PDE: HOMEWORK 5

Due Friday, October 14th (at the start of the recitation)

¢ From the Straunss textbook: 5.1.5, 5.1.9, 5.2.10, 5.2.11, 5.3.6
e Additional problems
— Suppose that u = u(z,t) solves the equation

Up — Ugg = —1 —a°

for (z,t) € Qr := [~L,L] x (0,7). Show that u cannot
attain its maximum value at a point in the interior of Qqp.

— By factoring the operator, find an explicit solution to the
problem

Uy + Ugp — Q‘sz = 0, (= O,CE R
with initial data
’LL(.’L,O) = ut(a:a O) =%
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- (a) The sine series for ¢(z) = z is

by equation (6.1.12). Integrating term-by-term gives

1, O (=12 g
52 =G+gWCOST.

The constant C must be

1 1 ff1 P2
ON_AO_TA "2"33 dﬁ-—g,

80

L, B N(=D"20  mrz
R P L R

(b) Evaluating at z = 0 yields

i (_1)m+1 _ 7T_2

3 .
= m 12

5.1.9. Since ¢(z) = 0 and ¢(z) = cos?z = 7 + 3 €08 23, the coefficients in the cosine series
for ¢ are A, =0 for all n, and the coefficients in the cosine series for Ppare By=1, By = i
and By, =: 0 for all other 7. Hence equation (4.2.7) implies

1
‘ u(z,t) = %t + o sin 2¢t cos 2z.
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5.2.10.

(a) By definition ¢oqa(z) = —¢p(—=z) for —I < z < 0, and Boda(z) = @(z) for 0 < z < 1. So
in order for ¢yqq to be continuous at z = 0 we need

lim ¢(z) = — lim ¢(—=z).

-0t z—0—
The limit on the right is the same as — lim,_,g+ ¢(z), so we must have lim, o+ $(z) = 0.

(b) By part (a) we require
in order for ¢ygq to be continuous. In order for ¢,qq to also be differentiable at = 0 we
need
Podd (h) — Poaa(0) _ i Poaa(R)
B

lim ——~

J . .
odd (O) - }3_11% 0 h

to exist. Evaluating this from the right and using L’Hopital’s rule, we have

: ¢odd(h) T ¢(h) s /
T n= A Ak,
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On the other hand, the limit from the left is

g S8 iy PR #(-F) = Jim ¢ (8),

k-0 k k—0~
Since the left and right hand limits agree, ¢/,44(0) exists provided the limit limy o+ ¢'(h)
exists.

(The result of part (b) is sometimes summarized informally by saying that ¢ is contin-
vously differentiable on [0,!] and $(0) = 0.)

5.2.11. The complex form of the Fourier series for e® is ) 0 C,e™ =/ where

_ 1 ! e ge(l-ina/l) [t
2l J_; 20(1 —inw /1) |

B é[—inﬁ _ e—l—f-inﬁ' _ (_1)13 sinh(l)

2 —inn/l) (1 —idnn/l)

_ (=1)*(I + inx) sinh({)

B 12 + nPr?
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The real form is therefore

1 oo - .
§Ao + Z Ay cos(nmz /1) + By sin(nwz /1)

12 + n2?

! n=1
where 2U(—1)" sinh() A
—1)"si :
An=ChtCop = 2 4 n2q2 S
and n+1 inh |
By =i(C, — Cu) = (—1)"*12n sinh(])

5.3.6. The solution of X’ = AX is X = Ce*. The boundafy condition X(0) = X (1)
therefore implies e* == 1, so A = 2nmi. The eigenfunctions are X, = e*""* and since

2miz(m—n) } 1

o 1 :
_ YOS A — 2wiz{m-—n) P
(X Xa) = fo X ()X (2) do fo e d {Qm‘(m—n)

for m = 7, they are orthogonal.
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