Supplementary Material for Stochastic Adaptive Quasi-Newton
Methods for Minimizing Fxpected Values

A. The Empirical Process Framework

We use the framework developed by Goldfarb, Iyengar, and Zhou (2016) for proving convergence of stochastic
algorithms. These results originate in empirical process theory (W. van der Vaart & Wellner, 1996). The problem

to be minimized has the form
min F(z) = E¢ f(z,§)

We require the following assumptions on F, f for our analysis:

Assumptions:

1. There exist constants L > £ > 0 such that for every x € R™ and every realization of £, the Hessian of f with

respect to x satisfies
02V f(a,6) < LI

That is, f(x,&) is strongly convex for all ¢, with the eigenvalues of V2 f(x,¢) bounded below and above by

¢ and L, respectively.

2. Fy(z) is standard self-concordant for every possible sampling &1, ..., &m, -

3. There exist compact sets Dy and D with x* € D and Dy C D, such that if xg is chosen in Dy, then for all
possible realizations of the samples &1,. .., &y, for every k, the sequence of iterates {z1};2, produced by

the algorithm is contained within D. We write D = sup{||z — y|| : #,y € D} for the diameter of D.

Furthermore, we assume that the objective values and gradients are bounded:

u =supsup f(z,§) < 0
¢ xz€D

I =inf inf -
1r£1 ;relpf(x,g)> 00

v =supsup ||V f(z,§)|| < oo
§ zeD

The key theorem of this framework is a concentration bound which limits the divergence of Fj(z) from F(z).
Theorem A.1 (Corollary 1, (Goldfarb et al., 2016)). For any § > 0 and 0 < ¢ < min{D, 5}, we have

Dm my (0 — 2Le)?
‘ B N < n/2~ _IPR\G T ame)
P(igg |Fy(z) — F(z)| > d) <2n e XP [ 2(u —1)? }

Consequently, if my > 3, then we have

1
Esup |Fi(z) — F(z)] < Oy 2%
€D my
and
log my,

E|Fy(z}) — F(a")| < C
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where C is a constant (depending only on F') given by

C = 4([u| + |I))n"/2D" exp {n <log‘ ;ﬁi)] tu—DvVntl

We will also use Theorem A.1 to bound g and Gji. Assumption 1 implies that the partial derivatives %(x)
and aiii y (z) are also uniformly bounded for = € D. Hence, we can apply Theorem A.1l to each of the n entries

% of the gradient, and each of the n? entries 8325; - of the Hessian. Taking a union bound over the resulting
2 i J

n? 4+ n inequalities, we obtain the following concentration inequality for the sampled gradients and Hessians:

Corollary A.2. For any 6 >0 and 0 < € < min{D, %},

P(sug |Gr(z) — G(x)|| > § or sug llgr(z) — g(x)|| > 0) < Cre ™ exp [—C’gmk(é — 036)2}
x€ EAS

where C1,Cq, Cs are constants depending only on F'.

Recall the definitions of dx, pg, axr, and nm, above. In our analysis of stochastic methods, the gradients and

Hessians are those of the empirical objective function. That is to say, px = ggH;@g;€ and Jj = ,/d{dek, where
gr and Gy are the gradient and Hessian of Fj.
We say that a constant c is global if it depends only on the properties of the function F', and is completely
independent of the realization of the samples &1, ..., &m, -
For convenience, we state again the main result for adaptive step sizes:
Theorem A.3 (Lemma 4.1, (Gao & Goldfarb, 2016)). Let pr, = Vf(zx)T H Vf(xr). If ay is chosen to be
o, = 55, then

k

[ +trdy) < f(or) — w(ng)

where ny, = 55 and w is the function w(z) = z — log(1 + 2).

B. Convergence of SA-GD

The SA-GD method corresponds to Hy = I. More generally, we may assume that the sequence of matrices Hy,
has bounded eigenvalues.
M < H, < AT for all Hy, (1)

Since this condition is satisfied for L-BFGS, the following results also apply to L-BFGS (with slightly different
constants).

Theorem B.1. Let ¢ > 0 be fixed. At each iteration, we draw m i.i.d samples &1, . ..,&,, where the size of m
satisfies
logm 1—r\? 9
< €
m 4C
. . 4 22¢3/2
and C 1is the constant in Theorem A.1 and r =1 ST Then we have

EF($k+1) — F(.Z‘*) <e

when k = log(e=*2(u —1))/logr.

For matrices Hy, with bounded eigenvalues, 1 can readily be bounded in terms of the empirical gradients, and
the sequence {n;}7°, is bounded.

Theorem B.2. There exists a global constant I' = % such that nx < T for all k. Furthermore, n > %ﬁHng

for all k.
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Proof. By Assumption 1 (strong convexity), Gy, satisfies /I < Gy, < LI. Thus, from the definition of 7, we have

9t Hygk < lgwllllHrgell 1

= = = —|lgx|
VI H Gt g, VHl

By Assumption 3, we find that ||gx| = ||gx(zx)|| <. Hence, we may take I' = %. We also find that

9¢ Hig

A
Nk = > gl
\/ 9% HxGr Hygp, AVL

Lemma B.3. The empirical objective function Fy(x) satisfies
Fio(wpt1) — Fr(ay) < r(Fe(or) — Fi(y))

for the global constant r =1 — ﬁ < 1.

Proof. Observe that the function w(z) satisfies w(z) > (1 4+ T')7'z% for all z € [0,T]. Also, recall that the
strongly convex function Fy, satisfies ||g(z)||? > 20(F)(z) — Fy(z})). By Theorem A.3 and Theorem B.2, we find
that
1
Fi(wrir) = Fi(ay) < Fi(wy) = Fi(ah) —w(m) < Fi(oy) = Fi(eg) = 5(1+T) g

< Fifw) - Fulap) - 50+ T) Sl

S Fp(Zk k(T B A2L, 9k

< (1- =20 () - Buted)

= (1 T)A2L )\ FTR) T TRk
Thus, we may take r =1 — %. For SA-GD in particular, A\=A=1,sor=1— ﬁ. O

We are now ready to prove Theorem B.1.

Proof. By Lemma B.3, we calculate that

Fr(wpq1) — Fr(oy) < r(Fr(ze) — Fr(xy))
=r(Fr-1(zk) = Fr—1(2}-1))
+r(Fi(zg) — Fog) — Fr—1(zr) + F(xr))
+r(Fy—1(xp_q) — F(z¥) — Fi(zp) + F(z7))
< r(Fr-a(zk) — Froa(zg-1))
+ r(igg |Fr(z) — F(2)] + sup |Fi—1(x) — F(z)|)

+r([Fr(ar) = F(2)] + [Fea(2h-1) = F(27)])

By iterating this expansion, we find that

Fy(xre1) — Frlay) < r¥(Fo(zr) — Fo(ap))
k
+ > _rl(sup |Frq1-(z) — F(z)| + sup |Fr_;(z) — F(z)])
=1 xE€D €D
k
+ ) (| Frgr—j(@hyg ) — Fla)| + [Faej(zh_;) — F(2)])
j=1
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Decompose Fj(xp+1) — Fr(x}) as
Fi(xpi1) — Fr(ay) = F(or) — F(27) + [Fr(ere) — F(zea)] + [F (") — Fi ()]
We can move the terms in square brackets to the right hand side, and upper bound them, to obtain
F(zp41) = F(z) < (Fo(a1) — Fo(a))
+ sup |Fi(x) — F()|
xz€D
k

+ > 17 (sup [Fryr—j(x) — (ff)\+2lelg|kaj($)—F($)l) (2)

j=1 z€D

+ | Fy () — F(a7))|

k
+ 3 (1P (@h0g) = F@)| + [ Faej(af_j) — F(2")])
j=1
Suppose that we draw a constant number of samples m; = m at each iteration. Taking expectations on both
sides of equation (2) and applying the concentration bound of Theorem A.1, we obtain

logm

EF(zg41) — F(z*) < rF(u—1) 4 2C 7

Mw

m
0

20 log m

T

<rFlu—1)+

In order to obtain an e-optimal solution, we may use sufficiently large samples, and take sufficiently many
iterations, so that

P(u—1) <

N

M

2C  [logm <

1—r m

This yields the given bounds on m and k in Theorem B.1. O

In particular, it suffices to take m = O(e"?loge™1) and k = O(loge™1).

C. Convergence of SA-BFGS

Our goal in this section is to prove that SA-BFGS converges superlinearly with probability 1

Theorem C.1. Suppose that we draw my samples on the k-th step, where mgl converges R-superlinearly to 0.
Then SA-BFGS converges to the optimal solution x* almost surely.

Our arguments closely follow the proofs given in (Powell, 1976) and (Griewank & Toint, 1982) for the deterministic
BFGS method.

Along the way, we will also consider the behavior of SA-BFGS when e-optimality suffices, and my, is held constant.
Note that the results preceding Lemma C.10 do not depend on any particular choice of sample sizes my.

We introduce the following assumption in this section:
4. The Hessian G(x) is Lipschitz continuous with constant L.

The adaptive step size is known to satisfy the Armijo-Wolfe conditions in the deterministic setting. A similar
property holds for the empirical objective functions.
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Theorem C.2 (Theorem 6.2, (Gao & Goldfarb, 2016)). The adaptive step size ty, satisfies the Armijo condition
for a = %, for the empirical objective function Fi(x).

Recall that the SA-BFGS algorithm performs a BFGS update at step k only if ¢, satisfies the Wolfe condition.
If ¢5 does not satisfy the Wolfe condition, then we take a SA-GD step instead. In this case, the direction is —gx
and the step size is the adaptive step size for SA-GD.

We use ¢(j) to denote the the index of the j-th BFGS step, or equivalently, the index at which the j-th BFGS
update is performed. The steps {q(j)}32; where we perform BFGS updates will be referred to as update times.
Later on, we will see that if my grows at a sufficient rate, then all g(j) exist with probability 1

The following technical lemma is used in the analysis of BFGS; it can also be found in (Byrd et al., 1987) and
(Powell, 1976).

Lemma C.3. Let k = q(j) be an update time. Let G}, = fo Gr(zp + 7si)dr, and let 0y denote the angle between
the vectors —gi and si. Then

1. yp = Gsk, and sfye < L||si|*.
2. skl < ¢ gkl cos O

3. If the Wolfe condition is satisfied on step k, then (y,sg) > (1 — B){—gk, sx) and ||sk|| > (iiﬁ)ﬂgkﬂ cos by,.

Proof. The first statement follows from the definition yx = gi(7x+1) — gr(wx). Since Gp(z) = LI for all z, we
also have GG, < LI, and hence s{yk = ngksk < Li|sk]?.

The second statement follows from the Armijo condition (Theorem C.2) and Taylor’s theorem. Let T be a point
on the line [mk,ka] with Fi(zr11) = Fr(zk) + (98, Sk) + 15 + Gr(T)sk. Since Fi(xp41) — Fi(zg) < %(gk, Sk), we
have %(—gk,sk> >1 55k IGL(T)sy > 2mHskH2 as desired.

The Wolfe condition implies that (yg,sk) = (9k(@r+1) — gr(zk), sk) > (1 — B){(—gk, sk). Writing (—gk, sk) =
llgx|llIsk || cos Ok, we have L||sk||* > (1 — B)|lgxll||sk|| cos @x, which gives the last statement. O

The next result is the key technical lemma in proving that SA-BFGS converges R-linearly. Its proof is identical
to the deterministic case (Powell, 1976).

Lemma C.4. There exists a global constant ¢ such that

k

H ng(J)H < ok

1\ Y9q3) q(J)>

Proof. By considering the BFGS update formula, we have

T R2 T
53 Bis; Y5y

Tr(Bj4+1) = Tr(Bj) — N Bt B
J J S?Bjsj s?yj

Recall from Lemma C.3 that y; = G;s;. Therefore, writing z; = é;/25j7 we have

T A
Yy % Gjzj <

T, . T, .
55 Yj Z; Z;

where the last inequality follows from Assumption 1. Let ¢; = Tr(Bp) + kL. The BFGS formula implies that
Tr(Byk41)) < Tr(Bo) + kL < c1k, and since By.1) is positive definite, we also have

k T 2

)Sa(5)
Z < Tr(By) + kL < 1k
= )Bq< )54()
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Observe that s7 B?s; = t3||g;]|* and that s] Bjs; = t;(—g;,s;). By the arithmetic mean-geometric mean (AM-
GM) inequality,
k

H ”gq(j)H 01 (3)

- gqo)vsq(m

Next, we use the recursive formula for the determinant:

T

Y; Sj
™R . o.
s Bjs;

det(Bj+1) = det(Bj)

Since the Wolfe condition is satisfied, we have

yi si = (g5(xj41) — g5(x;))"s; = (1= B)(—gj,55)

Therefore,

-8

tq(j)

k
det( q(/c-i—l)) > det Bo H

By the AM-GM inequality apphed to the elgenvalues of By(k+1), we find that det(Byx41)) < (c1k/n)" < ck for a

global constant co. Hence, H o171 (ﬁ) < c5. Multiplying this together with inequality (3), and taking ¢ = (1_0%7
we find that
k
H ng(J)H <k
J:1 —94(3)> Sa(i))
as desired. O

Lemma C.5. At least %k of the angles 041y, ..., 0qk) satisfy cos? Oq) > (¢/c)?, where c is the constant of
Lemma C.4.

Proof. By Lemma C.3, [|s;|| < 1]|g;|| cos#;. Substituting this in Lemma C.4 yields

k

194 ])” k Ikl 1
I | > | I — pk+1
0032 Oq(j L4 cos? 0,5
j=1

- (=940 Sa())

Hence, H§=1 cos? B¢y > (€/c)*. Tt follows that at least 3k of the angles must satisfy cos? 0,¢;) > (¢/c)?. O

We can proceed to show that stochastic adaptive BFGS converges R-linearly. The argument proceeds by showing
that if k is not an update time, then SA-BFGS inherits the @Q-linear convergence rate of SA-GD, and if k = ¢(j),
then we can measure the decrement with Lemma C.4.

Lemma C.6. If k is not an update time, then

Fi(wp41) — Fi(ay) < r(Fg(zr) — Fi(ay))

o - €3/2
where r =1 V=
Proof. This follows from Lemma B.3 for SA-GD. O

Lemma C.7. Let k = q(j). Then

Fi(xp41) = Fr(ay) < (1= (1 = B)(L™" cos® Oy,) (Fi(xx) — Fi(27,))
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Proof. Since the adaptive step size t; satisfies the Armijo condition for o = %, we have

1 1
Fi(@re1) = Fr(wr) < 59k, s8) = =5 llgwlllskll cos O
Using Lemma C.3, we rewrite ||sg|| in terms of ||gx||, cos 8 to obtain
B Lo —1 2.2
Fi(@rsr) = Fi(zr) < =5 (1 = B)L™|lgkll” cos™

Since ||gx||* > 20(F)(zx) — Fi(x})), we rearrange to obtain

Fi(xp41) = Fr(xy) < (1= (1= B)LL™ " cos® Op ) (Fio(wr) — Fi(ay))

Theorem C.8. Suppose that we draw samples of size my, at step k, where m,:l converges superlinearly to 0.

With probability 1, SA-BFGS converges R-linearly.

Proof. Let v = max{1 — (1 — B)¢L71(¢/c)?,r} < 1. Let I;(k) be the 0-1 indicator variable for the event that
k is a BFGS update time, and let I5(k) be the indicator for the event that k is a BFGS update time and
cos? 0 > (¢/c)?. Combining Lemma C.6 and Lemma C.7 by using these indicator variables, we have

Fio(wrs1) — Fr(ap) < (1= (1= BYL™ " cos® ) W pt =0 ) (Fy () — Fi(2}))
< (1= (1= B)L7 (t/c)*) =Wt =1 (Fy (2) — Fr(a}))

< VWL (B (2,) — Fi(al))

For any t < k, let b(t) = Zé‘:o I,(j). Rewritten with indicators, Lemma C.5 states that Zz‘:o I,

Therefore

b 1
S () +1-T() 2 k- 5

j=0

Define I3(k) = I2(k) + 1 — I; (k). Iterating the above expansion, we have

Fy(wxi1) — Fr(ep) < ve® (Fy(ag) — Fr(a)))

<VSO(F_y (k) — Froa(z_) + (Fi(ak) — Fre1(a) + (Feoa(z)_) —

< v 8O (Fy(20) — Fo(}))

+ Z iz, Ts(3) [sup |Fj(z) — F(x)| + sup |Fj_1(z) — F(x)|]

=1 z€D

+ Zym RO (a}) — F(a*)] + |Fjoa(x)_y) — F(a)]
< VRV (Fy(w0) — Fo(xg))

+2 Y P (sup | Fy(e) — F(x)| + |y (2]) - F(a")])

0<j<k—b/2 z€D

J>k— b/2

In the last inequality, we have simply split the sums into two sums, one running over the indices 0 < j < k —b/2

and the other over k — b/2 < j < k. Writing the left side as

Fr(p41) = Fr(ay) = Fape) — F(27) + (Fr(zie) — F(apg)) + (F(27)

= Fi(z))
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we can move terms to the right to obtain
F(ap41) = F(2*) < vF2(Fy (o) — Fo(a))
+sup |[Fi(z) = Fla)| + |[Fi(ah) - F(27)]
re

+2 Y P (sup |Fy(e) — F(x)| + |Fy () — F(a")])
O<j<k7b/2 z€D

+ 2 Z sup\F F(x)| +|Fj(z}) — F(z")])
j>k—b/2 ©

Taking expectations, and applying Theorem A.1 on the right, we have

k
_ _p/o_: [logm; logm,;
* k—b/2 k—b/2 J J
EF (2p41) — F(2*) < V72 (u — 1) + 4C E Rt/ ]1/7771]‘ +4C E — (4)

) . m;
0<j<k—b/2 j>k—b/2

Our choice of m; satisfies m; = Q(v=%7), so 4/ log m’ O(v?+/7). Hence, by bounding each term with a multiple

of I/k—b/Z

, we may find a global constant ¢, Wlth 1 > ¢ > v, and a global constant c3, such that
EF($k+1) — F(Z‘*) S C3¢k_b/2

Clearly b < k, and thus we find that

EF(z11) — F(a*) < e3¢t/

Now, fix any constant ¢ with ¢ < ¢ < 1. By Markov’s inequality,

o) — Fz* k/2
P(F(a) - F(™) 2 ot/2) < 2L 'Zo)k/zF( )<, (i)

k/2
Since >-77, (%) < 00, the Borel-Cantelli Lemma implies that the sequence of events Aj with

Ay = {F(xx) = F(z*) > "%}
occurs finitely often with probability 1. Therefore, with probability 1, SA-BFGS converges R-linearly. O

Before proceeding further, let us digress briefly to consider the behavior of SA-BFGS when we are satisfied with
an e-optimal solution, and wish to hold the number of samples constant.

Lemma C.9. Let ¢ > 0. Suppose we draw m i.i.d samples at each step, where m = O(e*(loge=1)?). Then
SA-BFGS converges in expectation to an e-optimal solution after k steps, where k = O(e™1).

Proof. Note that equation (4) in the proof of Theorem C.8 holds in the absence of any assumptions on the sample
sizes my. Suppose that we take mj; = m. Then we have

k
! ; 1 .
EF(zps1) - F(a") < V2w -1y +4c Y kb2 [O8T0 Ly N[BT
0<j<k—b/2 M ik b2 M
1 1
< Vk/2(u -1 +40\/@ (1 n k/2>

Therefore, in order to obtain an e-optimal solution from SA-BFGS, we may take

uk/Q(u—l)gg

4C° [logm 1 €
1/ 2 <=
1—7r m <l—u+k/>_2

Thus, it suffices to take k = log(¢~'2(u — 1))/ logv. Substituting this value of k into the second inequality, we
see that it suffices to take m = O(e?(loge1)?). O
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We now concern ourselves with R-superlinear convergence to the true optimal solution. Henceforth, we assume
that the sample sizes grow so that m,;l converges R-superlinearly to 0.

Lemma C.10. We have >_po,w(ni) < oo with probability 1. In particular, n, — 0 almost surely.

Proof. By Theorem A.3, we find that

Fi(wp41) < Fi(zr) — w(ne)

= kal(xk) + (Fk(l'k) - kal(l'k)) - w(ﬂk
k

k
< Fo(zo) + Y _(Fj(;) — Fia(x;)) = Y w(n;)

Jj=1 Jj=0

~

k k
< Folwo) + ) sup |Fj(x) — Fj_1(2)| = ) w(n;)

j=1 €D =0
k k
< Fy(wo) +2) _ sup |Fj(x) — F(z)| = > w(ny)
j=1 x€D =0
0o k
< Fy(zo) +2ngg|Fj(x> - F(z)| - ) w(n;)
j=1% j=0

Let Y = 23011 sup,ep |Fj(z) — F(zx)|. By the monotone convergence theorem and Theorem A.1, we have

= = [logm,
EY = Esup|F;(z) - F(z)| <C J
g sup | () = F(z)| < ;,/ o

By our choice of m;, the latter sum is finite. This implies that P(Y < co) = 1. Since F(z) is bounded below
on D by Assumption 3, we necessarily have ZZOZO w(nr) < oo whenever Y < co. Thus 1, — 0 with probability
1. O

Theorem C.11. Fix any 8 < 1. With probability 1, there exists a finite index ko such that the Wolfe condition
is satisfied for all k > ky.

Proof. This follows from Theorem 6.3 in (Gao & Goldfarb, 2016), for any realization of the empirical objective
functions Fy, F1, ... such that n, — 0. By Lemma C.10, the event 1, — 0 occurs with probability 1. O

In particular, this implies that with probability 1, there exists a finite time kg after which every step is a BFGS
step, and BFGS updates are always performed.

Corollary C.12. With probability 1, we have Y - ||lzr — z*|| < co.

Proof. This follows from Theorem C.8. Let {x1}?2, be any instance of the algorithm where F(z,) < F(x*)+¢"/?
for all k > ko, for some index ko. Since F'(x) is strongly convex,
k/2

o — 2l < Z(Fla) - Fa) < 2¢

~| N

for all k > ko. Hence Y ;- ||zx — 2*|| < co. By Theorem C.8, this occurs with probability 1. O

Let us define e, = max{||zy — 2*|, ||zg+1 — 2*||}. Corollary C.12 implies that > - ex < 0.

Next, we perform a detailed analysis of the evolution of Hy,1. By applying Corollary A.2, we can use a modified
form of the classical argument ((Griewank & Toint, 1982)) on a path-by-path basis.



Stochastic Adaptive Quasi-Newton Methods

Corollary C.13. Let o = m;2/5

w < 1 such that

. By taking § = oy, in Corollary A.2, we can find global constants c4 and

P(sup |Gy (z) — G(z)| > ox or sup ||gr(x) — g(x)|| > or) < caw®
€D z€D

Hence, with probability 1, there exists an index ko such that for all k > ko, we have both sup ||Gi(z) —G(x)|| < ok
z€D
and sup || gk (x) — g(z)]| < oF.
z€D

By construction, {o} converges to 0 at a R-superlinear rate.

Proof. The first part follows by Corollary A.2. Taking € = %ﬁ-l’ our probability bound is

Cs3 )2m1/5)

2
B(sup | Gi(z) — G(x)]| > o or sup lge(x) — g(@)l| > ox) < Cr exp(2nlogmy — Ca(1 — '
x€D €D 5 2L —+ 1

1/5
Since t— — 0 and my, = Q(k5) by construction, we can find the desired w < 1. The second statement then

follows immediately from the Borel-Cantelli Lemma. O

Let Q denote the space of paths where Y7 e, < oo and for some ko, sup,cp ||Gr(z) — G(z)|| < of and
sup,cp |lgr(x) — g(x)|| < oy for all k > ky. By Corollary C.12 and Corollary C.13, P(Q) = 1. Henceforth, we
restrict our analysis to the paths belonging to 2.

The BFGS algorithm is invariant under a linear change of variables, so without loss of generality, we may assume
that G(z*) = I. This corresponds to the change of variables F(y) = F(G(z*)~/?y),y = G(x*)"/?x. Define two
‘hypothetical’ updates:

BksksgBk Gk(x*)skngk(a:*)

By = By, —
k1 F st Bysy sEGr(z*)sg
B — B Byskst By — G(x*)spst G(x*)
L = Pk sT'Bysy, sTG(x*)sy,

Lemma C.14. We have _
| Bes1 — 1|7 < || Br — 1|7

and -
|Hpr — I3 < ||Hk — I

Proof. For brevity, we write s = s, B = By, H = Hy. By a routine calculation (see §4 of (Griewank & Toint,
1982)), we have

T o2 N 2 T p3 TR2\ 2
T P s B's (5B
[Br+1 — Iy — | Bet1 — ||z = [(1 STBS> +2<5TBS (sTBS> >]

~ THs\? sTH?s sTHs\>
Hyor — 1% = [|[Hpsr — )2 =— [ (1-2 P -
Fces = T — | Heos — T3 [( ) e (S (5L

The Cauchy-Schwarz inequality implies that the latter terms in the brackets are non-positive, which gives the
desired result. O

and

Lemma C.15. Every path in ) satisfies
IBis1 = B || < O(ex + o)

and
[Hi1 — Higa || < ([He = I]| + 1)O(ex + o)
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Proof. We again write s = s,y = yx, B = By, H = Hj, for brevity.

We can bound the difference || Byy1 — B I, as both updates are performed with sampled gradients, and then
use Corollary C.13 to bound ||Bgt+1 — Bgt1}-

Take A = Gi(x*)s — y. By Lemma C.3, we can write y = G (Z)s for some Z on the line segment [z, zx1], and
we deduce that:

L £||s]]* < y"'s < L]|s|?
2. Al < Luexlls|-

T
3. % < LLyey,

V. 1 1 yTA
Hence, writing TAAT: = 35 — sTyigTAr We have

vyt (y+A)y+A)T

| Br+1 — Br41|l =

sTy (y+A)Ts
yAT + Ay + AAT YT A(yyT +yAT + AyT + AAT)
+
sTy+yTA
< O ek

Next, write ¥ = Gi(z*)s and § = G(z*)s. Since our path lies in ), we know that |Gr(z*) — G(z*)|| < 0. Let
A =75—79,so ||A]| < oglls||, and perform the same calculation as above to obtain

gAT + AgT + AAT . FEAGET + GAT + AT + AAT)

||§k+1 - §k+1|| = H_

sTy sTy+yTA
< O(ox)
Hence, || Byy1 — Biii]| < Ofex + o).
A similar calculation holds for H.
T
55
H, H =||l——— - —
s = Bl = 577 — o1
A T T A T T
+(M83>H+H<(y+)iyi>
y+A)Ts sty (y+A)Ts Ty
s(ty+ A)TH(y+ A)sT B syl Hys™ H
((y+ A)TS)2 (s"y)?
It is elementary, though tedious, to verify that W -2 y < O(eg) and that the other terms are bounded by

O(||H lex). The same calculation shows that || Hyy1 — Hpi1| < O(ok+||H||lok). Thus, we have ||Hypq — Hyy1|| <
(Hk — Il + 1)O(ex + o%). O

Corollary C.16. By Lemma C.15, Lemma C.14, and the triangle inequality,
IBis1 = II| < |[Biyr = Brsa | + | Bipr — II| < 1Bk — I|| + Oex, + o%)
and

1Hpr = I < [ Hirr = Hina | + [ Hier = 1) < (|Hy = I]| + 1)O(er + o)

A lemma of Griewank and Toint shows that this forces the convergence of {||By — I||} and {||Hx — I||}.

Lemma C.17 (Lemma 3.3 of (Griewank & Toint, 1982)). Let {¢r} and {di} be sequences of non-negative
numbers such that ¢r+1 < (1+ 0k)pr + 0 and Y o, 6 < 0o. Then {¢y} converges.
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In our case, we take 0y = ey + o), as Y, o (ex + 0x) < 0o by Corollary C.12 and Corollary C.13.

Following §4 of (Griewank & Toint, 1982), our previous results yield the Dennis-Moré ((Dennis Jr. & Moré,
1974)) condition:

(B — D)sll

lim =0

It only remains to show that this implies R-superlinear convergence in the stochastic setting. Since I = G(x*),
we have

| Brsk — G(x)sk|l = || — g1 — G(2")sp + gr(zrr1) — gu (@)l
= |lgr(@rs1) — g — G(27) sk — gr(zrr1)||

= /0 (Gr(zk + 7sk) — G(x"))srdT — gr(r41)]|

1 1
= ; (G(zk + 78) — G(a¥))spdr + /0 (Gr(x + 7s) — G(ag + 78k))skdT — gr(Tr+1)]|

> gk (k1) || = (Lrex + on) || skl

and therefore W — 0. By Assumption 1, the empirical objective function Fy(z) is strongly convex, and
therefore
lgr(@re DIl o [lgr(@ri1) — gre(@)l| = llge(z") = g(«)|l|
> ()
lskll k1 — 2| + lze — 2|
To complete the analysis, let a; = %, b = |lgk(z*) — g(z*)]|, and 2z, = ||z — z*||. Our above results show

that ar — 0, and by < o, tends to 0 R-superlinearly. For convenience, we assume without loss of generality that
{br} converges Q-superlinearly, by replacing {b;} by the @-superlinear sequence bounding o}, if necessary.

Rearrange inequality (5) to obtain

Lz =l wpsr — 27| < |lgr(@rt1) — ge(@) || < an(Zrt1 + 21) + bk

Eventually, a; < %K, as ar — 0. Beyond that point, we find that

2
Zp+1 < gﬁikakzk + b, < 7%k + by (6)

Let ¢, = max{apzk, by }. Clearly z,11 < (24 %)ck, so it suffices to prove that {cj} converges superlinearly. There
are two cases to consider. If ¢y 11 = ap412K4+1, then

c Aky12 24+ 2)¢y, 2
k41 _ Qk41%k+1 Sak+1( g) _ <2+) i

Ck; Ck Ck ¢
and ay — 0. Otherwise, if cx41 = bgy1, then

Chtr _ Drr1 _ bis

Ck cr bk

and by construction, {b} converges to 0 superlinearly, so b’;zl — 0.

This proves that z; converges R-superlinearly, and completes the proof of Theorem C.1.
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