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Abstract We consider a two-stage adaptive linear optimization problem under right
hand side uncertainty with a min—max objective and give a sharp characterization of
the power and limitations of affine policies (where the second stage solution is an
affine function of the right hand side uncertainty). In particular, we show that the
worst-case cost of an optimal affine policy can be Q(m'/27%) times the worst-case
cost of an optimal fully-adaptable solution for any § > 0, where m is the number of
linear constraints. We also show that the worst-case cost of the best affine policy is
O (/m) times the optimal cost when the first-stage constraint matrix has non-negative
coefficients. Moreover, if there are only k < m uncertain parameters, we generalize the
performance bound for affine policies to O (v/k), which is particularly useful if only
a few parameters are uncertain. We also provide an O (v/k)-approximation algorithm
for the general case without any restriction on the constraint matrix but the solution is
not an affine function of the uncertain parameters. We also give a tight characterization
of the conditions under which an affine policy is optimal for the above model. In par-
ticular, we show that if the uncertainty set, i/ < R’ﬁ is a simplex, then an affine policy
is optimal. However, an affine policy is suboptimal even if I/ is a convex combination
of only (m 4 3) extreme points (only two more extreme points than a simplex) and
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the worst-case cost of an optimal affine policy can be a factor (2 — §) worse than the
worst-case cost of an optimal fully-adaptable solution for any § > 0.
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1 Introduction

In this paper, we study the power and limitations of affine policies in solving adap-
tive optimization problems. In an affine policy (or linear decision rule), we restrict
to solutions that are an affine function of the uncertain parameters. The problem of
finding the best such policy is tractable. Therefore, these are widely used to solve
multi-stage dynamic optimization problems and perform extremely well in practice as
observed empirically. However, to the best of our knowledge, there are no theoretical
performance bounds for affine policies in general.

We consider the following two-stage problem, ITagqp; () with an uncertain right
hand side.

ZadaprU) = min ¢’ x +maxd” y(b)
beld

Ax + By(b) = b, Vb e U )
x,y() >0,

where A € R™" B € R™*™ ¢ € R]',d € R?, U C R is a compact, convex
and full-dimensional uncertainty set of possible values of the right hand side of the
constraints. For any b € U, y(b) denotes the value of the second-stage variables in
the scenario when the right hand side is b. We assume that (1) is feasible unless stated
otherwise.

The above model includes set covering formulations considered in the recent work
on approximation algorithms for two-stage robust combinatorial problems such as
set cover, facility location and Steiner trees (Dhamdhere et al. [10]). For instance, by
setting A and B to be the element set incidence matrix, we obtain a two-stage set
covering problem. Our model is more general than the set covering model, as there
are no restrictions on the coefficients of the constraint matrices. For instance, we can
also model constraints of the form y < 6 - x that arise in network design problems.
This can be done by setting A = 6 - I, B = —I, and b = 0, where [ is an identity
matrix of an appropriate dimension. Note that our model does not admit a complete
recourse, unlike the set covering models, which makes the problem significantly more
difficult to solve. However, we can verify whether there exists a feasible first-stage
solution that can be extended to a feasible second-stage solution for all b € U (for
some b9 € U such that b? > O forall j = 1,...,m, there exists a feasible solution
(x, y) satisfying Ax + By > b°. Then (tx, Ty) for some large enough 7 is a fea-
sible solution for all b € U as U is compact). Although the above models are quite
general, the assumed nonnegativity of the right-hand side of the constraints prevents
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us from modeling upper bounds on variables as well as packing constraints such as
Z;’ !, xj < 1. Moreover, the assumed nonnegativity of the objective coefficients does
not allow us to model maximization problems.

The problem ITaqqp: (L) is intractable in general. In fact, it is hard to approxi-
mate within a factor better than O (logm) under certain complexity assumptions via

a reduction from the following max- min fractional set cover problem,
max min{d” y(b) | By(b) > b},
max y(b){ y(®) | By(b) = b}
where d € ]Rff, B € {0, 1} is an element-set incidence matrix and I/ € R is

a convex uncertainty set. Feige et al. [11] prove that the above max-min fractional
set cover problem can not be approximated within a factor better than O (logm) in

polynomial time unless NP € TIME (20(ﬁ)), where n refers to the problem input

size.

The hardness of T144qp () follows as setting A = 0 and B as an element-set inci-
dence matrix reduces IT44qp: (U) to a max-min fractional set cover problem. There-
fore, the problem ITaqqp,(U) can not be approximated within a factor better than

O (log m) in polynomial time unless NP € TIME (20(\/@). However, an exact or an

approximate solution to IT444p: () can be computed efficiently in several cases when
the uncertainty set I/ satisfies certain properties.

If the uncertainty set I/ is a polytope with a small (polynomial) number of extreme
points, ITagap: (U) can be solved efficiently. Instead of considering the constraint
Ax + By(b) > b for all b € U, it suffices to consider the constraint only for all
the extreme points of /. Thus, the resulting expanded formulation of ITaqqp ({f) has
only a small (polynomial) number of variables and constraints which can be solved
efficiently. Dhamdhere et al. [10] consider the problem ITagqp: (/) where the con-
straint matrix A and B are equal and define a combinatorial problem such as set cover,
Steiner tree and facility location, and ¢/ has a small number of extreme points. They
give approximation algorithms with similar performance bounds as the deterministic
versions. Feige et al. [11] extend to a special case of the uncertainty set with an expo-
nential number of extreme points and give a polylogarithmic approximation for the
set cover problem in this setting. Khandekar et al. [14] consider a similar uncertainty
set with an exponential number of extreme points as [11] and give constant factor
approximations for several network design problems such as Steiner tree and unca-
pacitated facility location. In most of these papers, the algorithm and the analysis is
very specific to the problem and does not provide insights for a tractable solution for
the general two-stage problem ITagqp: (U).

Bertsimas and Goyal [7] show that a static robust solution (that can be computed
efficiently) is a 2-approximation to ITaqqp, (U) if the uncertainty set is symmetric or
positive (see Definition 1). To the best of our knowledge, this is the first such worst-
case bound on the performance of a tractable solution approach in such generality.
The assumptions of symmetry are mild and often satisfied in practice. However, non-
symmetric uncertainty sets occur in modeling in several important applications (such
as modeling at most k resource failures) and the cost of an optimal static solution can
be Q(m) worse [7] as compared to the fully-adaptable two-stage solution.
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Definition 1 (i) A set P C R" is symmetric, if there exists some uy € P, such
that, for any z € R”, (ug +z) € P < (ugp —z) € P.
(i) Aconvexset P C IR’ is positive, if there exists a convex symmetric set § C R’}
such that P C § and the point of symmetry of S is contained in P.

Affine policies have been studied extensively in the literature for two-stage and
multi-stage adaptive optimization problems. They were introduced in the context of
stochastic optimization in Rockafellar and Wets [17] and then later in robust optimi-
zation in Ben-Tal et al. [4] and also extended to linear systems theory in Ben-Tal et
al. [2] and Ben-Tal et al. [3]. Affine policies have also been considered extensively
in control theory of dynamic systems (see Bemporad [1], Kerrigan and Maciejowski
[13], Lofberg [16], Bertsimas and Brown [6], Skaf and Boyd [18], Ben-Tal and Ne-
mirovski [5] and the references therein). In all these papers, the authors show how to
reformulate the multi-stage linear optimization problem such that an optimal affine
policy can be computed efficiently by solving convex optimization problems such as
linear, quadratic, conic and semi-definite. Kerrigan and Maciejowski citeKMO04 first
consider the problem of theoretically analyzing the properties of such policies and
show that, under suitable conditions, the affine policy has certain desirable properties
such as stability and robust invariance. Goulart and Kerrigan [12] show that under
certain conditions, the class of policies that are affine in the uncertain parameters in
the current state are equivalent to the class of affine policies with memory of prior
states. Bertsimas et al. [9] show that an affine policy is optimal for a multi-stage
problem where there is a single decision variable with upper and lower bounds and a
single uncertain parameter in each stage. Bertsimas et al. [8] consider linear dynamical
systems under uncertainty and show using numerical experiments on classical multi-
stage inventory management problems that affine policies give near-optimal solutions.
Kuhn et al. [15] consider one-stage and multi-stage stochastic optimization problems,
give efficient algorithms to compute the primal and dua! I approximations using affine
policies, and determine a posteriori performance bounds for affine policies on an
instance by instance basis in contrast to the a priori performance bounds we derive for
a class of instances. To the best of our knowledge, there are no a priori performance
bounds known for affine policies in a general setting such as the one considered in
I Adapt o).

Our main contributions are as follows.

1. (Optimality for Simplex sets) We show that an affine policy is optimal if the
uncertainty set U C Rﬂ is a simplex, i.e., it is a convex combination of (m + 1)
affinely independent points in R}

2.  (Suboptimality) We show that the above optimality result for affine policies is
almost tight, i.e., an affine policy is suboptimal even when I/ is a convex combi-
nation of 0 and (;m + 2) non-zero extreme points in R’}. In particular, given any
8 > 0, we present an example where I/ is a convex combination of 0 and (m +2)
other points in R and the worst-case cost of an optimal affine policy is a factor
(2 — §) greater than the worst-case cost of an optimal fully-adaptable two-stage
solution.
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3. (Lower Bound) We show that surprisingly, the best affine policy can be
Q(m'/>7%) times the optimal cost of a fully-adaptable two-stage solution for
Magap: U) for any § > 0. In particular, we construct a family of examples where
the uncertainty set{{ has an exponential number of extreme points and the worst-
case cost of an optimal affine policy is Q(m'/>~?%) times the optimal cost of
[T Agap: (U). This lower bound is in contrast to strong empirical evidence of the
performance of affine policies.

4. (Upper Bound) For a general convex, compact and full-dimensional uncertainty
set i/ C R, we give a tight upper bound on the performance of affine policies
for the case when the constraint matrix corresponding to the first-stage decision
variables, A € R} ie., A;; > Oforalli =1,...,mand j = 1,...,n).
In particular, we show that the worst-case cost of an optimal affine policy for
M adap: (U) is O(y/m) times the worst-case cost of an optimal fully-adaptable
two-stage solution if A € R'_’Q *™ Furthermore, if only k < m parameters are
uncertain, then we show that the worst-case cost of an optimal affine policy is
O (k) times the optimal which is a good approximation when there are only a
small number of uncertain parameters. We also give an O (+/k)-approximation
algorithm for the general case when there is no condition on A. However, the
solution in the general case is not an affine policy.

The rest of the paper is organized as follows. In Sect. 2, we discuss the case when
the uncertainty set is a simplex and present the proof of optimality of affine policies.
We present an example for suboptimality of affine policies when the uncertainty has
only (m + 3) extreme points in Sect. 3. In Sect. 4, we present a family of examples
that show a lower bound of Q(m'/>~%) for any § > 0 on the performance of affine
policies for general convex uncertainty sets. In Sect. 5, we present an upper bound of
O (y/m) on the performance of affine policies for the case when the constraint matrix
A > 0and also the performance bound of O (v/k) when there are only k < m uncertain
parameters. Finally, in Sect. 6, we give an O (+/k)-approximation algorithm (that is
not an affine policy) for the two-stage adaptive problem when there is no non-nega-
tivity restriction on the constraint matrix A where k again is the number of uncertain
parameters.

2 Optimality of affine policies for simplex uncertainty sets

In general, the optimal second-stage solution, y*(b), of the problem: IT AdaptU), is
a piecewise linear function of the uncertain right hand side b for all b € U where
the number of pieces can be exponentially many (see [1]). However, if if € RY is a
simplex, we show that there is an optimal two-stage solution where the second-stage

solution y(b) is an affine function of b € U.

Theorem 1 Consider the problem Tl sqqp: (U) such that U is a simplex, i.e.,
U =convd',..., o™,
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where bl e R% forall j =1, ..., msuch thatb', ..., b™*! are affinely independent.
Then, there is an optimal two-stage solution x, y(b) for all b € U such that 3 (b) is an
affine function of b, i.e., for all b € U,

$(b) = Pb+q,

where P € R"2*" g € R"2.

Proof Consider an optimal solution x*, y*(b) for all b € U of T1sq4p:(U). We will
construct an alternate solution x, yy(b) forall b € U such that y(b) is an affine function
of b and the worst case cost of the new solution is equal to zagap: ().

0= [(bl - b’"“) (b’" - b’"“)] .

Since b', ..., bt are affinely independent, (b' — b”"*1), ..., (b — b™t1) are lin-
early independent and Q is an invertible full-rank matrix. For any b € U,

m—+1

b= ajb/,
j=1

where¢j > Oforall j =1,...,m+1andaj + -+ a1 = 1. Therefore, we can
write the above equation as:

"
-

1

m
Oljbj+ I—Zaj pmtl
J Jj=1

Il
M=

o (bf - b’"“) 4yt

~.
I
—

=Q-a+b" a=(a,...,am)".
Since Q is invertible, we have,
Q*l (b _bm+1) —a

which implies that the convex combination multipliers for any b € U can be expressed
as an affine function of b. Let

Then, we can define an affine solution as follows.
&

X =x"
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For all b € U, where b = a1b' + -+ + &, 1" for some convex multipliers
0<ao;<1,j=1,....m+1,

j;(b) — YQ—l (b _ bm+1) + y*(bm-‘rl)

= Ya + y*(p"t), (where e = (a1, ..., o))
m—+1

j=1

where the last equality follows from substituting the value of Y from (2). The solution
X, y(b) for all b € U is clearly feasible for I444p: ({4) and the worst case cost can be
bounded as follows.

m+1 m+1
T~ T~ T ~ T * pm+1 j
¢’ X4+maxd’ y(b) = ¢’ X+maxd oy (b , | where b= o b’
max d” 5 (b) max Z;ﬂ< ) Z;,
3)
<cTx*4+ max  dTy*b)) 4)
j=1,... m+1

= ZAdapl(u)v ©)

where (3) follows as y(b) = 27;11 y*(b'). Inequality (4) follows as

dTy*(b)) < _ max +1dTy*(bj),

.....

anda+- - -+o,4+1 = 1. Thelastinequality follows as bl e Uforallj =1,...,m+1.
Therefore, the worst case cost of the solution X, y(b), Vb € U is equal to the optimal
cost of ITaqap: (U), which implies that the best affine second-stage solution is optimal.

O

Note that when / is a simplex, the second-stage solution y(b) for all b € U is
described completely by only describing the solution at (m + 1) extreme points,
bl ..., b™F!. Therefore, to construct an affine solution we need to find P €
R™>m g e R™ such that,

Pb +q=y*®)), Vj=1,...,m+1,

where y*(b/) is an optimal fully-adaptable second-stage solution. Such P, g always
exist as the number of degrees of freedom is at least the number of constraints and in
the proof of Theorem 1, we construct one such solution.
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3 Suboptimality of affine policies for uncertainty sets
with (m + 2) non-zero extreme points

In this section, we show that an affine policy is suboptimal even if ¢/ is full-dimen-
sional and a convex combination of 0 and (m + 2) other points in R. This implies
that the optimality of affine policies is almost tight, i.e., an affine policy is optimal
only if there are only (m 4 1) non-zero extreme points in the uncertainty set. For
simplex uncertainty sets, the degrees of freedom in an affine policy is exactly equal
to the degrees of freedom required to specify an optimal solution at (m + 1) extreme
points of the simplex. If the uncertainty set has even one more non-zero extreme point,
affine policies can be suboptimal due to a mismatch between the required and available
degrees of freedom. In fact, for any § > 0, we show that if ¢/ is a convex combination
of 0 and (m + 2) other points, the cost of an optimal affine policy can be a factor
(2 — 8) worse than the cost of an optimal fully-adaptable solution. For any § > 0, we
consider the following instance Z of ITaqqp, (/) where m is an even integer such that
m > 2;)—20,111 =n =mandc € R}',d € R}, A € R™ B € R™*" and the
uncertainty set I/ are defined as follows.

c =0,
d=(1,...,DT.
Foralli,j=1,...,m
Aij =0, (6)
1, ifi =,
Bij = [ \/Ln? otherwise,

U = conv ({bo, b, ...,bm+2}) :

where,

bl =ej, Vj=1,...,m,

bm-‘rl —

1 1

pt2=10,...,0,—, ..., —

—— M A/ m

mp2  ——
m/2

Here, ¢; denotes the jth unit vector in R whose jth coordinate is one and all others
are zero.
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Theorem 2 Given any § > 0, consider the instance I of I aqap: (U) defined in (6)
where the uncertainty set is U. Then,

ZAff(u) > (2-9)- ZAdapt(u)o

We first show that the optimal worst-case cost of the instance Z defined in (6) is at
most one.

Lemma 1 For the instance I defined in (6),

ZAdapt U) <1

Proof We construct a fully-adaptable solution whose worst-case cost is 1 which
implies than zgqp;(U) < 1. Since A = 0, we can assume without loss of gener-
ality that the first-stage decision variables x = 0 in all feasible solutions. Let us first
specify the second-stage solution at the extreme points of {/:

; b/, if j €{0,1,...,m},
Jy —
“b)_ié-a ifjefm+1,m+2).

For any b € U, b can be expressed as a convex combination of the extreme points,
i.e.,

m+2
b= ajbl,
Jj=0
for some oj > Oforall j =0,...,m+2and ag + --- + a2 = 1. Then, the
second-stage solution, y(b) is defined as

m+2

y(b) =D ajy®b).
j=0

We next verify that the solution is feasible. For the extreme point b°, By(d") =
OzbO.Foranyb/,j =1,...,m,

. ; 1 1
By(bj)ZBbj=B€j=ﬁ-€+(l—ﬁ)-€jzej.

Therefore, the solution is feasible for b/, j=0,...,m.Also,for j =m+1,m+2,

BﬂN):B-(lV“,i>

m m
l+m—1 1

= _— —_— . ———— -e
m m Jm
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ma3/2

m
= (m3/2) ¢

1

= e

> b/,

Z(—ﬁ“’l‘l).e

which implies that the solution is feasible for p"+1 and b™+2, Therefore, the solution
is feasible for all extreme points. For any b € U such that,

m+2
b= ajbl,
Jj=0
forsomea; > Oforall j =0,...,m+2andag +--- + iz =1,

m+2 .
By(b) =B > ajy(b’)
=0

m+2
=D a; By(')
j=0
m+2
> Zajbj
j=0
= b.

Hence, the solution is feasible for all b € U{. Therefore,

ZadaptU) < max{d” y(b) | b € U}

=max{d y(b/) | j=0,...,m+2} (7
Tyj : 1

= max (max{d b/ |j=0,...,m},d (Ze)) ®)

=1, )

where (7) follows as the worst-case cost of the solution is achieved at an extreme
point of ¢/. Equation (8) follows as y(b/) = b/, j = 0,...,m and y(b/) = L . ¢
for j = m + 1, m + 2. Equation (9) follows as d7 6% = 0,d"bh/ = dTe; = 1 for all
j=1,...,mandd” (L.¢)=1 o

Next we show that the worst-case cost of an optimal affine second-stage solution is
at least (2 — §). We first show the existence of a symmetric optimal affine solution for

the instance Z. Consider any permutation 7 € S™, where S is the set of permutations
of {1, ..., m}. We define the following notations.
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(i) Forany x € R™ x' = (xf(l), ces xf(m)).

(i) Forany Y € R™", Y[ = Yr() (), foralli, j € {1,....m}.

Definition 2 A set U € R is said to be permutation-invariant with respect to a
permutation t € ™ if, x € P <= x* € P.

Let
F:{reS""iS%{:)r(i)fg}. (10)
We first show that the uncertainty set{ defined in (6) is permutation-invariant with

respect to any permutation in I.

Lemma 2 The uncertainty setU in the instance I defined in (6) is permutation-invari-
ant with respect to any permutation in I.

Proof Consider any b € U and any permutation T € I'. We prove that b* € U by a
case analysis.

Case 1 (b is an extreme point of ). In this case, b = b/ for some j € {0, 1,...,m+2}.
Ifb=0%b"=(0,...,0) =b". Forany j = 1, ..., m,if b = e/, thenb™ = (/)" =
e™ ) e U If b = b1, then

oL iti=mp,
D =10, otherwise,

as j < m/2 <= t1(j) < m/2. Therefore, b* = (b"+1)* = p"*!, Similarly,
(b"F2)T = b™*2_ Therefore, if b is an extreme point b € U.

Case 2 (b is not an extreme point of U). In this case b = aph® + - - - + 0, 12b™+? for
some o; > Oforall j =0,...,m+2suchthat g + --- + ap 2 = 1. Itis easy to
observe that,

m+-2

b= ;b))
=0

Since (b/)T e U forall j =0, ..., m + 2 (from Case 1), b* € U.
Using a similar argument as above, we can show that if b* € U, then (bf)f_1 el
as 7 € I' implies t~! € I'. Therefore, b € U as (b’)f_I =b. O

Lemma 3 There exists an optimal affine solution,
$(b) = Pb+4,
where P € R™™ and § € R™ such that §; = gjforalli,je{l,...,m}.

Proof Consider an optimal affine solution:
y(b) = Pb+4q,

@ Springer



D. Bertsimas, V. Goyal

for all b € U. For any t € T (10), consider the following permuted instance 7' = Z*
where ¢/ =¢* =0,A' = A" =0,B' = B* = Band U’ = U* = U. Note that the
permuted instance is constructed by permuting the index of constraints and variables.
Therefore, it is easy to observe that the following permuted solution,

V' (b)=Ph+q,
for all b € UT = U is an optimal solution for the permuted instance Z*.

Furthermore, Z* is same as the original instance Z. Therefore, y (b) is an optimal
solution of the original instance. Therefore, the following solution:

1
) = ﬁZy’(b)

el
- ﬁrb+q~r)
i
) L(ZPH)I”LLZCIW
|F| tel |F| tel

is an optimal affine solution for the instance 7 as it is a convex combination of optimal
affine solutions. Let

F:%(Zﬁf), 7= %Zf{f.

tel

Therefore, forany j = 1,...,m/2,

1 m/2
BeEY X
i=1tel:it(i)=j
1 m/2 m
- ——1)57-, (11)
|r|i_1(2 l

where (11) follows as there are exactly (m /2 — 1)! permutations in I" that map i to j
forany i, j € {1,...,m/2}. Similarly, forany j =m/2+1,...,m,

n

1 m
Tj== > ——1)
=0 (z 9

i=m/2+1
Therefore,
qg=|pB1,....081. B2, ....8 |,
m/2 m/2
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for some B, B2 € R. Now consider the following permutation o where

o‘(j):(%—}—j) modm, Vj =1,...,m.

It is easy to observe that {/ is permutation-invariant with respect to the permutation

o . Therefore, using a similar argument as before P? and g° define an optimal affine
solution for the original instance Z. Let

Py (P4P)ii=1@+7).

Therefore, the solution
$(b) = Pb +4,

is an optimal affine solution as it is a convex combination of two optimal affine solu-
tions of Z. Now forany j = 1,...,m,

~ 4j T4 tm2) mod m
_ Bt B
——

]

Proof of Theorem 2 Let $(b) = Pb + § for all b € U be an optimal affine solution
that satisfies the symmetric property in Lemma 3 and let g; = g forall j =1,...,m
for some B8 € R. Now,

zapr U) = max{dT (Pb +§) | b € U).
For the sake of contradiction, suppose that
zaprU) < (2-9). (12)
Claim B < (2 —6)/m.
Suppose not. Consider b = b° = 0, §(b) = Pb + § = §. Therefore,
U =d" 30 =d"g=m-p>2-3,
a contradiction to (12).

A

Claim Forall j =1,...,m, Pj; > 1 —

|
IS

Hi
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Consider b =e; for j = 1,...,m, $(b) = Pej + §. Now,
B(Pb) +G) = B(Pej +§) > e;.
Therefore, (B ﬁej + Bc}) > 1 which implies that,
J

~ 1 -
Pjj+B) + D —=(Pj+p = 1.
i#] Vm

Therefore, either

X 2 ;
(B +pzl=—mor |3 (Py+p)| 22

i#]

Suppose for some j' € {1,...,m},

DByt | z2
i)'

Then,

d'ym’y =" 507

i=1

=> (Pj+B)
i=1

> Z(ﬁij’ +8)

i#j
Z 27

13)

(14)

15)

where (14) follows as Pj/;» + B > 0 and (15) follows from (13). This implies that
zaff(U) = 2; a contradiction to (12). Thus, we can assume without loss of generality

thatforall j =1,...,m,
N 2
(R/j"‘/g)zl—ﬁ,

which implies

N 2
Pzl =g
| 2 2
> ____’
A/m m
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where the last inequality follows from Claim 3.

Claim P;j > —(2—8)/mforalli, j € {1,...,m}.

Consider b = ¢ for j = 1,...,m. Now, y(b) = 136]- +¢g.Foranyi =1,...,m,
yi(b) = P;j + B. Since y(b) > 0,

Now, consider b = "+ Fori =1,...,m/2,

= (Pr+1+4)

v

v

i

m
1 (6 b 82
ﬁ(i_ﬁ‘ﬁ)
)
3m’

(16)

a7)

where (16) follows from Claims 3 and 3 and Inequality (17) follows as m > 200/ 52.

Therefore,

dTy(bm+1) > ﬂ .

8§ 8-m
2 3Jm 6

> 2,

a contradiction to (12). Hence, z47r (U) > (2 — 8) - Zadap: U) even when there are
only m 4 3 extreme points in the right hand side uncertainty set.

O

@ Springer



D. Bertsimas, V. Goyal

4 A large gap example for affine policies

In this section, we show that the worst-case cost of an affine policy in ITagqp: () can
be arbitrarily large as compared to the optimal cost. In particular, we show that for any
8 > 0the cost of an optimal affine policy can be € (m!/2>~%) times the cost of an optimal
fully-adaptable solution for the following instance Z. Let n; = no, = m, where,

m® > 200, (18)

andc € R}, d e R}?, A € R"*"1 B € R™*"2 and the uncertainty set { are defined
as follows.

c=0,
d=(,...,DHT.
Foralli,j=1,...,m
A;j =0, (19)

s _ 1 ifi=
7| 6y, otherwise,

u=conv({b0,b1,...,bN}),

where 6y = m(1+5)/2 r=[m=%,N= (':’) +m + 2 and

b’ =0,
bjze]‘, Vj:l,...,m,
1
bm+1:_'ev
N
2 =g [1,...,1,0,...,0],
——

r

where exactly r coordinates are non-zero, each equal to 8y. Extreme points b, =
m + 3 are permutations of the non-zero coordinates of »"+2. Therefore, U/ has exactly
(’f) extreme points of the form of 5”2, Note that all the non-zero extreme points of
U are roughly on the boundary of the unit hypersphere centered at zero. Therefore,
intuitively a unit hypersphere intersected with the non-negative orthant is the worst-
case example for affine policies in view of a tight upper bound of O (y/m) on their
performance presented in the next section.

Theorem 3 For the instance T defined in (19) defined the uncertainty set is U,
zaprU) = Q (m”H) - Zadapr U),

for any given § > 0.
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We first show that the worst case cost of an optimal fully-adaptable two-stage solution
is at most one.

Lemma 4 For the instance I defined in (19), zagap:(U) < 1.

Proof We show this by constructing a fully-adaptable solution whose worst-case cost
is 1 which implies than z44qp: (U) < 1. Since A = 0, we can assume without loss of
generality that the first-stage decision variables x = 0 in all feasible solutions. Let us
first specify the second-stage solution at the extreme points of I/:

b/, if je{0,1,...,m},

py=141
YOO =L ismtt
m

For any b € U, b can be expressed as a convex combination of the extreme points,
ie.,

N
b= a;b,
j=0

forsomea; > Oforall j =0,..., Nandag+---+ay = 1. Then, the second-stage
solution, y(b) is defined as:

N
y(b) =D ajy®)).

Itis easy to observe that the solution is feasible. Let us first verify the feasibility for
all the extreme points. For extreme point b%, y(%) = b° = 0 and By(»°) = 0 = »°.
Forb/,j=1,....,m

By(b’) = Bb/ = Be; > e;.

Therefore, the solution is feasible for b/, j=0,...,m.Forany, j >m + 1,

By(bj) —B. (i ~e)
m

(1 m-—1 1
T T mn )

m=9/2 ;1
mG—/2 ¢

== (m(a 3)/2) e
= (m(1 a)/z) ¢
> b/,
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which implies that the solution is feasible for b’ . Therefore, the solution is feasible
for all extreme points. Using an argument similar to the proof of Lemma 1, we can
show that the solution is feasible for all b € U.

Therefore,

ZadaprU) < max{d"y(b) | b € U}
= max{d” y(b/) | j =0,...,N}

= max (max{dTbj |j=0,....,m},d" (n% e)) (20)
=1, 1)

where (20) follows as y(b/) = b/, j = 0,....,m and y(b/) = 1/m - e for all
j = m+ 1and (21) follows as d7h° = 0,d"b/ = dTe; = 1 forall j = 1,...,m
andd”(1/m -e) = 1. o

In the following lemmas, we show that there exists an optimal affine solution sat-
isfying certain symmetric properties for the instance of IT4gqp: () in Theorem 3.

Lemma 5 The uncertainty set U in (19) is permutation-invariant with respect to any
permutation in ™.

Proof Consider any permutation o € S™. We need to show thatb e Y <— b° € U.

Suppose b € U. We show that b° € U by a case analysis.

1. Ifb=0b" thenclearly b° = b e U.

2. Ifb=05b' =e;j fOI‘j =1,...,m,then b° = €5(j) elu.

3. Ifb=b"" = (1/ym, ..., 1//m), thenb° = b € U.

4. Ifb = b for j=m+2,..., N,then b has exactly |'m1_51 non-zero coordinates
each equal to 6y. Therefore, b° also satisfies the same structure and since all pos-
sible combinations of the non-zero coordinates are extreme points of U, b € U.

5. If b is not an extreme point of U/, then b = aobo + - 4+ ayb" for some aj >
0,j=0,...,Nand g + - - - + ay = 1. Therefore,

N
b7 =" a;(b))°.
j=0

Since (b/)° € U for all j=0,..., N, b? is aconvex combination of the extreme
points of &/ which implies b° € U.

Therefore, b € U implies b° € U.
Conversely, suppose v = b° € U. By the same argument as above, we can show
that v@ ") e U. Now,
_ -1
v = (b)) =b,

which implies b € U. O
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We next show that if we consider a permuted instance of the instance in Theorem 3,
we obtain exactly the same instance. Forany o € S™, consider the following permuted
instance Z' = Z (o) of the instance defined in (19) where

¢ =0,

d=d°=(@1,....,»)T,

A =A% =0, (22)
B = B(T7

U =u°.

Note that forany i, j = 1,...,m, Bf’j = Bs(i),0(j)-

Lemma 6 The permuted instance I(o) defined in (22) is the same as the original
instance.

Proof Note that B is symmetric where B;; = 1foralli = 1,...,m and B;; = 6
for all i # j. Therefore, B, = Bs(i),c;) = 1 foralli = 1,..., m. Also for any
i #]j, Bl?'j = By (i),0(j) = bo since i # j implies o (i) # o (j). Therefore, B° = B.
In Lemma 5, we show that I/ is permutation-invariant and thus, /° = U. Therefore,
the permuted instance is exactly similar to the original instance. O

Lemma 7 Leto € S", and let
y(b) = Pb+q,
be an optimal affine solution. Then the following solution,
y7(b) = P°b+4°,

where P = Py o) forall i, j € {1,2,....m}, and q7 = qo(j) for all j =

1
1, ..., m, is an optimal affine solution for the original instance. Note that y° (b) is not

the permutation of coordinates of the solution vector y(b) by o.

Proof Letus first prove that the new solution is feasible. Suppose not. Therefore, there
exists b €e Y and i’ € {1, ..., m} such that,

(BY? (), < bir-
Let us permute the constraints by o ~!. Therefore,

(B(g—l)yf’(b)) < by-1 iy

oL’

where B(a‘l)ij = Bg-1(;,; forall i, j € {I,...,m}. Let us also permute the
columns of B(o~!) by o~! so that we get back the original constraint matrix as
By-1(jyo-1(jy = Bij forall i, j € {1,...,m}. Since we permute the columns of
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B(o~!), we must also permute the solution vector y° (b) by the same permutation.
Therefore,

(¢™h
(B (" () )U—w) < by13), (23)
where,
—1 -1
(ya(b))(ff )= P/b—l- (qg)a — P’b+q,
and P’ = (P°) (o~ 1), ie., Pl.’j = P, ;) foralli, j € {1, ..., m}.If we also permute

1

the columns of P’ by o~", we can express the above equation as,

BT ) =P g =y . (24)

Simplifying (23) using (24), we have that

—1 -1
(B ))o‘l(i/) <botay =0

which is a contradiction as y(b"_l) is a feasible solution for 5% . Furthermore,
_\T -1 _
'y ) = (a"") ()T =d e,

as (y"(b))‘f1 = y(b"fl) from (24). Hence, the worst-case of the solution y? (b) is
same as the worst-case cost of the optimal affine solution. O

We next show that there is an optimal affine solution for the instance in Theorem 3
that satisfies certain symmetry properties.

Lemma 8 There exists an optimal affine solution,
5(b) = Pb+4,

forall b € U such that,

I Pij=uforali # jforsomepu € Rand Pjj =6 forall j=1,...,m,0 € R.
2. gj=Mforalj=1,....mxreR

Proof Consider an optimal affine solution:
y(b) =Pb+q,

where P € R" ™ andg € R™.Let S” denote the set of all permutations of {1, . .., m}.
From Lemma 7, we know that for any o € S™, the solution,

¥ (b) = P7b+4°,
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for all b € U is also an optimal solution for the problem. We know that any con-
vex combination of a set of optimal solutions is also optimal. Consider the following
solution,

5(b) = Pb+4,

where
D __ a
P = | m| Z P
oesm
§ =g Z q°
oes"

Therefore the solution defined by P and q is a convex combination of the solutions
defined by all the permutations which are each optimal implying that the new solution

is also optimal. Furthermore, forany j = 1, ..., m,
. 1 .,
Pjj = KR >p
oesS"
1
= Jem] Z Po(j).0(j)
oes"
1 m
= o 2. 2 P
k=1o0:0(j)=k
1 m
= 5o 20m = D'Pu (25)

where (25) follows as |[{o € $™ | 0 (j) = k}| = (m — 1)!. The final expression of ﬁjj
does not depend on j and thus, ISjj =@ forall j =1,...,m where

1 m
=—'Zpkk-
m k=1
Foranyi, jef{l,...,m},i # j,

KRR

oesm
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= o Z Po(i).0(j)

oeSm

:ﬁz > > Py

k=1i=1,...m, I#k \o: o(i)=k,0(j)=l

zﬁz S m-2py (26)

k=11=1,...m, l#k

Where(2§)follows as|{oc € §" | o (i) =k, o(j)= I} = (m—2)!. Again, the expres-
sion of P;; does not depend on i, j and thus, P;; = pforalli, j=1,...,m, i #j
where,

1 m
= — Py.
8 m(m — 1) 1;1=1,.§, Ik .
Using a similar argument, we can show that g; = A forall j =1, ..., m where,
1 m
A=— .
—~ qu

m}

Proof of Theorem 3 Let $(b) = Pb + § for all b € U be an optimal affine solution

A

satisfying that for all i, j € {1,...,m},i # j, P;j = u, Pj; =6 and c}j = A. Such a
solution exists from Lemma 8. Let

2 U) = max{d” (Pb+ ) | b € U).

For the sake of contradiction, suppose that

ml/2—8

zaprU) < 27)

Claim 0 < ) < —rrs.

Note that $(b°) = $(0) = A - e. Since $(b°) > 0, 1 > 0. Now, suppose A > m
Then,
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zarrU) = de)(bO) =dTO-e)=nr-ele=nr-m>m'/?79,

a contradiction to (27).

Claim 6 > 1.

Note that
ye) =0+ pn+r...,n+2
[ —
(m—1)
Slnce By(el) Z el9
O@+1M)+m—1)-(u+Ar)-6p>1.

Therefore, either

1 1
(9+)»)2zor(m—1)~(/¢+l)-902§.
Suppose
1
(m—l)-(,u+)\)-6’025- (28)
Then,
zarfU) =dye) =" [0+ a, w4+, o+
—_—
m—1
=0+Ar+m—1)-(u+21)
>m—=1)-(n+21) (29)
(1-8)/2
m
> 30
z— (30)
ml/2—8
> ,
2

where (29) follows as & + A > 0 since y(e;) > 0 and (30) follows from (28). This
implies a contradiction to (27). Thus, we can assume that

O+2) =

3

N =
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which implies that

1
0>—-—
2
1 1 :
= 2 ml/2+s Gh
1
> -,
3
where (31) follows from Claim 4.
Claim —m <u<0.
Suppose u > 0. Consider b = b"m+L For anyi =1,...,m,
yi(bm+l) — ﬁbm+] +é)
1
0 ! +( 1) ! + A
prm . — m— . —
Jm ~ m
1
>0. — + A 32
> ﬁ+ 32)
1
>0. — 33
=0 (33)
1
> —, 34
= 3 m (34)

where (32) follows since we assumed that > 0. Inequality (33) follows as A > 0
from Claim 4 and (34) follows from Claim 4. Now,

Jm
3 9

m
2apf @) = d"y@" Y ="y > m-

i=1

W
B

a contradiction to (27). Therefore, u < 0.
Consider the extreme point 5”2 where the first # = [m!~%] coordinates are
non-zero and each equal to 6y. Now,

B Bo- O+ G —Dp) +r
r :
- O+ —Dwu) + 1
m+2y 0
Y& = (60 i+
(m—r) :
| ‘Qo-r/vL-f-)» |
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Since y(b"1?) > 0,6y - rie + A > 0 and thus,

- A
H= Oy -r
1 1
U=z, -
mizrs 1= (33)
1 1
> - .
= T2 s
1
o2

where (35) follows from the bound on A in Claim 4 and substituting values of 6
and r. Now, consider » = b 1!, For anyi=1,...,m,

bm+l) ( bm+l+q)

1
+m—=D-p-—=+A

=0-
f m
1

= 3Jm 3f =D (36)
1

= 3f T G2

_ 1

- 3f m(1+8)/2

_ 1 1 1

= 7— 37w

1
> ﬁ : Z, (37)

where (36) follows as 0 > 1/3 and > —1/m'*%/2 and (37) follows as m® > 200
(18) which implies m%/? > 12. Therefore,

1 m

m
T +1\ . +1 _
zaprU) = dTy(™ >—;yl<b'" )= me = T

which is a contradiction to (27). O

We would like to note that the large gap instance defined in (19) satisfies the restric-
tionsof c > 0,d >0,A>0,B>0and U/ C RT. Therefore, the lower bound on
the performance of affine policies we prove above clearly holds for the more general
problem without some of these restrictions.

@ Springer



D. Bertsimas, V. Goyal

5 Performance guarantee for affine policies when A > 0

In this section, we prove that an optimal affine policy is within O(y/m) from the
optimal two-stage adaptive objective when the right hand side is uncertain and the
constraint matrix corresponding to the first-stage decision variables, A > 0. In view
of the example in Sect. 4 where we show a gap of Q (m'/?>~%) for any constant § > 0
for affine policies, it follows that the approximation factor O (/m) is tight. We later
consider the case where there are only k < m uncertain parameters and show that the
performance of affine policies is only O (+/k) times worse that the cost of an optimal
fully-adaptable solution. This bound is particularly useful in applications where there
are only a small number of uncertain parameters. Furthermore, the assumption that
A > 0 is satisfied in many applications including network design, facility location,
capacity planning and other applications of the set-covering problem.

Theorem 4 Consider the problem I aqqp (U) wWhere the right hand side uncertainty
setU C Rﬁ is convex, compact and full-dimensional and A > 0. Then

zapfU) < 3v/m - Zadapt U),

i.e., the worst case cost of an optimal affine policy is at most 3/m times the worst
case cost of an optimal fully adaptable solution.

We construct a feasible affine solution for ITggqp, (/) starting from an optimal
fully-adaptable solution such that the worst case cost of the affine solution is at most
3m - zadapt ). Forall j =1,...,m, let

wj = max{bjl b e U},
B’ e argmax{b;| b € U}. (38)

It is easy to observe that u; > Oforall j = 1,...,m, sinced C R’_ﬁ is full-dimen-
sional. To motivate the construction we consider the following case where,

Z—f <Jm, Vbel. (39)

In this case we construct a feasible affine (in fact a linear) solution as follows. Let
x*, y*(b) for all b € U denote an optimal fully-adaptable solution for IT 44y (). Let

m

1 1
P= [—-y*(ﬂl),..., —-y*(ﬂ”’)}-
H1 2
Consider the solution:
¥=+m-x* $(b)=Pb, Vbell. (40)
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The solution is feasible as for any b € U,

A% + By(b) = A(J/m - x*) + B(Pb)

m
b; .
Vm - Ax* + B Zj-y*(ﬂ’)
j=t"

bj

- «/E—Z% -Ax*+Z—-(Ax*+By*(ﬂj))
j=1"7 j=1

-1

=> i—f (A + By (8)) (1)
j=1"

-3l 42)
j=1 1

=Np. . |—.p
jZ:% ! (Mj ﬂ)

zibj.e, (43)
j=1

= b,

where (41) follows, since A, x* > 0 and thus, Ax* > 0. Inequality (42) fqllows from
the feasibility of x*, y*(8/) for 8/, j = 1, ..., m and (43) follows as ,BJ]. = pj and
,Bij > O0foralli =1,...,m. The cost of the solution for any b € U is

i +d"(Pb) = Vm -

— Jm-

< Jm

< fm -

= Jm-
< Vm-

ceTx* 4 Z_J

m

b; .
I +d [ DLyt (B
j=t"

m

Z b ;
CT.X*+ J dTy*(/Sj)

=11

- max_d"y*(B/)
= ILLJ j=1l,....m

cx o m e max dty*(B) (44)
J=1,....m

.....

ZAdapt o, (45)

where (44) follows from (39) and (45) follows as ¢” x*+d” y*(87) < zadap: (U) since
B’ e U forall j = 1,..., m. Therefore, the worst case cost of the affine solution (40)
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is at most /m times the worst case cost of an optimal fully-adaptable solution if I/
satisfies (39).

For the general case when (39) is not satisfied, the basic idea is that the set of coordi-
nates {1, ..., m}canbe partitioned into two sets J, Jo with J1UJ> = {1, ..., m}, J1N
Jo» = @ such that

1. Forallb e l,

PIECEN

Jeh Ki

2. There exists 8 € R"} that is a sum of at most 2/m points in U such that ; > b;
forall j € Jo,b e U.

We construct the partition Ji, J> and 8 € R} satisfying the above properties itera-
tively where we initialize 8 to zero and Jp to {1, ..., m}. In each iteration, we select
ab € U such that ) jes bj/mj is strictly greater than A/m (if such a point exists) and
add it to 8. If for any coordinate j € Ji, B; is at least u ;, this implies that the current
B dominates the jth coordinate of all b € U. Therefore, we remove j from J; and add
it to J». Since in each iteration we are adding a point from ¢/ whose scaled sum over
coordinates in Jp is large, we argue that the algorithm will find B and the partition
J1, J» in at most 2./m iterations which we use to prove the required properties. The
algorithm to construct 8 and the partition Jq, J is described in Fig. 1. Note that the
construction of 8 and the partition [J1, J3] is only to show the existence of a good
affine solution for I 444y () and is not required to compute the best affine solution
which can be found directly in polynomial time.

Lemma9 Let B, J1, J» be the vector and the partition that Algorithm A produces.
Forallb € U,

b
> L<im,
Je€N1 Hi

andbj < Bj forall j € J».

Proof The first property follows from the fact that Algorithm 4 terminates when the
condition in Step 2 is not satisfied which implies that,

Zﬁs«/ﬁ,

Jeh1 Hi
for all b € U. Furthermore, for any j € J>, 8; > p; from Step 2d(i). O

Next we show that the number of iterations required to compute 8 in Algorithm A
is at most 2/m.
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Algorithm A to compute 8 and partition Ji, Ja.
1. Initialize k < 0,00 «— 0,U «— U, J) — {1,...,m},J9 = 0.

2. while (3 € Usit. X n 12 > Vm)
“ J
(a) k—k+1.
(b) ukEarmax{Z k bfjleU}
& jeIf—t by :
(¢c) Forallj=1,...,m,

k-1 o k—1
bk:{b{ +u_’7.‘, if j € Jy

J b]ff L otherwise.

. k—1
(d) Forall j € Jy 7,

i If b§ >y,
JE = I {G)
JY — g tu {5}
ii. Else,
JF e~ gFt
JE — g5t
3. K — k.

4. B —ul + .. +uf.
5. J1<—J1K, J2<—J2K.

6. Return {3, K,u',...,u® J1, Ja}.

Fig. 1 Algorithm A for computing B and partition Jy, J»

Lemma 10 The number of iterations, K in Algorithm A is at most 2./m.

Proof Let bl ..., bX bethe sequence of vectors constructed in Algorithm 4. We first
arguethatbf <2ujforallj=1,...,m.Forany j =1,...,m,suppose k(j) is the

last iteration when j € J; before Step 2d in Algorithm A. Therefore, b];.(j -1 < Wj.

Also, ul;(j ) < ;. Therefore,

Now, bK = bk = b’]‘.(” forall k > k(j) whichimplies bX < 2u; forall j =1,...,m.
Therefore,

K
by

Hj

<2m.

m
j=1
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Alternatively,
m bK m K bk _ bk_—l
IR I
Rt A
K m pk k—1
PR
=1 =1 M
K ul}
=2 > (46)
k=1 je k=1 Hj
K
> > Jm (47)
k=1
=K.V,
where (46) follows as b]; = b];_l forall j ¢ Jlk ! and (47) follows from the choice
of u* in each iteration k = 1, ..., K in A. Therefore, we have that
m K
Z g
=1 M j
which implies that K < 2./m. ]

Proof of Theorem 4 Suppose x*, y*(b) for all b € U is an optimal solution for
M agap: U). Also, let B, K, ul, ..., uX, J1, Jo be returned by Algorithm A and let

K
8 2ﬁ *k
y== 2y, (48)
k=1
Consider the following affine solution: ¥ = 34/m - x* and for all b € U,

~ 1 - N
Fby=D — -y (B)-bj+3.
Jet
Let us first verify the feasibility of the affine solution. For any b € U,

A%+ Bj(b) = AB/m -x*) + B Zy(ﬂ’)

Jjeh

bj b
=2Vt D o) A B D k) @)

jen Hi jel j
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= Z - (Ax* + By*(B)) + 2v/m - Ax* + B

JEfl
zZ%-ﬂf+2M-Ax*+B§ (50)
Jjeh
Eij-ej—l—%/n_a'Ax*-l-Bf) (51)
Jedi
- 24/ K
=ij~ej+2Jn_1~Ax*+zT~By*(u) (52)
jeh k=1
=> b, »+i2ﬁ (A * 4+ By*( "))
= - j .ej K . X y u
Jje k=1
NI
> D bjej+ Y, Su (53)
Jje k=1
K
> bjej+ > ut (54)
jeq k=1
Jjedi
> b, (55)

where (49) follows as > . jen M—’ < /m from Lemma 9 and Ax* > 0. Inequality
J

(50) follows as the solution x*, y (ﬂf ) is feasible for ,Bj forall j =1, , m since
B/ € U. Inequality (51) follows as 8/ > 0 and ﬂj = ;. Equation (52) follows from
subst1tut1ng the value of y from (48). Inequahty (53) follows from the feasibility of
x*, y*(uk) as u* € U forall k = 1,..., K and (54) follows as K < 2./m from
Lemma 10. Finally (55) follows as 8 > 0 and for all j ¢ Ji, B; > b;. Therefore, the
solution is feasible for all b € 4.

We next argue that the cost of the affine solution %, y(b) for all b € U is O (/m)
times zaqap: (U). For any b € U,

TE+d"5b) =c"GYm-x)+d" [ D]y L

Jedi Hi
_3me T+ S U Ty gl 1 dT
jen
<3Jm-cTx* + Z maxdTy*(ﬁ’) +dT

1611

§ﬂ~(c X +maxdTy*(ﬂ/))+2J_ cI'x*+d"s  (56)
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< M ZagapU) +2/m - T x* +dT (57)
K
2
= i a0+ D (T Ty ) 6)
k=1
K
2
= \/% * ZAdapt ) + z % : ZAdapt(u) (59
k=1

= 3\/% : ZAdapt(u)a

where (56) follows from Lemma 9, (57) follows from the fact that 8/ € U for all
j=1,....,mand thus, zagap; (U) > cTx* +dT y*(B/). Equation (58) follows from
substituting the value of y from (48) and (59) follows the fact that uk € U and thus,
ZAdaptU) > cTx* +dT y*(uk) forallk = 1, ..., K. Therefore, the cost of the affine
solution is at most 3./m - z Adapt(U) for all b € U which implies

zarrU) < 3vm - Zagape U).
o

Several comments are in order. The upper bound of O(/m) on the performance
of affine policies is tight (up to a constant factor) since from Theorem 3, we have that
for any § > 0, there exists an instance of ITaqqp, (U4) such that the worst case cost of
an optimal affine policy is Q(m!/27%) times the worst case cost of an optimal fully
adaptable solution. Furthermore, while the proof of Theorem 4 is existential where
we only show the existence of a good affine policy, an optimal affine policy can be
computed efficiently in polynomial time. Also note that the performance of affine
policies is strictly better as compared to the performance of a single robust solution
which can be €2 (m) factor worse than the optimal.

5.1 Performance bound when the number of uncertain parameters is k < m

We show that if the number of uncertain parameters in ITagqp: (U) is k < m, then we
can prove an improved performance bound of O (+/k) on the performance of affine
policies. In many applications, only a small number of parameters are uncertain where
our result shows that affine policies provide a good approximation. In particular, we
consider the following problem 1'[12 da p,(u ) where only & right hand side coefficients
are uncertain.

2 dapr @) = min ¢’ x + maxd” y(b, b°) (60)
bel

Aix + Biy(b,b%) > b, Vbel (61)

Arx + Bay(b, b°) > b° (62)

x, y(b,b%) > 0, (63)

where Aj € RV 45 e RP"O™ B e R By e RV 0 c RMK ¢ ¢
Ril ,d € R’f, U c le_ is a convex uncertainty set of possible values of b. As before,
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for any b € U, y(b, b9) denotes the value of the second-stage variables in the sce-
nario when the right hand side is (b, bY). We show that an affine policy is an 0(«/%)
approximation for the above problem. In particular, we prove the following theorem.

Theorem 5 Let Ziff (U) denote the cost of an optimal affine policy and let Z];\dapt o)

denote the cost of an optimal fully-adaptable solution for 1'[’2 dapt (U) where the number
of uncertain right hand side coefficients is k < m. Then,

i U) = OVK) - 2y U).

We show the existence of a good affine solution for I"I'j‘ dapt (U) by constructing
one such affine solution from a fully-adaptable solution. In particular, we consider the
following two problems constructed from Hllj dapt o).

z(ITy) = min ¢’x + maxd” y(b)
beld

Ax+ B1y(b) > b, Vb el (ITy)
x, y(b) = 0.

z(ITy) = min ¢Tx +dTy

Arx + Byy > b° (IT)
x,y >0.

Lemma 11 The optimal cost of both T11 and Iy are at most the optimal cost of
I e ), e,

2(M1) < g @), 2(M2) < g, ).

Proof Consider x*, y*(b, b°) for all b € U be an optimal full-adaptable solution for
Hk

Adapt (U). Clearly, it is a feasible solution for I; as:
Ax* + Biy*(b,b%) > b, Vb ell.

Therefore,

2(My) < c'x* +maxd” y* (b, b°) = 4, U).
beld

Also, consider any b' € U. Then the solution x*, y(b1 , bo) is a feasible solution for
I, as:

Aox* + Boy*(b', b°%) = b°.
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Therefore,
2(M) < Tx* +dTy* ', %) < Tx* + max dTy*(b, b°) = z’j\dup[(Z/I).
€
O

Proof of Theorem 5 Letx!, y! (b) = Pb+¢q forall b € U be an optimal affine solution
for T1; and let x2, y2 be an optimal solution for IT,. We construct an affine solution
for 1'[’2 dapt (U) as follows.

F=x"+x2 5b,6% =y'(b)+ y* = Pb+q + y*, Vbell. ©1)
We first show that the above solution is feasible.

A1F 4 B3, b°) = Aj(x! +x%) + B (v (b) + y?)
> Aix' + Byl (b) (62)
Z b’

where (62) follows as Ajx%, Bjy? > 0 and the last inequality follows from feasibility
of x!, yl(b) for IT;. Also,

Arx(x' + X2 + Bo(y' (b) + yH) = Axx? + Boy? > B,

where the first inequality follows as A»x!, Boy!'(h) > 0 and the second inequality
follows from the feasibility of x2, y? for IT,. Therefore, the solution (61) is feasible
for 1%, ;. ). Now,

i+ maxdTﬁ(b, bo) = cT()c1 +x2) + maxdT(yl(b) + yz)
beld beld

— (chl + max at (pb + q)) + (ch2 + dTyZ)
€

= zarr(IT1) + z(I12) (63)
< 3k - z(Ty) + z(TL) (64)
< 3Vk s W) + s ) (65)

= O(VK) - 2y g W),

where (63) follows from as x!, yl (b) is an optimal affine solution for IT; and x2, y2
is an optimal solution for I1;. Also, zafs(I11) denotes the cost of an optimal affine
solution. Inequality (64) follows from Theorem 4 which shows that the cost of an
optimal affine solution is at most 34/m times the cost of an optimal fully adaptable
solution, where m is the number of constraints. Note that the number of constraints
in IT; is exactly k and z(I1;) denotes the cost of an optimal fully-adaptable solution.
Finally, inequality (65) follows from Lemma 11. O
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6 An O (y/m)-approximation for the general case

In this section, we present O (,/m)-approximation algorithm for I 44, pt (U) even when
the assumption on A > 0 is relaxed using an argument similar in spirit to the proof of
Theorem 4. The goal is to compute a first stage solution x such that for any b € U, the
optimal second-stage solution does not have a high cost. Note that the algorithm does
not propose a functional form such as an affine policy for the second stage solution
instead just computes a good first stage solution in an efficient manner.

The basic idea is to construct an uncertainty set /° from the given uncertainty set
U in I ggap: U), such that 1O has a small number of extreme points and it dominates
U. In other words, for all b € U, there exists a b’ € U° such that b < b’. In particular,
we consider the following uncertainty set.

uo:conv{zﬂ-ﬁl,...,2¢E.ﬂm,2ﬂ}, (66)

where ,Bj,j = 1,...,m are defined in (38) and g = ul +.. .+ uK is the point
returned by Algorithm .A. We show that 2/? satisfies the above mentioned properties
and the worst case cost of an optimal fully-adaptable solution on 2 is O (\/m) times
ZAdapt (U). Furthermore, since U is a convex combination of only (m + 1) extreme
points which are affinely independent, ITaqqp, (U 0 can be solved optimally using an
affine policy (see Theorem 1) and an optimal first stage solution for ITagap (U O)isa
good approximation as a first stage solution of IT444p: (/). In particular, we prove the
following theorem.

Theorem 6 Let U° be as defined in (66) and let 5 € R be an optimal first stage
solution for T pqap: UO). Then X is an O (/m)-approximation for the first stage solu-
tion of I pgap: (U), i.e., the worst case cost of the following solution for T1oqap: (U):
X is the first stage solution and for all b € U,

y(b) =argmin{d”y | By > b — A%, y > 0},

is at most O(y/m) - Zadapt U).
We first show that 2/° dominates /.

Lemma 12 For any b € U, there exists b’ € U such thatb < b'.

Proof Consider any b € U and consider the partition [J, J2] of {1, ..., m} computed
by Algorithm .4. We know that

Zb—fsx/%,

JeN

from Lemma 9. Therefore,

A= = 67
Z\/_I‘Lj 2 ©7

Jehi
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Also forall j € Jo,
bj < Bj < 2B,

since > 0. Let v/ = 2/m - B/ forall j = 1,...,m and v""+! = 28. Therefore,
U° = conv(vl, R vm+1). We can express b as follows.

bj
=D 5 2/muj e+ Y bje;
jea, 2V/mu; jeh
b .
<D s W D b (68)
joa 2/mu jeh

b :
= J .U]+ijel

Jjeh JjEN
bj .
s> A+ D e (69)
Jeh zﬁll«j =
<23 b yip (70)
= 2mu
bj o
— . Cd o L, 71
2 g,V 7

where (68) follows as ,Bj > uj-ejforall j =1,..., m. Inequalities (69) and (70)
follow as B; > b; for all j € J; and B > 0. Equation (71) follows as vl = 28.
If A = 0, then b; = 0 for all j € J; which implies that b < 1/2 - v+ < ym+l,
Therefore, we can assume that A > 0 and (71) can be further modified as follows.

1
b < Z vl =yt
jed \/_Mj 2
=51 23 e (72)
B ]EJ] \/_Hj 2
1 1
=D vty
P 4)\\/_/1,1 2
m+1
=D aj-vl, (73)
j=1
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where (72) follows as 21 < 1 from (67) and forall j =1,...,m + 1,

bj e
—7 e b
difmp; T
“i= ! i =m+1
7’ J = ,
0, otherwise.
Now,
m—+1
Z aj =D aj+dm
J€N1

b 1
Z 4)‘\/_M]

jedi
(5]
el \/_H“] 2
=% /\+% (74)
=1,

where (74) follows from (67). Therefore, b’ = oy -v' + -+ Oyt - v+ is a convex
combination of extreme points of 2/ which implies b’ € U° and from (73) we have
thatb < b'. o

We next show that z aqap: (UY) is at most a factor of O (/m) worse than ZAdapt U).

Lemma 13 247 (U°) = Zadap: U°) < 4/m - Zadaps U).

Proof Note that since /° is a simplex, an affine policy is optimal and can be computed
in polynomial time as shown in Theorem 1. Therefore, z4 77 (U 0 = ZAdapt U 9). To
prove the second inequality, consider an optimal solution x*, y*(b) for all b € U
for Ml agap: (U). We construct the following approximate solution for ITagap; (UO):

=4ym-x*andforall j =1,...,m, $(v/) = 4/m - y*(B/) and

4
™) = —g?i '(y*(ul)4—...y*(uK)).

Forany b € U, b = a1~v1+~ . ~+am+1-vm+1,whereaj >O0forallj=1,...,m+1
and o1 + - - - + &;41 = 1. Therefore,

m+1

by =D aj-$).

@ Springer



D. Bertsimas, V. Goyal

We show the feasibility of the solution %, $(b) for all extreme points of /° and the fea-
sibility of the solution at other points follows from a standard argument as in Lemma 1.
Forany j =1,...,m,

A%+ BIT) = 4y - (Ax + By*(8))
> 4y/m - g
> 2/m - B

=/,

Forj =m+1,

AR + B = A (4ym - x*) + B (

4/m

K

= %ﬁ . ( é (Ax”< + By*(uk)))

k=1

K
2./m P
x 2 Z“)

(e +

=
k=1
_2m m
K
> vm+1

’

ot y*(u’%))

(75)

where (75) follows as K < 2./m from Lemma 10. Therefore, the solution X, $(b) is
feasible for all b € U°. For any j=1,...,m,

Ti+dTH(’) = 4ym - (ch* + dTy*(ﬁj))

< 4Jm - 2adap U),

(76)

where (76) follows from the optimality of x*, y*(b) for all b € U for ITpgqp: U).

Also,

@ Springer

Ty o mtl o WIS
cx+dy(vm+)=4ﬂ~cx*+7'zdy*(u)
k=1

K

K
= ﬂ (Z (ch* +dTy*

k=1
4 K
=< %% : ( ];ZAdapt(u))

= 4% : ZAdapt(u)9

(u")))

(77)

(78)
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where (77) follows from the optimality of x*, y*(b) for all b € U for ITaqap: (U) and

the fact that u¥ € U forall k = 1, ..., K. Therefore, we have the following.
ZAdapt(Z/lO) < max (CTJ? + dT)A)(b))
beld
=  max (cT)e +dTH’ )) (79)
j=1,....m+1
=< 4\/E : ZAdapt(u)’ (80)

where (79) follows as the worst case cost is achieved at an extreme point of 2/° and
(80) follows from (76) and (78). O

Proof of Theorem 6 We need to show that an optimal first stage solution of
HAdap,(UO) is a good approximation for ITagup:(U). Let X, y(b) for all b € U°

be an optimal solution for ITaqap (U9) that can be computed in polynomial time. Let
the first stage solution for ITagqp, () be X = X and for any b € U,

y(b) = argmin{d” y(b) | By > b — AX}.
We claim that the worst case cost of this solution is at most zAdap;(UO). From
Lemma 12, we know that for any b € U, there exists b € U° such that b < b'.

Therefore, y(b) = y(b') is a feasible solution for b € U as:

AX + By(b) = AX + By (D)
> b

> b.
Therefore,
min{d”y | Ax + By > b — AX} <d"5(b),
which implies that

'+ min{d"y | Ax+ By > b — Ax} < T +dT5()
= ZAdapt(uo)
= 4\/E : ZAdapt(u)’

where the last inequality follows from Lemma 13.

7 Conclusions
In this paper, we give a tight characterization of the performance of affine policies in

the context of the two-stage adaptive optimization problem defined in (1). In particular,
we show that the performance of an optimal affine policy can be a factor Q (m'/2=?)
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worse as compared to an optimal full-adaptable solution for any § > 0. The uncertainty
sets in the family of examples that achieve this lower bound have an exponential num-
ber of extreme points that lie on or near the surface of a unit hypersphere in the non-
negative orthant. Therefore, the intersection of a hypersphere with the non-negative
orthant seems to be essentially the worst-case example for affine policies. It would be
interesting to find an explicit connection between the performance of affine policies
and some geometric property of the worst-case set, i.e., the intersection of a unit hy-
persphere with the non-negative orthant. We would like to note that since we prove a
lower bound on the performance ratio of affine policies for the model in (1), the lower
bound clearly holds for more general models without some of the restrictions in (1).

We also present a matching upper bound of O (4/m) on the performance of affine
policies for (1) when the constraint coefficients for the first-stage decision variables
are non-negative. Furthermore, if the number of uncertain right hand side coefficients
is k < m, where m is the number of linear constraints in the model, we show that
the affine policies are a O(+/k)-approximation for the adaptive problem if all the
constraint coefficients are non-negative. We also present an O (y/m)-approximation
algorithm (that is not an affine policy) if the non-negativity condition on the constraint
coefficients is relaxed. Analyzing the performance of affine policies for more general
models than (1) is an interesting open question.

To the best of our knowledge, our results provide the first bound on the perfor-
mance of affine policies in such generality. Moreover, we are not aware of any other
efficient algorithms for the general two-stage adaptive problem with a performance
guarantee better than O (4/m). Since the hardness of approximation is known to be
O (logm) [11], reducing the gap is an interesting open problem. It would be interesting
to study other tractable policies for adaptive optimization such as polynomial policies
and piecewise affine policies both from a theoretical perspective as well as designing
better policies that work well in practice.

Acknowledgments We thank the associate editor and the reviewers for their suggestions that improved
the paper.
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