
Vector Analysis, MATH-UA.224.001

Quiz Sheet 3

Instructions: Turn in responses to TWO questions of your choice. This quiz
will be timed for 15 minutes.

Question 1. Let ϕ : U → Rn, U ⊆ Rm. Suppose U contains a neighborhood of
a ∈ U. Let ϕi : U → R be the i-th component function of ϕ so that:

ϕ(x) =


ϕ1(x)
.
.

ϕn(x)



(a) For ϕ differentiable at a ∈ U, define the Jacobian matrix of ϕ at a.

(b) Show that ϕ : U → Rn is differentiable at a⇐⇒ ϕi : U → Rn, 1 ≤ i ≤ n is
differentiable at a.

(c) Show that if ϕ : U → Rn is differentiable at a ∈ U, then ϕ′(a) is the Jacobian
matrix.

Question 2. Do all of the following:

(a) Suppose ϕ : U → Rn. State what it means for ϕ to be continuously differ-
entiable on U, which we denote by ϕ ∈ C1(U).

(b) If ϕ ∈ C1(U), what can you say about the map ϕ′ : U → Rn×m

Note: We equip Rn×m with the metric

d(A, B) :=

√√ m∑
i=1

n∑
j=1

(Ai j − Bi j)2

where Ai j and Bi j are the elements in the i-th row and j-th column of A and
B, respectively.
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Question 3. We showed that if ϕ(x) := ||x||2x, x ∈ Rm, then for any a ∈ Rm,

ϕ′(a) = (||a||2I + 2a ⊗ a)

In other words, for h ∈ Rm, we have

ϕ′(a)h = (||a||2I + 2a ⊗ a)h = ||a||2h + 2〈a, h〉a

Prove that ϕ(x) is of class C1(Rm).

Question 4. We showed that for ϕ(x) := ||x||, x ∈ Rm, for any a ∈ Rm \ {0},

ϕ′(a) =
a
||a||

In other words, for h ∈ Rm, we have

ϕ′(a)h =
〈a, h〉
||a||

Determine on which open set U ⊂ Rm, ϕ(x) is of class C1(U).

Question 5. Let U ⊆ Rn be open and ϕ : U → Rn. Let b := ϕ(a). Suppose that ψ
maps a neighborhood of b into Rn that ψ(b) = a and

ψ(ϕ(x)) = x

for all x in a neighborhood of a. If ϕ is differentiable at a, and ψ is differentiable
at b, then

ψ′(b) = ϕ′(a)−1

in Rn×n.
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