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In this note, we provide revised proofs for Lemma 4 (page 291), Lemma 6 (page 304) and
Lemma 8 (page 318) for the reformulation of HIROb(L{ , h) for general convex, compact and down-
monotone uncertainty sets. The original proof in the paper assume that the uncertainty is a

polytope.

Proof of Lemma 4 For each j € [m], let

1

b

2hop (U, R) = max{dTy | By<h,VBel,y<cR}}

Then,

—max{dT ‘bTy<1 Vb; € U, j € Im],y € R} }
Consider a feasible solution y, we have
bjy <1, Vbl jc[m]
T

& bly<1,VbeUl U

& bly <1, Vbeconv (U;”Zluj)
where the last inference follows from the fact that if bfy < 1 and bly < 1, then

(aby + (1 —a)by)Ty =ably+ (1 —a)bly <1,

for all 0 < a < 1. In Theorem 3 on page 298, we show that

-

conv(T' (U, h)) = conv U;

1

J

Therefore,
2hop (U, ) = max {dTy ’ bly <1, Vb e conv(T(U, h),y € R? T}
Yy

— max {d"y ‘ y € (conv(T(U, h))° (R }

where §° is the polar set of S. Note that the last maximization problem can be viewed as the
support function of the set

C = (conv(T(U,h))° ﬂRﬁ



Therefore, we can reformulate it as the Minkowski functional over the polar C° as follows (see

Proposition 3.2.5 in Chapter 5 of [1]).
k(U B) = min {)\ ’ de ((conv(T(u, h))° ﬂm)o}
= min {x ’ d € \ (com (T, ) JR") }

where the second equation follows as
(& ﬂ32)° = 8785, and (8°)° =6,
and (RCLF)O = R". Since d € R’} , we have

2hop (U, h) = min {\ | d € Aconv(T(U, k) }
= m}%n {N|Ab>d,be conv(T(U,h)}

which completes the proof.

Next, we provide a revised proof for Lemma 6 (page 304) for the reformulation of the
following static robust problem, HIROb(Z/{, h) with both uncertain constraint coefficients and

objective coefficients for general convex, compact and down-monotone uncertainty sets.
I T
ZRob (U, h) = max min d
Rob (U ) o aeud Yy
By < h, VBeUu®B
y € RY.

where U = UP x U and h > 0.

Proof of Lemma 6 We first introduce some notations. Let

u>b = {[B 0] € R+ ) BeuB} and U = { <_1d> € R deud}.
For each j € [m], let
_ 1 ar - _J(b n+1
Uj = h—j-B ej| BeU; and U; = 0 € RY bed; ;.

Lastly, let
~ h
P ( 0) .

TWP, k) = { <g) € R

It is easy to see that

beTU, h)} .
Then,

A (U, R) :r%x{u ‘ug d"y.vd e U, By < h,YB cU?, y eRi}

:max{u ‘—dTy+u+1§ 1Lvd e U, bly <1, Vb; € U, j € [m],yem}.

Y,u

Now, let
— Yy n+1
v = <M+1> e R,

2



we have

zhop (U, h) = mgx{egﬂv -1 ‘ dTv <1,vd eU?, bTv <1,b e T(U®,h), v e Rﬁ“}

where e,41 € ]R:‘_H is the unit vector for the (n + 1)-th coordinate. Following the revised proof
of Lemma 4, we can write

2hop (U, R) = mgx{ezﬂv ‘ vE (conv <conv (T(Z;{B,ﬁ)> Ul;ld>>o ﬂRT‘l} -1
- mvin {7 ‘ €ni1 €7 (conv (conv (T h ) Uud) UR”“) } 1.

Note that e, 41 € ]R’}fl. Therefore,

zéob(u, h) mm{ ) €n11 € yconv (conv (T(Z;{B7 ﬁ)) U[{d) } _

_ _ > —(1_ "B i ~7d
%0121[511]{ 1 ‘yz ent1,2 = (1 —a)b+ ad, b6conv( u ,h)),debl}

= Agg%u {)\ ’ z>ent1,2=(1—a)b+ad,b € conv (T(Z]B,fb)) ,d € Z;{d}.
Note that
(14 N2> enst,z = (1—a)b+ad,b e conv (T(zJB,ﬁ)) deld
& 1+ XNzpy1 >1, 2z, >0,Vie [n], z=(1—a)b+ad,b € conv <T(L~{B,’~l)> ,d e
= (1+Na>1, (1—a)b—ad>0,be conv (TUP, h)),deU

where the last step of induction holds because by, = 0 for all b € conv(T UP,h)) and d, 1y =1
for all d € Y?. Therefore,

2hop (U, h) = min{)\ (1+Na>1, (1—-a)b—ad>0,bcconv(TU h)),de ud}

pWe'
1 1
:min{A A>——1, (—1>bzd,b€conv(T(L{B,h)),d€Ud}
pWeY a o

:mgn{A Ab > d,b e conv (T(UP, h)) ,deud}.

which completes the proof. [ |

We show that the similar approach works for Lemma 8 (page 318). Consider the following
static robust problem

uBhd d

Zhob ) = max min d'y
By < h, ¥(B,h) cuU®" (2)
y € RY,

where UBMd = yB:h 144,

Proof of Lemma 8 We first introduce some notations. Let

(17" = {[diag™ (W)B 0] € BTV (B,h) € 4P} and " = { (1") e R

deud}.



Note that if h; = 0 for any (B,h) € UP" and j € [m], then y = 0 and Theorem 6 holds
trivially. Therefore we can assume without loss of generality that h > 0 and the above sets are
well-defined. Moreover, for each j € [m], let

T, . B B

U; = { <§T§J> ' (B,h) € uB»h} CR™, and U = {BTe; | Beu"} c R,
J

Note that for each Z;{j, LN{]- normalizes any vector b € U; so that the last component is one, then

replace it with zero. This is very similar to the perspective function (See page 39 in [2]), which

indicates that Uf; is convex provided that Uf; is convex. Then,

2k (U, ) = max {z

T d B.h n
2 <dly,vd e U?, By < h,¥(B,h) €U ,yeR+}.

Similar to the previous proof, by setting

_ ) n+1
v = <z+1> e R,

A (U h) = mgx{ez;+1v —1 ( dTv < 1,vd €U, bTv < 1,b; €U, j € [m], v e Riﬂ}.

we have

where e,+1 € R is the unit vector for the (n + 1)-th coordinate. Following the revised proof
of Lemma 4, we can write

zh o (U, ) = max {egﬂv ‘ vE (conv <conv (U;-lll:{j> UI;Id>>O ﬂR’fr'H } -1
eni1 €7 (conv (conv (U}”:llflj) UZ:ld) URZ“) } —1.
Note that e,i1 € R”}j‘l. Therefore,
I o m 77 ~d\ | _
ZRob (U, R) = min {7 ) €n41 € yconv (conv (szll/{]) UL{ ) } 1

= mi[gl] {7 ) vz > ent1,2 = (1 —a)b+ ad,b € conv (U;-”:li{j) ,d e L?d} -1
"/7&6 )

= min {fy
¥

Note that
vz > ept1,2= (1 —a)b+ ad,b € conv (U;-”:ll;lj) .decul
& yzpy1 > 1, 2> 0,Vi€ [n], z=(1—a)b+ ad,b € conv (Ug’;ll;lj) .d el
& ya>1, (1 -—a)b—ad>0,b e conv (U?;ﬂ%),deud

where the last statement holds because b, 11 = 0 for all b € conv(U?”‘ZIZ;{j) and d,41 = 1 for all
d € U?. Therefore,

1
o

ZFI(ob(u7h’> - I’Iylgl {7 -1 ‘ v 2>

1-— -
, Tab >d,b € conv (U?"‘lexlj> ,d € Z/Id}
Substitute by A = 1/a — 1 > 0, we have
A (U, R) :r;li)\n{’y—l )7—1 >\, A\b>d,b € conv (u;?”;lz]j) ,deud}

:m)\in{/\ (Abzd,beconv(ugglzzj>,deud}

_ " b d
= min ¢ A Azujhf?zd,(bj,hj)euj,eTp,:Luzo,deu

j=1



For each j € [m], let

o, = talli
>iny Hifhi
Note that
o bihy
S Gk
Then,
Zhop (U, h) = min ¢ A ZT—?% : Z;ejbj >d, (bj,h;) €U;,e’0=1,0>0,dcU’
_ =

= m}%n{)\ ‘ % -b>d,(b,t) € conv (T(Z/{B’h,e)> ,d e Ud}

~ min {)\t ‘ Ab > d, (b,t) € conv (T(Z/{B’h, e)) de ud} .

which completes the proof. [ |
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