that appears in the proof of Theorem 2 (§2.4), reflecting the average
excess inventory above the target levels y,’s. The first term in the error bound reflects a bound on the amount of
time that is required for the impact of y/+/f to become small and the stochastic process W,(6) to have a renewal
at zero. The bound in Theorem 8 is O(1/+/T) provided that both |J,(-)|*> and K (-, -) have finite expectations. The
bound on E[|J;(-)|*] is finite and given in Proposition 4. Before we proceed to the proof of Theorem 8, Lemma 9
below provides an explicit bound on E[K (-, -)] that depends only on b, h, y, and the moment of the demand.

LEMMA 9. If 6 < E[D,] and E[D}] < oo, then for any z > 0,

2z 8m°E[D, — E[D,]]*
EIRO. D= zrp1=6 Y (&= 0y

The proof of Lemma 9, based on Markov’s inequality and the definition of K (6, z), appears in Appendix D.
Below is the proof of Theorem 8:

ProoF oF THEOREM 8. Fix any p’ satisfying p’ < min{m, E[D,]}. Using a similar argument as in the proof
of Theorem 6, we can show that for any ¢ > 1,

+
A A N m
Vi1 = Vi1 = [(yt _yt) + hEt _Dt]+ = |:(yt _yt) + _l - Dti| P

7
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where the equality follows from the definition of m and €,. As in the proof of Theorem 6, we can show that the
above inequality implies that y, — y, < Z,(m) with probability one for all ¢. Because Q(y,) — Q(¥,) < h(y, —3,),
we have that:

MDY= 2 S EI00) - 061 = + S EI0G) - 061+ 1 3 iz, (13)

I K+1

where
T:min{t ez,

m<'} d  R=min{t>T|Z(m)=0)
— an =min{z > m) =0}.
it ’

We will now bound each of the terms in the above sum separately. We will provide an upper bound on the
first term in the right-most expression of Equation (13). By definition of T, we have that T = [(m/p’)?] <
1+ (m/p")?, which implies that, with probability one,

ZT(’")SZ% <2mVT <2my/T+ (mjp)? <2my/2(mjp)? = 2\/5/111 .

=1 VI 1%

Moreover, for any T <t < K , the definition of T implies:

Zr(m): |:Zz1(m)+ _Dzli| S[thl(m)"}_p/_Dt—l]Jr

m
Vi—1

and because Z7(m) < (2+/2 m?)/p/, it follows from the definition of K (-, -) that:

FIRI= EIT+ R~ 7)< [+ £ (. 2270

Therefore, because |Q(y!) — Q(¥?)| < max{b, h}y for any y', y* € [0, ¥], we have:

%éE[Q(y,) ~ o)) = M
(s 222

which is the first term of the bound given in the statement of Theorem 8. B

We now consider the second term in Equation (13), corresponding to time periods K + 1 through 7. From
the above definitions of 7 and K, a modification of arguments used in the proofs of Lemma 5 and Theorem 6
yields:

h 2hmE[IJ.(;O’)P]

Please see Appendix E for details. This completes the proof of Theorem 8. O

3.3. Partial perishability of excess inventory. In §2, we have assumed that excess inventory is either
perishable or nonperishable, i.e., x, ., =0 or x,,, = [y, — d,]*. We consider the case when only some of the
excess inventory is perishable. Let o, represent all events up to the end of period ¢. In particular, recall that
[y, —d,]" is the excess inventory at the end of period 7. Now, suppose that the inventory level at the beginning
of period ¢+ 1 is given by:

Xip1 = T([ d1]+’ 0-1)’

where T(-, -) is a random function whose value lies between 0 and [y, — d,]* with probability one. This model
of partial perishability is quite general and can handle, for example, age-dependent perishability. Note that
T([y,—d,]t, o,) =0 corresponds to the perishable inventory case and T'([y, —d,]", 0,) = [y, —d,] corresponds
to the nonperishable inventory case.

With the partially perishable inventories, the AIM algorithm described in §2.2 is still applicable and it can be
shown that the convergence rate in Theorem 2 (for the nonperishable inventory case) remains valid as indicated
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in the following corollary:

COROLLARY 10. Under Assumption 1, suppose that excess inventory is partially perishable with E[D$] < oo
and vy < (pmax{b, h})/(hy). Then, the sequence of order-up-to levels (y,: t > 1) generated by the AIM algorithm
has the following properties: there exist a constant C such that for any T > 1,

C
< —

VT

where the constant C is the same as the one given in Theorem 2 for the case of nonperishable inventory.

£l 73 00| - 00™)

The proof of the above corollary parallels the proof of Theorem 2 for nonperishable inventory, and we omit
the details. The key observation is that the excess inventory level in each period in the partially perishable case
does not exceed the corresponding quantity in the nonperishable case.

3.4. Discrete demand and discrete ordering quantities. In §2, we assume that the order quantity in each
period can be any nonnegative real number and that the demand distribution is either continuous or discrete.
In practice, the set of possible ordering quantities may be constrained to a discrete set. In this section, we
study adaptive inventory control when both the demand and ordering quantities are nonnegative integers. For
simplicity, we consider the perishable inventory case only under Assumption 1.

In the AIM algorithm of §2, the update in the inventory decision is given by Equations (3)—(5). The value
of H,(y,) represents an estimate of the left derivative of Q at y,, which depends on 1[D, < J,], corresponding
to whether or not there exists excess inventory. All of the analysis of §2 remains valid if we have instead an
estimator for the right derivative of Q. The estimator of the right derivative depends on 1[D, < 3,], corresponding
to whether or not there exists any lost sales. For this estimator, it is not sufficient to observe historical inventory
quantities and sales quantities; we also need an indicator for whether lost sales has occurred. In this section, we
assume that this lost sales indicator is available and, thus, can obtain an estimator for the right derivative of Q.

To address the integrality constraint, we introduce the following variant of the AIM algorithm, which we will
call AIM-discrete. The AIM-discrete algorithm maintains an auxiliary sequence (z, € R: # > 1) and a sequence
of integer stocking levels (y, € Z, U{0}: r > 1). We set z; =y, to be any integer in [0, ¥], where ¥ is an upper
bound on the newsvendor quantity y¥V. For any ¢ > 1, the auxiliary sequence is defined by:

i1 = P[O,y](zz —€H,(z,)),

where €, = j/(max{b, h}/7) as defined previously and H,(z,) = —b + (b4 h) -1[D, < z,]. We obtain y, , from
2,4, by probabilistic rounding, i.e.,

[2,41], with probability z,,; — [2,,,];
" L), with probability 1— (2. — L2,
Although we maintain the auxiliary sequence, we implement the integral stocking level y,, incurring the expected
cost of Q(y,).

Assuming that the lost sales indicator is available, we now argue that we can compute the estimator ﬁ, (z,),
which represents an unbiased estimator of the right derivative of the newsvendor cost function Q(-) at z,. If z,
happens to be an integer, then z, =y, and the result follows from the lost sales indicator assumption. Suppose
that z, is not an integer. It follow from the definition that Q is a piecewise linear function with integer breakpoints
(see Equation (1)). Thus, for any noninteger z, € i, the slope of Q at z, is the same as the right derivative of
Q at |z,| (or, equivalently, the left derivative of Q at [z,]). Thus, we have:

—b+(h+b)~1[D,§y,], ifyt: |_ZtJ
—b+(h+b)-1[D, <y —1], if [z] <y, =Tz]

The above events are observable: 1[D, < y,] can be determined from the lost sales indicator and 1[D, <y, — 1]
can be computed from the sales quantity. It is straightforward to show that the expected value of ﬁt(zt) isa
subgradient of Q at z,. The reason we require the right derivative is that the AIM-discrete algorithm involves
probabilistic rounding; we need to find a gradient when z, is rounded down. We remark that without the lost
sales indicator, the above approach does not work; in case of y, = |z,], we cannot obtain an estimate of the
slope of Q at z,.

Because Q is piecewise linear, it can be shown that Q(z,) = E[Q(y,) | z,]. Thus, we obtain the following
performance guarantee of AIM-discrete. The proof of Theorem 11 is based on the observations of this section
and Theorem 2, and is therefore omitted.

ﬁt(zz) =



Huh and Rusmevichientong: Nonparametric Inventory Planning
Mathematics of Operations Research 34(1), pp. 103-123, ©2009 INFORMS 117

THEOREM 11. Under Assumption 1, consider the case where excess inventory is perishable. Suppose that
the lost sales indicator is available for observation. Then, the AIM-discrete algorithm satisfies, for any T > 1,

1\ ymax{b, h}

EI:% é Q(yt)} —o0™) = (7 * ;) JT

3.5. Improving the rate of convergence. If we impose additional assumptions on the problem, we can
improve the convergence rate of the AIM algorithm to O(logT/T). Suppose that the demand is a continuous
random variable with a continuous density function f such that inf, [ 5 f(x) > @ > 0. In this case, we can
show that the one-period expected overage and underage cost function Q(-) is strictly convex, because for any
y € R, it can be shown from Equation (2) that Q is differentiable and:

Q' (y)=h-Ply=D]—b-Ply<D]=(b+h)F(y) —b.
Thus,
Q"M =kB+hf(y)=a-(b+h).

If we modify the step size of the original AIM algorithm so that by setting €, = 1/(a(b+ h)t) for all ¢, then it
follows from Theorem 1 in Hazan et al. [15] that, for the perishable inventory case,

max{b, h}*> log(T +1)
2a(b+ h) T '

o[ 2 000]- 00 <

4. Conclusion. Motivated by the constraints faced by inventory managers, we present a nonparametric
asymptotic analysis of the inventory planning problem with censored demand. Building upon the recent results
of online convex optimization, we propose an adaptive inventory policy for both perishable and nonperishable
products and establish the rate of convergence. By doing so, we extend the applicability of the existing online
convex optimization literature to the cases where the feasible set may not be bounded and where the decisions
may be dependent from one period to another. Our work offers many interesting directions for future research.
We have established a relationship between the gradient descent method and the waiting time process in a
single-server queue. It would be interesting to explore if similar relationships exist in more general settings.
We can also consider extensions of our results to cases where the replenishment lead time is positive or the
inventory system consists of multiple products or multiple echelons.

Appendix A. Proof of Lemma 3.
PrOOF OF LEMMA 3. The proof of Lemma 3 is a minor adaptation of Flaxman et al. [11]. We first claim:

Efw, —w Ellw,,, —w|?
2€, 2€,

*”2 B

E[d(w) — ()] < + 2E|H @), (A1)

To prove this claim, let (-, -) denote the inner product in R". Because the projection operation Pg(-) does not
increase the distance between two points (i.e., nonexpansive), we have for any 7> 1,

Ellw, —w|* = E||Ps(w, — €, - H(w,) — w)||?
< Ellw, —¢,-H(w,) —w*|?
= E|(w, —w") — - H(w,)|?
= Ellw, — |’ + €EH(w,) | - 2¢, - E[(H (w,), w, — w")].
By conditioning E[{H (w,), w, — w*)] on the value of w, and taking an expectation,
E[(H(w,), w, —w")] = E[E[(H (w,), w, —w") | w,]]
E[{E[H(w,) | w;], w, —w")]

E[(g(w,), w, —w)].
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Therefore, it follows that E[{g(w,), w, — w*)] is bounded above by the right-hand side of Equation (A.l).

Because the subgradient g(z) defines the supporting hyperplane of the convex function ® at z, it follows that

(g(w,), w, —w*) is an upper bound on ®(w,) — ®(w*). Therefore, we complete the proof of the claim (A.1).
Now, it remains to prove that the summation of the right-hand sides of Equation (A.1) over t=1,...,T is

bounded above by (y + 1/y)diam(S)B~/T. Observe:

T (E|lw, —w*||? El||w.,—w*® €
oy L L G T PP
py 2€, 2€, 2
_Efw w1 , B
oot T —|E Z Y
== o +2§ il CLL i A L

(P (1 L) B

where

diam(S)? _ diam(S)B JTTi< diam(S)B JT.
2ery, 2y Y

B diam(S)B 1 diam(S)B -

—Z € = lam( diam($)By ¢~ 1 _ M/ =12 dt = diam () Byv/'T.
=1 t

Thus, we complete the required proof. [

Appendix B. Proof of Proposition 4. The proof of Proposition 4 makes use of the following lemma:

LEMMA 12. Let X, X,, ... be a sequence of independent and identically distributed random variables such
that EX, =0. Then, for any n> 1,

n 4 n 6
E[le} <3n’EX] if EX| < o, and E[le} <2IW’EX? if EX? < co.

Proor. It follows from the multinomial theorem and the fact that EX, =0 that:
e[yx] = (M2 exeexe 1 (")ext = oM exzex + (") Ext
l.:z," = o) PR T )RR =0 R T )R
6
" 6! 6!
E[Z X,.] = (") EX2EX2EX? + (") EX?EX}
Py 3/212121 3!3!
(") exiex 4 (") Exe
2/ 412! 1)
n 2Eyv2 Y2 n 3 py3 n apy2 o (T 6
= 90<3>EX1 EX;EX; +20<2>EX1 EX; +30(2)EX1 EX;5 + <1>EX1 .
By Jensen’s inequality, EX7EX? < EX{, and each of (EX}?)?, (EX})?, and EX}EX3 is bounded above by EXS.

We have:
(2] = () ()

= (3n(n—1)+n)EX}
= (3n*> —2n)EX;
< 3n’EX],
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o] < [m(3)+0(2) ()] o
= (15n(n—1)(n—2) +25n(n— 1) + n)EX®

= (15n* —20n* 4+ 6n)EX®
< 21n’EX?,

which is the desired result. O
Here is the proof of Proposition 4.
PRrOOF OF PROPOSITION 4. Observe:

E[l7,(O)] Zrz@{lfl(ﬂ)l =r}=< Z<2i£>9{|J1(0)| =r}

—22529“11(0” —r}—ZZE PN (0)] = £}

We need to establish an upper bound on Z{|J,(6)| > ¢}. The event |J;(6)| > £ occurs if and only if the
cumulative sum Y°°_ (# — D,) remains nonnegative for all £ =1,..., ¢ remains positive. Thus, |J,(0)| > !
implies Y°!_, (6 — D,) > 0. Therefore,

93{|Jl<e>|zas@{ﬁ(e—mzo} {z ~D)= (B D]~ 0)}

s=1

(i) Consider the first case where E[D®] < co. Because ED, > 0, it follows from Markov’s inequality that:

go{é(E[DJ —D,)=>¢-(E[D,]- 9)} < 9»{ [é(E[DS] - DS)]6 > (°-(E[D,] - 0)"}

E[Y,_(E[D,]— D)
= o (E[D,]-0)°

E[(D,—ED,°] 21¢
= (E[D]-0)° 5

where the last inequality follows from Lemma 12. Therefore,

- 21 E[(D\—ED))] __ ,E[(D,~ED))"]

E[|J,(6)]"] ; P{14,(0)| >€}<2Z 2 T EDI=0F =" (ED]=0)F

where the last inequality follows from 7° 1/I* = 72/ 6. Thus, we obtain the desired result.

(ii) We will now consider the second case when D, < D with probability one. Recall the following inequality
due to Hoeffding [16]. For a sequence (U, | s > 1) of independent random variables with mean 0 and a, < U, < b,
for each s,

12 _2n2
ap U. > < _—
{§ 5‘"} ‘e"p{zfﬂ(bs—as)z}

holds for any ¢ > 1 and 1 > 0. Because (E[D,] — D, |s > 1) is a sequence of identical and independently
distributed random variables with mean 0 and its support is contained in the interval of length D, it follows that:

—2-(€-(E[D1]—0))2}_ae
¢.D? o

QJ{XZ:(E[DX] —D,)>"{-(E[D,]— 0)} gexp{

s=1

Therefore, because a € (0, 1), it follows that:

E[L (O] <25 ¢-2(50)] = 0 <23 ta' = 22
=1 =1 (1 )2

where the last equality follows from (d/da) > 7 a' =d[1/(1 —a)]/da. O
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Appendix C. Proof of Lemma 5. For any i > 1, recall that the random variable 7, denotes the ith renewal
time of the stochastic process (W,(6) | t > 1) defined in Equation (6), and |J;(0)| = |{s | 7,_,;(0) < s < 7;(0)}]
denotes the length of the ith renewal period. For each 7 > 1, let the random variable (6, r) denote the index k
such that J; (0) contains ¢. The following lemma establishes an upper bound on the expected value of |/, ,,(60)].

LEMMA 13, For any t > 1, E[|J;4 ,(0)]] < E[|J,(0)]*].

ProoOF. Because the collection of J;(6)’s are disjoint and partition the natural numbers, i(-) is well-defined.
Consider the following recursive equation defined by conditioning on the time of the first renewal:

E[Vig, ,)(O)I]—ZE[I 0.0 (O] -1/ (O)] = 511+ E[11 ()] - 1[[/,(6)| = 7]]

—ZE[I i60.1-5 (O[] 2{(0)| = s} + E[|11(0)] - 1[|1, ()| = 7]],

where the last equality follows from the observation that (W,(0): t > 1) is a renewal process with a regeneration
point at zero. It follows that for all 7 > 1,

EllJio.n (O] = max Ef|Jip, o ()] + E[[4,(0)] - 1[|,(0)] = 1]].

By iteratively applying the above recursion, we have:

E[Vio,(0)]] <ZE[IJI(G)I-1[|Jl(0)|ZS]]=Z§:V9°{|J|(9)I=F}

s=1 s=1r=s

= ii@{lh(ﬂ)l =r}= ii@{lll(f))l =r)

s=1r=s r=1s=1
= > re{ln6) =r},
r=1

completing the proof of the proposition. [

Here is the proof of Lemma 5.

ProOF OF LEMMA 5. From the definition of (W,(6) | ¢ > 1), we observe that Z,(0) < W,(0) with probability
one. We introduce another stochastic process (V,(6) | t > 1), where V,(0) corresponds to the cumulative inflow
in the renewal cycle containing ¢, without accounting for its outflow, i.e.,

Zj— 179, -1(0) <" <t]. (C.1)

We claim that for all ¢, Z,(6) < V,(0) with probability one. This result follows from the fact that when Z,(0) > 0,
then 7,_,(0) <t < 7;(0) for i =i(6, ). Because W, 5 (6) =0, we have Z__, (6) =0 and, therefore,

Vo)=Y - O A e d ) (0)] =

AUED> % Ar L (0) <7 <1]

-
0
=3 —= 1m0 (0) <7 <1]=V,(0), (€2)
- «/? t t
which is the desired claim.
Thus, to complete the proof of Lemma 3, it suffices to establish:
1

5 L EWV(0)] < 2E[11 (O)FIVT.

For any fixed T,

M’*!

1[se Jio, r)(e)]
1s

o
Il

%.Z\@(@):ZZ% 1[s € J;5. 1 (0)] EE

1[s € Jip (0)] < Z [0, 5 (O)]-
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Therefore,
1 T T
= L E,6)] < Z [10.0(0)]
=1 s=1
T
Z E[|4,()]
< 2E[|Jl(0)|2]«/7,

where the second inequality follows from Lemma 13 and the final inequality follows from the fact that

Yo 1//s<2VT. O

Appendix D. Proof of Lemma 9.
Proor. Let 6 < E[D,] be given. For any z > 0, we have:

E[K(0,2)] = i@{K(@, z) > s}
< ﬁ+ S PK(0.2) > 5]

s222/(E[D;]-0)

For any s > 2z/(E[D,] — 6), it follows from the definition of K (6, z) in Equation (12) that:

P{K(0,2) >s} <P z+i(0—Di)>O}

i=1

— é(E[Di] ~D)> s(E[Dl] 9 5)}

D
16E[Zf:1(E[Di] — Di)]4
s*(E[D,] — 6)*
16-3-s*E[D, — E[D,]]*
sY(E[D\]-0)*

where the second inequality follows from s > 2z/(E[D,] — ), the third inequality follows from Markov’s
inequality, and the final inequality follows from Lemma 12. Therefore,

2z 48E[D, — E[D,]]*

E[K(0,z2)) < E[D,]—6 +sz2z/(EZ[D1J79) 2(ED.]—6)°
- 48E[D, —E[D|]]* 1
~E[D]-6  (E[D]-0)° Z_

. 2z 87E[D, — E[D,]]*
T E[D,]-6 (E[D,]-0)*

where the last equality follows from the fact that Y, 1/i* = 7?/6. O

Appendix E. Proof of Equation (14) in the proof of Theorem 8. We will now establish an upper bound
on Z,(m) for t > K, using arguments similar to the proof of Lemma 5 given in Appendix C. It follows from the
definition of 7 and K that Z #(m)=0 and r > K implies that m/+/t — 1 < p’. Thus, for any 7 > K,

Z,(m) = [z,] (m)+ 2~ D,]] <[Z\(m) 49— Dy " < W,(p).

m
Vi—1
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Thus, when Z,(m) > 0, then 7,_,(p’) <t < 7,(p’) for some i. Using the same argument as in Equation (C.2), we
conclude that for t > K s

m m o m
Z(m) =3 —=1r,(p) <t'<t]l=—3 =17, (p)) <t <t]=—V,(p),
! v \/7 P tr \/7 pP !

where the last inequality follows from the fact that 7,_,(p’) <t < 7;(p’). Therefore,

Y Bzl = 5 Y BV = 5 X EVE)) < 2 E GOPIVT.

where the last inequality follows as in the proof Lemma 5 because p’ < E[D,]. We thus obtain:

d 2hmE[|],(p)’]
=§ [Z,(m)] < T :

Nl

proving claim (14).
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