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Abstract. This paper is concerned with the convergence rate of policy iteration for (determin-
istic) optimal control problems in continuous time. To overcome the problem of ill-posedness due to
lack of regularity, we consider a semidiscrete scheme by adding a viscosity term via finite differences
in space. We prove that the policy iteration (PI) for the semidiscrete scheme converges exponentially
fast and provide a bound on the error induced by the semidiscrete scheme. We also consider the
discrete space-time scheme, where both space and time are discretized. The convergence rate of PI
and the discretization error are studied.
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1. Introduction. Optimal control is ubiquitous in science and engineering with
a variety of applications including aerospace engineering [6, 10], chemical engineer-
ing [38], economy [29], operations research [45, 48] and robotics [2, 15]. Dynamic
programming (DP) has proved to be an efficient tool for solving multistage optimal
control problems since its inception by Bellman [5]. In recent years, reinforcement
learning (RL) has shown great success in resolving complex decision-making prob-
lems, notably AlphaGo [49] and humanoid tasks [22]. Policy iteration (PI), as a class
of approximate or adaptive dynamic programming (ADP), is instrumental in many
RL algorithms [51].

The idea of PI dates back to Howard [24] in a stochastic environment known as the
Markov decision process (MDP). Subsequent works [7, 40, 41] explored PI for MDPs
in discrete time and space; recently, [8, 36] considered PI for (deterministic) optimal
control problems in discrete time and continuous space. In these works, PIs are proved
to converge to the optimal control under suitable conditions on the model parameters.
Furthermore, [42, 47] studied the convergence rate of PI for infinite horizon MDP. On
the other hand, many real-world problems are modeled by dynamical systems evolving
in continuous time, and it is known that DP for optimal control in continuous time
and space entails the Hamilton-Jacobi-Bellman (HJB) partial differential equation
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(PDE). Despite its importance, PI for optimal control problems in continuous time
and space has mostly been studied in the linear quadratic setting [32, 55] or those with
a specific structure that allows solvability to some extent [1]. It was not until recently
that the general space-time problems were considered in [34] under a fixed point
assumption. For the stochastic control problems, [31, 44] showed that PI converges
exponentially fast in the case where controls are only exercised on the drift term
of the state process. Similar results were derived for the corresponding entropy-
regularized problems [26, 53]. Recently, PI for mean field games was considered in
[11, 13, 14]. We also mention that, in a closely related direction, [9, 57] studied
value iteration for optimal control problems. References [28, 37] proposed differential
dynamic programming. It relies on a quadratic approximation to the value function,
which requires the second-order property of the model parameters. See [35, 56] for
recent progress on the theory and applications of ADP for optimal control and RL.

In this paper, we study the convergence rate of PI for optimal control problems
in continuous time and their discretization under general conditions on the model
parameters. We will assume that the cost function, the control, and the vector field
that controls the system’s state are all uniformly bounded and Lipschitz continuous.
However, some of our results hold under more general assumptions (see Remark 3.4).
Note that the convergence analysis in [1, 32, 55] relies on the specific structure of the
problem, while [34] assumed that the HJB operator enjoys a fixed point or a contrac-
tion property, which is hard to verify. None of these works quantified the convergence
of PI to the optimal control. Moreover, PI for continuous-time control problems may
even be ill-posed due to lack of regularity. Our idea is to introduce a viscosity term
“hAPM” in the policy evaluation, where h is the mesh size and A" is the discrete Lapla-
cian in space. We call it a semidiscrete scheme. Essentially, the viscosity term is of
order 1, which ensures that the finite difference scheme is monotone. A monotone
scheme is commonly desirable for numerical implementation, so the addition of the
finite difference viscosity term is natural. On the other hand, the viscosity term in
the semidiscrete scheme mimics the vanishing viscosity approximation to first-order
PDEs [20], which forces PI to converge exponentially fast (Theorem 3.1 and Theo-
rem 3.3), as for the stochastic control problems. We also prove that the discrepancy
between the optimal control problem and its semidiscrete scheme is of order VA as
h — 0 (Theorem 3.5). If further assuming the cost function and the vector field to
be uniformly bounded in W2 in space, then the policy in PI converges almost ev-
erywhere (Theorem 3.7). Furthermore, we consider the time-discretization, called a
discrete space-time scheme. The same results hold for PI for the discrete space-time
scheme (Theorem 4.1 and Theorem 4.2). Our results echo recent work [23], which
asserts that noise enhances the convergence of finite horizon RL algorithms. In our
setting, noise corresponds to the viscosity term, and the importance of a finite horizon
is seen from various bounds with exponential dependence in time. Our analysis relies
on PDE techniques (which are also useful in analyzing vanishing viscosity approxima-
tions for mean field games [52]) and may carry over to the study of differential games
in solving Hamilton—Jacobi-Bellman-Issacs (HJBI) equations.

To the best of our knowledge, the exponential convergence results in Theo-
rems 3.1, 3.3, and 4.1 are new in the literature and they are essentially optimal. For
the quantitative convergence of the solutions to the semidiscrete scheme and the dis-
crete space-time scheme to these of the continuous equations in Theorems 3.5 and 4.2,
we follow the approach of Crandall and Lions [16]. Note that [16] does not deal with
PI and approximated optimal policies.
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The rest of the paper is organized as follows. In section 2, we provide back-
ground and present the semidiscrete and the discrete space-time schemes. In section 3,
we study the semidiscrete scheme, and in section 4, we analyze the discrete space-
time scheme. We provide further PDE perspectives in section 5. We conclude with
section 7.

2. Setup and preliminary results. In this section, we present the semidiscrete
and the discrete space-time schemes. Consider a system whose state is governed by
the ordinary differential equation

(2.1)

where, for 0 < ¢t < T, z(t) € R? is the system state, a(t) € A C R™ is the control
or policy, and f : [0,T] x R? x A — R? is Lipschitz continuous. Here, A is a given
compact subset of R™. The objective is

T
(2.2) J(t,z,a) ::/ c(s,x(s),a(s))ds + q(x(T)) given z(t) ==,
t
and the goal is to minimize this objective function. Denote by
2. «(t,x):= inf J(t,z,a),
(2.3) vi(t, x) alélAtJ( x, )

where A, is the standard admissible policy defined as A; = {a : [t,T] - A : ais
measurable}. It is known that, under suitable conditions on ¢(-) and ¢(-) (see [21,
Chapter 2] or [54, Chapter 2]), v, defined by (2.3) is the viscosity solution to

(2.4) {&v(t,x) + H(t,z,Vou(t,z))=0 in (0,T) x R?,

o(T,z) = q(x) on RY,
where the Hamiltonian H : [0,7] x RY x R? = R is given by
H(t,x,p):= ;22 [e(t,z,a) +p- f(t,z,a)].
We assume the above infimum is achieved at a unique a € A. Denote by

(2.5) a(t,x,p) :=argmin[c(t,z,a) +p- f(t,x,a)].
a€A

The optimal policy is given by
(2.6) ay(t,x) = at,x, Vo (t,x)).

We impose the following assumptions.
(A1) c(+,-,-), f(+,+,-),q(-) are uniformly bounded and Lipschitz continuous in all of
their dependencies.
(A2) a(-,-,-), the unique solution to (2.5), is uniformly Lipschitz continuous in all
of its dependencies on [0,7] x R% x A.
Condition (A2) is restrictive, which is required to ensure the well-posedness and reg-
ularity properties of the PI algorithm. It is hard to relax this condition because the
control o appears directly in PI.
PI is an ADP that alternates between policy evaluation to get the value function
with the current control and policy improvement to optimize the value function. More
precisely, for n=0,1,..., the iterative procedure is as follows:
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e Given ay,(t,x), solve the linear PDE

Oon(t, ) + c(t,z,an(t, ) + Vo, (t,z) - f(t,z,0,(t,2)) =0 in (0,T) x R4,
(2.7) - p
v (T, ) = q(x) on R%.

e Set

(2.8) ant1(t,z) = a(t,xz, Vo, (t,2)) = argmin [c(t, x,a) + Vv, (¢, ) - f(t,2,a)].

a€A
The key is to understand how the sequence {v,,} approximates the optimal value v,
and how {a,,} approximates the optimal policy c..

On the other hand, it is not clear whether the PI scheme (2.7) and (2.8) is well-
posed. Intuitively, to make sense of a1, we need v,, to be Lipschitz continuous, for
which we then need «,, to be Lipschitz. This, in turn, requires Vv,,_; to be Lipschitz.
After iterations, we need vy to be smooth, which is not generally true.

Throughout the paper, we denote by N the set of all positive natural numbers
and Z the set of all integers. For any h > 0, we write hZ® := {hz|z € Z}. Let R
be the Euclidean space of dimension d and |- | the Euclidean distance. For R > 0,
by Br we mean the ball in R? of radius R and centered at the origin. For a vector
field f:[0,7] x R x A — R?, we denote its infinity norm by [|f|ls. For a function
g:10,T7] x R? = R, the spatial gradient is denoted as Vg(t,z) = V, g(t,z), and the
partial derivative with respect to time is denoted as d:g(t, x).

We write C as various universal constants that only depend on d and the constants
in (Al) and (A2) unless otherwise stated. Specifically, since T, h are not universal
constants, we keep track of the dependence on T, h in most estimates. The constants
C might vary from one line to another. By Cx or C(X), we mean a constant that
depends on universal constants and X.

2.1. Semidiscrete schemes. For T' >0, h € (0,1), N > max{L, || f|lc/2}, and
a given Lipschitz continuous function ag: R x R — A, we solve for n=0,1,...:

(2.9)
ath(t,x) + c(t,x, an(t,x)) + thZ(t,x) [t an(t, )
= —NhAM(t, x) in (0,7) x RY,
UZ (T,z) =q(x) on R%.
Then, set
(2.10) i1 (t, ) = alt,z, Vi (t,z)) in (0,T) x R%

Here, for any ¢ : R? =R and h € R\ {0}, we use the notations

(x4 her) — p(x — hey) o(x + heq) — p(x — heg)
tho(x).—< ! 57 L s d 57 d >,

d
Ah (LL') — LP(LL' + hel) - 250(‘,17) + (p(fE - hei)
=2

72
Later, we will also write D"p(x) := (@(x+he,fb)_“‘°(x),..., “D(x+he,j)_“0(x)). It is clear
that
1 _
(2.11) Vho(z) = 3 (D"o(z) + D™"p(x)).
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The assumption N > || f]loo/2 guarantees that the numerical Hamiltonian is mono-
tone, and, as a consequence of this, the following comparison principle holds (see, e.g.,
[16, 39, 54]).

LEMMA 2.1. Let v} and 90 be, respectively, a bounded continuous super- and
subsolution to (2.9) with n = 0 and satisfy 9% < vl at t = T. Then, 0} < vl in
[0,T] x RY. Here, by a supersolution (resp., subsolution), we mean that it satisfies
(2.9) with the first equality replaced by < (resp., >) and the second equality replaced
by > (resp., <).

First, we show that the scheme (2.9) and (2.10) is well-posed.

(

PROPOSITION 2.2. Assume (Al) and (A2) and that N > max{1,| f|lc/2}. Then,
the iterative process (2.9) and (2.10) is well-defined; that is, there are Lipschitz con-
tinuous functions vl', a, satisfying (2.9) and (2.10), and v are uniformly bounded for
allm>0 and h > 0.

Proof. Since «yq is Lipschitz continuous, the unique solvability of (2.9) for n =0
follows from [33, Theorem 2.4]. If one can show that v¥ is uniformly bounded and
Lipschitz continuous with Lipschitz constant C},, then «; is Lipschitz continuous with
Lipschitz constant C} /h for some Cj > 0 by the assumption that « is Lipschitz and

|thg(t7$) - vhvg(svy)|
(v(’}(t,x + hey) — vl (s,y + hey) — vl (t,x — hey) + vl (s,y — hey) )’
o e

A

h='C(lz =yl + [t = s]).

From the same argument, we obtain a unique bounded and Lipschitz solution vf". The
existence of solutions then follows from iterations.

First, we prove the boundedness of v{. Since c(-,-,),q(-) are uniformly bounded,
we have that +[||¢llcc + ||¢]leo(T — t)] are a supersolution and a subsolution to (2.9)
with n =0, respectively. Hence, by Lemma 2.1,

~llglloc = llelloo (T = 1) < v§ (t,2) < llalloc + lelloo (T = 1)

for all (¢,z) € [0,T] x R%. The same bound holds for all v/ by this argument.

Next, we show that v is Lipschitz continuous with Lipschitz constant independent
of h when T = Ty, is sufficiently small depending only on the Lipschitz norms of ¢, f and
ag presented in assumptions (A1) and (A2). The general result for any 7' > 0 follows
immediately by iterations and shifting in time on [0, Ty], [To,270], ..., to [kTo, (k +
1)To], where kTy <T < (k + 1)Tp for some k € N. For simplicity of notation, write

G(t,xz,p) :=c(t,z,a0(t,z)) +p- f(t,x,a0(t,x)).
Then, for M :=2||Vq||« + 1, define

O Gt @, Mp)p) if [p| > M.

It follows from (A1) and the Lipschitz continuity of o that G is Lipschitz continuous
in (t,x) with Lipschitz constant C(1 + |p|). Thus, also using that ||f|lcc < 2N, we get
that, for all ¢, x,p,

(2'12) ‘ét(taxap)lv |éw(t,x,p)|§0(1+M), ‘G;D(tvxvp)‘SQNa
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where C' only depends on the Lipschitz norms of ¢, f, and ag.
Now, let 9" be the solution to
" (t, x) + G(t,x, V" (t,x)) = —NhAM" (t, ),
o"(T,x) = q(x).

The goal is to show that 9" is Lipschitz continuous and " = of! in [0, 7] x R®.
~h ~h
It follows from the equation of 3" that p,(t,x) := WLW for any e € S7!
and that s € (0,1) satisfies

(2.13)
atps(ta x) + Gl(tax) + GQ(tax) : vhps (tvx) = _NhAhps(tvx) in (OvT) X Rda

(7)1 50) —al)

on Rd,

where

1 /%~
Gi(t,z):= g/ Gy (t733+ ze, VoM (t, x4 se)) -edz,
0

1
Go(t, ) ;:/ G, (t,,V'"o" (t,z) + 2(V'"(t, 2 + se) — V" (t,2))) dz.
0

It is clear from (2.12) that |G| < C(1 + M) and |G2| < 2N. This yields that the
comparison principle for (2.13) holds. Thus, by comparing p, with +(||Vq||cc +C(1+
M)(T —t)), we obtain |ps(t,z)] < ||V¢|leo + C(1+ M)(T —t). Sending s — 0 yields
that, for some C' depending only on (A1), |V.3"(t,7)| < ||Vq|lec + C(1 + M)(T —t).
Thus, if t <T < (2C)~!, we have that 9" (¢,z) is Lipschitz and
sup |Vl (t,z)] < ||Vqlloo +1/24+ M/2= M.
(t,z)€[0,T] xR?

From the definition of V", we get SUP (4 2) [0, 7] xRY |Vhoh(t,2)] < M. Hence, 9" is
a solution to (2.9) for n = 0. The uniqueness of the solution to (2.9) yields that
vl = . So, we obtain the uniform Lipschitz continuity of v} in space with the
Lipschitz constant of the form Cexp(CT). The Lipschitz regularity in time follows
from the equation. O

We point out that the Lipschitz constant of v may depend on both n and h for

n > 1. Another consequence of the comparison principle is that the functions v/ are

monotone decreasing in n.

ProprOSITION 2.3. Under the assumptions of Proposition 2.2, we have that, for
all n>0,

vﬁﬂ(t,x) <oh(t,z) for all (t,x) €[0,T] x RY.
Proof. By the definition of a,,

c(t,z,anir () + Vil(t,z) - f(t, 2, ani1(t,2))
< C(tv'rv an(t,x)) + vhUZ(t’T’) ! f(t,x,ozn(t,m)).

Thus, v = v (t, ) is a supersolution to (2.9) with subscripts n+ 1 because it satisfies

vl et x, i (t,2)) + VI - f(t, 2,01 (7)) < —NRAME  in (0,7) x RY,
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Therefore, the comparison principle (Lemma 2.1) yields that vﬁJrl <l in [0,T] x R?
for each n > 0. 0

Since v! is uniformly bounded for all n > 0, the monotonicity property of v? in n

from Proposition 2.3 yields that v/ converges locally uniformly as n — co. We denote
the limit as v”. Then, by the stability property of viscosity solutions, v” solves
(2.14) o (t,x) + H(t,z, V" (t,x)) = —NhA"" (¢, 2) in (0,7) x RY,

' oM(T,z) = g() on RY,
where

H(t,z,p):=c(t,z,a(t,z,p)) +p- f(t,z,at,z,p))

(2.15) = min [e(t, z,a) +p- f(t,3,0a)].

Since a(t, z, p) is assumed to be uniformly Lipschitz continuous in all of its dependen-
cies, there exists C' > 0 such that, for all (¢,z,p) € [0,T] x R x R?,

(2.16) \Hi(t,x,p)l, [Ho(t,2,p)| <C(L+pl),  [Hp(t z,p)| < C.

The same proof of uniform boundedness and Lipschitz continuity for »{ in Proposi-
tion 2.2 can show that v” is uniformly bounded and Lipschitz continuous and that the
estimates are uniform in A > 0. In Lemma 2.4, we also consider the unique solution v
to (2.4), as one expects that it is the limit of v" as h — 0. We will prove this fact in
Theorem 3.5.

LEMMA 2.4. Under the assumptions of Proposition 2.2, let v, v" and v be, re-
spectively, solutions to (2.9) (forn=0), (2.14), and (2.4). Then, in [0,T] x R?, v}, v"
and v are bounded by C(1+T) and are Lipschitz continuous with Lipschitz constant
Cexp(CT) for some universal constant C > 0.

For a general class of first-order Hamilton—Jacobi (continuous) equations, we refer
to [3, 4] for the regularity results.

2.2. Discrete space-time schemes. Now, we consider the scheme that is dis-
crete in both space and time. Let 7,h € (0,1) and N such that

(2.17) max{1,]||flleo/2} <N < h/(2dT).
Assuming that T'/7 € N, we denote

7:={0,7,2r,..., T}, Z%:=hZ,

QP =N xZ¢,  and Q= (N\{0}) x Z{.

Given a Lipschitz continuous function ag(t,z), let V7" : Q}’h — R be defined itera-
tively for n=0,1,... as follows:

OTVir(t,x) + c(t, @, o (t,2)) + VIV (t,2) - f(t, 2,0 (8, 7))

(2.18) = —NhAMT (¢, z) in QF,
V(T z) = gq(x) on Zi

with

(2.19) i1 (t, ) = a(t,z, VIV (L, x)) in Q.
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Vi (@) =V (t—T,x)
- .

Here, we used the notation 9] V,7""(t,z) :=
We also consider the following equation:

(2.20) oIV (t,x) + H(t,x, V'V (t,2)) = —NRAM"V ™" (t, ) in Qf,
' VTMT,x) = g(x) on Z

where H is given by (2.15). The goal is to show that V,"" converges to V™" as n — oo
and V™" converges to v as 7,h — 0, where v is given by (2.4).

We will use the following operator. For each t € NT., let F; : L®(Z%) — L*°(Z)
be defined as

(2.21) Fi(U)(x):=U(x) +7H(t,z,V"U(x)) + Nhr A U ().

Then, the equation in (2.20) can be rewritten as V7" (t —7,x) = Fo(V,7"(t,-))(z). We
need

max{L, || Hyllo/2} < N < h/(2dr)

(which corresponds to (2.17) as || Hp||co = || flloo) to guarantee a monotonicity property
of the operator F;. That is, for all t € N} and U,V € L>®(Z{) satisfying U <V, we
have that F;(U) < Fi(V); see, e.g., [16, 54]. It is easy to see that the same holds if
we replace H(t,z,p) by c(t,z,an(t,z)) +p- f(t,x,a,(t,x)) because || f|loo <2N.

The monotonicity property is important because it immediately implies the com-
parison principle of (2.20) and the scheme (2.18) and (2.19), in the sense that is similar
to Lemma 2.1. As a consequence of this, one can show the following properties.

PROPOSITION 2.5. Assume (A1) and (A2) and (2.17). Then, in Q}’h, the solu-
tions V7" VTR are bounded by C(1+T) and are Lipschitz continuous with Lipschitz
constant C exp(CT) for some universal constant C > 0. Moreover, for alln >0, we
have that VnT_"_hl(t,x) <V (t,z) for all (t,x) € QR

The proof of Proposition 2.5 is similar to those of Propositions 2.2 and 2.3 and
Lemma 2.4, and hence, we skip it.

3. Analysis of semidiscrete schemes.

3.1. Convergence of PI. We show that, for each fixed h € (0,1), v — v" as

n — oo exponentially fast in an L7  norm. We will assume 7 > 1 for convenience.

THEOREM 3.1. Assume (A1) and (A2) and N > 1. Let vP and v" be, respectively,
continuous solutions to (2.9) and (2.14). Then, there exists a universal constant C >0
such that, for allm>1, R>1, and t € [0,T], we have that

h T
[ i) oo do< ot [ ] e e 90 R - /0]
Br 2 t Re
X ‘Dh(vg(s,a:) - vh(s,x))’2min {Le_leRH} dxds.
In particular, we have that

sup / |vZ(t,a:)—vh(t,x)’2 dx < C2 " exp [Cexp(CT)/h] R
t€[0,T]J Br

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/24/25 to 160.39.34.79 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

PI FOR THE DETERMINISTIC CONTROL PROBLEMS 383

Proof. In this proof, we write v,, := v" and v := v" and assume T > 1 for simplicity.
For any fixed R>1, let ¢ =g :[0,00) — (0,1] be C! and satisfy
e(r)=1 on [0, R], o(r)=e"  on [R+1,00),

(3.1)
—¢'(r) €[0,4p(r)]  for all r > 0.

It is clear that such ¢ exists. Later, we write o(z) := o(|z|) for z € R%.
Next, for some A >0 to be determined, set

1
(32) Brwim 5o [ lonlta) = vlt.o)Ppta) da.

which is finite since v,,v are uniformly bounded. Direct computation yields that

d

(33 =

Et,n = AEtm + eAt /]Rd (Un(tax) - ’U(t,l‘)) (atvn(ta J}) - 8t1}(t, JJ)) @(x) dx.

=X¢n

Recall from (2.15) that H(t,z,p) = c(t,z,a(t,z,p))+ V- f(t,z,a(t,z,p)). Below,
we write

c:=c(t,x,a(t,z, Viu(t,z))) and f:= f(t,z,a(t,z, Vo(t,x))),
en=c(t,x,an(t,x)) and  f,:= f(t,z,a,(t,x)))

for simplicity. We will also drop (¢,z) from the notations of v(¢,z) and v, (t,z) and
(z) from ¢(x) when there is no confusion. Direct computation yields that

/ (AMv)vpdx
Rd

d
:_/ \th|2(pdx+%2/ v(t,x + he;)(v(t,x + he;) —v(t, z))p(x) d
R4 i—1 Rd

d
2 [ PR —elte —he)) o) de

= _/]Rd |D"|p da — /]Rd vD " . D Mo da,

where the last equality was obtained by a change of variable. We then deduce from
the equation that

Xin = —/Rd(vn - v)(thn a4 o+ NhA"w, =V f—c— NhAhv)cpdx
(3.4) > Nh/Rd |D" (v, —v)|?pdx — Nh/Rd vy, — || D7 (v, —v)||D""p| da
= [ on =0l (V" (00 = 0Ll £ = AV + e =) oo
Due to (3.1), |[D"p(x)| < Cp(x) for some constant C > 0. Also, using || f||oo < o0
and (2.11), we have |V"(v,, —v)||f.| < C(|ID"(vp, —v)| + |D~"(v, — v)|). Since v is

Lipschitz continuous, |Vv| < M for some M > 1. So, by (2.10) and the uniform
Lipschitz continuity of f, ¢, and «, we have that, for some C > 0,

(3-5) [fo = FIIV" 0] + len — ¢ S CM(ID"(vn-1 = )| + | D" (v-1 — v)

).
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With all these, if denoting
Glui= [ 1D wn(t.0) = o(t.2)) Poo) da.
it follows from (3.4) that, for some C > 0,
Xin > NhGZn - C’/Rd |vp, — v|(|Dh(vn —v)|+ |D7h(vn —v)|)pdx
=OM [ o = ol(1D" (s = 0) 41D (001 = )

Denote wy, (¢, x) := v, (t,x) —v(t,z). Since p(x—he;) < (14+Ch)p(z) by the choice
of p, there exists C' > 0 such that

d
G;ﬁ = /Rd Zh_2|wn(t,m) —wy(t,x — hey)|*o(x) d
i=1

d
<0+ Ch)/ S W2t ) — wa(t 2 — he) (e — hei) da
RY i1

=(1+Ch)G},,.

Then, using (3.2) and Young’s inequality, we get, for some universal C' > 0 and any
01,092 > 0, that
o1

— g [ 10" =0 1D (0, = o) Phpdo

0D s = )P + 1D (01 = )Pl

Xin > NhGY,

2+Ch

—C2+Ch)(o7' + M202_1)/ v, —v|2dx
R4
>(Nh— Jl)GiL’n — O'Qngfl —C(o7 4+ M2oy e ME, ,,.

Using this and Er, =0 and integrating (3.3) over [¢,T], we obtain, for some universal
C >0,

T
~FEip>(A—Coyt — CM%—;l)/ E,nds
(37) T ! T
+ (Nh— 01)/ eASGZn ds — 02/ eASG?’nf1 ds.

t

t

Now, taking o1 :=h/2, 09 :=h/4 and A:=6CM?/h, then (3.7) and N > 1 yield
that

T 1 /7 T
/ eASGZJL ds < 5/ eASG};n_1 ds<.--< 27"/ eASGZ,O ds.
t t t
With this, (3.7) also shows that E;, < %ftT MGl ds < gl j;T esGh ) ds.
Therefore, for all n >0 and t € [0,7], we obtain that

h T
/B onlte) ~ ot P o< i [ / AT D (wo(s,2) — (s, 7)) () dads,
R t

which, combined with Lemma 2.4, concludes the proof. 0
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Remark 3.2. In the proof of Theorem 3.1, we only used the following: uniform
Lipschitz continuity of f,c, and o and uniform boundedness of f and |Vv"|. In
particular, the solutions v/ and v" are allowed to have certain growth at = = oo, and

the comparison principle is not needed.
By Theorem 3.1, we immediately have the convergence of the policies.

THEOREM 3.3. Assume (Al) and (A2) and that N > 1. Then, there exists a
universal constant C >0 such that, for alln>0 and R >1, we have that

sup / la(t,z, V'l (t,2)) — a(t,z, V" (t,2))[Pde < C2 " exp {C exp(CT)] RY.
te[0,7]J Br h

Proof. Since « is Lipschitz continuous,

/ |o¢(t,x,VhUZ(t,1:)) — a(t,x,vhvh(t,x))|2 dx
Br

d
< % Z/ |vﬁ(t,x+ he;) — v (t,x + hey) — vl (t, 2 — hey) + 0" (t, 2 — hei)’2 dz.
i=1"Br

We can then conclude the proof from Theorem 3.1. O

Remark 3.4. Here, we consider the problem where f is linear in  and ¢ and q
are quadratic in = (again, we assume that the control set A is compact). To compute
the values and the optimal policy on [0,T] x Bg (then (¢,z) € [0,T] x Br), by (2.1),
we have that |z(t)| < CRe®T for some C > 0. Thus, by (2.2) and (2.3), we only need
the information of ¢, f, and ¢ (and hence, H) for |z| < C’Re®’T for some C’ > 0. We
can then perform a cut-off of ¢, f, and ¢ for |z| > 2C"Re’T so that ¢, f, and ¢ are
globally bounded and the value function and the optimal policy remain the same on
[0,7] x Bg. This shows that the boundedness conditions we impose are not restrictive.

Of course, this argument does not work if we need to study the problem globally,
but Theorems 3.1 and 3.3 deal exactly with this bounded setting.

3.2. Convergence of v" as h — 0. Let v" and v be, respectively, solutions to
(2.14) and (2.4). We show that |v" —v| < Crv/h, where the rate is sharp (we refer to a
simple example given in [18]). We also point out that, for a semi-Lagrangian scheme
(which preserves the optimization structure), it is possible to obtain a first-order
estimate O(h) if the discretized solution is semiconcave; see 17, 46]. However, our
scheme is based on finite difference, and it is unclear whether or not v” is semiconcave.
Along this line, our Theorem 3.8 provides a weak semiconcavity result for v".

THEOREM 3.5. Assume (Al) and (A2) and that N > max{l,||f|lcc/2}. Then,
there exists a universal constant C' >0 such that

sup l(t,z) — o (t,x)| < C(L+T)(1 + || Vo] oo) V.
(t,x)€[0,T]x R4

In particular, we have that sup ,)cpo,r)xre [V(t, T) — v (t,2)] < Cexp(CT)Vh.

Remark 3.6. This rate was obtained in [19, 33] for a large class of parabolic
Bellman equations with Lipschitz coefficients. We apply a different argument—the
classical doubling variable method that is used in [16], in which a discrete space-
time homogeneous Hamilton—Jacobi equation is discussed. This argument allows us
to obtain the same sharp estimate for the scheme (2.18), while it seems that the
method in [19, 33] cannot (see Remark 4.3). See also [12] for a different proof of this
convergence rate via the nonlinear adjoint method.
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Proof. We assume that T'> 1. Suppose, for some (tg,zg) € [0,T] X R?, that

(3.8) 80 :=v(tg, o) — v" (to, z0) > L sup [v(t,z) — vh(t,x)] > 0.

(t,x)€[0,T]x R4

Below, we will show that o < CT(1 + ||Vv]|s0) V.
Consider a smooth function g: R*"™ — [0,1] such that
(g1) g(t,x) =1—12 — |2|? if 2+ 2] < 1/2,
(g2) 0<g(t,z) <1/2if 2 + |z|*> > 1/2 and g(t,z) =0 if t? + [z]* > 1.
For £ >0, denote g.(t,z):=g(t/e,x/e) and

L:=sup {U(t,x), —vM(t,z) ¢ (t,x) €[0,T) x Rd} +1>1.

By Lemma 2.4, 0 < L < CT for some universal constant C' > 0. Next, for ¢(x) :=
(14 ]z[>)Y/? and R > |zo| + T, we define " : [0, T]? x R** - R by

DN (t, s, 2,y) = v(t,x) — " (s,y) — %(2T —t—2s)
— 2 (0(@) + 6(y)) + (8L +20)g.(t — 5,2 ~ ).
Since v,v" are bounded and continuous, there exists (t1,s1,z1,y1) € [0,T]% x R*
such that
(3.9) O (ty, 51, 21,91) = [OJ{I]EJLXXRM O (t,s,x,y).
Due to ¢(z¢) < R, by (3.8),
(3.10) (Ph(tl, S1,T1,Y1) > @h(to,to,xo,ajo) > 8L + 60.

Since max{v(ty, 1), —v"(s1,91)} < L, we deduce that ®"(t1,s1,71,y1) < 2L+ (8L +
20)g:(t1 — s1,21 — y1), which, together with (3.10), implies that g.(¢t1 — s1,21 —y1) >
3/4. Then, by (gl), we get that, for some C >0,

(3.11) gt — s, —y)=1—e 2t — s> =2z — yP?

whenever [t —t1|,|s — s1|, |z — 21|, |y —y1| <e/C.
Now, by (3.9), the mapping

g

(3.12) (t,z) —~v(t,x)+ T

o
t = 7#@) + (8L +20)g:(t = 51,2 — 1)

is maximized at (¢,z) = (t1,21). Together with the fact that v is Lipschitz continuous
(taking M := 1+ ||Vv||s) and |V¢| < 1, we find that |V, g-(t1 — s1,21 — 31)] <
(M +oRY)(8L +20)~! and |0; g-(t1 — 51,21 —y1)| < (M + 0T~ 1) (8L + 20)~. By
(3.11), o <L <CT, and R>T, these yield that

(3.13) |ty — 1| < C2(M+oR ) (L+0) ' <C2ML™!
and
(3.14) [t — 81| <C2(M + 0T N (L+0) ' <CML™ .
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Now, we first assume that ¢;,$7 < T. In view of (3.12), we apply the viscosity
solution test for v to get that
o
— = — (8L +20) 0ygc(t1 — 51,21 — Y1)
(3.15) o
+H (tl,xl, EV(b(Il) — (8L =+ QU)VQ gg(tl — 81,71 — yl))) >0.

Similarly, since (s,y) — v"(s,y) — s+ %Ed(y) — (8L+20) g (t1 — s, 21 —y) is minimized
at (s1,y1), the comparison principle yields

o
T (8L +20) Drge(t1 — s1,21 — Y1)

+H (51,01, 5V 0(01) — (8L +20) V5 g2ty — 1,21~ 1))

— NhA" [%W%) — (8L +20)g:(t1 — 51,71 — yl))} <0.

Thus, we get that

20 o
- <H (t1,$1, EV¢($1) — (8L +20)V, ge(t1 — 51,21 —111)))
(3.16) — H (51,00, 5 V6() — (BL+20) V2 g(tr = 51,01~ 1))

+ NhAM {%cb(yl) — (8L +20)gc(t1 — s1,21 — yl))] .
It follows from (3.11) that, for h < e, we have, at point (¢; — s1,21 — y1), that
(3.17) Vhge=Vage =273y — 1), AMg.=—-2de72.
Due to |[V¢| <1 and A"¢ < C, we get that
(3.18) NhA" %qﬁ(yl) — (8L +20)g-(t1 — 51,21 — 1)) | <CLe 2h.

Using (3.16)—(3.18) and the regularity of H (see (2.16)), we obtain, for some universal
C, that
2077 < CoR™'(|Vo(z1)| + [Vo(y)l) + CLe*h
+ Oty = sal+ [z —w]) [1 4+ (8L +20)|Va gt — 51,21 — 1]
<CoR '+ CLs2h+ C(lt1 — s1| + |1 — v1]) (1 + Lsfz\xl — y1|) ,

which, by (3.13) and (3.14), yields that ¢T~! < CoR™! + CLe 2h + Ce2M2L~ 1.
Now, we take € := M~Y/2L1/2p1/4 and pass R — co. Then, when h is sufficiently
small, we obtain that o < CTM V' for some universal C' > 0. This finishes the proof
of the upper bound of supjy 7« (v —o") in the case when 1,5, <T.

Next, suppose that one of ¢; and s; is equal to T. We only prove this for the case
when ¢; = T. By (3.10) and the definition of ®",

8L+ 60 <wv(ty,x1) —v"(s1,91) + (8L +20)g=(t1 — s1, 21 — y1).

It follows from the proof of Lemma 2.4 that v is Lipschitz continuous with unit
Lipschitz constant when |T' —t| < C. Note that e2ML~! < C. Hence, (3.13) and
(3.14) yield that

8L+ 60 < [v(T,x1) — q(y1)| + lg(y1) — 0" (s1,91) + BL +20)g=(T — 51,71 — 1)
<C(|lzy — 1| +|T —s1]) + 8L +20 < Ce* ML~ + 8L + 20.

This yields that o < CV'h for some universal C' > 0.
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Finally, the upper bound estimate for supy 1), g, (v" — v) follows by using the
same argument as the above. Applying Lemma 2.4 permits us to conclude. ]

3.3. Almost everywhere convergence of the policy. It was proved in [27]
that, under suitable assumptions, the solution v to (2.4) is semiconcave in space.
From this, we are able to derive the almost everywhere convergence of the policies.

We say that a function g: RY - R is uniformly semiconcave if there exists C' >0
such that, for all 2,y € R%, we have that gz +y)+g(x—y) —29(x) <Cly|* If g is
uniformly bounded and Lipschitz continuous, and both ¢ are uniformly semiconcave,
then g is bounded in W2 (R?), and we denote by

lgllwze = llgllso + 1Valloe +1IVglloc-
We make the following assumption:
(A3) ¢(-) is uniformly semiconcave, and ¢(¢,-,a), f(t,-,a) are bounded in WZ’OO(R‘{)
uniformly in ¢ € [0,7] and a € A.
THEOREM 3.7. Under the assumptions of Theorem 3.5, further assume (A3).

Then, v(t,-) is uniformly semiconcave for all t € [0,T]. Moreover, for each t € [0,T]
we have, for a.e. x € ]Rd, that

altn,zn, V" (th, ) — a(t,z, Vu(t,z))  as h—0,
where [0,T] x RY3 (t,,xn) — (¢, ) as h— 0.
We next show a weak type of semiconcavity of v".

THEOREM 3.8. Under the assumptions of Theorem 3.7, there exists C >0 (also
depending on (A3)) such that, for all he (0,1), t €[0,T], and x,y € RY,

W'tz +y) + 0"tz — y) — 20" (t,2) < Cexp(CT) (y]? + V).

The proofs of the two theorems are similar to those of Theorem 4.4 and The-
orem 4.5, and we choose to write the full details down there (as it is slightly more
complicated there).

4. Analysis of discrete space-time schemes.

4.1. Convergence of PI. The parallel result of Theorem 3.1 on the convergence
of V" — V7™ holds the same (see Figure 1 for a numerical illustration). However,
the proof is more involved due to the discretization in the time direction. In it, we
will emphasize the difference.

THEOREM 4.1. Assume (A1) and (A2) and that N > 1. Let V,, := V.'" and
V := V™ be, respectively, continuous solutions to (2.18) and (2.20). Then, there
exists a universal constant C' >0 such that, if C(1+ ||V"V||%)7 < h, we have, for all
n>1, R>1, and t e N},

Z |Vn<t,l’) - V(t,l’)|2 S 2f1l47:1 Z Z

w€LY, |z|<R t<seNF. zezd

- Eexp(l HIVIVIR)G t)} D" (Vo(s,) = V(s,2) [P min {1, eIl #7251}

In particular, we have that

2 —-n d

) (tx) — V(L z))? <02 T)/h] RY,

{21%?}( 2 ‘<R|V( x)—=V(t,x)]" <C2 " exp[Cexp(CT)/h| R
z€Z§,|z|<R
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C C
{ngzc Zgl ‘<R| alt,z, V'V, (t,x)) — alt,z, VIV (t,x))|* < o €XP {hexp(C’T)]
TE h,x

Proof. Assume that T'> 1 for simplicity. Let ¢ = g :[0,00) — [0,1] be C! and
satisfy (3.1), and let A:=CT?/h for some C >0 to be determined. Then, for t € N,
set

Funi= 56 Y Valt,) = V(t,2) Pe(lal),

zeZy
which is finite. Direct computation yields that
(4.1)
l?un "Ek—fnm
T
> Ae B, + 2eA<t DN (Valt, )+ Vot —1,2) = Vit,2) = V(t—7,2))
z€Zs
X (O Va(t,x) = O]V (t, z))p(|])
=Ae By, + e N (V(t ) = Vi, 2))(0] Va(t, ) — O] V(t,2))p(|2])
mEZﬁ
AN or v, PV (t,a) e(a))
TEZL}

-
—. AefATEt,n + eA(tfr)Xtvn _ §eA(t77')Y%,n

First, we consider the term Y;,, (which does not appear in the semidiscretization
problem in Theorem 3.1). Similarly as before, for simplicity of notations, we write
that

a:=a(t,z, V'V (t,z)), a,:=alt,z,V"V,_i(t,z)),
en=c(t,z,an(t,x)), and f,:= f(t,z,a,(t, z))).

We will also drop ( ,x) from the notations of V(t,z),V,(¢,x), and (|z|) from ¢(|z|).
It follows from (2.18) and (2.20) that

Yin= Y |en+ V"V fu+ NRAMY, — H(t,2,V"V) = NRAMV|" o(|]).
z€Zy

Recall that H(t,x, V'V) =c(t,z,a) + f(t,z,a)- V"V and |V"V| < M for some M > 1.
So, the regularity assumptions and (2.11) yield that

Yin <C Y (M?D"Vuy = D"V + M?|D™"V,,_y — D"V
xEZLE
+ |D"V,, = D"V > + |D™"V,, = D"V ) p(la|) < C (M?G}, 1 + G}) s
where, in the last inequality, we used the notation G, := Zzezg |D"V,(t,z) —

D"V (t,x)|?¢(|z|) and (3.6) with the above-defined G}, (which clearly holds the
same).
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Next, we consider the term X ,. Note that, for any v € L™ (ZZ),

Z Alpvp=— Z | D[ — Z vD™ My D7l

xEZfL erz xGZZ

So, similarly as before (also using (3.1), (3.6), the uniform Lipschitz assumptions, and
Young’s inequality), we have, for some universal C' > 0 and for any 0,09 >0,

Xin = NhG}, —C > Vo = V[(ID"(V,, = V)| + D" (Ve = V)
zeZy
—CM > |V = V[(|ID"(Voy = V)| + DVt = V)
wEZg
> (Nh—01)G}, — 062G}y — Cloy ' + Moy e M Ey .

Since Er,, =0, putting the above together and summing up (4.1) with respect to
t yields that

(4.2)
- Et,n/T
>(Nh—oy—Cr) > G —(oy+CM?r) > Aemgh
t+T§sEN} t+‘r§s€N}
+(A—=Coyt —CM?05 1 )e 47 Z E;‘n
t+7<sENL.

for some universal constant C' > 0.
Finally, we take o1 := h/4, 09 := h/8, A:=12CM?/h. Then, if 7 < h/(8CM?),
(4.2) yields that

S—T 1 S—T —n S$—T
Z A=) h <3 Z AT < <2 Z ATt

sn =
t+‘r§s€N§. t+7‘§s€N} t+‘r§s€N}

ht A(s—T1) Yh ht A(s—T7) Yh :
and then, Eyn < 5301 <oeny € GG,y < o Dtyr<seng € (-=T)G%. This,

together with Proposition 2.5, concludes the proof of the first claim as before.
The second claim follows similarly as in Theorem 3.3. ]

By shifting the solutions, we obtain uniform pointwise exponential convergence
of V.o to V™ and af(-,-, VAV (-)) to a(-,-, VAVT(. 1)) as n — oo in Q;’h.

4.2. Convergence of V™" as 7,h — 0. Let V™" and v be, respectively, solu-
tions to (2.20) and (2.4). Theorem 4.2 proves that the difference between V™" and v is
at most of order v/h. The argument follows the idea of [16, Theorem 1], which consid-
ered the discrete space-time scheme for the homogeneous Hamilton—-Jacobi equation
ve + H(Dv) =0.

THEOREM 4.2. Assume (A1) and (A2) and (2.17). Then, there exists a universal
C >0 such that

sup  |u(t,x) — VT (t2)| < C(14+T)(1 + || Vv||se) V.

Jh
(t,x)eQry

In particular, we have that sup, .o [v(t,x) — VTt x)| < Cexp(CT)Vh.
> T
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Remark 4.3. Tt was shown in [18, 19, 33] that

sup  |u(t,z) — VT (tx)| < O(rV* + h1/?)  for some C'=C(T) >0,
(t,a:)eﬂ;h

where v solves a general degenerate parabolic Bellman equation and V™" is its space-
time finite difference approximation. For the first-order equations, our Theorem 4.2
obtains a better convergence rate of C(71/2 + hl/2).

Proof. Assume that T' > 1, and suppose, for some (tg,xg) € Q;’h, that
1
(4.3) 8o :=v(to,z0) — V""" (to,x0) > = sup [v(t,x) — V7" (t,2)] > 0.
(t,x)eQn”

Let Dr,p,:=[0,T] x NJ. x R? x Z¢ and
L:=sup {v(t,x), VTRt a) ¢ (ta) € Q}’”} Y

Then, 0 < L < CT for some universal constant C > 0. Moreover, let R, g, and g. with
€(0,1), and ¢ be from the proof of Theorem 3.5, and define ®": D, ;, — R by

O (t,s,x,y) = v(t,x) — VT (s,y) — %(2T —t—2s)
— Z(0(@) + 6(y)) + (8L +20)g.(t - 5,2 ~ ).
Suppose that
(4.4) ®"(ty,51,71,y1) = max B (t,s,z,7).

T,7,h
It is clear that (3.10)—(3.14) hold the same. By (3.14), if 7 < e2M/L, we get that
(4.5) [t1 —s1 — 7| <C2M/L  with M =1+ || Vv|so-

First, assume that t1,s17 < 7T. The viscosity solution test for v shows (3.15) by
(3.12). Next, since Q7" 3 (s,y) = V7 (s,y) — Zs+Zo(y) — (8L +20)g-(t1 — 5,21 —Yy)
is minimized at (s1,y1), then, for all (s,y) € Q;’h,

o o
VTt (s,9) 2 VT (s1,91) = (51— 8) + £ (0(y1) = 6(y)
— (8L +20) [g:(t1 — 51,21 —y1) — ge(t1 — 5,21 — )] = V(s,9).
Recall that s; +7 < T and that F; from (2.21) satisfies the monotonicity property.
We obtain

VT (s1,01) = Forpr (VT (514 7,)) (1) 2 Foyir (VI(s1 +7,0)) (1),
which gives
0> % — (8L +20)90] g-(t1 — 81,21 — Y1)
(4.6) +H <81 +7,y1, —%thb(yl) — (8L +20)V] go(t1 — 1 — T 21 — yl))
~ NRA" [Z(yn) ~ (8L +20)g-(tr = 51— 7.1 1))
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By (3.11), if 7,h < €2,

(4.7) 107 ge(t1 — s1,21 — 1) — Oge(ty — s1,21 —y1)| < Ce T,
(4.8) VEg(ti —s1— 7,21 —y1) = Va ge(t1 — 51,21 — y1) =26 (21 — y1).
Combining (4.6) with (3.15) and using (4.7) and (4.8) yields that

2?0 <H (tlaiﬂl, %Véf’(iﬂl) — (8L +20)2e (21 — yl))
(49) —H (514791, 5 V0(n) — (8L +20)2 (1~ 1))
+ NhA" [%gb(yl) — (8L +20)g-(t1 — 81 — T, 21 — yl))} +CLe™?r.

The definitions of ¢ and g. show (3.18). Then, applying (2.16) and (3.18) into (4.9),
if (1 <)h < €2, we deduce, for some C > 0, that

oT ' <CoRY(|Vo(x1)| +|Ve(y1)|) + CLe 2h+ CLe %1
(4.10) +C([t1 —s1 — 7|+ |21 — 1)) [1 + (8L 4 20)2e2|xy — yl\]
<CoR '+ CLe 2h+C2M?*L71,

where, in the second inequality, we also used (3.13) and (4.5).

Now, we take ¢ := M~1/2LY/2p1/4 and send R — co. It is clear that 7 < e2M/L
is satisfied when h is small. We obtain from (4.10) that o < CTM+/h, which finishes
the proof of the upper bound of supQ;h(v — V™) in the case when t1,s; <T.

Next, if at least one of ¢; and s; is equal to T, the argument of Theorem 3.5
applies the same, except that we need to use Proposition 2.5 in place of Lemma 2.4.
Finally, the proof for the upper bound of SUP 7 (V7P — ) is the same. 0

4.3. Almost everywhere convergence of the policy. We show the almost
everywhere convergence of the policy and some semiconcavity properties of the
solution.

THEOREM 4.4. Under the assumptions of Theorem 4.2, further assume (A3).
Then, v is uniformly semiconcave for all t € [0,T]. Moreover, for each t € [0,T], we
have, for a.e. xGRd, that

altn, xn, VIVt 20) = a(t,z, Vo(t,z))  as h—0,

where Q}h’h S (th,xp) — (t,x) as h— 0 and 73, satisfies 0 <2N1, < h.

Proof. The semiconcavity of v(t,-) follows from [27].
For the second claim, it suffices to prove that, for a fixed ¢t € [0,T) and a.e. x € RY,

(4.11) Vvt xh) = Vo(t,z)  as h— 0.

For any function ¢g: R? — R, we denote by D+ g(x) the set of subdifferentials of g:

D*g(x) = {peRd| limsup I¥) —9@) —p-(y—2) 0}.

y— ly — |
Due to v(t,-) being semiconcave, Dt u(t, ) is nonempty for all z € R?.

Because v(t,-) is Lipschitz continuous, V,v(t,z) exists for a.e. = € R We fix
one such z. Since V7" are Lipschitz continuous uniformly in h, after passing to a
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subsequence of h — 0, we can assume that V"V ™" (¢, x,) — p for some p € R
Since V™" (ty,x1,) — v(t,z) as h — 0, the stability of the subdifferential yields that
p € DVw(t,z), while, because V,v(t,z) exists, we get that p = V,v(¢,x). Note that
this is for any convergent subsequence of VAV ™" (t; ;) and so, we obtain (4.11). O

In Theorem 4.5, we show a weak type of semiconcavity of V™" (¢,-). We use the
“doubling variable” method; see, e.g., [27].

THEOREM 4.5. Under the assumptions of Theorem 4.4, there exists C > 0 (also
depending on (A3)) such that, for all t € N} and x,y € Z{,

Vot z +y) + VTRt —y) — 2V (8, 2) < Cexp(CT) (Jy|? + Vh).

Proof. Tt suffices to show that there exist Cr,C/. > 0 depending on the assump-
tions such that

(4.12)
VT’h(t,x) + VT’h(t,z) — 2VT’h(t,y) <Cr (\a: —y*+ |z — y|2 +lr+2z— 2y|) + C”T\/H

for all t e NT. and z,y,z € Zi. By the assumption on ¢, the inequality holds for t =T
with Cr = ||q||w2.« =: Cy and C% =0.
Suppose, for contradiction, that (4.12) fails. Then, we have that, for some C; > 1

to be determined and some C > 2,
(4 13) VT’h(ta ‘T) + VT’h(tVZ) - 2VT’h(ta y)
| —2Coe T (|z — |t + |z —y|* + |z + 2 — 22)* > CeH OV

for some (t,z,y,z) = (t',a',y',2") € N} x ZZ. Since V™" (t,-) is Lipschitz continuous
(with Lipschitz constant bounded by Cexp(C(T — t)) by Proposition 2.5 with a shift
in time), after enlarging the constant C' in (4.13) and replacing ' by v + Vh if
necessary, we can assume that

(4.14) 2’ + 2 — 2| > Vh.
We denote 9(z,y,2) := |z —y|* + |2 — y|* + |2 + 2 — 2y|?, and by (4.14),
5=y, 2 )2 > Vh.
Then, for all € > 0 sufficiently small, we obtain from (4.13) that

O(t,z,y,2)
=D (VT (t2) + VTt 2) — 2V (L, y)) — Coe™ T (6 + 0 (2, y,2)) — ely]?

satisfies ®(t',2',y/,2") > e“*T/h. With the positive e-term, ® obtains its positive
maximum that is at least e“1Tv/h in Q}’h at some point (to, 0,0, 20) € NJ. x Z{,
where (to, Zo, Yo, 20) depends on € and 4. It is clear that tg < T — 7 by the choice of
Cy. Moreover, for

Yo = ) + 571¢($0a Yo, ZO)7
we have that

(4.15) VT’h(tQ, 1‘0) + VT’h(to, Zo) — ZVT’h(to, yo) > Co@cl (T_to)')/o + eol(T_to)\/E.
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Due to the uniform boundedness of V™", by further taking ¢ to be small enough
depending on C, T, and h, it is easy to get €|yg| < h.

Now, since Q3" 3 (t,2) — e“1*VTh(t, ) — CpeCr 751 (Jz = yol|* + |z + 20 — 2y0[?)
is maximized at (¢o,x), we get, for all (t,z) € Q}’h, that

VT’h(t,.r) < eC1(to—t)VT,h(t07$0) + COeCl(T—t)5—1 (|$ _ y0‘4 + |x 42— 2y0|2)
— Coe1 T (|2 — yo|* + |20 + 20 — 2y0|?) = V (L, 2).

Due to the equation and the monotonicity property of F; (as in (2.21)), VTh(tg, 20) =
Fiorr (VT (to +7,))(w0) < Fryrr (V(to +7,-))(20). By direct computation,

V(|2 = yol* + |z + 20 — 2y0[%) = 4(Jx — yo|> + h*)(x — yo) + 2(z + 20 — 2y0),

Al(|z —yol* + & + 20 — 2y0[?) = (8 + 4d) |z — yo|* + 2dh” + 2d.
We then get that
(4.16)
(1—e 7)o R At
fV ’ (to,xo) S H (to +T,(E0,VIV(7§0 +T,(E0)) +NhA$V(t0 +T,1'0)
< H (to + 7,20,2C1,5(qw, +P0)) + CCr 5h(Jz0 — yo|* + 1),

where

Qe :=2(|20 — yo|* + h2) (w0 — o),

(4.17) Crs:= Coecl(T_tO_T)/(S, and pg =z + 20 — 240-
Similarly, since Q7" 3 (,2) = eCVT(t, 2) — Coe@ o1 (|2 — yol* + |0 + 2 —
290|?) is maximized at (tg,z0), we get that

(4.18)
(1_6_017—) T,h 2
2 ymh(tg,20) < H (t0-+ 720, 2Cr,5(as + ) + COrsh(120 — ol + 1),

where q., :=2(|z0 — yo|> + h?)(20 — yo)-
Next, note that Q3" 3 (¢,y) — 2eC VTR (¢, y) + CoeCr T~ (0, y, 20) + £ly|? is
minimized at (to,yo). Hence, we get that V™" (to,y0) > Fiyir (V (to +7,°))(30), where

V(t,y) = eV (tg yo) — (£/2)|yl* + (¢/2)|yol?
— (Co/2)e? T=D6 (@, y, 20) + (Co/2)e” T~ 6 (2o, yo, 20).-
From this, we obtain that

1—e 7
- (7)V7’h(to,yo)

< —H(to+ 7,0, 2C7,5(qy, + 1) — €Y0) — NRAIV (to + 7, 50)
< —H (to + 7,40, 2C7,5(qyo +P0) —€Y0) +CCr 5h(|m0 — yo|* + |20 —yo|* + 1)+ Che,

yo = (|0 — yo|* + h?)(zo — yo) + (|20 — yol* + A*) (20 — yo)
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and Cr s and pg are given in (4.17). Using |H,| < C and elyo| < h yields that

(1 — 67017‘) 7,h
(4.19) —fv *(to,y0) < —H (to + 7,90,2C7,6(qy, + o))
+CCrsh(|lzo — yol* + |20 = yol* +1) + Ch.
Now, let a € A be such that
H (to +7,90,2C7,5(qy, +po)) = c(to + 7,90, @) +2C7,5f(to + 7, Y0, @) - (o + Po0)-
By (2.15), denoting ¢, (+) :==c(to + 7, -, ) and fo(:) := f(to + T, -, ), we have that

(4.20)
H (to +7,20,2C7,5(qz, +Po)) + H (to + 7, 20,2C7,5(¢2, + Po))

—2H (to + 7,90, 2C7,5(qy, + o))

< ca(®0) + cal20) = 2¢a(yo) +2C7 5 [fa(0) - (qzo + Po)
+ fa(20) - (2o +Po) — 2fa(0) - (ayo + Po)]

= ca(Z0) + cal20) — 2¢a(yo) + 2Crs [(fa(zo) = fa(yo)) - qzxq
+(fa(20) = fa(y0)) - @z + (fa(z0) + fa(20) = 2fa(¥0)) - Po]

<leallwz (lzo — yol* + |20 — yol* + |0 + 20 — 2y0])
+2Cr 5| fallLip (|20 — Yollgze| + |20 — Yoll gz, )
+2C75]| fallw2 (Izo — yol? + [20 — yol* + 20 + 20 — 2y0])|x0 + 20 — 2v0l,

where we used 2qy, = ¢u, + ¢z, and that, for any z,y,z € R? and g € I/I/Q"’O(Rd)7
19(2)+9(2) =29(y)| < llgllw2. (lz—y|*+[z—y|*+|2+2—2y|). By Young’s inequality,
we get that

|20 = Yollduo | + 120 = Yollgze | < 2]0 — yo|* + 2|20 — yol* + ™.
Also, using the definitions of C7 s and 1, we get the left-hand side of (4.20)
< CeCrT=0) (5 4 571 4p(20, 10, 20) + hY) = CeCr Tty 4 CeCLT—to)p /5

with C' > 0 only depending on ||g|[yz.c, ||callwz., and || fo|lwz.cc-
Now, summing up (4.16), (4.18), and (4.19) twice, we get that

(1—e )
T
C
< CeCrT—to)ng 4 Feol(T_tO)ffl + CCrsh(|zo — yol® + |20 — yol* +1) + Ch

< 0O T =t0)yy 4 Ce@ T =0) 572 (|29 — yo|* + |20 — yo|*) + Ce* TV
S CGCI(T7t0)70 _|_ CeCl(T?to)\/E7

[V (to,z0) + V" (to, 20) — 2V™"(to, 0)]

where we used § > v/h in the second inequality. Finally, this and (4.15) yield that
o) (C()ecl(T_tO)’Yo + eCI(T_tU)\/E) < Cecl(T—to)pyO + Cecl(T—to)\/E’

with C' > 0 depending only on d, N, and the regularity assumptions of ¢,c, f. Thus,
if C1 is sufficiently large depending only on the assumptions, we get a contradiction,
which finishes the proof of (4.12), which finishes the proof. d
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5. Generalization: A PDE perspective. In this section, we consider PI for
HJB equations with a general Hamiltonian. For convenient use of the Legendre trans-
form, we write the system in the forward-in-time setting. It is easy to carry over to
the backward-in-time setting.

Suppose that # : [0, 7] x R? x R — R is continuous such that #(t,z,p) is convex
in p. Let L(t,x,u) be the Legendre transform of #; that is,

L(t, 2, 1) = sup [p-p—H(t,z,p)] for (t,2, 1) € [0,T] x R x R”.
pERY

We always have the inequality L(t,x, ) + H(t,z,p) > p- p, with the equality holding
if and only if =V, H(t,z,p) and if and only if p=V ,L(t, 2, ).
The HJB equation is

— : d
(5.1) {8W(t’x) +H(tx, Vot 2)) =0 in (0,7) x R%,

v(0,z) = q(x) on R%

Under some assumptions (see [3, 54]), it is a classical result that v is uniformly Lip-
schitz continuous if ¢ is Lipschitz continuous. So, we can assume that

(5.2) Vvl Lo (f0,77xrty < M for some M > 0.

Now, we take

mp:= min  H(t,z,p) and mo> max [H(t,z,p) —mi]/M,
Ip|=2M, Ip|=3M,
te[0,T],zeR? te[0,T],z€R?

and we can assume that mo > 2. Then, define

H(t,z,p) if [p| <2M,
H(t,,p) = max{H(t,z,p),m1 +ma(|p| - 2M)} if 2M < |p| <3M,
my +ma(|p| — 2M) if |p| > 3M.

It is not hard to verify that H is continuous in all its dependencies and is convex in
p. Due to (5.2), v is also a solution of (5.1) with H replaced by H. Moreover, for
N :=my/2 > 1, we have that

(5.3) 11, (t,,p)| <2N  in [0,T] x RY x RY.

We define £ as the Legendre transform of . Since the goal is to approximate v, it
suffices to study # and £ instead of % and £. From now on, with a slight abuse of
notation, we write H and £ as H and L, respectively.

With the modified operators, we can consider the semidiscretization. For h > 0,

5.4 { o (t,z) + H(t,z, V" (t,2)) = NhAM" (¢, z)  in (0,T) x R%,

Uh(oax):lI(f) on RY.

As before, N > |V, H| /2 guarantees that the finite difference scheme is monotone.
We also assume that there exists C > 0 such that, for all ¢,2,p € [0,T] x RY x Rd,

(5:5) [He(t,z,p)l, [Ho(t,2,p)| <C(A+p]),  [H(E,2,0)[<C.
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We can replace C(1 + |p|) by just C for the modified operator. We will not discuss
the space-time discretization of (5.1) since it is similar.
From the above discussions, we note the PDE in (5.1) can be rewritten as

Dyo(t,x) + sup {Vo(t,x) - j— Ltz 1)} =0,
neER?

and the supremum is achieved when u(t,z) = V,H(t,z, Vo(t,x)). Therefore, we give

the following iteration scheme for (5.4). Fixing small h > 0, we start with a uniformly

bounded and Lipschitz continuous function v%(¢,z) and then iteratively compute v/

as follows. For n > 1, let v =v"(¢,2) be the solution to

(.6 § Ot (b)Y Lt () = NRAMin (0.7) xR,
UZ(()?Z') = q(I) on Rd,

where we denoted u! (¢, ) := V,H(t,x, V"0l (t,x)). Note that L(¢,x, u (¢,x)) is finite
due to u” <2N. Essentially, v solves a linearized equation of (5.4).

Let v" (for each n > 1 with given v2), v", and v be, respectively, Lipschitz
continuous solutions to (5.6), (5.4), and (5.1). We have the following monotonicity
property.

PROPOSITION 5.1. Suppose that N > max{1, ||V, H||«/2} and that H(t,x,p) is
convez in p and satisfies (5.3) and (5.5). Let q¢ and v} be uniformly bounded and
Lipschitz continuous for all h > 0. Then, the solutions v are uniformly bounded for

n

alln>1 and h > 0. Moreover, we have, for all n >0, that
ol (t) <ol (t,x) for all (t,z) €0, T] x R%
In the current setting, the terms pl (t,z), —L(t,x, i), and V,H(¢,z,p) correspond

to al'(t,z), c(t,z,a), and a(t,z,p) in section 2, respectively. The proof of Proposi-

tion 5.1 then is identical to that of Proposition 2.3 after converting the problem to a

backward-in-time setting by considering w” (t,z) = v(T — t, ).

Additionally, we have the following convergence results. The proof of Theorem 5.2
follows those of Theorems 3.1 and 3.3, and the proof of Theorem 5.3 is analogous to
those of Theorems 3.7 and 3.8.

THEOREM 5.2. Under the assumptions of Proposition 5.1, for all R > 1, there
exists a constant C depending only on T and the assumptions such that we have, for
allt €[0,T), that

/ op(t,2) —o"(t, x)|2 dx < 02" "heCt/h R,

Br

/ |Vp7'l<t7$7 ths(t,x)) - VpH(t,.%‘, thh(t7x>)|2 dr < CQ_nBCt/hRd/h_
Br

Moreover, we have that sup ,)cpo0,1)xr4 [v" (t,x) — v(t,x)| < CVh.

Next, let H take the form H(t,z,p) :=sup,c 4 [c(t,z,a) +p- f(t,x,a)], where A is
some set, ¢: [0,T] x R x A =R, and f:[0,7] x R? x A — R%.

THEOREM 5.3. Under the assumptions of Theorem 5.2, assume that c(t,-,a),
f(t, a) are bounded in W**°(R?) uniformly for all t € [0,T] and a € A. Then,
for each t € [0,T], we have that, for a.e. x €R?,

altn,zn, V" (th, o)) — a(t,z, Vo(t,z))  as h—0,

where [0,T] x RY3 (t,,xn) — (t,x) as h— 0.
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Fi1G. 1. Convergence of PI (2.18) and (2.19) for f(t,z,a) = a, c(t,z,a) = %a2, and g =0 with
A=[-2,2], 7=0.025, h=0.1, and N =2.

Moreover, there exists C' > 0 depending only on the assumptions such that, for
all h € (0,1), t € [0,T], and z,y € RY, o"(t,x +y) + v"(t,x —y) — 20"(t,z) <
Cexp(CT)(|Jy|> + Vh).

6. Numerical experiments. In this section, we provide numerical experiments
to illustrate the convergence of P1. We take f(t,z,a) =a, ¢(t,z,a) = %a2, and ¢ =0 so
that v, =0. Figure 1 (the semilog plot) shows the exponential convergence of PI, cor-
roborating Theorem 4.1. For the vanishing viscosity approximations (Theorem 4.2),
we refer to [43] for numerical illustration.

7. Conclusion. In this paper, we study the convergence rate of PI for optimal
control problems in continuous time. To overcome the problem of ill-posedness, we
consider a semidiscrete scheme by adding a viscosity term using finite differences. We
prove that PI for the semidiscrete scheme converges exponentially fast and provide
a bound on the discrepancy between the semidiscrete scheme and the optimal con-
trol. We also study the discrete space-time scheme, where both space and time are
discretized.

Several future directions are related to PI. First, we plan to relax condition (A2)
by considering

a(t,z,p) € argmin [c(t,z,a) + p- f(t,x,a)]
a€A

to replace (2.5). One possible approach is to use the minimization property of « rather
than its precise value in the proof. Note, however, that without the Lipschitz continu-
ity of «, we might not have the exponential convergence of the approximate optimal
policies in Theorem 3.3. Second, we have only proved a weak form of semiconcavity
for v in Theorem 3.8. It remains an open question whether v” is semiconcave.

Several future directions are related to the nondiscretized PI. It remains unclear
under which conditions on the model parameters the PI (2.7) and (2.8) is well-defined
and converges exponentially fast. For instance, for f(t,z,a) =a, c¢(t,z,a) = %\a|27 and
q =0, the HIB equation is ;v — 3|Vv|* =0 and v(T,z) = 0, which has the solution
v, = 0. On the other hand, PI yields that v, (t,x) = ¢, (t)z? with ¢1(¢f) = § for a
suitable initialization. It is easy to check that ¢, (t) < 27" for n > 1, and thus, we
get the exponential convergence of v, to v, on any compact set. Moreover, it is also
interesting to adapt PI to the differential game setting and design efficient numerical
schemes (see, e.g., [25]). We refer to [30, 50] for the use of PI to solve numerically
fully nonlinear HJB and HJBI equations.
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