PDE: HOMEWORK 4

Due Friday, October 7th (at the start of the recitation) ‘ ,
o From the Strauss textbook: 4.1:4, 4.1.6, 4.2.2, 4.2.4.
o Additional problem: Consider the heat equation u; = ,, on

the bounded domain 0 € & < 1 with boundary data u(0,¢) = 0
and u{l,7) = 1. Find a solution satisfying the initial condition
u(z,0) = z.

LDiate: October 2, 2016.
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4.2.4

(a) Separation of variables leads to the eigenvalue problem

J | {X”=—-AX 0<z<l
' C X (=) =X(0)
X/(=1) = X'(1).

Looking for positive eigenvalues A = 82 > 0 implies
X(z) = Ceos(Bz) + Dsin(fz).

The boundary condition X (—1) = X(l) implies D sin(fl) = 0, so § = L. The boundary
condition X'(—I) = X'(l) implies Cfsin(6l} =0, so § = 2% Therefore, :

")+ buan (75

() e e

forn=1,2,3,... 7 ‘
If A =0, then X(z) = C'+ Dz. The boundary condition X(—{) = X(I) implies D = 0.

The boundary condition X'(—I) = X'(I} = 0 will be satisfied for arbitrary C'. Therefore, .'

A =0 is an eigenvalue with corresponding eigenfunction X (z) = C.

If A = — < 0, then X{z) = Ccosh(yz) + Dsinh{yz). The b)oundary condition ;
X(=1) = X{I) implies Dsinh(yl) = 0, so D = 0. The boundary condition X'(~{) =~ " |:
X'(1) implies Cy sinh(vl) = 0, so C' = 0. Therefore, all the eigenvalues are A, = (nw/l)? -

forn=10,1,2,3,... _
(b) Solving the equation T!, = — A, kT, gives T),(t) = A, e~ %t Therefore,

l

u(z,t) = %AD + i (An COS (m) + By sin (@)) gkt
: n=1
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