PDE: HOMEWOQORK 2

Due Friday, September 23 (at t!‘he ste{rt' of the 1'e(i:itat|i‘0n).
e From the Strauss textbook: 1.5.4, 2.1.2, 2;1.':5, 2.1, 2.2.2.
s Additional problem: Consider the following two PDEs:

(Transport) w + g, =0 t>0,zelR
w(0,2) = f(z) zekR
(Diffusion) Up = Ugw — Uy =0 >0, (2,y) € R
w0,2,) = 9(@,y) (v,y) € B2

\' (a) Show that the solution to the transport equation satisfies
a o0
—( j u(t, xYdx) = 0, for all £ > 0,
Ot ) o

and hence

0 ) <0
J- u(t, z)*de = f f(2)*dz, for all t > 0.
—00

=00
Here you assume that all of these integrals are well-defined.
In particular, assume that © — 0 as |z| — co. (Hint: try
multiplying the transport equation by u and integrating in
space.)
{b) Likewise, show that if u satisfies the diffusion equation above,
then

1
;%(-2— ff ult, z, y) dedy) + jj |VulPdady = 0, for all ¢ > 0,
B2 B2
where Vu = (1, uy) and hence

Jf u(t, z,y) dzdy < jj gl, y)dzdy, for all £ > 0.
B2 B2

Again you may assume that all of these integrals are well-
defined.

Date: September 21, 2016.
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