DIFFUSION PROBABILISTIC MODELS

WENPIN TANG

1. SETUP

The key takeaway of diffusion probabilistic models (DPMs) is to reverse some meticulously
chosen stochastic dynamics to create meaningful distributions from noise, thus achieving
generative modeling. Given a data in R™ with distribution pga..(+), the task is to generate
multiple (many) data sets whose distributions are pgae.(+), or close to pgata(:).

Reverse SDE. Let us explain DPMs. Consider a (forward) stochastic differential equation
(SDE):
dXt = b(t, Xt)dt + O'(t, Xt)dBt, with Xo ~ pdata(')7 (11)

where (B, t > 0) is d-dimensional Brownian motion, and b : Ry x R” — R" and o :
R, x R® — R™ 4 are model parameters to be designed. Some conditions on b(-,-) and o, -)
are required so that the SDE (1.1)) is at least well-defined (see [I5, Chapter 5]), and we will
elaborate this later. Let p(t,-) be the probability density of X;.

Set T' > 0 to be fixed, and run the SDE (1.1]) until time 7" to get X7 ~ p(T,-). The idea is
that if we start with p(7',-) and run the process X backward, then we can generate copies of
P(0, ) = Paata(-). To be more precise, consider the time reversal X; := Xp_; for 0 <t < T.
Assuming that X also satisfies an SDE, we can implement the backward procedure by

dyt = B(t,yt)dt + 5’(1},Yt)dBt, with YO ~ p(T, ) (12)
So we generate the desired X~ Pdata(+) at time T'. There are two questions:

(1) How can we sample the initial distribution p(7),-) in (1.2))7

(2) What are the parameters b(-,-) and & (-, -) (in terms of b(-, -), o (-, -) and the distribution
of X)?

For (1), the distribution p(T,-) of X7 depends on p(0,-) = pgata(+), and it is generally hard
to compute p(7),-) in closed-form. One way is to choose suitable model parameters b(-,-)
and o(-,-) so that X; converges to a target or prior distribution ps (). If b(t, ) = b(z) and
o(t,z) = o(x) are time-independent, p(-) can be the stationary distribution of the SDE
. Now instead of taking p(T, -) as the initial distribution for the backward process ,

we set

Xo Npoo(')v (1'3)

which is independent of p(0, ) = pgasa(-). This explains why DPMs generate distributions from
“noise” poo(+). It should also be kept in mind that the model parameters b(-,-) and o(-,-) are
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chosen so that “noise” ps(+) is easy to sample, e.g. uniform or Gaussian distributed, or as a
product measure. The backward process then becomes

dyt = Z)(t,yt)dt + 5’(t,yt)dBt, with Yo ~ poo() (14)

Comparing with , we see that closer the distributions p(7,-) and po(-) are, closer
the distribution of X7 governed by iS tO Pgata(-). It requires either taking 7' to be
sufficiently large, or performing a time-change or conditioning which we will illustrate with
examples later.

For (2), it relies on the following general result on the time reversal of SDEs.

Theorem 1.1 (Time reversal formula). [12] Let a(t,z) := o(t,z)o(t,x)". Under suitable

conditions on b(-,-), o(-,-) and {p(t,-)}}o<t<T, we have

_ B - B V(T —-t,x)a(T —t,x))
o(t,x) =0o(T —t,z), bt,x)=—-b(T —t,z)+ DT —t.2) )

(1.5)

where V - f = divf (the divergence of f).

Proof. Here we give a heuristic derivation of the time reversal formula ((1.5)). First, the
infinitesimal generator of X is £ := %V ca(t,z)V +by -V, where by :=b— %V -a. Tt is known
that the density p(t, x) satisfies the the FokkerPlanck equation:

2 plt,a) = £p(t2), (1.6)

where £* := 1V - a(t,2)V — V - b, is the adjoint of £. Let p(t,z) := p(T — t,z) be the

probability density of the time reversal X. By (1.6]), we get

aatp(t,a:) = —%V (a(T —t,2) Vp(t,x)) + V - (b (T — t,z) p(t,x)) . (1.7)

On the other hand, we expect the generator of X to be £ := %V -a(t,z)V + bz - V. The
Fokker-Planck equation for p(t, z) is

%T)(t,:v) = %V - (a(t, ) Vp(t,z)) — V - (bg(t, ) B(t, z)) . (1.8)

Comparing and (1.§), we set a(t,z) = a(T —t,z) and then get
(ba(T — t,2) + ba(t,2)) p(t, ) = a(T — t,z) VD(t, z),
which is rewritten as
(b(T —t,2) + b(t,2)) p(t,x) — V- a(T — t,z)p(t,z) = a(T — t,x) VD(t, z). (1.9)
This yields the desired result. O

Let us comment on Theorem [L.1] [I2] proved the result by assuming that b(-,-) and o(-, ")
are globally Lipschitz, and the density p(t, ) satisfies an a priori H! bound. The implicit
condition on p(t, z) is guaranteed if 9; + L is hypoelliptic, or V2a(t, ) is uniformly bounded.
These conditions were relaxed in [23], where only the boundedness of Va(t,z) in some L?
norm is required. In another direction, [I0] [11] used an entropy argument to prove the time
reversal formula in the case o(t,x) = ol. This approach was further developed in [4] which
made connections to optimal transport.
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By Theorem the backward procedure is written as

dX;

= (=b(T —t,X¢) +a(T — t,X)Viogp(T — t,X;) + V- a(T — t, Xy)) dt
"‘O’(T—t,yt)dBt. (110)

Since b(-,-) and o(-,-) are chosen in advance, all but the term Vlogp(T —t, X;) in (1.10)
are available. So in order to implement the backward procedure (|1.10)), we need to compute
Vp(t,x) — known as Stein’s score of X;.

Examples. Now let us illustrate reverse SDE (|1.10)) with several concrete examples of DPMs.

Example 1.2 (Constant diffusion). Let o(t,x) = ol. Theorem specifies to Follmer’s
time reversal formula:

(a)

(b)

(c)

dX; = (=b(T —t,X;) + 0*V1ogp(T — t,X;)) dt + 0dB;. (1.11)

Orstein-Ulenback (OU) process b(t, z) = 6(u—x) with @ > 0, p € R™. It is known that
given Xo = x, the distribution of Xy is p(t,;x) = N(u+ (x — p)e?, g—;(l —e72h]).
So the stationary distribution of the OU process s peo(-) ~ N (i, %;I). The backward
procedure of the OU process is

dX; = <9(Xt —u) + 0*Vlog p(T — t,Xt)> dt 4+ odDB;,
(1.12)

e o O _
with Xo ~ N (,U +(z — ple QT, ?9(1 —e€ 20T)I> s T~ Pdatal*),

or
dXy = (0(X¢ — p) + 0°Viegp(T — t, X)) dt + 0d B,

_ 2 1.13

with Xo ~ N (u, (2’91) . (113)

Sign-drifted process b;(t,x) = —sgn(x;)b; for |z;| > & and smooth, with bj,e > 0. The

stationary distribution peo(-) o< @ v4(+), where v;(-) exp(f%‘fi') for |z;| > e. If

we take € small, then v;(+) is close to Laplace(0, %) 4 g—;Laplace(O, 1) (Laplace(0,1)
is known as the double exponential). So the the backward procedure of the sign-drifted
process is considered as:

dX; = (“sgn(Xy) - b+ 0*Viog p(T—t, X;))dt + odBy,
— o? (1.14)
with Xo ~ ®j—, Laplace (O, 2(),) .
in which “sgn(X;) - b7% = —b;(T —t,X;) = sgn((X;):)b;
(Overdamped) Langevin process b(t,z) = —VU(x) for a suitable function U : R™ —
R. We know that the Langevin process has the stationary distribution peo() o

exp (—‘72(2](')

) which is a Gibbs measure. The backward procedure of the Langevin
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process 1s

dX; = (VU(X;) 4+ 0*Viogp(T —t, X,)) dt + odB,

with Xo o exp (_2 U(')> | (1.15)

o2

By taking U(z) = 4|z — p|?, we recover the OU process in (a); and by taking
U(z) = (=bi|z1], ..., —bn|zn|), we recover the sign-drifted process in (b). Generally,
we choose U(-) so that the Gibbs measure X o< exp (—%2()) is easy to sample.

Example 1.3 (State-dependent diffusion). Let o(t,z) = o(z), and a(z) = o(z)o(z)’.
Theorem [11l reduces to

dyt = (—b(T — t,Yt) + a(yt)v Ing(T — t,Yt) + V- a(yt)) dt + O'(Yt)dBt. (116)

(a) 1-dimensional Geometric Brownian Motion b(t,x) = ux and o(x) = ox with o > 0.
It is known that given Xg = x, X; = xexp ((u - %2)t—|—aBt>, i.e. Xy/x follows

a log-normal distribution. Thus the backward procedure of the Geometric Brownian
Motion process becomes

dX; = (—(,u — QUQ)Yt + 02V10gp(T — t,yt)) dt + o X,dB;,
2
with Xo ~ x - exp(N ((p — %)T, o?))

(1.17)

Example 1.4 (Time-dependent diffusion). Let o(t,z) = o(t) and a(t) := o(t)o(t)". Theo-
rem [1.1] simplifies to

dX; = (=b(T —t,X;) + a(T — t)Viogp(T — t, X,)) dt + o(T — t)dB,. (1.18)

If we take o(t) = o(t)I (where o(t) on the l.h.s. is a matriz, while that on the r.h.s. is a
scalar), the backward procedure reads as

dX; = (=b(T —t, Xy) + o?(T — t)Vlog p(T — t, X)) dt + o(T — t)dB;. (1.19)

(a) Simulated annealing (SA) o(t) = ﬁ and b(t,z) = =VU (x) for E > 0 sufficiently
large, and a suitable function U : R™ — R with the (global) minimum at x.. It is
known that the SA process converges to the point mass poo(-) = 0z, , see e.g. [28]. So
the backward procedure of the SA process is

E2

dX; = (VU(Xy) + —5————
! ( (o) log?(2+T —t)

Vlogp(T —t, Xt)) dt

. (1.20)

g2+ T — 1)
The time reversal (1.20) is a noise boosting process. The benefit of SA is that the

initial distribution for the backward procedure is a point mass, and so is easy to
“sample”.

dBt, with Yo ~ 555*.
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(b) Variance exploding (VE) SDE [27] b(t,z) = 0 and

t

max T 2 max ;

O'(t) = Omin <U 2 > — log Tma s with Omin < Omax, (121)
Omin T Omin

which is the continuum limit of score matching with Langevin dynamics (SMLD) [26].

Note that X; = Xo + fg o(s)dBs is the Paley-Wiener integral. Given Xo = x, the
distribution of Xy is given by

p(t,s2) =N <IB0, (/Ot 02(3)d3> I>
2 (1.22)
N <x,a§mn <<f;2> . 1) I) |

The name “variance exploding” comes from the fact that Var(Xy) < Var(Xr) since
Omin K Omax. Moreover, p(T, ;o) is close to the uniform distribution (in the support
of data). So the backward procedure of the VE SDE is

dX; = o*(T —t))Viegp(T — t, X;) + o(T — t)dB;,

with Xo ~ N (2, (0ax = Omin) L) + & ~ Daata(), (23
or
dX; = o*(T —t))Vlogp(T — t, X;) + o(T — t)dB;, with Xo ~ Unif. (1.24)
(¢) Variance preserving (VP) SDE [27]. Let
B(t) := Bmin + %(ﬁmax = Pmin),  with Bmin < Bmax- (1.25)
Set .
o(t) =+/B(t) and b(t,x)= —iﬂ(t)x, (1.26)

which is the continuum limit of the denoising diffusion probabilistic models (DDPM)

[13]. By applying Ité’s formula to e3do Bls)ds X, - we get the distribution of X; given
Xo =X

plt,w) = €73l AN (g (o P08 1))
—N (e*% Js Bs)ds g (1 — e~ fJﬁ(s)dS)I) (1.27)

2 2
— N (e_iT(Bmax_f))min)_E,Bmin:l;.7 (1 . e_th(Bmax_Bmin)—tﬁmin)I> .

Thus, p(T,-;x9) = N(ef%(ﬁma’ﬁﬁmi“)xo,(l — 67%(5max+ﬁmin))l), which is close to
N(0, 1) if Bax is set to be large. This is why the SDE is called variance preserving.
So the backward procedure of the VP SDE is

dX; = (;B(T — )X + B(T — t)Viog p(T — t,Xt)> dt

+ VBT —1)dB, (1.28)

with Xo ~ N (e~ 5 GmaxtBain) g (1 — =3 GmaxtBais))I) 2 0 pyora(-),
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or
dX,; = <;B(T — )X+ B(T — t)Viogp(T — t,Xt)>dt

+/B(T —t))dBy, with Xo ~N(0,1).

(d) Sub-variance preserving (Sub VP) SDE [27]. Let B(t) be defined by (1.25)). Set

= \/B(t)(l —e2h Bl)dsy  and  b(t,x) = —%ﬁ(t):c. (1.30)

(1.29)

Let
/-y(t) = e 2f0 S)dS (Bmax ﬁmln) 27tﬁmln (1 31)

so o(t) = /B(t)(1 —~(t)). The same reasoning as in (c) shows that given Xy = x,
the dzstmbutwn of X is

plt, i) = N (7305 Asg, (1 — ¢ sy
& : 2 (1.32)
= N (e_w(ﬂmax_ﬂmin)_26min$, (1 — 6_2T(ﬁmax_ﬁmin)—tﬁmin)21>

Note that Varg,, vp(X;) < Varyp(Xy), thus the name “sub VP” SDE. The backward
procedure of the VP SDE is

dX; = <;5(T — )X+ B(T —t)(1 — (T —t))Vlogp(T — t,Xt)> dt

VBT =0T —)as, )
with YO ~ N(e_%(ﬁmax"l‘ﬂmin)x’ (1 _ 6_7(/3max+ﬁmin))2]')’ T ~ pdata('),

X, = (;ﬁ(:ﬁ )X, + BT — £)(1 — ~(T — 1))V log p(T — t,Xt)>dt

+ VBT —t)(1 = (T —t))dB;,  with Xo ~N(0,1).

(1.34)

Score matching. The idea from recently developed score-based generative modeling [13),
20l 27] consists of estimating V logp(t, ) by function approximations, i.e. score matching.
More precisely, denote by {sg(¢,z)}g a family of functions on Ry x R™ parametrized by 6,
e.g. kernel or neural networks. The goal is to solve the score matching problem:

min 7 (0) := By |s9(t, X) — Vlogp(t, X)) (1.35)

Again the stochastic optimization seems to be far-fetched since Vlogp(t, x)’s are not
available. Interestingly, this problem has been studied in the context of estimating statistical
models with unknown normalizing constant. (It is easily seen that if p(-) is a Gibbs measure,
then its Stein’s score Vlog p(-) does not depend on the normalizing constant). The following
result due to Hyvérinen shows that the (implicit) score matching problem can be recast
into a feasible stochastic optimization with no V log p(t, X)-term.

Theorem 1.5 (Equivalent score matching). [14] Let
T(0) :=Ep.y [|s0(t, X)[> +2V - s(t, X)] . (1.36)
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Under suitable conditions on sg, we have J () = J() + C for some C independent of .
Consequently, the minimum point of J and that of J coincide.

Proof. We have
Vo (0) = VoEp,y [so(t, X)[?] = 2By, [Vosa(t, X) - Viogp(t, X))

= V@Ep(t,.) [|89(t, X)‘2] -2 / Voso(t,z) - Vp(t, z)dx
= Vi [0(:0F] =20 [ soft.a) - Valt,a)do

= VoE, . [Iso(t, X)) + QVQ/V - sg(t,z) p(t, x)dx
= Vo, [|s6(t, X)[> +2V - s9(t, X)] = Vo T (9),
where we use the divergence theorem in the fourth equation. O
Now assume that 6, solves the equivalent score matching problem:
min T(0) =Epy [1s0(t, X)]> +2V - s(t, X)] . (1.37)
The backward procedure in the generative SDE modeling is:
dXi = (=b(T — t,X¢) +a(T —t,X¢) so(T —t, X)) + V-a(T — t,Xy)) dt
+o(T —t,X;)dBy;, (1.38)

with X¢ ~ p(T,-) or Xg ~ poo(:). By running the SDE ([1.38) until time 7" multiple (many)
times, we generate copies of X7 whose distribution is expected to be close to Ddata(*)-
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2. WASSERSTEIN SCORE MATCHING ERROR BOUND

_ Now we consider how X1 in the generative SDE model (1.38) approaches pgas.(-), with
Xo ~p(T,-) or Xo ~ poo(-). We focus on the time-dependent case o (¢, z) = o(t), which covers
Examples and Recall that a(t) := o(t)o(t)T. We make the following assumptions.

Assumption 2.1. The following conditions hold:

(1) There exists v, : [0,T] — Ry such that ||a(t)||2 < re(t) for 0 <t <T.

(2) There exists 1y, : [0,T] — R such that (x — z') - (b(t,x) — b(t,2")) > rp(t)|x — 2'|? for
all0 <t <T and x,2’ € R™.

(3) There exists L > 0 such that |se(t,z) — se(t,2")| < Llz — &'| for all 0 <t < T and
z, 7 € R"™,

(4) There exists € > 0 such that Ep )|sg(t,x) — Viegp(t,z)|* < &2 for all0 <t < T.

The condition (1) assumes the boundedness of the diffusion parameter from above; (2)
assumes the monotonicity of the drift parameter; and (3) assumes the (uniform) Lipschitz
property of the score matching functions. (As a comparison, in all other existing works,
the Lipschitz continuity assumption is for the score function itself instead of the matching
function, e.g. [7,[5]). These conditions are used to quantify how a perturbation of the model
parameters in an SDE will affect its distribution. The condition (4) specifies how accurate
Stein’s score is estimated by function approximations. Note that the constants L,ec may
depend on 7. In most aforementioned examples, the drift parameter b(¢, x) is affine in z. So
the density p(t,-) is Gaussian-like, and its Stein’s score Vlogp(t,-) is almost affine. Thus,
it is reasonable (and consistent) to assume (3), i.e. the score matching sy(t,z) is (uniform)
Lipschitz in x.

The following theorem quantifies how close pgata(+) and the distribution of X1 are.

Theorem 2.2. Let (X, 0 <t <T) be defined by (1.38), and let Assumption hold.
Deﬁne n-= 0 ZfXO ~ p(Ta ')7 or WZ(p(Tv )apoo()) ZfXO ~ poo()} and

T
u(t) = / (1= 2ry(s) + 2022 (s)) ds. (2.1)
T—t
Then we have
. T
W (Paaal-), X1) < [ 12T 4 222 / r2 (t)en(T)-u(T-0 gy, (2.2)
0

Moreover, if ry(t) < § holds for all t € [0,T] (e.g. ry(t) < 0), then the bound ([2.2) can be
simplified as:

_ 2
Wa(Paata(+), X1) < \/nQe“(ﬂ + %(eum —1). (2.3)

Proof. The idea relies on coupling, which is similar to [29, Lemma 4]. Consider the coupled
SDEs:

dYy = (=b(T —t,Y) + a(T —t)Viegp(T — t,Yy)) dt + o(T — t)dB,

dZt = (—b(T — t, Zt) + CL(T — t)S@(T — t, Zt)) dt + O'(T — t)dBt,
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where 1) Yo = Zy ~ p(T,-) if X ~ p(T, -), and 2) (Yp, Zy) are coupled to achieve Wa(p(T, -), poo(+))
if Xo ~ poo(*), e Yo ~ p(T,), Zo ~ p(c0,-), and E[Yy — Zo|> = Wa(p(T, ), poo(-)). Then it
is easy to see that
W3 (paasa (), X1) < E[Yp — Zp|*. (2.4)
So the goal is to bound E|Yy — Z7|2. By Ito’s formula, we get

dlY; — Z* =2(Y, — Zy) - (=b(T — 1, ;) + a(T — t)Vlog p(T — t,Y;)
+0(T —t,Zy) —a(T — t)sg(T —t, Zy))dt
which implies that

dE)Y, — Zi* _

- —2E((Y; — Z;) - (0(T —t,Y;) = b(T — t, Zy)))

(a)
+2E((Y; — Zy) - a(T = t)(Viogp(T — t,Y2) — so(T' — t, Z1))) . (25)

(b)
By Assumption (2), we get
(a) > (T — ) EY; — Zi*. (2.6)

Moreover,

1 1
(4) < SEIY; — Zf* + SEla(T — 1)(Vlogp(T — t,%) — so(T — 1, Z0))*

IA

1 1
SEIY: = Zif* + Sro(T = ) E|VIog p(T — 1, Y3) — so(T — t, ;) ?

1
B = 2 4727 = 0 (BIV g~ 1Y) — su(T — 0. YD) @)
+ E‘S@(T —t, Yt) — S@(T —t, Zt)|2>

1
< <2 + L2r2(T - t>) EY; — Z,|* + (T — 1),

where we use Assumptlon (1) in the second inequality, and (3)(4) in the last inequality.
Combining (2.5 , and (| ., we have
dE|Y; — Z|?
dt
Applying Gronwall’s inequality, we have:

< (=2ry(T —t) + 1+ 2L%%(T — 1)) E)Y, — Zy|* + 2°r2(T — t). (2.8)

T
E|Yr — Zr? < " DE|Yy — Zo|? + 52/ r2(T — t)e T —u®dt,
0

Combining (2.4) yield (2.2]). Notice that denoting f(t) = w(T) — u(T — t), then

daf
dt
Thus if r(t) < %, then combining the following inequality leads to (2.3)), as

1 T 1
2 eUD)—w(T=t) 14 < (el el (1) _ o0y = = (ou(T) _
/0 r(t)e dt /0 5 2f(t)e dt = 5 2( el ™) 5 2(6 1).

—(s) = —2r(s) + 2L%r2(s) + 1.
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Looking at the bound , the data generation error Wa(pqata(-), X7) is linear in the score
matching error € and the initialization error n, and these errors propagate exponentially in
time T (in most examples, r,(t) < 0 so u(t) is positive and at least linear). This implies that
the data generation error may explode if T is set to be large even at the continuous level,
not to mention discretization errors. If Xy ~ p(T,-) (exact time reversal), then n = 0 and
we can simply take T = 1, say. If X € poo(+), then n > 0 and is generally decreasing in T
In this case, we can choose T to tradeoff the term “pe*(T)”.

Now let’s specify the error bound ([2.2]) to the examples. (Example constant diffusion
and Example time-dependent diffusion)

e Example (a) OU process. We have r,(t) = 0 > 0 and r(t) = —6 < 0. So
L3202
u(t) = (20 + =5~ + 1)t := Cout, and

_ 252 252
Wa(Paaa(-), X1) < 1| (12 + o ) eCouT — =27 (2.9)
2Cou

Recall that

1 1
Wg(]\f(ml, 21),J\/(m2, 22)) = \/\ml — m2]2 + Tr <21 + 22 — 2(21222212)%>.

If Xo~ poo() = N(u, g—ZI ), because of convexity of Wasserstein Distance we have

2
n< EXdiata(,)\/|X —pPeT + 2 (2 e 2V 1) 0, (210)

202
which decays as e . Thus, n?e“ouT < 5= +DT which suggests to pick a small T'.
e Example (¢) Langevin process. Assume that there exists L' > 0 such that

(x—2')- (VU(z) = VU(@)) < L'lz —2/|* for all z,2" € R", (2.11)
(which is obviously satisfied by the OU process). We have r,(t) = ¢ > 0 and
rp(t) = —L' < 0. So we get the same bound as in (2.9) by replacing Coy with

Crang = 2L + E2° 41,
Assume further that the Gibbs measure poo(-) o exp(_i(é(')) satisfies the log-

Sobolev inequality (LSI) with constant . For instance, if V2U > kI (known as
Bakry-Emery condition [I]), then the LSI constant a = i—’; By [25, Theorem 1.7],

H(p(T, ) ‘poo()) < eiaQQTH(p(Ov ) |poo('))a

where H(p|v) denotes the relative entropy (or KL divergence) between p and v.
Recall that a probability measure v is said to satisfy Talagrands inequality with
constant vy > 0, if for all probability measure p with H(u|v) < oo,

2
W3 (u,v) < SH(ulv).
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It follows from [22] Theorem 1] that LST implies Talagrands inequality with the same
constant. Thus, if X ~ poo(+), we get

n=Wa(p(T,"),po(")) < \/ZH(p(O’ ) [Poo()) - e (2.12)

(e

Therefore, the term n2eCLans” =< (=7 2oL/ L +1)T

. Example( ) SA process. We also assume . We have r,(t) = W and
ry(t) = —L' <0, so

212
u(t):(2L/+1)t+LE/ L
o log™(

5 s
2 2+s)
2 2 42
= (2L + 1)t + [li(s) - 102 S]
where li(t) := fo Togs 1 -ds is the logarithmic integral. It is easy to see that for T'

Sufﬁmently large u(T) < 2L +1.1)T, and w(T) — w(T — t) < (2L' + 1.1)¢ for all
0 <t <T. Thus, we get the bound

2 12 212
WQ(pdata(')7YT) < \/(772 + (EE‘> 6(2Ll+1'1))T — L (213)

2(2L' + 1.1) 2(2L' + 1.1)

But the dependence of n = Wa(p(T,-),d,,) in T seems to be hard. In practice, we
may try a simple U(-) (e.g. quadratic) and a suitable time-decaying o (t).

e Example [1.4] (b) VE SDE. We have 7,(t) = o%(t) with o(t) defined by (T.21)), and
rp(t) = 0, so

(t) L /T Y(s)ds +t LQUfmnl Fmax <Jmax># 1) +1¢
u - — g (s)as = —
2 Jr_y 2T Omin Omin

Hanyang: There looks to be some calculation error here as I redo the computation,
the result should be

(t) L /T Y(s)ds +t LZU?“‘“*XI Tmax (4 <Jma">4Tt +t
u = — o (s)as = — .
2 T—t 2T Omin Omin

but the inequality of u(7T") — u(T — t) below is still right.

LQ(aénax U4 ) g,
We have u(T) —u(T —t) <t + 57— log Zmax. Therefore,

L2 4 4
(o —o2. ) 2
o 27 \Umax min 2€
W Pdata\" 7X < 2 max
2( dat () T)_<77 <Gmin ‘ 1(7 410g22?:)

.2
o 2 o ﬁ(génaxiafnin) %
1 max max T 4 _ 4
0og ] ] (6 O max Urnin) :
Omin Omin

. Example (c) VP SDE. We have 7,(t) = B(t) and r,(t) = —33(t), with 3(t) defined
by as:
T

t —t
B(t) = Bmin + T(ﬁmax - ﬁmin) - ﬁmax - T(ﬂmax — Bmin) = ’}/(T — t),

(2.14)
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thus '7(0) = Bmax; W(t) - 7(0) = _%t and

u(t) = /T (5(8) + L2522(8)> ds+1— /Ot <7(s) + L272(s)> ds+1

T—t 2

t 2 _ 2 242
:/ <<L2/amax+ 1) (y(5) — B + L0 = Proe)” | L +5max> ds 1
0

2 2
 LBmax +1

2 _ 2 2 22
20 0) — Bt + Oy (e 1)

2
— LQ(Bmax - Bmin)2t3 - (Lgﬁmax + 1)(ﬁmax - 5min)t2 + L25r2nax + ﬁmax +1)¢
672 2T 2
thus U(T) — CT’ Where C — LQ(,Bmax6*Bmin)2 o (LQﬁmaX+1)§/8maX76min) + <L2ﬁ2[2nax + Bmax + 1) .
Notice that 7(t) < 0, thus by the bound (2.3)), we have:

Walpaua(2) Xr) < 102 + S2)e0T = 5. (2.15)
We also compute the initialization error n as:
1 < Eampguna, W (N(e—%ﬂmaxwmm)x’ (1 — ¢ BrmaxtBmin) ) 1) AF(0, ]))
(2.16)

_T i T . 3
— Eprdata(~) (e 2 (Bmax+ﬁm1rl)|’x”2 + (1 o \/1 e 3 (Bmax“’,ﬁmm))Q « n)

e Example (d) sub-VP SDE. We have r,(t) = B(t)(1 — =2 I B(s)dsy and ry(t) =
—L1B(t), with B(t) defined by (1.25)). It is easy to see that the error bound for the VP
SDE is also valid.



DIFFUSION MODELS 13

3. DISCRETIZATION ISSUES

We further investigate the discretization error imposed by the time discretization.

3.1. L? error for general SDEs. We first focus on a general non-autonomous SDE result
for the L? error presented by [17] for Euler-Maruyama approximation, defined as below:

For a given discretization 0 = tg < t; < -+ < t, < --- < ty = T of the time interval
[0, T] (not necessarily a uniform one), an Euler approximation is a continuous time stochastic
process Y = {Y(¢),0 < t < T} satisfying the iterative scheme

Yoi1 =Y +0(tn, Yn) Ap + 0 (L, Yn) AW, (3.1)

for n = 0,1,2,...,N — 1 with initial value Yy = Xp, and in we denote Y, = Y (t,),
Ay = tur1 — tn, and AW, ~ N (0, A1)

Denote 6 = max, A,, we have the following L? error bound of the discretization error,
mainly revised from Theorem 10.2.2 of [17]:

Theorem 3.1. Suppose that E(]XOIQ) < 00 and assume the smoothness and the growth
condition as:

() [b(t, 2) = b(t,y)| < K|z —yl,|o(t,2) —o(t,y)| < K|z —yl,
(i) [b(t, 2)]> < K? (1+ [2]?) ,[o(t, 2) > < K (1+ |2[?) (3.2)
(13i) |b(s,z) = b(t,z)| + |o(s,z) —o(t,x)| < K(1+ |z|)|s — t\%,

for all s,t € [0,T] and x,y € R", where the constants K do not depend on 6. Then, for the
Euler approzimation Y°, we have

E (‘XT - Y;if) < K(T) 4. (3.3)

Proof. By Lemma we have:
E < sup \Xs|2> < (4t 4 16) {E\XO\Q +(1+ E|X0|2)te(2K2+1)t} (3.4)
0<s<t

Consider the Euler Approximation interpolated continuously by

t t
Yo =Y0 + / b (tn, Y,f) ds +/ o (tn, Yj) dw, (3.5)
tn tn

for t € [tn,tp41) and n=0,--- , N — 1. By Lemma[A.5 we have:

E ( sup |Y;|2> < (4t + 16) {E Xol>+ (1+E |X0|2)te(2K2+1)t} . (3.6)
0<s<t
(Proof to be finished) 0

3.2. L? error for time-dependent-only diffusion. For the time-dependent case o(t,z) =
o(t) which is of our interest to DPM, we can derive a sharper bound by the results of Theorem
10.3.5 of [17]:
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Theorem 3.2. Suppose that E(|X0|2) < oo and under appropriate smoothness and the growth
condition of b(-,-) and o(-,-) (stronger than (3.2)), then for the Euler approzimation Y the
estimate

2
E <‘XT - Y;E‘ > < K(T) - 6 (3.7)
holds, where the constant K(T') does not depend on §.

As a remark, actually for Theorem and both the error bound is uniform over T, i.e.
we actually have:

2
E( sup ‘Xt —Yf‘ > < K5(T) -6 (3.8)
0<t<T
for general case of the diffusion term and for an only time-dependent diffusion term,
2
E( sup ‘Xt —Y;‘( ) < K(T) - 6 (3.9)
0<t<T

which can be directly see from the proof.

3.3. Summarized Results for DPM.
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4. THE POWER OF CONTRACTION

Next we consider the discretization of the backward SDE (X, 0 < ¢t < T') defined by (1.38).
We show that under certain contraction assumptions, the constant K (7") in the discretization
error derived in the previous section will ‘vanish’ and become a constant independent of T'.

To simplify the presentation, we still focus on the time-dependent case o(t,z) = o(t). Fix
§ > 0 as the step size, and set t}, := kd for k =0,..., N :=T/6. Let Xy = X, and

)/(:k = )?k—l + (—=b(T — tg, )/(:k,1)+a(T —ti—1)S0(T — t—1, )?k,l))é

(4.1)
+U(T_tkfl)(Btk_Btk_1)7 fOI'kzl,...,N,

be the Euler-Maruyama discretization of X over [0,7]. (Here By, — By, _, can be realized as
N(0,9).) By triangle inequality,

N

Wa(pasea (), X) < Walpawea), Xr) + (EX7 = Znf?)?, (4.2)

where in the second term on the right side X and X are coupled (i.e. driven by the same
Brownian motion B). The term Wa(pgata(-), X7) has been studied in Theorem In what

1
follows, we deal with the global discretization error (E|YT - XN|2> ’.

The key idea is to make the backward SDE (1.38)) be “contractive”, so the discretiza-
tion error will not expand (or ampilify) over the time. To this end, we need some extra
assumptions.

Assumption 4.1. The following conditions hold:

(1) There exists Ly > 0 such that |o(t) — o(t')| < Ls|t — '] for all t,t'.

(2) There ezists Ry > 0 such that r5(t) < R,.

(3) There exists Ly > 0 such that |b(t,x) —b(t',2")| < Ly(|t = t'| + |x — 2']) for all t,t" and
x, 2.

(4) There exists Ls > 0 such that |sg(t,x) — so(t',2")| < Ls(|t — t'| + |x — 2'|) for all t, ¢
and x,x'.

(5) There exists Rs > 0 such that |so(T,x)| < Rs(1+ |z|) for all z.

Wenpin: Comment on these assumptions...

1
The analysis of the error <E|YT - X N|2> * relies on the following lemmas. The lemma

below proves the contraction of the backward SDE X.

Assumption 4.2 (Contraction). There exists 3 > 0 such that

T
/ (ry(s) — Lr2(s))ds > Bt, for all t, (4.3)

T—t
or simply
B:= inf (ry(t) — Lr2(t)) > 0.

0<t<T
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Lemma 4.3. Let (X;,0 <t <T) be defined by (1.38) with X = x. Let Assumption
(1)-(3) and Assumption[{.9 (4) hold, then

—r = 1 1
(E’Xt - Xi/|2) * < (E|J" - y|2) ° exp(_ﬁt)7 fOT’ all t, (44)

where X and X" be coupled, i.e. they are driven by the same Brownian motion with (dif-
ferent) initial values x and y respectively (x and y represent two random variables).

Proof. Recall that o(t,z) = o(t) does not depend on the state z. We have

dX; - X, =2(X; - X3) - < = b(T — 5, X) + a(T = 5)sp(T — 5,X)

s

+0(T — 5, X)) — a(T — 3)39(75)> ds.

Thus,
d

EX = X(PP = 2B [(X; - X[) - (0T = 5, X;) = b(T = 5, X{))]
S

s ‘s

= @ - . (45)
+2E [(X; — X)a(T — s)(se(T — 5, X5) — 5o(T — 5,X2))] -

s

~~

(b)
By Assumption (2), we get

(a) > ry(T — s)E| X — X7, (4.6)
By Assumption (1)(3), we obtain
(b) < Lr2(T — s)E[X; — X3 % (4.7)

Combining (4.5)), (4.6) and (4.7)) yields
d . o
d*E\Xf — XoI? < =2(np(T — ) = Lra(T — 5))E[X, — X%,
s
By Gronwall’s inequality, we have
t
E|X; - X7|? <E|lz — y*exp (—2/ (ry(T — 5) — Lr2(T — s))ds) ,
0
which, by the condition (4.3), yields (4.4) O

Next we deal with the local (| one—steg) discretizatiﬂl error of the process X. Fixing t, <
T — 0, the (one-step) discretization of X starting at X, = x is:
X5 — g 4 (=b(T = ty, 2) + a(T — t)56(T — te,2))0 + o(T — t.)(By, 15 — Br,).  (4.8)

The following lemma provides an estimate of the local discretization error.

Lemma 4.4. Let (Y?’x, ty <t <T) be defined by (1.38]) with Yi:’x =z, and )?f*’x be given
by (4.8). Let Assumptz’on hold. Then for § sufficiently small (i.e. 6 <& for some § < 1),
there exists C,Co > 0 independent of § and x such that

1
) < (€1 + CoVERP) 6%, (19)

~

T ty,T
(BiX - 2
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[E(X0s — X)| < (C1 + Cov/Ea?)262. (4.10)

Proof. For ease of presentation, we write X; (resp. X 1) for Yi* " (resp. X %), Without loss

of generality, set ¢, = 0. We have

é 4
X5:x+/ —b(T—t,Xt)—i—a(T—t)se(T—t,Xt)dt—i—/ o(T — t)dB,
0 0

é é
Xi==x +/ —b(T,xz) + a(T)se(T, x)dt + / o(T)dB;.
0 0
So
E| X5 — X1|?

é é
=E / b(T,z) — b(T —t, X4)dt + / a(T —t)sg(T —t,X;) — a(T)s(T, z)dt
0 0

6 2
+ /0 o(T —t)—o(T)dB;

2
+

5 2
/0 a(T —t)sg(T —t,X) — a(T)se(T, z)dt

)

1) 4
< 3<5/ E|b(T, z) —b(T—t,Xt)Ith—HS/ E|a(T — #)so(T — t, X2) — a(T)so(T, z) 2dt
0 0

/(S b(T,z) — b(T —t, X;)dt
0

§3IE(

2

é
+ /0 o(T — t) — o(T)dB,

(a) (®)
6
+/ \a(T—t)—a(T)Pdt),
0

(c)

(4.11)

where we use the CauchySchwarz inequality and It6’s isometry in the last inequality. By

Assumption (1), we get
0 2
L
(c) g/ Lit%dt = ?"53. (4.12)
0
By Assumption (3), we have
0 3 1
_ 5 _
(a) < / 2L (t* + E|X; — x|*)dt = 2L <3 +/ E|X; — x|2dt> .
0 0
According to [I6, Theorem 4.5.4], we have E|X; — z|> < C(1 + E|x|2)teCt7for some C' > 0
(independent of x). Consequently, for ¢ < § sufficiently small (bounded by § < 1),
E|X; — 2> < C'(1 +E|z|*)t, for some C’ > 0 (independent of 6, z).
We then get

3 ! 2 ! l
(a) < 2L} (‘; + W?) <2L? <; +5 2E\x|2> 52 (4.13)
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Similarly, we obtain by Assumption (1)(2)(4)(5):
(b) < C"(1 +E|z*)6%, for some C” > 0 (independent of 4, x). (4.14)

Combining (4.11)), (4.12)), (4.13)) and (4.14)) yields the estimate (4.9).
Next we have

IE(Xs — X1)|

d 1)
_ ‘IE/ b(T,z) — b(T — t,X,)dt + IE/ o(T — 1)56(T — £, X,) — a(T)se(T, ) dt
0 0

19 19
g/ JE|b(T,:r)—b(T—t,Xt)|dt+/ E|a(T — t)so(T — t, X;) — a(T)se(T, z)|dt
0 0

4
gc’”/ (t(1+ El|) + E[X, — ) dt
0

< C"(1+ E[z2)s2, for some C"” > 0 (independent of 5, z).
where the third inequality follows from Assumption [4.1] and the last inequality is due to the

— — 1
fact that E|X; — 2| < (E|X; — z[*)? < \/C’(1 + E|z[?)t. This yields the estimate (4.10). O
Now we state the result for the global discretization error E| X1 — X ~?.

Theorem 4.5. Let (X;, 0 <t < T) be defined by (1.38)), and ()/fk, 0 <k < N) be defined
by (4.1). Let Assumption (1)-(3) and Assumption hold. Then there exists C > 0
(independent of 6,T) such that

(NI

(IE|YT - )?NP) < oV, (4.15)

Proof. The proof is split into four steps.
Step 1. Recall that ¢, = kd for k =0,..., N. Denote Xy, := X, , and let

N

T (E\Yk — )?k|2> )

The idea is to build a recursion for the sequence (ex)g=o,. n. Also write (Yi*’x, te <t <T)

3 b N v 7X
to emphasize that the reversed SDE (|1.38) starts at Xi* Y =1,50 Xpy1 = XZ:H'“. We have

~ -~ 2
2 _mly e Xk | otk Xk o
€1 = B | Xpp1 — th+1 + thﬂ = Xk41

~ <t X, <t Xk o ~ o Xy ot Xk O
= BXus = Xy P EXGT - BunP 428 | (R - T @S - Buv)
(@) (b) >
(4.16)
Step 2. We analyze the term (a) and (b). By Lemma [4.3| (the contraction property), we get
—te, Xk tr, X,
(a) = E]thHk - Xt:+1k|2 < e exp(—249). (4.17)
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By (in Lemma [4.4)), we have
(b) < (01 n cgnp?ky?) 58, (4.18)
Step 3. We analyze the cross-product (c). By splitting

S N S R
Xk+1 — Xt2+1k = (Xk — Xk) + |:(Xk+1 — Xk) — (XtZJrlk — Xk):|,

i=ds (X 10, X,
we obtain
N A~ 7)( A~ — A~ 7)( A~
() =E |(Xx — Xp) (X3 * — X,m)} +E |:d5(Xk, Xi) (X h — X,m)} . (4.19)

'

(d) (e)
For the term (d), we have

d) =E [(Xk — X3) E(Yigffk - )?k+1|}'k)}

N

BB — R o) ) (4.20)

< €k tet1

(
<en (01 +Cy Eka|2>
(

where we use the tower property (of the conditional expectatlon) in the first equation, the
Cauchy-Schwarz inequality in the second inequality, and (| in the final inequality. Ac-
cording to [21, Lemma 1.3], there exists Cp > 0 (independent of 9, Xx) such that

(Edg(Xk,)A(k))é < CoeV/. (4.21)
Thus,
(0 < (B (Xe %) (E|Xi:ff'“ fmﬂf
< Cyey, (cl + cm/np?k\?) §2.

where we use and in the last inequality. Combining (4.19 , and -

yields for & sufﬁ(:lently small

(4.22)

(c) < ek (C{ - C’é\/IE|)?k|2> 52, for some C},Cl > 0 (independent of 6, X;).  (4.23)

Step 4. Combining (4.16) with (4.17)), (4.18) and (4.23]) yields

€., < el exp(—2080) + (C1 + cgnp?kﬁ) & +ep (C’{ + C'Q\/IE\X';CP) 52.




20 WENPIN TANG

A standard argument shows that Lemma (the contraction property ) implies E|X;|? < C
for some C' > 0. Thus, E|Xy|? < 2(C + €2). As a result, for d sufficiently small,

3
erq <el (1 — 455) + D16 + Does (53 - 53> + Dyeyd2, (4.24)
for some Dy, Do, D3 > 0 (independent of §). Note that
1
Dgez ((53 + (5%) < 16265, for ¢ sufficiently small,

and )
1 2D
Dserds < 16%55 L2862

B
Thus, the estimate (4.24) leads to

e%_i_l <el (1 — iﬁé) + D&%, for some D > 0 (independent of §). (4.25)

Unfolding the inequality yields the estimate . ([l
As a remark, if we can improve the estimate in (4.10)):

B(X7 75 — X777)] < (C1+ Cov/Ela?) 262, (4.26)

(i.e. 02 local error instead of & %), then the discretization error is C.

Now by (4.2)), Theorem and Theorem we have
Wa(Paata () Xn) < Wa(Paara(-), X1) + CV5, (4.27)

where a bound for Wa(paata(-), X1) is given by or . The term Wa(paata(+), X7)
depends on T, and may decay (exponentially) in 7" as discussed in Section [2| The discretiza-
tion error Cv/¢ is now independent of 7' — it is an “infill” discretization error (by fixing the
horizon T'). If we choose

N =T7 steps with v > 1,

— -1
then § = T'=7. The discretization error scales as T~ 2" = N _%, which is roughly N -3

for large 7.

Note that as mentioned before, if we can improve the estimate in (4.10)):
Soteo v ix 1
B0 — X0 < (€1 + Coy/ElaP) b, (4.28)
(i.e. 02 local error instead of & %), then the discretization error is C'd. In this case, the error

—1
scales as N _WT, which is roughly 1/N for large ~.
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5. EXAMPLES AND EXPERIMENTS

We consider some concrete examples which may lead to the contraction property of the
reversed SDE. There’s an issue justifying the key assumption Assumption as typically
we do not know L thus we could not verify . But a necessary condition implied by
is that there exists infyc[o 7775 (t) > 0. Recall that ry(¢) such that:

(x —a') - (b(t,x) = b(t,2")) > rp(t)|z — 2/)* forall 0 <t < T

(a) ‘Reverse’ Orstein-Ulenback (OU) process b(t,z) = 6(z — p) with § > 0, p € R™ and
o(t) = 0. Given Xy = z, the distribution of X7 is

0.2
p(T, 5 2) = N(p+ (x—ﬂ)eeTa%(ewT - I, (5.1)

which enables us to conduct exact sampling.
(b) ‘Reverse’ Variance preserving (VP) SDE [27]. Let

/B(t) = ,Bmin + %(ﬁmax - 6min)a with ﬁmin < /Bmax' (52)
Set

o(t) = \/B{d) and b(t,x):%ﬁ(t)a:, (5.3)

By applying It6’s formula to e=3Jo B (5)ds X, we get the distribution of X; given X =
x:

N (e% Js B&)dsy (eJs B(s)ds _ 1) 1) (5.4)

frd N (eﬁ"(ﬁmaxfgmin)+;,3minx7 (e%(/gmaxfﬁmin)+t6min _ 1)[) .

Thus, p(T, ;x0) = N(e%(ﬁma’”'ﬂmi“)xo, (e%(ﬁmax+ﬂmi“) —1I).

(c) ‘Reverse’ sub-variance preserving (Sub VP) SDE [27]. Let 3(¢) be defined by ([1.25]).
Set

1
o(t) = \/ Bt)(e2Jo B)ds _ 1) and bt z) = S8 (5.5)
Let
/y(t) = 62 fot B(s)ds — eé(ﬂmax_ﬁmin)"!‘Qtﬁmin’ (56)
so o(t) = \/B(t)(y(t) — 1). The same reasoning as in (b) shows that given Xy = =z,
the distribution of X; is
p(t,52) =N (6% Jo 8(s)dsyz (eJo Bds 1)21)

t2 t t2 9 (57)
— N (en(ﬁmaxﬁmin)‘i‘gﬁminx’ (eﬁ(ﬁmaxfﬁmin)+tﬁmin _ 1) I)
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The backward procedure of the VP SDE is
_ 1 _ _
dX; = <2B(T — )Xy + B(T —t)(1 = (T —1))Viog p(T — t,Xt)>dt

+V/B(T = t)(1 — (T —t))dBy,
Wlth YO ~ N (e%(ﬁmax+ﬁmin)x’ (eg(ﬁmax‘i’ﬁmin) _ 1)2[) , €T~ pda,ta(‘)7

(5.8)
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6. LITERATURE REVIEW

We briefly review some key assumptions and bounds developed in recent works for the the-
oretical analysis of DPMs. We limit the analysis to diffusion instead of latent diffusion first.
We also focus on the direct analysis for [27], with an earlier analysis on SGM like [3].

6.1. TV distance with L*° error. The first quantitative convergence results for the method-
ology of [27] is [7] (extra assumptions on time-homogeneous diffusion term contrary to the
exact form of [27]), which provides the TV distance bound with respect to the horizon length
T under a L* score matching error. The precise result is listed as below.

Theorem 6.1. Assume that b(t,x) = —ax for a > 0 with a constant diffusion term o(t,z) =
I wlog. Further assume that there exists M > 0 such that for any t € [0,T] and x € R?

||sg=(t,x) — Viogpi(2)|| < e,

with sgx € C ([O,T] X Rd,Rd). Assume that pgaa € C° (Rd, (0, —i—oo)) is bounded and that
there exist di, Ay, Ay, A3 > 0,51,B2,03 € N and m; > 0 such that for any v € R? and
i€{1,2,3}

[V 108 paasa ()] < Ai (1411211 (V108 panta (), 2) < —malla)® + dillal],  (6.1)

with B1 = 1. Then for any o > 0, there exist By, Cy, Do > 0 such that for any N € N
and {'yk}szl with v, > 0 for any k € {1,..., N} denoting the EulerMaruyama discretization
parameters such that T = Zivzl Vk: ¥ = SUPkeq1,..,N} Yk, the following bounds on the total
variation distance hold:

(a) if a« > 0, we have HE ()_(T) — Ddata HTV < Cq (5 + '71/2) exp [DoT] + By exp [fozl/QT} ;
(b) if « = 0, we have HL’ (X'T) — Ddata HTV < Cy (8 + ’71/2) exp [DoT] + By (T*1 + T*1/2);

in which L (XT) denotes the true distribution of Xt after descritization and score-matching
Eerror.

Proof. A sketch of proof is that we bound the distance by two terms through the following
inequality:

1£(X7) = pdatalltv < ||£(X7) — X7llov + | X7 — Pdatall TV (6.2)
< £ (XT) —XTHT\/-FHXO - Xr|TV, (6.3)

(a) (0)

in which the second inequality follows from the data processing inequality (for the TV dis-
tance) that:

0P = piPllry < llwo — pallry

for any distribution pg, u1 and markov transition kernel P. The bound of term (a) relies on
the Girsanov’s Theorem (Theorem 7.7 of [19]) which leads to the final bound that

(a) < C3exp [C3T] (7 + MQ) ,

which is independent of a and the bound of term (b) is controlled through the mixing
properties, whose proof is reminiscent of [2]. O
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We briefly comment on the intuition of the assumptions in Theorem The main assump-
tion (6.1]), in addition to the bounded L*° error, can be shown to lead to:

| 1080 ()| < De (14 1))

for any t and the certain continuity property of V¢logp; (+) in order to finally satisfy the con-
dition of applying Girsanov’s Theorem, and thus bounding the term (a). In addition, since
(a) is a composition of the discretization error and the score-matching error, it is possible
that we divide the error into two parts which may improve the bound, which not surprisingly
is captured by later analysis.

6.2. TV distance with L? error. The [5] provides a quite similar argument of the DDPM
case [L3] for the TV distance under a L? error. Moreover, [5] indeed divide the error term
(a) into two parts corresponding to the discretization error and convergence error, as we
commented before. Again the paper assumes that the diffusion term is a constant with o = I
(although the paper’s author claimed that it could be extended to general case, e.g. VE-SDE
or VP-SDE) and n = d, the dimension of data is same as the dimension of the brownian
motion. The key assumptions of [5] are:

Aspt 1 (Lipschitz score). For all t > 0, the score V In ¢ is L-Lipschitz.
Aspt 2 (second moment bound). For some 1 > 0,Eq [|| - [|**7] is finite.
Aspt 3 (regular starting distribution). Forall k =1,...,N,E,, , [Hskh —Vin Qkh”2 <e2 e

Aspt 4 (score estimation error). The data distribution ¢ has finite KL divergence w.r.t.
the standard Gaussian, i.e. KL (¢||v%) < occ.

Again the assumptions 1 and 2 are essentially used to bound the discretization error.

Theorem 6.2. Let L (XT) denotes the true distribution of Xt after discretization and score-
matching error, and suppose that the step size h := T /N satisfies h < 1/L, where L > 1.
Then, it holds that

TV (or.q) S +/KL (g]4%) exp(=T) +(L\/%+Lm2(q)h)\/f+ ccoreVT

g ) e score estimation error
convergence of forward process discretization error

Notably Corollary 6 of [5] provides a Wasserstein 2 bound given the bounded support as-
sumption.

6.3. Wasserstein-1 distance with maniford hypothesis.

6.4. Ignoring error. With existing works like [6], 18], assuming an oracle of the score func-
tion with no matching error.
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7. MIN-MAX OPTIMAL RATE FOR THE DIFFUSION MODELS
8. CONSTRAINED DOMAINS

Discuss other approaches, e.g. [7]; diffusion models in constraint domains [9], on the simplex
[8, 24] and reflected diffusion models [20]. These are related to constrained diffusions with
the stationary distribution of exponential form.
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APPENDIX A. LEMMAS AND PROOFS

Lemma A.1 (Gronwall’s inequality). Let o, 5 : [to,T] — R be integrable with

0<at) <p(t)+ L/t a(s)ds

to

fort € [to, T] where L > 0. Then

at) < B(t) + L / t e =) 3 (s)ds

to
fort € [to, T].

Lemma A.2 (Doob’s inequality). A right-continuous martingale X = {Xy,t > 0} with finite
p th-moment satisfies the Doob’s inequality:

E ( up \Xt\p) < (&)pmwm

0<s<t

Lemma A.3 (Theorem 4.5.4 and 4.5.5 of [16]). Suppose that for all t € [0,T] and z,y € R,
there exists a constant K > 0 such that

[b(t, ) = b(t, y)| < K|z —yl,|o(t,2) —o(t,y)| < K|z —y|
and
b(t,z)|* < K? (1+ |33|2) ot z)|? < K2 (1+ |a:|2) .
Further, assume that
E[Xof* < oo,

then we have the following second moment estimate and uniform second moment estimate of

the solution Xy of (1.1)) satisfies
EIX < (1 +E \XOP) K1)t (A1)

fort € [0,T] and

E ( sup ]XS\Q) < (4T + 16) {E|X0|2 +(1 +E\X0\2)Te(2K2+1)T}. (A.2)
0<s<T

Proof. We first prove (A.1]). By Ito’s formula:
d| X > = 2X; - (b(t, X;)dt + o (t, X;)dBy) + |o(t, z)|*dt

thus integrating from 0 to ¢ and taking expectation, we have

t
E|X¢|? = E| X[ +/ (2X5 - b(s, Xs) + |o(t,2)[?) dt
0
t
< E|X,|? +/ (K?+1) (1+ | Xs%) + K2 (1+ | X,)%)) dt
0

t
<E|Xo|* + (2K + 1)t + (2K* + 1)/ E|X,|*ds.
0
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By applying the Gronwall’s inequality, we have:
t
E|X,[2 < B|Xof2 + (2K2 + 1)t + (2K + 1)/ (CHH-9) (B[ X,[2 + (2K + 1)s) ds
0
= E[Xo|? + (2K2 + 1)t + E| Xo[2(ePF*TDE _ 1) — (2K2 4 1)t — 1 + @K+
< (1 + E’X0’2)6(2K2+1)t,
which yields (A.1)). To prove (A.2)), notice that
t
Y =Xy — / b(s, Xs)ds — X
0

is a martingale, thus by Doob’s inequality:

E < sup W) <4F (\YT]Q) .
0<t<T

By It6’s isometry, we have that the right hand side:

E (|YTy2) - E(/OT lo(5, X5)|2ds) < E(/OT K2(1+ | Xs[2)ds).

By using the growth condition and (A.1)):
T T
E(/ K21+ |X,|?)ds) < KT + K2/ (1 + E|Xo[?)eE*HDiqs
0 0

1
< K°T + S(1+E|Xo) <e<2K2+1>T - 1)
< (1 + E|X0|2) (6(2K2+1)T _ 1)

Also notice that:
2

sup | X[ = sup

¢
Y; + / b(s, Xs)ds + X
0<t<T 0<t<T 0

t 2
s4<&mrnﬁ+ sup | [ (s, X.)ds )+mxm2
0<t<T 0<t<T [JO

T 2
<4 ( sup ’yt|2 + (/ |b(s,Xs)|ds> ) +2|X0|2
0<t<T 0

T
g4<amrnF+T/ w&xgﬁh>+mmw
0<t<T 0

Thus taking the expectation on both sides and using the growth condition:

T
E ( sup |Xt|2> < 16IE|Yt|2+4T/ K?*(1+E|X,|*)ds + 2E (|Xo?)
0

0<t<T
< (4T + 16) {E Xol>+(1+E |X0|2)Te(2K2+1)T}

which concludes our proof. ]
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Lemma A.4. LetY; defined as in (3.5) and further denote
R = (A.3)

Proof. The result is a direct corollary pf [16, Lemma 10.8.1] when /() = n(a) = 1 and
la) =1,n(a) =0. O

Lemma A.5. Suppose the same conditions as in Lemma[A.3, then we have that Y: defined

in (3.5) satisfies
EI|? < (14 E|Xo[) el2K* 1) (A4)

fort € [0,T] and

E ( sup |Y8|2> < (4T + 16) {E Xo|*+ (1+E |X0|2)Te(2K2+1)T} (A.5)
0<s<T

Proof. O
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