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Appendices

EC.1. Concavity of L(-) in Proposition 1
In this section, we prove that the maximum single-period profit L(y) is concave in y. This result
is one of the components of Proposition 1.

We note y € Z. By part (a) of Proposition 1 and the definition of R(y,r), it follows that
L(y) = R(y,r,) = Ev[R(y,r,,v)]. (EC.1)
Now, we fix the the vector v. From (4),

R(y,r,,v) = max {J(v(1))+J(v(2)+...+ J(v(k)) —g(y—k) } .

kez+
For each nonnegative integer k, we let

_ 0, if k=0;
J(k,v) = {J(v(l))_|_J('U(2))—|—---—|—J(U(k’)), if ke {1,2,...}.

Observe that the marginal difference J(k +1,v) and J(k,v) is J(v(k)); the sequence {J(v(k))} is
decreasing because J(-) is an increasing function and {v(k)} is a decreasing sequence. Therefore,

J(k,v) is concave in k for every v.

We extend the definition of J(k,v) to R* as follows: for k € RT, let

J(k,v) = ([k] = k) - J([k],v) + (k= [k]) - J([k],v) -

That is, for any fixed v, J(k,v) is a piecewise linear function of k with slope changes only at

integers. Let g(-) be a piecewise-linear extension of g(-) to . We also define, for y € R and k € RT,

Thus, for each integer y and value vector v, we have

R(y,ry,V) = nax (P(y,k‘,v)- (EC?))

kez+
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We claim that for any fixed v, ¢(y,k,Vv) is jointly concave in (y,k) in R x R". We know that
J(-,v) is concave, and §(-) is convex. Since y — k is a linear function of (y,k), equation (EC.2)
implies ¢(y, k,v) is jointly concave in (y, k).

Thus, for any fixed v and integer y, ¢(y,k, V) is concave in k € ®*. Since ¢(y, k,v) is piecewise

linear in k with slope changes only at integer points, there exists an integer value of k£ that maximizes

©(y, k,v). Thus,

max ¢(y, k,v) = max p(y,k,v) . (EC.4)

kezZ+ keRt
Since ¢(y,k,v) is a jointly concave function in (y,k) € ® X RT, max,cn+ ©(y, k,Vv) is concave
with respect to y in R. Thus, max,cn+ ©(y, k, V) is also concave, in the discrete sense, with respect
to y in Z. It follows from (EC.3) and (EC.4) that R(y,r,,Vv) is concave with respect to y in Z.

From (EC.1), we conclude L(y) is concave in y.

EC.2. Proof of (8) in Lemma 1

In this section, we provide the proof of claim (8). We fix any v, and show
R(y2a r, V) - R(ylv f? V) < R(yz’ r,2, V) - R(yl’ r,a, V) .

From the definition of ¥, we get 7(i) < v (i) for i <y', and 7(i) = v}, (i) for i > y'. Thus,
k(r,1,v) < k(T,v). We consider two disjoint cases.
CASE A: k(r,1,v) =k(T,V).

First, we compare R(y',r,1,v) and R(y',F,v). Now, I[v(i) > v (i)] = I[v(i) > #(i)] for each i,

by the definition of x. Then,
[T(v(@) + Ag(y" —i+1)]- I[v(i) > vy, (i)]
= [J(v(@) +Ag(y' —i+1)] - Tlo(i) > 7(3)],
implying R(y',r,1,v) = R(y',T,v) by (4). Also, we compare R(y*r,2,v) and R(y*r,v).

Observe from equation (4) that r,» maximizes R(y? r,v) for each v. Therefore, we obtain

R(y?,r,2,v) > R(y?r,v). Thus, combining these two results, we obtain claim (8).
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CASE B: k(r,1,v) < k(F,v).

Since 7(i) = v} (i) holds for i >y, by the definition of F, it follows that

k(r,,v) < K(F,v) <y

From equation (4), we observe that if the following pair of inequalities holds for each positive

integer 4, then (8) holds.

[T(v(@) + Ag(y* —i+1)] - I[v(i) > vy ()] > [J(v(i) + Ag(y' —i+1)] - I[v(i) > v (i)] (BEC.5)

and
[J(v(@)) +Ag(y" —i+1)] - Io(i) > 7(i)] = [J(v(i) + Ag(y* —i+1)] - I[v(i) > r(i)]. (EC.6)
We first show (EC.5). For each 1,

[J(v(0) + Ag(y* —i+ 1] I[v(i) > v}2(i)]
= [J(v(i)) + Ag(y” —i+ 1)
> [J(v(i)) +Ag(y' —i+ 1)

= [J(v(@) + Ag(y' —i+ 1] I[v(i) > v (i)].

The equalities above follow from the definition of UZQ and vy The inequality follows from the
convexity of g.

Now, we show (EC.6) by considering two subcases.

e Subcase Bl:i€{1,2,...,y'}.

Since i <y' and Ag(z) = h for all z > 0, observe from the definition of vy, that vy, (i) = JH(=h)
holds. In this case, 7(¢) is either r(i) or v}, (7).

If 7(i) = v} (2), then

[J(v(@) + Ag(y' —i+1)]- I[v(i) > 7(i)]

= [J(v(@))+ h] - I[v(i) > v ()] (since 7(i) = v} (i) and y' —i+1>0)
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= [J(v(i)) + h]* (since v’ (i) = J 7 (—h))
> [J(v(@) +h]-I[v(i) 2 r(i)]  (by a property of []")

= [J(v(i)) + Ag(y® —i+1)] - I[v(i) > r(i)] (since y* —i+1>0) .
Otherwise, 7(i) = (i) holds. Then,

[T (@) + Ag(y" —i+ 1] I[o(i) > 7(i)] = [J(v(i)) + Ag(y* —i+ )] - Io(i) = r(i)] ,

since Ag(y* —i+1)=h=Ag(y* —i+1).
o Subcase B2:i>1y'.

Since (T, v) <y' holds in Case B, it follows i > k(T,v). Thus, I[v(i) > #(i)] =0, implying
[J(v(i) + Ag(y' —i+1)] - I[v(i) > 7(i)] = 0.
Furthermore, since i > y' > k(r,1,v), we get i > k(r,1,v) + 1. Thus, v(i) <v(k(r,,v)+1).

J((@)+Ag(y? —i+1) < J(w(i))+h
< J(w(k(r,,v)+1))+h

<0.

The first inequality follows from the convexity of g whose derivative is bounded above by h. The
second inequality follows from the monotonicity of J. For the last inequality, observe that the
virtual value from the (k(r,1,v)+ 1)th “highest” customer is smaller than —h, the holding cost
savings from selling that unit.

Thus, we complete the proof of (EC.6) for both subcases B1 and B2. This completes the proof

of (8) in Lemma 1.

EC.3. Proof of Proposition 2
Let D be the compact interval [dy,dy]. Thus, D is the set of integers in D. For any fixed integer y

and d € D, define 7(y,d) =7'(d) + 7*(y — d), where

7' (d) = p(d)-d , and
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") = BlLa(r—ep)]
Now, for any integer y and real d € D, define
m(d) = (1=X)-7'(ld]) + x-7([d])
where A =d — |d]. Similarly, for any real r, define
#(r) = (1-X)-#((r]) + A-7([r])
where A =7 — |r|. For any real y and d € D, let
w(y.d) = 7'(d) + #*(y—d) .

Since the expected revenue from the posted price channel, 7*(d) = p(d) - d, is assumed to be
concave with respect to d € D, its linear interpolation 7'(d) is also concave with respect to d € D.
The concavity of L(t), the maximum expected single-period profit from the auction channel, is
proved in Proposition 1 of section 4. Thus, 7(y, d) is jointly concave with respect to y and d. Thus,
max, 5 7(y,d) is concave with respect to y.

Moreover, from the construction of 7, if y is an integer, then 7(y, d) is a piece-wise linear interpo-
lation of 7(y,d) with respect to d. Thus, for fixed integer y, the single-dimensional function 7(y, -)

has at least one integer maximizer, i.e.,

Qy) = maxn(y,d) = max7(y,d) .
deD

deD
The conclusions of the last two paragraphs together imply that Q(y) is concave with respect to

Y.

EC.4. Proof of Theorem 4

We need the following lemma about the optimal allocation problem which is useful in studying the

multiple channel problem.

LemmA EC.1. For each i=1,2,...,1, let f;(-) be a quasi-concave function defined on a set of
consecutive integers. Let s7 be a maximizer of fi(-). Then, f(s)=max{), fi(s:) | >, = s} is

quasi-concave, and achieves its mazimum at ), s;.
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Proof. First, we provide the proof assuming that the domain of f; is the set of all integers.
Since sf is the maximizer of f;(-), we have fi(s;) < fi(s; +1) for s; < sf, and fi(s;) > fi(s; +1) for
si>s;. Let s7=) . s7.

Suppose s < s*. Then, we claim that there exist s;,s5,...,5; such that s =)",s;, and f(s) =
>_; fi(si) satisfying s; < s} for each i. To see this claim, suppose that there exists j such that s; > s7
and s; < s;. Then, by decreasing s; by 1 and increasing s, by 1, we weakly increase the objective
function. By repeating this process, we prove the claim.

Furthermore, there exists i’ such that s; < s},. Then,

= Y filsi)) = folse) + Y filsi) < fulso+1) + Y filsi) < fls+1).

i#i! i#i!
Similarly, it can be argued that s > s* implies f(s) < f(s—1).

If the domain of f; is a subset of all integers, extend f; by defining fi(s;) = —oo for each s;
outside the domain. [

Proof. [Proof of Theorem 4] Let Q,.(ym) = maxq,, Tm(Ym,dn), and Q(y) = maxgn(y,d).
Since each sales channel m satisfies Condition 2, @,,(+) is quasi-concave. Let y, be a maximizer of
Q- Then, by Lemma EC.1, Q(-) is also quasi-concave, and achieves its maximum at y* =) yr .

Consider two systems A and A, in which the inventory levels after replenishment are y* and y2,
respectively. Assume y* < y' < 2. Suppose that in the A system, the seller chooses an allocation
of y = (y1,-..,yn) where y> =3 y,,, and the sales lever vector of d = (d,...,dy). For the A
system, we specify the allocation vector y = (i, ..., ¥ ) and the sales lever vector d = (Ell, cooyday)
such that for each channel m, the pair of 7, and d,, satisfy part (b) of Condition 2.

From Y vy =y* <y' <y?>=>  Yn, there exists an allocation vector (¢i,...,Jn) satisfying
y' = G, and

:qm = Ym, lf ym<y;kn
Um € {UprUm + 1 ym}s if Y > 95,

We now construct the sales levers for the A system. If §,, = yum, set d,, =d,,, and we get, for every

6m7

gm_Dm(dmaem) = ym_Dm(dm7€m)a and
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Wm(gma dm) = 7"-m(yﬂ’mdm)-

Otherwise, we have v, <9,, <y,,. By Condition 2, there exists d,, such that, for any e,,, we have

gm_Dm(dmaem) S ym_Dm(dmafm)v and

Therefore, for every e = (€,...,€5), it follows

yl_ZDm m7€m <y _ZD m,Em and

Zﬂ'm yma m Zﬂ'm ym7 m ﬂ'(y27d)7

satisfying part (b) of Condition 2 for the multiple sales channel model.
Now consider the case y* > y' > y* under Condition 2*. Here, set §,, = Yo, if Y >y, ; otherwise,

let ¥, < ¥, <y*. A similar analysis can be applied. [0

EC.5. Proof of Theorem 5

We first prove the result assuming that both y and d,’s are real-valued. Let (y*,d*) =
argmax 7(y,d). From the additivity of the demand function, d¥, = argmax A,,(d,,,) where each A,,
is concave, and y* is a minimizer of g(y|d*) where

g(yld) = h- Ely Zd Zem +b-Ely Zd > e

Note that g(y|d) depends on y and d only through y — "  d,, in a convex manner.

The first part of Condition 1* follows from the concavity of maxgqm(y,d) in y. We will now
prove part (b). Consider any y' and y? satisfying y* < y' <y?, and any d* = (d2,...,d3,). Recall
d* = argmaxq 7(y*,d) and let d° = argmaxq{7(y*,d) | }_, dn =), d2,}. By an application of the
proof of Lemma EC.1, we can assume, without loss of generality, that we have either (i) d2, < d

m m

for all m, or (ii) d°, > d

m

for all m. If (i) occurs, set d} = d, for each m. Thus, di, =d} >d2,
for each m, and y* — > di <y'—> dl <y*—3% d° . Otherwise, in case of (ii), define A =
(y' —y*)/(y* —y*). Then, set d* = (d},d3,...,d},) such that

> d, = N o, +/\de

m
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dl e {d;,,d} for each m #m’, and

dyy € [dy,dy]

m’y %m/

for some m’ € {1,..., M}. It follows that y* — 3" d! is a convex combination of y* — > d¥ and

y*— >, do,. Therefore, in both cases, it is straightforward to show

7(y',d") > n(y*,d°) > n(y*,d%), and

yl - ZDm(d}nvem) < max {y2 - ZDm(dimfm)a T ZDm(d*m7€m)} )

where d* = (di,...,dj,). Since > D, (d>,,€m) =Y., Dn(d?,€y), part (b) of Condition 1* is sat-
isfied.

For part (c), apply a similar analysis to the case of y* > y' > y* If y> — > D, (d2,,€n) <
y*—> D (d:, €), then choose d' similar to the case (ii) above; otherwise, choose d' such that
v =, Dp(d2,e,)=y" = Dp(dl €ey), and df, > d;, > d?, for each channel m.

We remark that if y and d,,’s are integer-valued, then probabilistic rounding results in the

required conclusions.

EC.6. Proof of Lemma 4

For each ¢, we define L;() recursively as following:

math ﬂ_t(yty dt) + o - E[Lt+1(yt — dt — Et)]u lf t< T
maxg, 7 (yr,dr), ift="T.

L) = {

By the convexity of w, L; is convex for each t. Let y* be the maximizer of L;.

Suppose y* < y' <2 For a fixed sequence of €, ¢s,...,€r, let A* be the optimal system starting
with the inventory level y*. Let d},ds, ..., ds be the optimal sequence of decisions in .4*. (Clearly,
d; depends on €q,...,€,_1, but we suppress that dependence to simplify notation.) Let y; be the
beginning of sub-period inventory level in A*.

Consider two systems A and A, and suppose that the inventory levels at the beginning of sub-
period t =1 are y' and y?, respectively. Suppose that for fixed €, €,,...,€r, the decisions of A are

given by d?,d3,...,d%. Let X €[0,1] such that y' = A\y* + (1 — \)y?. For each ¢, choose the decision
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d! of the A system such that d! = \d} + (1 — \)d?. Let z;, z} and z2 be the ending inventories in

sub-period ¢ in systems A*, A and A, respectively. Thus, if yr =y + (1 —N\)y?2, then

Ztl = ytl - (dtl +€)
= [y + (1= Nyl = [Md; + (1= N)d} + €]
= /\[?J: —d; _Et] +(1 _/\)[ytz _df _€t]

= Azf +(1=N)2}.

By induction, we show the above result for all ¢. Since 24 < y*, it follows 27 < max{z7,y*}.

Furthermore, the expected single sub-period profit in t satisfies

7Tt(ytladtl) 2 )\ﬂ-t(y:adr) + (1 _>‘) ’ﬂ-t(yt27d?)7

where expectation is taken over ¢;. Thus, the total expected profit in all T" sub-periods satisfies
T T T
ST imlyydl) =AY ot m(yn,dy) + (L= A) ) ot T m(y?, d).
t=1 t=1 t=1

Therefore, the total expected profit in the A system (left-hand side) is at least the total expected

profit in the A system (last term on the right-hand side).





