W
NYU Vector Analysis, MATH-UA.224.001
Homework Sheet 3: Problem 7 Solution

(7) Consider the determinant map det : R>® — R. Show that det is differ-

entiable at each A € R¥ in the sense that there exists a linear mapping
T4 : R¥3 = R satisfying

. |det(A + B) — det(A) — T4B|
lim =0,
11B—0 1Bl

where ||B|| denotes the matrix norm of B € R¥3. Compute the linear map-
ping T 4.

Denote by respectively A;;, B;; and (A + B);; the submatrices in R**? formed
by deleting the i-th row and j-th column from A, B, A + B respectively. For
1l <j<3and1 <k <!l<3s.t kI +# j by the direct computation, we
have,
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det((A + B)y)) = detAy; + det By, +| % 2

Therefore,
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det(A + B) - det(4) = > (=1)"*'((ay; + b1 ) det(A + B)y; - a;; det A )
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From the definition of the Frobenius norm, we have bl.zj < ||B|I>. There-

fore, % < 1. This implies that limy, ;o bk,% = 0. Therefore det By},
. ay by by ) ..
by; ,and by ; vanish when divided by ||B|| — O.
Y b3y by Y aze  as; y 1B
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Thus,
Q. Ay by by
TAB = J_lalj +a; +b1jdetA1j
b3 by ase  as
ay dzs by by az dzs
= dan +dan + by
bz, b33 asxp as asx as
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+ a4z + as + b13
b31 by as; asp asz; ads

— byi(anass — ajzazn) + by (apax — aza)

+ by(ayass — azaz) — by (ajaxs — apzaz;)

asy as
az; a4y
+ b3 — bys(ayasn — apnasy) + byz(ayaxn — appas)
asz; as
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= by — by + b3y
asy dss asy dsz ax dr3
dz; dxs ap; aps a aps
- by + by - b3
asz; dsz as; ass az; dxs
azy ax apn an ay an
+ b3 — b3 + b33

asz; azp aszy daszp az; ax
= trace (Adj (A) B)

where Adj (A) is the transpose of cofactor matrix of A.



