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Problem definition: We study the optimal joint staffing and scheduling problem in multi-class service systems,
where there is an option to staff flexible servers who can handle multiple classes of customers. The specific
feature we consider is that the flexible server may incur a higher cost or a loss of efficiency. We study
how flexibility is best utilized in two scenarios: one with deterministic arrival rates and the other with
random arrival rates. Academic/practical relevance: When managing resource flexibility in service systems,
the conventional wisdom is that server flexibility is beneficial due to the resource pooling effect. However,
in practice, flexibility often incurs some additional costs. Our work studies the interplay between the cost
and benefit of flexibility in managing these systems. Methodology: We utilize a heavy-traffic asymptotic
framework to develop structural insights. When there is no uncertainty in the arrival rates, we use a coupling
argument and a diffusion approximation. When the arrival rates are random, we use a stochastic-fluid
relaxation. Results: We derive asymptotically optimal joint staffing and scheduling rules for a two-class
multi-server queue with both dedicated and flexible servers. Managerial implications: Our results show that
the size of the flexible server pool is of a smaller order than the size of the dedicated pools, and the flexible
servers are mostly used to hedge against system stochasticity or demand uncertainty, depending on which
source of randomness dominates. The proposed staffing and scheduling policies are easy to implement and

achieve near-optimal performance.

1. Introduction
Service systems typically involve multiple customer classes and server types. For example, in call
centers, customers may require different types of service, and servers may be equipped with different
skill sets (Gans et al. 2003). In hospitals, patients may be classified into differential specialties, each
requiring a very different type of care, and nurses may be trained according to the care type (Best
et al. 2015). Servers can sometimes be trained to handle multiple classes (types) of customers. We
refer to these servers as flexible servers. Increasing the size of the flexible server pool can help
balance the workload between different classes of customers, and improve system performance.
Specifically, when managing queues with multiple classes of jobs, the benefit of load-balancing
and capacity flexibility have been studied and demonstrated in various settings (see, for example,
Andradéttir et al. (2003), Tsitsiklis and Xu (2012)).

However, flexibility may come at a cost. First, flexible servers who are capable of performing
multiple types of tasks are typically more expensive to hire (Bassamboo et al. 2012). Second,
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that multi-tasking incurs cognitive switching costs which hinder productivity (Pashler 1994). A
recent empirical study reveals that placing patients in the non-primary care ward can lead to worse
patient outcomes including a longer length-of-stay (Song et al. 2019). Given the cost and benefit
of flexible capacity, it is important to understand how to strike a balance in resource management.

When designing the service system, the service provider has to make multiple decisions. Chief
among them are how many of each type of server to staff and how to match customers with servers.
These problems are often referred to as the staffing and scheduling problems in the literature. In
this paper, we study the joint staffing and scheduling problem in multi-class queues with both
dedicated and flexible servers. In particular, to highlight the key tradeoff, we consider a stylized
M-model with two classes of customers and three potential pools of servers: two dedicated pools
and one flexible pool that can serve both classes of customers. To capture the cost of flexibility,
we assume that the flexible servers may be more costly to staff and may serve at a slower rate
than dedicated servers. The objective is to find the optimal staffing and scheduling policies that
minimize the sum of the staffing cost, holding cost, and abandonment cost.

We consider two demand scenarios. One has deterministic arrival rates, which is the case when
we have a very accurate estimate of customer demand. In this case, the flexible pool can be used to
hedge against stochasticity, i.e., the stochastic fluctuation of interarrival times and service times.
In particular, due to the stochasticity in system dynamics, one queue may incur a higher than
average load while the other is at or below its normal load from time to time. In such situations,
the flexible pool can be used to help the class with a heavier load, and thus balance the load
between the two classes. The other scenario has random arrival rates, which is the case when there
is a high degree of uncertainty in customer demand. In this case, the flexible pool is mainly used
to hedge against parameter uncertainty. In particular, when the realized arrival rate of one class
is higher than average while the realized arrival rate of the other class is at or below average, the
flexible pool can be used to help the class with a higher realized arrival rate, and thus balance
the load. The differences between the two scenarios described above give rise to different hedging
mechanisms, which in turn lead to different sizes of the flexible pool in optimality. To see this, let
A denote the average arrival rate. When A is large, the stochastic fluctuation of the system with a
given arrival rate is in general of order v/A (Garnett et al. 2002). The parameter uncertainty, on
the other hand, can be of a different order than v/A (Bassamboo et al. 2010b). Indeed, the case we
are interested in is one where the standard deviation of the random arrival rate is of a larger order
than v/\. Lastly, the different hedging mechanisms also lead to different scheduling policies in our
developments.

Because staffing and scheduling decisions interact, the joint optimization problem can be very
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to derive the optimal scheduling policy for any staffing level. The scheduling policy prioritizes the
dedicated servers (faster servers) when routing customers to servers, and prioritizes the class with
more customers in the system when scheduling flexible servers, assuming the abandonment rate
is less than the service rates. Given the optimal scheduling policy, we then optimize the staffing
policy. To derive structural insights into the size of the flexible pool, we employ a heavy-traffic
asymptotic approach, where we send the arrival rate to infinity and study how the size of the
flexible pool scales with the arrival rate. Our result provides necessary and sufficient conditions
for staffing rules to be asymptotically optimal. The key insight is that when flexibility comes at a
cost, the optimal size of the flexible pool only leads to partial resource pooling. In particular, the
flexible pool helps create some load-balancing, but the effect is not large enough to equalize the
two queues asymptotically.

When arrival rates are random and the magnitude of the parameter uncertainty dominates the
system stochasticity, we employ a stochastic-fluid relaxation of the optimal staffing problem. In
this relaxation, we ignore the stochasticity of the queueing dynamics and focus on the parameter
uncertainty only. The stochastic-fluid optimization problem is a special case of the single-period
multi-product inventory problem with demand substitution, for which we can characterize the
optimal solution explicitly. The relaxation also motivates a simple scheduling rule that essentially
decomposes the M-model into two independent inverted-V models for any realization of the arrival
rates. When the average arrival rates grow to infinity, we show that the staffing and scheduling
rules derived based on the stochastic-fluid relaxation are asymptotically optimal. The key insight is
that when facing both parameter uncertainty and cost of flexibility, the optimal size of the flexible
pool provides some hedging against the parameter uncertainty, and the cost saving, compared to
the no-flexible resource case, is increasing with the magnitude of the uncertainty.

In addition to providing prescriptive solutions to managing flexibility, we also highlight the
following contributions of our work.

1. When the arrival rates are symmetric and deterministic, we construct the optimal schedul-
ing policy for any arrival rates and staffing levels. In contrast to most of the optimal scheduling
literature for multi-server queues, our results do not rely on any asymptotic argument (for devel-
opment on asymptotically optimal scheduling policies, see, for example, Atar (2005)). Instead, the
proof uses a coupling argument that can be of interest to the analysis of other Markovian queue-
ing systems. Our coupling technique also allows us to establish the optimality of a non-standard
scheduling policy when the abandonment rate is larger than the service rates, see Theorem 5.

2. When the arrival rates are deterministic and the flexible pool is of the optimal order, we derive
the diffusion limit of the M-model under heavy-traffic. The limit is a two-dimensional diffusion
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pool is optimally sized, i.e., the flexible pool size is not large enough to instantaneously balance
the queue lengths between the two classes. Thus, we do not have state space collapse in the limit,
i.e., the two-dimensional queue length process does not reduce to a one-dimensional process in
the limit. This is in contrast to most of the optimal scheduling literature (see, for example, Dai
and Tezcan (2011), Gurvich and Whitt (2009a)). On the other hand, the limiting process cannot
be fully decomposed along each dimension, i.e., the drift terms of the two component diffusion
processes are interconnected. Thus, we achieve partial resource pooling.

3. When the arrival rates are random and the parameter uncertainty is of a larger order than the
stochasticity of the queueing dynamics, we quantify the optimality gap for policies derived based
on the stochastic fluid approximation. This extends the results in Bassamboo et al. (2010b) from
a multi-server queue with a single class of customers and a single pool of servers to a multi-class
queue with multiple server types. We also allow the arrival rate distributions of the two classes to

be asymmetric, i.e., they can have different means and different levels of uncertainty.

1.1. Literature review

We first review related works on queues with deterministic arrival rates. The M-model studied in
this paper is a special case of parallel server systems (PSSs). Due to the interplay between staffing
and scheduling decisions, the joint staffing and scheduling problem can be highly nontrivial for
general PSSs. In the literature, most works only look at one of the two problems in isolation.
However, there are a few exceptions. Noticeably, Armony and Mandelbaum (2011) consider the
joint optimization problem for an inverted-V model where there is a single class of customers and
multiple types of servers. Using a coupling argument, they establish the optimality of the fastest-
server-first policy. Gurvich and Whitt (2009b) study the problem of staffing and scheduling PSSs
to minimize total staffing costs subject to quality-of-service constraints. They establish that the
queue-and-idleness-ratio control is asymptotically optimal in heavy-traffic. When dealing with a
single class of customers and a single pool of servers, Borst et al. (2004) study the optimal staffing
problem in an M/M/n queue. They find that the quality-and-efficiency-driven (QED) regime,
which is also known as the Halfin-Whitt regime (Halfin and Whitt 1981), arises naturally when
staffing is set to balance the staffing cost and the system performance. The work is then extended
by Mandelbaum and Zeltyn (2009) to allow for customer abandonment.

The work that is most related to ours is Bassamboo et al. (2012), which studies the sizing of
flexible resources when service rates can be continuously chosen. They find that the linear staffing
and holding costs often lead to an O(\F)\) flexibility when flexible capacity is more expensive. The
main difference between our work and theirs is the modeling of the service resources. They use a

single-server mode of analysis and assume the service rate can be optimally chosen. This modeling



approach is reasonable for computer or manufacturing systems. Motivated mostly by large-scale
service systems, our work adopts a many-server mode of analysis. As Bassamboo et al. (2012) point
out, the many-server regime that we consider introduces substantial complexity to the analysis,
and they leave this extension as a potential future research direction. In addition, Bassamboo et al.
(2012) assumes a longest-queue-first scheduling and hypothesize that it is likely to be optimal. We
establish the optimality of a scheduling policy that prioritizes the class with more customers in the
system.

More broadly, optimal scheduling of various PSSs has been extensively studied in the literature.
For example, Tezcan and Dai (2010) study the optimal scheduling of the N-model. They show that
a cu-type of greedy policy is asymptotically optimal in the many-server QED regime. Atar (2005)
studies the optimal scheduling problem of general PSSs, i.e., with multiple classes of customers
and multiple pool of servers, and customer abandonment. The work establishes the asymptotical
optimality of policies derived based on the corresponding optimal diffusion control problem in
the many-server QED regime. Kim et al. (2018) study the optimal scheduling of V-model with
general patience-time distributions. The main feature that distinguishes our work from the stream
of works on PSSs in the QED regime is the size of our flexible server pool. In our analysis, the
size of the flexible pool is asymptotically negligible in the fluid scale, whereas in the literature, it
is almost universally assumed that the fluid-scaled pool sizes are non-negligible (see, for example,
Assumption 1 in Atar (2005), Assumption 2.1 in Gurvich and Whitt (2009a), and equation (20)
in Dai and Tezcan (2011)). Due to the difference in the size of our server pools, the asymptotic
behavior (diffusion limit) of our system can be qualitatively different from what is observed in the
literature.

When the arrival rates are random, our work is related to works that look at staffing queues
when facing parameter uncertainty. The stochastic-fluid relaxation was first proposed in Harrison
and Zeevi (2005). Its efficacy has been studied in several subsequent works. Bassamboo et al. (2006)
show that it leads to an asymptotically optimal staffing policy under a non-conventional asymptotic
regime that features large arrival rates and short service times. The asymptotic framework is then
extended in Bassamboo and Zeevi (2009), who consider the case when the arrival rate distribution
is unknown and has to be estimated from data. Compared to these works, the analysis in this paper
takes a different asymptotic approach. In particular, we increase the system demand, i.e., arrival
rates, but do not scale other system parameters such as service rates and abandonment rates. The
paper Bassamboo et al. (2010b) takes a similar heavy-traffic asymptotic approach as ours and
establishes the optimality gap of the staffing policy derived from the stochastic-fluid relaxation for
an Erlang-A model with a random arrival rate. We extend their results to a multi-class network

setting, where in addition to the staffing decision, we also have to decide on the scheduling policy.



Whitt (2006) develops a different stochastic-fluid model that allows non-exponential service times
and patience times, and studies the staffing problem with both random arrival rates and staffing
levels (due to employee absenteeism). When facing demand uncertainty, Gurvich et al. (2010)
study the staffing problem with a chance constraint for the quality of service. They first use mixed
integer programming to obtain a first-order staffing solution, and then refine the staffing level
using simulation. Kogaga et al. (2015) study the staffing and outsourcing problem when demand
is random.

Our work contributes to this stream of literature in two key ways. First, we show that when
dealing with random demand, it is the staffing, not the scheduling decision, that is of paramount
importance. This supports why many papers tend to focus on the staffing instead of the scheduling
decision in this setting (see, for example Gurvich et al. (2010), Bertsimas and Doan (2010)). Second,
we quantify the benefit of flexibility. Specifically, we extend the notion that the order of flexibility
should match the order of system stochasticity in Bassamboo et al. (2012) to the case where the
order of flexibility should match the order of demand uncertainty. In general, the notion that just
a small degree of flexibility is enough has been much investigated over the years in various different
contexts (see, for example, Simchi-Levi and Wei (2012), Shi et al. (2019) for manufacturing systems,
Tsitsiklis and Xu (2012), Wallace and Whitt (2005) for PSSs, etc.) Our work contributes to this

literature as well.

1.2. Paper structure and notations

In Section 2, we introduce the queueing model and the optimization problem. In Section 3, we
study the optimal scheduling and staffing policy for a symmetric M-model with deterministic
arrival rates. The goal is to highlight the cost and benefit of flexibility in a classical setting with
no parameter uncertainty. In Section 4, we study the staffing and scheduling problem for systems
with random arrival rates. To highlight the effect of demand uncertainty, we focus on the regime
where the demand uncertainty dominates the system stochasticity. We complement our theoretical
analysis with numerical experiments in Section 5. In particular, the numerical analysis focuses
on the pre-limit performance of our proposed staffing and scheduling rules. The proofs of all the
theoretical results are delayed until the Appendix.

We next introduce some notations that are used throughout the paper. The set of non-negative
integers is denoted by Ny, and the set of real numbers is denoted by R. We define n(t) =0, x(t) =t,
and I(t) =1, for t > 0. Let D denote the space of functions from [0,00) to R that are right-
continuous with left limits and is endowed with Skorohod J; topology. Let e; be a unit vector with
the i-th element equal to 1. The dimension of e; depends on the context. We write 1{-} for the

indicator function. A random variable A is said to be stochastically larger than a random variable



B, A>, B, if P(A>x) >P(B > z) for any = € R. For real sequences {a,} and {b,}, we say
that a, = O(b,) if limsup,,_, . |a,|/b, < 00, a, =o0(b,) if limsup,,_, . |a,|/b, =0, and a,, = O(b,) if

liminf, . |a,|/b, > 0. For a € R, write at = max(a,0) and a~ = max(—a,0).

2. The Model

We consider a classical M-model with possible demand uncertainty as depicted in Figure 1. In
particular, the model has two customer classes, Class 1 and Class 2, and three pools of servers:
two dedicated pools for the two customer classes and one flexible pool that can serve both classes.
We allow the arrival rate for Class ¢, A;, i =1,2, to be a random variable. For a given realization
of A;, i.e., A; =), Class ¢ arrivals follow a Poisson process with rate ;. Each server pool can have
multiple servers. We write n; for the number of servers in the dedicated pool for Class i, and ny for
the number of servers in the flexible pool. If a customer is served by the dedicated server, its service
time follows an exponential distribution with rate u. If a customer is served by the flexible server,
its service time follows an exponential distribution with rate pup. We assume pr < i to account
for the potential efficiency loss of flexible servers. Each customer has a patience time that follows
an exponential distribution with rate 6. Once a customer’s waiting time (in the queue) exceeds its

patience time, it abandons the system.
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Figure 1 The M-model

For i=1,2, let X;(t) denote the number of Class ¢ customers in the system at time ¢. We denote
Z;(t) and Zp;(t) as the number of dedicated servers and flexible servers serving Class i customers

at time ¢ respectively. Note that
Zl(t) S n;, ZF(t) = ZFl(t) =+ ZFQ(t) S ng, and Zz(t> —+ ZFz(t) S Xl(t) (1)

Let Q;(t) denote the number of Class ¢ customers waiting in the queue at time ¢. Then Q;(t) =

Xi(t) = Zi(t) = Zea(t). Let X(8) = (Xu(8), Xa(0)), Z(t) i= (Z1(t), Za(t), Zin (£), Zia (1)), and Q(t) =



(Q1(t),Q2(t)). We also define the total number of customers in the system and the total queue
length processes as Xx(t) = X () + X2(t) and Qx(t) = Q1(t) + Q2(t) respectively. Let A;,S;, Sri, G;
be independent unit-rate Poisson processes, which will be used to represent the arrival, departure,
and abandonment events respectively. At the beginning of the planning horizon A; is realized.

Given A; = \;, X;(t) satisfies the following dynamics:

X,() = X:(0) + A (At) — G <0 /O ") ds> _s, <M /O 2s) ds) S <MF /O () ds> .

To fully describe dynamics of the system, we need to specify the scheduling policy — how to
allocate the servers. We restrict ourselves to preemptive deterministic Markovian policies, where
the allocation of servers Z(t) can be viewed as a function of the current state of the system X ()
(Harrison and Zeevi 2004). Let v denote such a policy (mapping), i.e., Z(t) = v(X*(t)) and it
satisfies the feasibility conditions listed in (1).

Let Qs(00;n1,n9,np;v) be the steady-state total queue length given staffing level (ny,nqy,ng)
and scheduling policy v. If the system is not stable under a certain staffing and scheduling rule,
we define Qx(0c0;n1,n2,np;v) =00. Our goal is to jointly choose the staffing levels for each pool
and the scheduling policy to minimize the sum of the staffing costs and the steady-state average
holding and abandonment costs:

min  II(ny,ne,ngr;v) :=c(ny +n2) + cenp + (h+ ab)E[Qx (co; ny, e, np; v)], (2)

ni,n2,np,v

where ¢ > 0 is the per server per unit time staffing cost for the dedicated pools, cr > 0 is the per
server per unit time staffing cost for the flexible pool, A > 0 is the per customer per unit time
holding cost, and a > 0 is the per customer abandonment cost. Note that the abandonment cost is
abE[Qx(00;ny,na,np; V)] because OE[Qs(00;n1,ng, np;v)] is the rate at which customers abandon

in stationarity. We also note that
E[@x(c0;n1,n2,np;v)] = E[E[Qs(00; n1, o, np; v) [A]],

where E[@Qx(c0;n1,n9,np;v)|A = (A1, A2)] is the steady-state average queue length of an M-model
with arrival rates (A;, A2), and the outer expectation is taken with respect to the random arrival
rates A, i.e., the demand uncertainty.

In order to avoid trivial situations, we impose the following condition on the rates and cost
parameters:

c/n<cr/pr <h/0+a. (3)

The first inequality ensures that flexible servers have some disadvantage over dedicated servers.

Otherwise, we would never staff dedicated servers. The second inequality ensures that the cost of



serving a customer using a flexible server is less than the cost of letting the customer wait and
abandon. Otherwise, we would never staff flexible servers.

We highlight two challenges in solving (2). First, even for a given staffing level, characterizing the
optimal scheduling policy can be highly nontrivial. Second, even after pinning down the optimal
scheduling policy, it remains difficult to solve for the optimal staffing level due to the lack of an
analytical characterization of E[Qsx(00;n1,n9,np;v)]. We will address these challenges in subse-
quent sections. In particular, a lot of our developments rely on a heavy-traffic asymptotic mode of
analysis, in which our goal is to characterize how the optimal decisions scale with the arrival rate
(average arrival rate) A as A — oo. To explicitly mark the dependence of the policies and system
dynamics on \, we use the superscript \. For example, v* and (n},n},n}) are the scheduling policy
and staffing levels for the system with the arrival rate parameter A (i.e., the A-th system). Similarly,

X* 7> and Q* are the number-in-system, number-in-service, and number-in-queue processes of
K b b b

the A-th system.

3. The Case with Deterministic Arrival Rate

In this section, we study a special case of the system where the arrival rate is deterministic. In
particular, we assume A; = A, = A with probability 1. In this case, we have a symmetric M-model.
The goal is to highlight how to strike a balance between the cost and benefit of flexibility.

We start by providing an overview of how we address the two challenges listed in Section 2 to
derive the optimal staffing and scheduling rules jointly. In Section 3.1, we use a coupling argument
to derive the optimal scheduling policy for any given staffing level. This optimal scheduling rule
turns out to have a very neat and intuitive structure. In particular, the policy prioritizes the faster
servers (the dedicated servers) when routing customers to servers, and the flexible servers prioritize
the class with more customers in the system (the larger X;(¢)). This is similar in structure to
the queue-idleness ratio policy (Gurvich and Whitt 2009a), the fastest server first policy (Armony
and Mandelbaum 2011), and the max-pressure policy (Dai and Lin 2008). However, we emphasize
that using the coupling argument, we are able to establish exact optimality instead of asymptotic
optimality. Moreover, in the staffing regime we are interested in, there is no state-space collapse.
Thus, the asymptotic optimality framework leveraged in the literature can no longer be applied.

Next, in Section 3.2, we take a heavy-traffic asymptotic approach to derive a necessary and
sufficient characterization of the optimal staffing rules. In particular, we gradually send the arrival
rate A to infinity and study how the optimal staffing level scales with A\. Our analysis shows that
the optimal staffing rule leads the system to operate in the QED regime, and the optimal size of
the flexible pool is O(v/)A). This extends the insights developed in Bassamboo et al. (2012) to the

many-server setting.
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Due to the symmetry of the system, we assume, without loss of optimality, that n} =n3 =n?.
Thus, our decision variables for the staffing rule reduce to n* and n3. For the model analyzed in
this section, we allow 6 =0, i.e., no abandonment. When 8 =0, we need to put more restrictions

on the staffing levels to ensure system stability. In particular, we define
QM0):={(n*,np) NG :2X <20 pu+nppur -

The following lemma show that when 6 = 0, having (n*,n%) € Q*(0) ensures that the system is

stable under the optimal scheduling rule.

LEMMA 1. If0 =0, for any (n*,n3) € Q*0) there exists a scheduling policy v*, under which the

stochastic process X* has a unique stationary distribution.

To ensure consistent notation, for # > 0 we define
00) = {(n* n3) € N}

3.1. Optimal Scheduling Rule

Intuitively, a good scheduling policy should reduce the queues as fast as possible and balance the
queues of the two classes. This motivates the following scheduling rule. For the dedicated pool of
servers,

Z)Mt) =min{n*, X}(t)} for i =1,2; (4)

?

and for the flexible pool of servers, if X} (t) > X2(¢),

Zpy () = min{np, (X7 (8) =n*) 7}, Zp,(t) = min{ng — Z3, (1), (X5 () —n*) "} (5)
otherwise,

Zp\(t) = min{np — Zpy (1), (XN(t) =0T}, Zpy(t) = min{nj, (X5() —n*) "} (6)

Note that under this policy, we first try to assign as many customers to the dedicated pools as
possible, i.e., (4). Then, for the flexible pool, we give priority to the class with more customers in
the system, i.e., (5) and (6). We comment that for our scheduling policy, ties can be broken in an
arbitrary way. For simplicity of exposition, we assume that when X}\(¢) = X3(¢), the flexible pool
gives priority to Class 1. We denote the policy defined in (4) - (6) as v™*.

A

The next theorem shows that when 6 < up, for any fixed staffing level (n*,n}), v**

is optimal.
THEOREM 1. Suppose 0 < . For any Markovian scheduling policy v*,

E[Qg(00;n, np; )] > E[Qg (00 n* npys )],

which implies that TI* (n*,ny; ) > TN (0, np; vh).
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Note that for 6 < pp, the policy v™* tries to equalize X' and X, at the maximum rate. Due
to the symmetric in the system structure, we expect this policy to perform well. We prove the
theorem by developing a coupling construction based on the transition rates of the underlying
Markov processes (see Appendix B.2 for more details). We also comment that the condition 6 < g
is necessary for v** to be optimal. If > ur, v»* no longer equalizes X; and X3 at the maximum
rate, because a larger rate can be attained by keeping customers waiting in the queue instead of
sending them to the flexible severs. Indeed, when 6 > ur = u, we can show that a scheduling rule

that prioritizes the class with fewer customers in the system is optimal (see Theorem 5 in Appendix

B.3).

3.2. Asymptotically Optimal Staffing Rule

*

Based on the analysis in Section 3.1, the scheduling policy v** is optimal for any A and (n*,n3)
when 0 < pp. In subsequent analysis, we assume without loss of optimality that the policy v** is
employed. When there is no confusion, we will omit the scheduling policy from the notation of the
corresponding stochastic processes. Now, the problem of jointly optimizing staffing and scheduling
rules, i.e., (2), reduces to optimizing the staffing levels only:

min  II*(n*, ny) :=2cn> + cpnp + (h + af)E[Q3 (00; n*, np)]. (7)

(A ,n3)eQN(6)

Solving (7) analytically is still challenging due to the lack of a closed-form expression for
E[Q3(co;n*,n7)]. In this section, we study the structure of the optimal staffing levels under heavy
traffic. In particular, we send A — oo while keeping the service rates and abandonment rates fixed.
Our analysis reveals how the optimal sizes of the dedicated pool and flexible pool scale with the
arrival rate A.

Let

" .= . min . IIMn*, n}) and (M, ny*) €  argmin  IIM(nt,n}).
(n?ng) €QA(0) (n* ) EQX(0)

Define R* := \/u, which is the offered load of Class i, i = 1,2.

LEMMA 2. Suppose (3) holds. Then, TI** = 2cR* + O(V/X). Moreover, for (n*,ny"),

<l . an7*_R)\<l- n)\,*_R)\<
—0 minf ————— S l1msup ———— o0
A—roo \/X A—00 \/X
and

A,

F

lim sup < 00.

A—o0 \/X
Motivated by Lemma 2, our goal in subsequent analysis is to close the O(v/A) optimality gap.

In particular, we employ the following notion of asymptotic optimality.
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DEFINITION 1. A sequence of staffing levels (n*,n7.) (indexed by M) is asymptotically optimal if
I, n)) =TI + o(VA).

The key question we would like to address is how much flexibility is optimal. We first note that
if there is no ‘cost’ of flexibility, then we would want as much flexibility as possible. This is because
flexible servers create resource pooling in the system. To be more precise, we have the following

result:

LEMMA 3. When u= ur >0, we have
E[Qz(c0;n*, np)] > E[Q5 (0050, 2n™ +ng )]

In practice, flexibility often comes at a cost. Here, we consider two forms of cost: a higher staffing
cost, i.e., cp > ¢, and an efficiency cost, i.e., pr < p. In this case, Lemma 2 indicates that, overall, it
is optimal to follow the square-root staffing rule, i.e., 2n**4n)"* = 2R*+0O(v/)A). More importantly,
n}* cannot be too large, i.e., n}* = O(VA).

To derive an asymptotically optimal staffing rule, we need to have a good approximation of
E[Qx(c0;n*,ny)] in (7). In the many-server heavy-traffic analysis, there are two commonly used
approximations: the fluid approximation and the diffusion approximation. To achieve 0(\5\) opti-
mality, we need to use the finer-scale diffusion approximation. We next define some diffusion-scaled

processes. Let
. X)Mt)—n* - QN (1) ; ZMt) —n*
XMt) =", QMt)="=~, and Z}(t)= "
() VAL 5y 7 (0) 5y
We also write X* = (X, X2), and define
5 X3(t) —2n* —ny A QX (1)
X3(t) === E and Qu(t) = —==.
A) = Qan="=7

In our subsequent development, for any stochastic process Y (t), we write Y (c0) as its stationary

fori=1,2.

distribution.
Recall that n)* = O(v/)). The following theorem characterizes the diffusion limit of the number-

in-system processes in this case.

THEOREM 2. For (n*,n}) € Q#), suppose n* = R* + BV R + o(VR*) and ny = BpV R +
o(VR»), where B €R,5r >0, and if 0 =0, 2B8u+ Brpur >0. Then, if )A(’\(O) = X(O) as A — 0o,

X*= X in D? as A — o0,
where X is a two-dimensional diffusion process with

AX,(t) = (~Bva+nXi(t) — (ur —0) £ (X0(0), Xa(t) ) — 0(1)") dt + V2B (1),
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fori=1,2, By and By are independent standard Brownian motions, and

+ A BE ; o
T, /\\/ﬁ Zfl’leQ: l';'/\(%—xr) folsz;
f1($17$2): n g n + ) 2(331,332): B )
azlA(ﬁ—xQ) if oy <xy; 302/\\/—177 if x1 < xa.
Moreover,

E[Q3(00)] = E[(Xi(00)* + Xa(00) " — B/ /)] as A— oo,

We make two important observations from Theorem 2. First, to characterize Xé\, we need to
keep track of a two-dimensional diffusion process X in the limit. In this sense, we do not achieve
complete resource pooling. On the other hand, the drift terms of X cannot be fully decomposed
along each dimension, i.e., f;(x1,2,) depends on both x; and x,. Thus, we achieve partial resource
pooling. Second, E[(X; (c0) + X5(c0)t — Br/\/1t)*] serves as a good approximation for E[Q3 (c0)],
which suggests approximating min(nxyn%)em(e)(ﬂ’\ (n*,n}) — 2¢R*)/v/A by the following optimiza-

tion problem:

min  V,(8, 8r) =2cB/\/+crBr /1t

(B,8F)EQ(0)
. ) + (8)
+(h+ad)E [(Xl(oo;ﬁ; Br)" + Xa(00; 8, Br)t — BF/\/:E) ] )
where, if 8 =0,
Q(0):={(B8,8r) : BER, Br > 0,2+ Brpur > 0},
and, if 6 >0,

Q(0) :={(B,Br) : BER, Br > 0}.

We do not have a closed-form expression for E [(Xl(oo;ﬂ,ﬁpﬁ+X2(oo;6,,8F)+ —/BF/\/E)+].
Thus, (8) can only be solved numerically. In Figure 2, we plot VP(B, Br) for different values of
and Br. We observe that f/p(ﬂ ,Br) is convex and is minimized at (0.5,0.5) in this example.

We next characterize the optimal staffing rule by rigorously drawing the connection between the
solution of the optimal staffing problem (7) and the diffusion optimization problem (8). Due to the

lack of an analytical solution for Vp(ﬁ ,Br), we impose the following technical assumption.
ASSUMPTION 1. The set argmin g 5. 1<) f/p(ﬁ,ﬂp) is non-empty and finite.

THEOREM 3. For 0 < up < p, under Assumption 1, a sequence of staffing policies (n*,n3) is
asymptotically optimal if and only if the following two conditions hold:

1. n* = R* + BA*VR> + o(VR»)

2. njp = BpVR +o(VR)

where (6%, B1) € arg ming 5. yc0 ) Vp(ﬁ; Br)-
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Figure 2 V,(3,5r) as a function of 3 and fr. (u=1,ur =0.85,0 =0,c=1,cr = 1.4,h=1)

REMARK 1. If Vp(ﬂ ,Br) has a unique minimizer (8*,(}), then the asymptotically optimal
staffing levels satisfy n* = R* + 8*V/R* 4+ o(v/R*) and n} = BV R> 4+ o(VR»).

To illustrate why n} = O(v/A) is necessary for asymptotic optimality, we plot E[Q3(co; (60 —
ny)/2,n3)] as a function of n in Figure 3. We set A =25 and test two different scenarios for the
service rate when 6 = 0. In the left plot, 4 = ur = 1. In the right plot, 4 =1 while ur =0.85. The
stationary queue lengths are estimated through simulation. The simulation errors (estimated using
the batch means method) are less than 0.01 and hence omitted. When p = pp (left plot in Figure
3), we observe that increasing n} beyond 2v/X = 10 has almost no effect on the stationary total
queue length. In this case, if ¢ < ¢, the staffing cost increases linearly with n while the holding
cost does not decrease much as n} increases beyond 10. Thus, the optimal n} cannot be too large.
When p > pup (right plot in Figure 3), the stationary total queue length is not monotone in n}.

The minimum is achieved at a relatively small value of n}, i.e., n} = 6. Therefore, the optimal n?.

cannot be too large in this case as well.
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Figure 3  E[Qx=(o0; (60 —n3)/2,n)] as a function of n}. Left: = pupr =1; Right =1, ur =0.85. (A =25, =0)

We conclude this section with some sensitivity analysis on 8* and 5. Let h=c=1, p=1, and
0 = 0. Note that setting c=1 and pu =1 is without loss of generality as it is equivalent to choosing
units for cost and time. We first test how (8*,8}) varies with ¢, when pr = 0.85. Table 1 shows
one such experiment. We observe that 8* is increasing in cp while 5} is decreasing in c¢x. When cp

is large, i.e., cp > 1.6, 8% =0, suggesting it becomes too expensive to use the flexible servers then.

Cr 1 1.2114|1.6|1.8
6*1-0.210.2]05]0.9/0.9
Byl 1.9 |1.1]05] 0 0

Table 1 Sensitivity of (3%, 8%) with respect to cp

We next test how (5*, 85) varies with pr, when cr = 1.4. Table 2 shows one such experiment.
We observe that §* is decreasing in pp while 5} is increasing in pp. For very small values of pp,

i.e., pr <0.55, flexible servers are too inefficient to be staffed.

wr | 0.55]0.65|0.75|0.85|0.95
g*108]08|07]|05]| 04
Bl 0 [ 01]027]05]|0.6
Table 2 How optimal (3, 8r) varies with pp

4. The Case with Demand Uncertainty

In this section, we study the joint staffing and scheduling optimization problem (2) with random
arrival rates. We assume A; = p; A + A*Y;, where p; >0, 1/2 < ; <1, and Y] is a random variable
with E[Y;] =0 and Var(Y;) =07 < co. As A; is an arrival rate, we assume A; > 0 with probability 1.
For example, when «; =1, we assume Y; > —p; with probability 1. For ease of exposition, we also

assume Y;’s are continuous random variables with strictly increasing marginal cdf on their domains
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of definition. We allow Y7 and Y, to be dependent and denote by g their joint density. Without loss
of generality, we assume «; > ay. For the analysis in this section, we also require 8 > 0 to ensure
system stability regardless of the realized arrival rates.

We next make some comments about our modeling assumptions for this section. First, we allow
quite some asymmetry between the two classes. In particular, p;’s, «;’s, and the marginal distribu-
tion of Y;’s can be different for the two classes. This implies that the optimal n,; and n, might be
different. Second, the mean of A; is of order A while the standard deviation of A; is of order A*:. For
queues with deterministic arrival rate A, our analysis in Section 3 reveals that the stochastic fluc-
tuation of the system is of order A'/2. In this section, we are interested in the case where o; > 1/2,
so that the demand uncertainty is of a larger order of magnitude than the stochastic fluctuation
of the system.

We start by providing an overview of how we address the two challenges listed Section 2 to derive
the optimal scheduling and staffing rules jointly. When facing demand uncertainty, solving (2)
analytically is more challenging than the case with deterministic arrival rates. This is because we
now face two sources of randomness: One is the parameter uncertainty, the other is the stochasticity
of the queue, i.e., random interarrival, service, and patience times. In this section, we again take
a heavy-traffic asymptotic approach where we send the arrival rate parameter A to infinity and
quantify how the optimal staffing rule scales with A. Under the assumption that «; > 1/2, we employ
a stochastic-fluid approximation where we suppress the stochastic fluctuation of the queues and
focus on parameter uncertainty only (Harrison and Zeevi 2005). In our setting, the stochastic-fluid
optimal staffing problem is a special case of the single-period multi-product inventory problem with
demand substitution (Netessine and Rudi 2003). Based on the stochastic-fluid staffing solution,
it also becomes easier to develop good scheduling policies. We then show that the staffing and
scheduling rules derived from the stochastic fluid problem achieve an O(A!~°2) optimality gap.

The key intuition behind our development is that when parameter uncertainty dominates system
stochasticity, optimally hedging against parameter uncertainty is more important. Indeed, with
high probability, the system with realized arrival rate is no longer in the QED regime. In these
cases, any “fluid-optimal” scheduling policy is “good enough”. We will make these intuitions more

precise in the subsequent development.

4.1. Stochastic-Fluid Optimization Problem

For our model, the rate of customer abandonment can be expressed as

OE[Qx(00;n1,n2,1p)].

By rate conservation, the rate of customer abandonment can also be approximated by

E[((Ar = nup) + (Ae = nop)* —nppp)t].
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Thus, we can approximate the steady-state queue length by
1
éE [((Al —nyp) T 4 (A —nop)t — nFMF)+] .

This allows us to approximate (2) by the following stochastic-fluid optimization problem

 min (A, R, fip) i=c(Ry + g) + cpitp
n120,n220,np>0 (9)

+ (h/0+ a)E [(Ay — o p) ™ + (Mg — faop) ™ — Appp) ]
For (9), we relax the integer requirement on n;,ny,nr and only require them to be non-negative.
We denote its optimal solution as (7}, n5,7}) and the optimal value as 11"

The optimization problem (9) can be viewed as a special case of the single-period multi-product
inventory management problem with demand substitution, i.e., demand A; is best met by dedicated
resources, but may also be met by flexible resources if there is a shortfall of dedicated resources.
This class of inventory management problems has been studied in the literature in much more
general forms (Ernst and Kouvelis 1999, Rajaram and Tang 2001, Van Mieghem and Rudi 2002,
Netessine and Rudi 2003, Bassamboo et al. 2010a). Restricting it to our special setting allows us
to derive more analytical insights.

To simplify the notation, we define cp:=h/0 + a, i.e., the performance cost. Let ¢; denote the
solution of the following equation

Cc

We first study the case where oy = ay = a. If P(Y; > gy or Yo > qo) > —£—_ let ry,15 € R, and

cpup’

rr > 0 denote the solution to the following system of equations:

P(Yl>7“17Y1—7’1+(Y2—7’2)+>7’F):£;
P

C
P((K—T1)++(}/2—T2)+>T’F): il .
CpUF

The next lemma characterizes the optimal solution to (9) when a; = a,.

LEMMA 4. Suppose a; =y = .
Cp =
IfP(Y1>q1 or Ya> @) < o 1

IfP(Y1>q or Yo > qo) > —E— Al = (pA+1mA)/u fori=1,2, and 0y =rpA*/up.

cpup’

Lemma 4 reveals that the optimal solution to (9) has a very neat structure. The optimal number
of dedicated servers involves a baseline level to meet the mean demand, p;A/u, and an uncertainty
hedging of order A\*. We also note that the size of the flexible pool is O(\*), indicating that the
flexible pool is mostly used for uncertainty hedging.

We next consider the case where a; > a,. In this case, we do not have explicit expressions for

n’s and 7} as in Lemma 4. However, (9) can still be solved numerically very efficiently, as it
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is a convex optimization problem. In addition, we can derive structural insights into the optimal

staffing levels. When P(Y; > ¢; or Y5, > ¢o) > —£— define | € R,lr > 0 to be the solution to the

cpup’

following system of equations:

P(Ys >l +1p or {Vi > ¢, Yo > 1}) = —,
Cplt
P(Y; > g1 or Yy >+ 1p) = —F.
CplF

The next lemma characterizes the optimal solution to (9) when a; > .

LEMMA 5. Suppose a; > .
IFB(Y: > a1 or Yy >qy) < -2, i = (p A+ qX%) /u+ o(A%) fori=1,2 and it} = o(X*2).

IFPYi>q orYa>qo) > 5o i) = (mA + @A) [+ 0(A™), 25 = (DA +1A°2) /i + 0(A*?) and
fl} :lF)\a2/HF+O()\a2).

We note from Lemma 5 that the optimal size of the dedicated pool again contains a baseline
level to meet the mean demand and an uncertainty hedging. The size of the flexible pool is O(\*2).
As oy < a, the hedging functionality of the flexible pool is targeted for the less uncertain class.

We conduct numerical sensitivity analysis. For illustration, consider p; =p: =1, a3 = as = a,
Yi =7, and Y, = pZ, + /1 — p?Z,, where Z; and Z, are independent standard Normal random
variables. In this case, Cor(Y},Y3) = p. Due to the symmetry of the two classes, we have ¢ = ¢} :=
q*, nf =N p+q¢"A*/p, and 0y = gAY/ pur. Figures 4 and 5 show how ¢* and ¢} vary with p for
different values of cr or ur. We note that as p increases, g decreases while ¢* increases. This is
because when the demand of the two classes are highly positively correlated, there is not much
room for load-balancing. We also observe in Figure 4 that for a fixed value of p, the higher the cost
of flexible servers, the smaller the value of ¢}.. Similarly, the less efficient the flexible servers, the

smaller the value of ¢}. (see Figure 5).

4.2. Asymptotically Optimal Staffing and Scheduling Rules
In this section, we quantify the quality of the staffing rule derived from the stochastic-fluid approx-
imation (9). We also develop a corresponding scheduling rule.

Consider a sequence of systems indexed by A. The superscript A is used to denote the quantities
related to the A-th system. For example, TNLA’*,TNL)I}"* is the stochastic-fluid optimal solution when
A, =pi A+ \4Y, for Class i, i =1, 2.

Our proposed staffing rule for the A-th system is ([7}7], [7257], |73 ]). We next introduce a
scheduling policy. Given a realization of the arrival rate A = := (y1,7%2), let d(y) € [0,1] be a

solution of

(=)™ + (e —nap) ™ —nppr)t = (v —nip—onppr)t + (2 —nypu— (1= 8)npur)™. (10)
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Figure 5 How ¢ and g% vary with p when cr =1.2 and pr € {0.8,0.9,1}

Note that the solution to (10) may not be unique. When (10) has multiple optimal solutions, we can
set () to be any one of them. For a fixed §(), the scheduling policy 7* allocates |§()n} ] flexible
servers to Class 1 and the remaining [(1 — §(7))ny] flexible servers to Class 2. When assigning
customers to servers, the dedicated servers are prioritized over the flexible servers. That is, upon
each realization of the arrival rates A =+, the policy 7* turns the M-model into two independent
inverted-V models. For each inverted-V model, we follow the fastest-server-first policy.

To quantify the optimality gap of the stochastic-fluid based policies, we first quantify the differ-
ence between IT* defined in (2) and I1* defined in (9).

LEMMA 6. For >0, a; > ay >1/2, and n} +ny = 0O(N), for any scheduling policy v*,

ﬁA(ni\,né,n}) < H’\(ni\,ng,n}; VA).
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A

For policy v, we also have

I (3, n, mye; %) < T (g, my, ) + O(N1702).

Based on Lemma 6, we have the following optimality gap quantification.

THEOREM 4. For oy >y >1/2 and 6 >0,
I ([0, [, [y 54) =TIV 4 O(A°2).

Theorem 4 indicates that the staffing rule based on the stochastic-fluid approximation together
with the scheduling policy ¢* is asymptotically optimal, i.e., it achieves an o(ﬁ) optimality gap. In
addition, we note from Theorem 4 that the optimality gap of our proposed staffing and scheduling
rule is determined by the smaller «;. This is expected as the size of flexible pool, ﬁ}’*, is determined
by the smaller «; (Lemma 5).

When ﬁ}* > 0, comparing to the case where no flexible server is available, i.e., n} =0, we have
min N7}, 73,0) = I + ©(A*2).

Then, Theorem 4 indicates that in this case, having access to flexible servers can lead to an O(A\*2)
cost-saving. This is different from the case without demand uncertainty (Section 3), where flexible
servers only lead to an ©(v/)) cost-saving.

We conclude this section with some remarks about good scheduling policies when facing a high
level of uncertainty in demand. Our proposed scheduling policy 7* is quite simple but is sufficient
for achieving a good performance. This is because for most realized arrival rates, the system is
no longer in the critically loaded regime. Thus, any fluid-optimal scheduling policy will achieve a
similar optimality gap. To reinforce this point, consider another scheduling policy 73 defined as
follows. Similar to 0%, for a realized arrival rate A =+, we allocate |5(y)n} | flexible servers to Class
1 and the remaining [(1—6(v))n}] flexible servers to Class 2. However, unlike ¢*, when assigning
customers to servers, Uy prioritizes the slower flexible servers over the faster dedicated servers,
i.e., the policy turns the M-model into two independent slowest-server-first inverted-V models.
Following similar lines of argument as the proof of Theorem 4, one can show that this policy also
achieves an O(\'72) optimality gap.

Although the scheduling policy 7* is asymptotically optimal, it can be improved further. We
next introduce a simple improved version of 7*, which we denote as 7. For a realized arrival
rate, A =, we again follow the same server allocation rule as 7%, and when assigning customers
to servers, we prioritize the dedicated servers. However, under 77, the |§(y)n}| flexible servers

‘assigned’ to Class 1 only give priority to Class 1 customers, and the remaining [(1 — §(y))n}]
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flexible servers ‘assigned’ to Class 2 only give priority to Class 2. For example, when one of the
|5(y)n7y] flexible servers assigned to Class 1 becomes available and there is no Class 1 customer
waiting, the flexible server can then serve a Class 2 customer waiting in queue. It is easy to see
that 77 is also asymptotically optimal. Indeed, following similar coupling arguments as those in
Appendix B, one can show that 7} leads to a smaller steady-state average queue length than v
for any given arrival rate realization.

In Section 5.2, we conduct some numerical experiments demonstrating the pre-limit performance

A

of v*, U3, and 7} introduced above (see Table 6).

5. Numerical Experiments
In this section, we demonstrate the pre-limit performance of our proposed staffing and scheduling

rules using simulation experiments.

5.1. Deterministic Arrival Rates

Based on the result in Theorem 3, we set the staffing levels
(7™, 7)) = ([R* + BV RN, [BpVRA]). (11)

In the first numerical experiment, we consider the case with no abandonment, i.e., § = 0. We set
h=c=1, u=1,ur =0.85 , and vary the values of A and cr. In Table 3, we compare the staffing
rule (11) to the optimal staffing levels (n**,n%*) (solved by exhaustive search using simulation).
We observe that the staffing levels suggested by the diffusion optimization problem is almost
identical to the optimal staffing levels. In most cases, the difference between the two is less than or
equal to 1, and the largest difference is 3. Table 3 also reports II** and the optimality gaps, i.e.,
I (n*, Aap) — IIM*. As expected, the optimality gaps are extremely small, even for systems as small
as A= 25.

Table 4 reports the results of a similar experiment when there is abandonment. In this example,
weset h=a=8,c=1, u=1, and ur =6 =0.85. We observe again that the prescription (11) works

very well for all system sizes. Specifically, the optimality gap across all cases are less than 0.1.

5.2. Random Arrival Rates
In this section, we study the pre-limit performance of the stochastic-fluid based staffing and schedul-
ing rules when the arrival rates are random. For simplicity of illustration, we consider a symmetric

P W
2

system where p; =p, =1 and a; = as; = a. In this case, ﬁf* =n5" :=n»*. Based on the result in

Theorem 4, we set the staffing level

(A ap) = ([, |75 )), (12)
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cr | (AAA)) (nd*,ny) M Gap
A=25
1 | (27,10) (26,11) 65.91 0.17
1.2 (28,7) (28,7) 67.76 0
14| (29,5) (30,4) 69.12 0.05
A=100
1 |(103,20) (102,22) 230.94 0.08
1.2 (106,15) (106,15) 234.79 0
1.4(108,11) (108,10) 237.27 0.19
A=400
1 |1(406,40) (405,42) 861.42 0.16
1.2 |(412,30) (413,27) 868.71 0.25
1.4 (416,22) (416,21) 873.85 0.01
Table 3  Performance of (2*,72}) for systems with different scales, \'s. (u=1,ur =0.85,0 =0,h=8,c=1)
ce | (AN, 7)) (nM,ny") I Gap
A=25
1 | (26,11) (25,13) 65.95 0.02
1.2| (28,7) (28,7) 67.94 0
1.4 (29,5) (29,5) 69.26 0
A=100
1 |(101,23) (101,23) 231.29 O
1.2 (105,15) (105,15) 235.12 0
1.4 (107,11) (108,10) 237.72 0.03
A =400
1 [(402,46) (402,46) 862.01 0
1.2 (410,30) (410,30) 869.50 0
1.41(414,22) (415,21) 874.60 0.05
Table 4 Performance of (7*,7}) for systems with different scales, \'s. (u=1,ur =0.85=0,c=1,h=a=28)

where 7} = fy :=n>.
Let c=1,crp,=12,h=a=8,u=1,ur =0.9, and 0 = 0.5. In addition, let Y} = Z,,Y> = pZ; +
V1 —p?Zy, where Z; and Z, are independent standard Normal random variables, and p=0.5. In

this case, 1y =r, =1.22 and rr =0.70 in Lemma 4. Thus,
At = [A+1.220*] and Ay = |0.70A*/0.9].

Next, to define 7%, we need to specify d(y) (the results of Section 4 are valid for any choice that
satisfies (10)). In our experiments we choose §(y) to strike a balance between the capacity of the
two classes, i.e. y1 — N} — 6Appp versus vo — Ao — (1 — 8)Appup. For example, if At =34, Ag =5
and v =(33,35), 7* allocates 1 flexible server to Class 1 and 4 to Class 2.

Table 5 reports the performance of our proposed staffing and scheduling rules for different values
of a and A. The optimality gap in Theorem 4 cannot be computed numerically, because the optimal

scheduling policy for (2) is unknown. However, because by Lemma 6, the optimality gap satisfies

I (A, g ) — I < TR, gy ) — T,
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where II™* is the optimal value of (9), we use IT*(7*,7); ) — IIM* as an approximation of the
optimality gap. Note that this approximation is larger than the actual optimality gap. We refer to
it as “Approx. Gap” in Table 5.

We observe that for a fixed value of A\, the gap decreases as « increases. For example, when
A =25, as « increases from 0.6 to 1, the gap decreases from 9.6 to 4.4. This agrees with the results
in Theorem 4, i.e., the optimality gap is O(A'~?), which decreases as « increases. For a fixed value
of a, the ratio between the gap and II** decreases as A increase. For example, when oo = 0.8, as A

increases from 25 to 100, the gap decreases from 5.5% of II** to 2% of TI*.

A=25 A=50 A=100 A =200
a | I Approx. Gap | II™*  Approx. Gap | I[I**  Approx. Gap | II™*  Approx. Gap
0.6 | 78.4 9.6 143.0 12.2 265.2 14.7 498.9 18.6
0.8 |104.1 5.7 194.1 6.7 363.9 7.2 685.3 7.9
1 |152.9 4.4 305.8 4.6 611.7 4.5 1223.3 4.2

Table 5 Performance of (ﬁk,ﬁ}; DA) for systems with different values of A and «.

(c=1l,ecr=12h=a=8,u=1,ur=0.9, 0=0.5, p=0.5)

We next compare the pre-limit performance of three asymptotically optimal scheduling policies:

v*, Uy, and 7y introduced in Section 4.2. We observe in Table 6 that
TP (s 77) < T (% s 7%) < TP (% 7 7).

The performance gaps between 73, and o7 are small in all cases. This demonstrates that using as

crude a policy as vy still leads to good performances.

A=25 A =50 A =100 A =200

a | 0} s Uy vy 2 Uy vy v Uy oy P2 b2y

0.6] 8.3 83.0 883 [153.0 155.2 155.5|276.8 279.9 280.3 | 513.6 517.5 518.1

0.8]108.3 109.8 110.0199.5 200.8 201.0|369.2 371.1 371.4| 691.2 693.2 693.5
1 [156.2 157.3 157.5|309.6 310.4 310.6 | 614.3 616.2 616.4 | 1226.6 1227.5 1227.7

Table 6  The cost under other scheduling policies v € {07,7*, 73} for different values of ) and a.

(c=1l,cr=12h=a=8,u=1,ur=0.9, 0=0.5, p=0.5)

6. Concluding Remarks
In this paper, we study the joint optimal staffing and scheduling problem for a two-class queue
with both dedicated and flexible servers. We quantify how the cost of flexibility affects the optimal

size of the flexible pool. We conclude the paper with some remarks for future research.
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Non-preemption For the deterministic arrival rate setting, our scheduling policy v** is preemp-
tive. For example, we allow a customer in service with the flexible pool to be transferred to the
dedicated pool if a dedicated server becomes available. If we restrict ourselves to non-preemptive
policies, one may be tempted to define a non-preemptive version of the policy, and prove that it
performs asymptotically as well as the preemptive version in the many-server heavy-traffic regime.
Unfortunately, this asymptotic result is unlikely to hold in our case. This is because the size of
the flexible pool, O(\f)\), is not large enough to cause instantaneous changes in X* in the limit,
which indicates that the non-preemptive version of the policy may not be able to closely ‘track’
the preemptive policy (see Atar (2005) for a similar argument).

For the random arrival rate setting, our scheduling policy 7 is preemptive, but this is not needed
to achieve the optimality gap in Theorem 4. Indeed, a simple coupling argument can show that
a non-preemptive fastest-server-first scheduling policy outperforms the preemptive slowest-server-
first scheduling policy 73, and the latter is still asymptotically optimal.

Multiple customer classes When there are k customer classes, servers can potentially have 2% — 1
different skill sets, i.e., each of the non-empty subsets of {1,---,k}. In this case, we need to specify
the optimal size of each potential server pool as well as the corresponding scheduling policy. As k
increases, the number of possible system configurations can become very large, posing substantial
analytical challenges.

When facing demand uncertainty, we can still approximate the optimal staffing problem with
a multi-product inventory management problem with demand substitution. Bassamboo et al.
(2010a) study such inventory networks when the ‘staffing’ costs are affine (or convex) in the degree
of flexibility. Let S1,5, C{1,---,k}, and let ng, denote the number of servers with skill set S;. We
also write |S;| for the cardinality of set S;. Bassamboo et al. (2010a) finds that if it is optimal
to set ng,,ng, >0 with S; C S,, then |S;| =|S2| — 1. This implies that if the optimal sizes of the
dedicated pools are all positive, i.e., ngy >0 for i =1,2,... &, then the only other server pools
we need to consider are those with skill set {i,5}, i # j, i, =1,...,k. This can help reduce the

number of possible system configurations that one needs to consider.

Appendix A: Two important stochastic dominance results

In this section, we present two important stochastic dominance results that are useful for our subsequent
analysis, e.g., the proofs of Theorem 1, Lemma 1, and Lemma 3. These results build on coupling arguments
and can be of independent interest.

Let {Y (t) = (Y3(t), Y2(t));t > 0} and {Y (t) = (Y1 (t), Ya(t));t > 0} be two positive recurrent birth-and-death
processes. The birth (arrival) rates are X for both Y; and Y;, i = 1,2. Let ¢;(y) be the death (departure) rate
of V; when Y(t) = y. We also define (x(y) = (i (y) + C2(v), Cm(y) = G (y)H{yr > y2} + G(y)H{yr <y}, and
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Con(y) =G (1) H{n <y} +C(y)1{ys > yo}. Similarly, let ¢;() be the death rate of Y;, i =1,2, when Y () = ¢,
(@) =G@) +6@), Culy) =G@HG = G} + G@) 1 <52}, and Cu(y) = G @)1 < 5o} + G(@) 1 >
Y2}

The following two lemmas provide sufficient conditions to establish stochastic dominance between Y (c0)

and Y (00).

LEMMA 7. For {Y(t);t >0} and {Y (t);t >0}, suppose
P1) ¢s(y) > Cu(§) whenever yy +ya =1 + G2 and y1 Vyz <1 V §a;
P2) Curly) > Cur(§) whenever yi Vys =G V 2 and y1 +y2 < i1 + .
Then, Y1 (00) + Ya(00) <, Y1(00) + Ya(00) and Y;(00) V Ya(00) <, Y1 (00) V Ya(o0).

Proof. 'We prove the lemma by constructing a coupling, under which

Yi(t) + Ya(t) < Y3 (t) + Ya(t) and Y (t) V Ya(t) < Yi(t) V Ya(t)

for all ¢ > 0 path-by-path (Dong et al. 2015).
We start by introducing the coupling. Let Y (0) =Y (0) = yo for any fixed yo € N2. We denote the k-th
potential transition time in both systems by ¢, with to = 0. In particular, for Y (t;) =y and Y (t,) = 7, let

> >
ap = €1 Y1292 and 6, = €2 yl_y2.
e2 Y1 <Y2 er Y1 <Yz

Similarly let

~ 1 >0 ~ U >
5M:{e1 Y1 2 Y2 andém:{eQ Y1 = Y2

ez Y1 <Y er G1<Go

We then generate t,11 — t;, from an exponential distribution with rate A := 2\ + (s(y) V 52@) We also
generate a random variable U uniformly distributed on [0,1]. We update the states of the two systems

according to the following:

O 0<U<)/A

Om AA<U<2)\/A

Y(tip1) =Y () + =0 2M/A<U < (2X+Cu(y))/A

—0m  2AFC )/ A<U<(2A+(s(y))/A
0 Otherwise;

and
Om 0<U<A/A

i ) Om AA<U<2)/A

Y (tiy1) =Y (k) + —Oum 2)\/A§ U< (2)\—5-51»1(?3))//\ ~

—0m  (2A+Cu(9))/A<U < 2+ (s(7))/A
0 Otherwise.

Now, let S = {k € Ny :Y;(ty) + Ya(ty) = Yi(tx) + Ya(tr)}, and let the elements of S, s;, be ordered such
that 0 =59 < 81 <---. We will prove by induction that

Yy () V Ya(ty) < Yi(ty) V Ya(ty) and Yi(t,) 4 Ya(ty) < Yi(ty) + Ya(ty,) for 0 <k <s, for any ieN.  (13)

For i =0, we have Y;(0) 4 Y2(0) = Y3 (0) + Y3(0) and Y;(0) V Y2(0) = ¥;(0) V Y3(0) by construction.
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Suppose (13) holds for some i, i € Ng. We first note that for k =s;, + 1, if s, + 1 € S, we have
Yi(ty) + Ya(te) = Yi(ty) + Ya(ty). If 5, +1 ¢ S, then by the coupling construction and P1, there must be
a departure from Y but not Y. Consequently, Y7 (t,) + Ya(ty) < Yi(t) + Ya(t,). This also implies that for
si+1<k<s;p1 (weset s;41 =00 if s; is the last element in S), Yi(t,) + Ya(tx) < Yl(tk) —1—372(tk). We next
note that for s; < k < s;41, by our coupling construction, if there is an arrival, it either joins the larger queue
in both systems or the smaller queue in both systems. Thus, in this case Yi (t) V Ya(ty) < Yi(te) V Ya(ty,). If
there is a departure, then we further consider two cases.
Case 1. Y1 (tx_1)VYa(tp_1) < Y, (te_1) V f@(tk,l): since the difference between the two quantities changes by
at most 1 at each epoch, we have Y (t,) V Ya (1) < Y, (te)V f@(tk).
Case 2. Yi(tx_1) VYa(ts_1) = }71(tk,1) \% f@(tk,l): by P2, if there is a departure from the larger queue in
Y, there must be a departure from the larger queue in Y. Moreover, if Y;(t,_1) = Ya(tp_1), as Y1 (tr_1) +
Ya(te1) < Yi(teo1) + Ya(teo1), we have Y3 (ti_1) = Ya(tx_1). Thus, Y1 () V Ya(te) < Yi(t) V Ya(ts).

Above all, Y;(t) + Ya(t) < Vi (t) + Ya(t) and Yi(t) V Ya(t) < Yi(t) V Ya(t) for all £ >0 under our coupling

construction. This further implies the stochastic dominance results for the stationary distributions. O

LEMMA 8. For {Y(t);t >0} and {Y (t);t >0}, suppose
P1) Cs(y) < Cs(3) whenever yy +yz =iy + 2 and yy Ayo > 1 Adja;
P2) () < Cu(§) whenever yy Aya =i Az and y1 +y2 > §1 + 1.
Then, Y1 (00) + Ya(00) >, Y1 (00) + Ya(00) and Yi(00) A Ya(00) >, Yi(00) A Ya(00).

Proof. The coupling construction follows a similar coupling idea as the proof of Lemma 7. We highlight

the difference here for completeness.

Let Y(0) =Y (0) = yo for any fixed yo € NZ. We denote the k-th potential transition time in both systems
by t, with tq = 0. In particular, for Y (¢,) =y and ?(tk) =g, we generate t;1 — t; from an exponential
distribution with rate A := 2\ + (s (y) V (s (7). We also generate a random variable U uniformly distributed

on [0,1] and update the states of the two systems according to the following:

6y 0<U<MA
6 AA<U<2M/A
Y(tyi) =Y (t) +{ =6 20/A<U < (22X +Cu(y))/A
=0 A+ Ca(y))/A<U < (2 +Cs(y)/A
0 Otherwise;
and
o 0<U<NA
O AA<U<2M/A
Y(teo1) =Y () +< =6 20/A<U < (2A+(n (7)) /A
“Ou A FCn(@)/A<U <22+ (2(3))/A
0 Otherwise.

We next prove by contradiction that

Let k > 0 be the minimal index such that either (i) Y3 (t,) A Ya(t) < Y1 (ty) AYa(ty,) or (i) Y () + Ya(ty,) <
Yy (te) + Ya(ty,), assuming the existence of such k.
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In Scenario (i), Y3 (t,_1) AYa(ti_1) = Y1 (tg_1) AYa(ty_1) and Y3 (tp_1) + Ya(tuo1) > Y (teo1) + Ya(teoy). If
there is an arrival event at time ¢, then based on our coupling construction, this is an arrival to both systems,
and the arrival is either to the smaller queue in both systems or to the large queue in both. If Y;(t,_1) =
Ya2(tr_1) so that Y1 AY; does not increase at ty, then as Y1 (t,_1) + Ya(tp_1) > f/l(tk_l) —i—YQ(tk_l), fﬂ(tk_l) =
Ys(t,_1), and so Y3 A Y, does not increase either. Hence, in this case Y7 (t,) AYa(ty) = Y7 (£, ) A Ya(ti). Suppose
instead there is a departure event at ¢,. There must be a departure from the smaller component in Y.
However, by P2 and our coupling construction, there must be a departure from the smaller component in Y
as well. Hence, we again have that Vi (t,) A Ya(t,) = Yi(t,) A Ya(ty,). Thus, Scenario (i) is not feasible.

In Scenario (ii), Y1 (tp_1) A Ya(ty_1) > Y1 (ti1) A Ya(te_1) and Yy (te_1) + Ya(tuo1) = Y1 (tu_1) + Ya(tr_1).
Since arrivals coincide in both systems, there must be a departure from Y at ¢,. However, by P1 and our
coupling construction, there must be a departure from Y as well. This rules out Scenario (ii).

Combining the analysis for the two scenarios, there is a contradiction. Thus, (14) holds, which further

implies the stochastic dominance results for the stationary distributions. [
Appendix B: Application of the stochastic dominance results
B.1. Proofs of Lemma 1 and Lemma 3

In this section, we apply Lemma 7 to compare two system configurations. Lemmas 1 and 3 then follow as
corollaries to this comparison.

Fix policy v** for X*, which has n* servers in each dedicated server pool and n} flexible servers. Consider
two auxiliary queueing systems X* and X* based on X*. X* has no flexible servers. Each dedicated pool
of X* has n* servers that can work at rate p and n)/2 servers that can work at rate pp. When assigning
customers to servers, the rate-y servers are prioritized. On the other hand, X* does not have any dedicated
servers. Instead, it has 2n* +n? flexible servers, among which 2n* servers can work at rate g and n} servers

can work at rate pr. When assigning customers to servers, we again prioritize the faster servers.
LEMMA 9. Suppose 0 < pp. For X*, X* and X*, if (n*,n)) € Q*(6),
X7 (00) + X3 (00) o X7(00) + X3 (00) <o X7 (00) + X3 (00);
X3 (00) V X3 (00) a0 X7 (00) V X5 (00) <o X7 (00) V X3 (00);
(X2(00) + X3(00) 20 —m}) " <@ (00) < (X2(00) = =} /2) "+ (K2 (o0) —m* —mp/2)
Proof of Lemma 9. Because all three processes are two-dimensional birth-and-death processes with com-

mon arrival rate A\, we can apply Lemma 7. To simplify the notation, we omit the superscript A. Set Y =X

and Y = X. Then the death rates take the form:

iy, ya) = plyr An) 4+ pr((yr —n)t Ang) +60(y1 —n—ng)t Y1 = Yo
P i An)+pe((yr =) A (e — (Y2 —n) ")) +0((y1 =)t = (nr — (Y2 —n) ")) 1 <wo

1( ((
Co(y1,y) = pw(yo An) 4 pp((y2 —n) P A (np — (1 —n) D) +0((ya —n)T — (np — (g2 —n) ) 11 >0
’ p(y2 An) + e ((y2 =)t Anp) +6(ys —n—np)* Y1 <Ys

Gy, y2) = i An) + pe(ne/2A (y1 —n)F) +0(y1 —n—np/2)"

(
Coyn,y2) = n(y2 A1) + (e /2 A (g2 = 1) 7) +0(y2 —n —np/2)*
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Since p > pp > 0, it is straightforward to verify that P1 and P2 in Lemma 7 hold. Thus, from the proof of
Lemma 7, we can construct a coupling such that
Yi(t) + Ya(t) < Vi(t) + Ya(t) and Yi(t) V Ya(t) < Vi (t) V Ya(t)
for ¢ > 0 path-by-path. In addition,
Qx(t) = (X1 (t) = n)* + (Xa(t) = n)* —np) "
< (X(t) = (n+np/2)" + (Xa(t) — (n+np/2))"

< (X () = (nne/2)t + (X2 (t) — (n+np/2))*

As Y is positive recurrent for (n,nz) € Q*(6), so is Y. Sending ¢ to infinity for the coupled processes, we
have the stochastic dominance results in stationarity. The stochastic dominance results for X over X follow
similarly. O

For Lemma 1, we note that under the policy v**, for (n*,n}) € Q*(0),

X7 (00) + X5 (00) <o X7 (00) + X3 (00)
by Lemma 9. Then, the stability of X} and X2 implies the stability of (X3, X3).
For Lemma 3, we have u = pp. In this case,
Q3(00;0,20* + 1) £ (X (00) + X3 (00) —2n* —mp) "
Then, by Lemma 9, under the policy v**, we have
Q3(00;0,2n* +n3) <. Q3 (00;n*, ny).
B.2. Proof of Theorem 1
We apply Lemma 7 to prove Theorem 1. To simplify notation, we omit the superscript A. Consider Y (t) =
X (t;n,np;v*) and Y (t) = X (t;n,np;v). We will first verify that P1 and P2 in Lemma 7 hold.
For P1, y1 +y> =91 + 92 and y; Vyo <71 V ga. Since pu > pp >0,

(1) < () <Cs(y).
For P2, y1 Vys =91 VYo and y1 +yo < 91 + y». Without loss of generality, suppose y; > y» and y; = g1 > ¥o.
Then,
EM(?]) <Cu (@) = plyr An) + pp(ne Ayr —n) ") +0(y1 —n—np)™ = Cu(y).
The positive recurrence of Y is established in Lemma 1. For Y, if it is not positive recurrent, we define
Y;(00) = co. Then by Lemma 7,
XM oo;n,np;v*) + X5 (0oyn,np; v*) <o X7 (00;n,np;v) + X5 (00;n, ng; v)
and
XM oo;n,np;v*) VX5 (0osn,np; v*) <o X7 (0osn,ng;v) V X5 (00, np; v).
Lastly, for the queue length, consider the function f:N2 — Ny defined by f(y1,y2) = ((y1 —n)" + (y2 —

n)* —ng)*. Note that if y1 +yo < g1 + 2 and y1 Vya <§1 V g, then f(y) < f(7). Therefore,

Q3 (00, np,v*) = ((Xf(OO;n,nF;V*) —n)* + (X5 (00, np; ) —n)F — ”F)+

<ot (X2 (0051, mp3v) —n)F + (X2 (00, mp3v) — )t —np) " <, Q3 (0030, np; ).
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B.3. Optimal scheduling rule when 0 > ur=p
Define ¢** by

ZM(t) =min{n*, X>(t)} for i=1,2; (15)
and if X7 (t) < X3(¢),
Zpy (t) =min{ny, (X7 (t) =) "}, Zp,(t) =min{ng — Z5, (1), (X3 (8) —=n*) T} (16)
otherwise,
Zp1 (t) = min{ng — Zp,(t), (X7(t) =n*) "}, Zpy(t) = min{ng, (X3(¢) —n*) "} (17)

That is, the flexible pool gives priority to the class with fewer customers in the system. The next theorem

show that ¢** is optimal when 6 > pup = p.
THEOREM 5. Suppose 0 > = pup. For any deterministic Markovian scheduling policy v*,
E[Qs:(00;n™, nps )] > E[Qs (00, s 7)),
which implies that II* (n* ,ny;v™) > T (n?,ny; ™).

Proof of Theorem 5. The proof of Theorem 5 uses a coupling construction similar to that of Theorem 1,
but does so by considering a ‘dual’ problem where we maximize the number of busy servers. In particular,
the key observation is that

OE[Qs:(00)] = 2A — uE[Z7(00) + Z3 (00)] — nrE[Z3(00))] (18)
so that minimizing E[Q3(c0)] is equivalent to maximizing
HE[Z3 (00) + Z5 (00)] + urE[Z5(00)]-
This may be accomplished by keeping X7 + X3 and X A X3 both large. Based on this observation, we shall
prove Theorem 5 using Lemma 8.

To simplify the notation, we drop the superscript A. Let Y (¢) = X (t;n,np;¢*) and Y (t) = X (t;n,np; v).
We next verify P1 and P2 of Lemma 8.

For P1, y; +y> =91 + 92 and y; Ays > 91 Ayz. In this case, we have

(aly) < (o) < ().

For P2, y; Ays =91 A2 and y; + y2 > 91 + 9. Without loss of generality, suppose y1 <y and y; =41 < ¥s.
Then,

Cn (@) =G (@) = pyr A(n+np)) +0(ys —n—np)* = Culy)
From Lemma 8, we can construct a coupling, under which
Yi(t) + Ya(t) > Yi(t) + Ya(t) and Yy () A Ya(t) > Yi(t) AYa(t).
This further implies that
W(Z1(t) + Zo(t)) + pp Zp(t) > p(Z1 (1) + Za(t)) + pir Ze (1)

As >0, both Y and Y are positive recurrent. Thus,

(Z1(00) + Z2(00)) + e Z 1 (00) 21 1(Z1(00) + Z3(00)) + pr Zie(00),

This completes the proof due to (18). O
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REMARK 2. It is hard to extend the results in Theorem 5 to the case where u > ppr. This is because when
w> pp, P1in Lemma 8 no longer holds. For example, consider n=nz =1, y=(1,1) and § = (0,2). In this
case, (s(y) =2u> p+ pr = (o(9).

Appendix C: Proofs of the Results in Section 3.2
C.1. Proof of Lemma 2.
Note that E[Q3(c0; | R +VR*],0)] = O(V/A) (Garnett et al. 2002). Thus,
M <TIM(| R + VR [,0) = 2¢R* + O(V\).
To prove ITN* = 2cR* + O(V/)), it suffices to prove that n** = R* + O(v/\) and ny* = O(V/)).

We first prove limsup, _, n’ f;R < 00. Suppose by contradiction that there exists a subsequence {\; }ren

such that limy_,., A\, = 00 and limy_, ., (n*** — Ry)/v/Ax = 00, where Ry, = \,,/uu. Then,
[T (nAe* p k™) — 2Ry c(2n e £kt —2Ry) - 2¢(n " — Ry,)
VA - VA - VA
contradicting that II** < 2cR* + O(V/)).

- )\ *
We next prove that liminf, ”k’\f;m > —oo and limsup,_,_ & f < 00.

— 00,

A,

Consider the case where 6 = 0. Note that for stability, 2n**u +n}"up > 2X. To prove limsup, _, n% <

00, we suppose for contradiction that there exists a subsequence {\;}ren such that lim, ., Ay = 0o and
limy,_, oo 7> */\/Ax = 0. Note that 2n*+* > 2\, /u — nyk “wr/u. Then,
I (n e n3k") — 2¢Ry, S c(2n* — 2Ry) 4 cpnph” S ny* (ep — cpip /1)
VA, - VA, - VA,
contradicting that IIM* < 2cR + O(v/A). Since 2n*s* > 2\, /p — n3¥*pup/p, this also shows that
liminf,_, Aj;Rk > —00.

We now turn to the case where 6 > 0. We first note that OE[Q3(co;n*, ny)] > 2\ — 2n*p — npup. To
prove limsup, _, ; < 00, suppose for contradiction that there exists a subsequence {Aj}ren such that
limy 00 A, = 00 and limy,_, o n3*"* /v/Ax = co. Note that

I (n e n3k") — 2¢Ry, - 2c(n " — Ry) + cpnik
VA, - VA

Since the LHS of (19) must be bounded, say by 2¢C for some constant C' > 0, we have

Rk<c\/> CF >\k*

— 00,

(19)

Therefore,

1
Ap — 1k ,u>2L'unj\J = Cu\/ Ay > n;’“ g — Cuy/ .

Next, for h/0+a=cr/pr+ 9 =c/p+ € satisfying 0 < <e,
I (R ") —2cRy,  (h/0 4 a)OE[QY (00;n e, npt ™ )] 4 2c(n e * — Ry) + cpmpt™”
k

VA W
< (h/0+a) (2 e — 20 6% 1 — npF " ) + 2¢(n " — Ry) 4 cpnik”
- VA
)
VA
(e = &) pr — 2eCr/Ay
VA

>

— 00
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as k — oo. This contradicts that II** < 2¢R* + O(v/A), and so n) = O(V\).
P RA
TR
such that limy_,o, Ay = 0o and limy_, . (n*** — Ry)/v/Ax = —c0. Then for nyk* = O(V )
I« (n)‘k‘*,n;’“*) — 2¢cRy, N 2e(A\p —nterp) — 5n;’“*up
V Ak - VAR
| —2ep(n = By) — 0} g
V Ak

To prove that liminfy_, o > —o0, assume for contradiction that there exists a subsequence { Ay }ren

— 0Q.

This is a contradiction. [
C.2. Some auxiliary lemmas

Before we prove Theorem 2, we first present three auxiliary lemmas.

LEMMA 10. Let M> ={M?*(t):t >0} be a sequence of ergodic Markov chains taking values in R™, and
h:R™ —R" be a measurable function. Suppose

1. h(M*(t)) = R(t) in D™ if h(M*(0)) = R(0) as A — oo, where R is a continuous ergodic process with a
unique stationary distribution R(co);

2. {h(M*(00)): A > 1} is tight.
Then, h(M*()) = R(c0) as A — oo.

Proof.  The proof follows similar lines of argument as Gamarnik and Zeevi (2006). As {(h(M?*(c0)) : A > 1}
is tight, every subsequence has a convergent further subsequence. Let Y be a weak limit of {(h(M?*(c0)):
A > 1}, i.e., there exists a sequence {\; : k € N}, such that h(M>*(0c0)) =Y as k — oo.

Now for each k, set M+ (0) = M+ (c0). Then, we have M+ (t) = M>+ (co) for any ¢ > 0. This implies that
h(M*(0)) = Y, which further implies that h(M>*(t)) = R(t) in D" as k — co. As R(0) £V, R(t) £ Y.
Furthermore, as R(t) = R(cc) as t — 00, Y = R(t) = R(co). Therefore, every weak limit of {(h(M*(0)) :
A > 1} follows the same distribution as R(co). This indicates that h(M?*(c0)) = R(c0) as A —oco. O

Let X(-) denote the number of customers in a system with arrival rate A, n* rate-u servers and n}./2

rate-pp servers.

LEMMA 11. If either (i) 6 =0 and A <n p+ %MF =A+O0(WN\) or (i) >0, n*u=XA+0KN), and
7’L>I‘7=O(\/X),

supE
A>1

- 2

TM00) — n> — nd /9)+

(%20) > —mp/2\] _
VA

Proof. Let C* =n*+n)/2. We first note that X}(-) is a positive-recurrent birth-death process. Let 7*

denote its stationary distribution. In Case (i), for & > C*, we have

(k) =M (CY) <>\> .

n
nA 4+ =
This implies that (X ?(00) —C*)T is stochastically bounded by a geometric random variable with probability

of success
A

T nue/2

O(1/VX).
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~ 2
Thus, E [(XIA(OO) - cx)+) } —0(N).
In Case (ii), choose I* >0 such that I* = O(v/A) and n*p + %up + 120 = XA+ O(v/)), and note that it

suffices to prove that

supE

A>1

(X(o0) = —nd/2— 1M+
( ﬁ ) < 0.

Let D* =n*+n3/2+1*. For k> D*, we have

b— DX \ ) k—D*
(k) =D ] ( — ) S?TA(DA)< — ) :
o\ e+ 10+ VI Y

Thus (X} (o0) — D*)* is stochastically bounded by a geometric random variable with probability of success

1- A -
nAu+npup/2+1020

o(1/VN),

Thus, E [(Xf(oo) - D%)+)1 —0(\). O

LEMMA 12. For (n*,n}) € Q(0), 2n* +n) = 2R + 4V R* + o(VR»), and n} = O(V/N), we have
[(X?(OO) —n*)”
VA

Proof. 'We prove the lemma for i =1 only; the case ¢ =2 is similar. Let 77 (k) =P(X;(c0) = k). Then for
0 <k <n*, we have Arp (k) = (k+ 1)um; (k+1). This implies that

supE

} < 00.
A>1

A M =1 A/ A o A ﬂnxikn)\!
E[(X1 (00) —=n?t) ]—771(” );}(n —k)m

1 n n N~k |

N 1 n*!
< WA =kl Z(n —k) Ak
Zk:O )\"A_kkl k=0 ’

_ 1 1 Ao N A kﬂnkiknk!
Ty wl kN () ) - ey
k=0 )\n)\—kkl k=0
1 A

=
2 k=02 (K)
where X denotes the number-in-system process of an M/M/(n* +n}) + M queue with arrival rate A

and service rate p, and abandonment rate 6 > 0, and 7 denotes the stationary distribution of X}. As
E[(X}(00) —n* —n))~] = O(VA) (Garnett et al. 2002) and n) = O(vV'X), E[(X}(c0) —n*)~] = O(VX). We
also note that Z:io M k) =P(X> <n*)=0(1). Thus, E[(X}(c0) —n*)"]=0(N). O

C.3. Proof of Theorem 2

Define, for i = 1,2, the fluid-scale processes

= ZZA t — Az At — Sz n)\/,l/t
2w=20 pp=20 g =S

We also define, for i =1,2,

GMt) = GOV (f}/\ﬂt) and S, (t) = Sr (e VA (/;L%\/Xt) .
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Define, for i = 1,2, the diffusion-scale processes

AMNt) = Al():%\_)\t and S)(t) = W

We first note that because

X)M(t) = X20)+ A(\t) — G, <9 /Ot Qj(s)ds) — 5, <u/0t Zj(s)ds> — Sps (uF /Ot Z}i(s)ds> ,

we have that

X2(t) = X2 (0) + V2 (0) + F(X)(0),

where
P (1) = A1)~ § ( / t 3<s>ds) NEAT f‘);“(s) “) e [ (R (5)) ds
(el ﬁx @), [ - a enas | + 2
and

RO = [ X20) ds=(ur=0) [ (2 ) ds =0 [ £26)" as. (20)

The proof of Theorem 2 is then divided into six steps.

Step 1. Establish the convergence of the fluid-scale number-in-service processes Z;.

LEMMA 13. For (n*,n}) € Q*0), suppose n* = R* + BV R* + o(VR*) and n} = BV R + o(VR*). If
ZM0)—1,i=1,2,, then Z})=1 in D as A\ — co.

Proof of Lemma 13. For any fixed € >0 and T > 0, we shall prove that

lim IP( inf Z}(t) < 1—e> —0.

A o0 0<t<T
Define 7 = inf{0 <t <T:Z}t) <1—¢} and 72 =sup{0 <t < 7 : Z}(t) > 1 — ¢/2}. Let E* be
the event that 7; and 73 are well-defined, i.e. 7} < T. The initial condition Z}(0) — 1 implies that
{infoci<r Z}(t) <1—€} C E* for A sufficiently large.
As Z}(t) < 1 for t € [73,7}], all Class 1 arrivals on [73,7;] join the dedicated server pool immediately on

arrival. Moreover there are no abandonments from Class 1. Thus,

T1 _ _ 77—2>\ _ _ _
() - B(3-) - (5? ( / zl<s>ds> -8 ( / zl<s>ds>> — 2(R) - 2R -) < /2.
0 0
This further implies that

P(EN) <P | _inf_ (A3(t) = A}(s)) = (SP(utt —5) = 5 (u)) < —¢/2 | 0,
0<u<s

where the convergence follows from the fact that, by the functional strong law of large numbers (FSLLN)

for Poisson processes, (A3, S}) = (X, 11x) as A — oo. The analysis for Z3 follows similarly. [
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We note from Lemma 13 that in the fluid scale, the dedicated servers are busy all the time.

Step 2. Establish proper limits for the diffusion-scale processes }A’i)‘.

LEMMA 14. For (n*,n}) € Q*0), suppose n* = R* + BV R + o(V R*) and ny = BpVR* + o(VR*). If
ZM0) =1, i=1,2, then

(Yﬁ, Y;) = (V2B; — B/lix, V2B, — By/lix) in D* as A — oo,
where By and By are independent Brownian motions.

Proof of Lemma 14. Recall that

720 =40 -8 ([ 20)as) - S (o fi?(s) “) [ s

(& <"f°¢Q§ ), [0 - aenas | +

We shall analyze the five components of Y; in sequence.

)\—n*ut
VA

First, by the functional central limit theorem (FCLT) for Poisson processes, flj = B; in D as A — o0,
where B, is a Brownian motion.

Second, as [, Z}(s)ds = x (Lemma 13), by a random time change, the FCLT for Poisson processes, and
the continuous mapping theorem (Chapter 13 of Whitt (2002)), we have S} (Js Z}(s)ds) = B, in D as
A\ — 0o, where B; is a Brownian motion and is independent of B,.

Third, by the FSLLN for Poisson processes, Sp; = X as A — oo. Next, we rewrite

L2 [ i), 300

where
N +
+APE + n? 4
N B Ty A 5 T, > To, N K2 A(T};_‘xl , Ty 2> Ta,
iz, 20) = n n s and  fy(z1,29) = A

Then, as f* — f as A — oo,

e (ur £200 ) JRESOT

=50 (o [ Z200s) e [ RO s [ 206 - F 6 s

=0 as A — oo.

Fourth, by the FSLLN for Poisson processes, G — fx as A — oco. Then, because

0 @(s)ds _ 0 [I((X2 ()~ )" — Z3(s)
V5 N5y

G, (0], QX (s)ds
N5

—at (= [ @) - T [ Qs +o (G060 - REO)ds

=0 as A — oo.

= :9/0 (X2(s)* = PA(X2(5), X3 (5)) ds,

) "/otowsﬁ — Fi(X(s)) ds
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Fifth, under the assumption of the lemma, (A —n*u)/vVA — —fB\/lt as A — 00.
Finally, putting the five parts together, we have the result. [
Step 3. Establish the C-tightness of the {X*: A >1}.

LEMMA 15. For (n*,n}) € Q0), suppose n* = R* + SV R + o(V R*) and ny = BpVR* + o(vV R*). If
X*(0) = X(0) as A — oo, {XA PA> 1} is C-tight in [0,T] for all T > 0.

Proof of Lemma 15. Following the C-tightness definition in Chen and Zhang (2000), we will prove that
for any fixed €,y > 0, there exist § > 0 and \g > 0 such that for all A > Ay,
P sup [X}t)-X)(s)|>e| <v
0<s<t<T
|s—t|<é

for ¢+ =1,2. Consider the representation

XMt)=X20)+ AMt) - S} /Ot 3(s)ds> + AMtJru/OtX?(s)ds

Sei (e Jy Z2.()ds)  G(o [ Q2(s) ds)
VA - VA

First, as

XM0) + ANt) — 8 (/Ot Z2(s) ds) + A_g“t;»f(i(()) +V2B,(t) — B/t in D as A — 00

and V2B, (t) — B/t is continuous, {X}(0) + AX(t) — S (fo ds) (A =n ) /v XA > 1} is C-tight
(Lemma 4.2 of Chen and Zhang (2000)).
Second, for 0<s<t<T,

o )5 o 500

Then, the C-tightness of {fSpl (1r [, Zp,(s)ds)} follows from the fact that ny/VA = B/l < 0o and

S}, = pupx in D as A — oc.
Third, for 0 < s<t<T, we note that

= (Gi (G/tQ?(u) du) e (9/ Q;(u)du»

< (B0 D mescs Q0 g (i)

Then, to prove that {% 6‘f0 Q) (s)ds)} is C-tight, it suffices to prove that for any v > 0, there exists
K, o >0, such that [P (sup0<U<TQ. (v)/VA> K) < /2 for every A\ > \g. Furthermore, since n} = O(v/\),
it is sufficient to prove that P (sup0<U<TX (v) > K) <~/2, which follows from Lemma 9.

Fourth, we prove that {u fo XZ.A (s)”ds: A>1} is C-tight. For 0 <s <t <T, we first note that

,u/o )A(?(u)du—,u/osf(?(u)dugu(t—s) sup XMu)~.

0<u<T
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Next from Lemma 12 we have that for any v > 0, there exists K >0 and Ay > 0 such that for all A > \g,

]P’( sup X?(u)>K) <#.

0<u<T
Thus, {p [ X} (s)” ds: A >1} is C-tight.

Putting the four parts together, we have the C-tightness of {)A(A A> 1}. ]

Lemma 15 implies that any subsequence of X* has a weakly convergent further subsequence and the limit
is continuous almost surely (Proposition 4.1 in Chen and Zhang (2000)).

Step 4. Establish that F is continuous at almost all limit points of X*.

LEMMA 16. For (n*,ny) € Q*(0), suppose n* = R* + BV R + o(VR*) and ny = BV R+ o(VR*). The

mapping F : D? — D? defined in (20) is continuous at almost all limit points of XX,

Proof of Lemma 16. From the C-tightness of {X A A > 1}, almost all sub-sequential limits of X* are
continuous. Thus, it suffices to prove continuity of F' under the uniform topology. We denote by X a generic
sub-sequential limit of X*.

Fix T'> 0. For X € D?, define || X||,. = supy, <, max(|X; (t)],|X2(t)[). Now, fix e > 0. Consider X,Y € D?
with X continuous and || X — Y|, <e€/2.

For 0<t<T,
t t
/Xl-(s)*dsf/ Yi(s)" ds
0 0

t t
/ Xi(s)ers—/ Y;(s)" ds
0 0
Next, for f;, when | X1 (t) — Xa(t)| > €, if X1(¢) > X5(t), then Y1 (¢) > Ya(t), and if X;(t) < Xa(t), then Y;(¢)
|

Y>(t). In this case, we have |f;(X (t)) — fi(Y(?))| <e€/2. If, instead, | X1 () — X2(t)| <e, |fi(X(¥)) — fi(Y (1))

<et/2<€T)2.

Similarly,

<et/2<€T)2.

<
<

Br//1t- Putting the two cases together, we have

[ rxenas— [ nvisnas

= 1{|X1<s>—xg<s>|ze}ds+§;/0 1{[X1(5) — Xa(s)| < e} ds
el"  PBr T
<5 HXE - Kl < ds

Above all,

[Ei(X) () = E(Y) ()| <p +6

/OtXi(S)_dS—/OtYi(s)_ds /OtXi(5)+d3—/()tK(s)+ds
+ (pr —0) /Otfi(X(S))dS—/Otfi(Y(s))ds

0 r—0 F !
<+ G O O o) [ (0 - Xa(0)] <

BF ’ = as €
> e 1) / 1{X, (1) = Xa(t))} di as € L0.
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This implies that to prove continuity of F at X, it suffices to prove that P (fOT X, (t) =X, (t)} dt = 0) =1.
Note that X*» = X implies that X takes the form

X, (t) = X,(0) + V2B;(t) —ﬁﬂt—ku/t)i}(s)‘ds—l—@/tf(i(s)* ds — L;(t),

where L;(t) is a weak limit of {(pr — fo ))ds}. We also note that L;(t) is monotone increasing
and bounded by (ur — H)ﬁpt/ f Thus, L; has finite total variation. Meanwhile, since X is continuous,
HXH < 0o. As fo “ds < fo i(s)” ds < o0, ,ufo ~ds has finite total variation as well. Similarly,
0 fo +ds has finite total variation as well. It then follows that X (¢ (t) is the sum of a Brownian motion
and other terms of finite total variation. Therefore X spends almost surely zero time on {Xi(s) = X5(s)}
(Turner 2000). O

Step 5. Establish that X is suitably well-posed.

The following lemma follows directly from Proposition 5.3.10 in Karatzas and Shreve (1998).

LEMMA 17. The diffusion equation

Xi(t) = X.(0) + V2B (1) —B\/EH—;L/; Xi(s)" ds — (jur — 0) /Ot F(X(s))ds — o/ot X(s)* ds
has a unique (weak) solution.

Steps 1-5 together establish the process level convergence of X* e,

X = X in D? as A — oo,

We also note that

Q3= (X0 + X0 —npVA) T = (R0 + K0T~ Be/VE) 0N (F2(0), X2 (1)

where

(X0, K20 = \(me L0 - V) - (R0 + R0 b /ﬂy‘
< |n}/VA=Br/\/E — 0 as A — .

. . . +
This implies that Q3 = (Xl+ + X —BF/\/E) in D as A — oo.

Step 6. Establish the appropriate interchange of limits and uniform integrability results.
LEMMA 18. For (8,08r) € Q(@), the diffusion process X is positive recurrent.

Proof of Lemma 18. We will show that the function V(z1,z2) = 3 (21 +23) is a Lyapunov function. The
generator G of X applied to V is given by

GV (z) = in (—Bya+ pa; —0xf — (ur — 0) fi(2))

for x € R2.

We first consider the case 6 > 0. Because f; is bounded (by 8r/./f), we have that —3,/i+ px; — Oz —
(e — 0) fi(z) < —1 for all x; > 0 large enough, and —B/fi + px; — b0z — (ur — 0) fi(z) > 1 for all —z;, >0
large enough. It follows that GV (x) < —1 for all |z| large enough.
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Suppose instead § = 0. If >0, —8/p+ px; — prfi(z) < —F/p <0 for all x; >0, and —B/n+ px; —
wr fi(x) > 1 for all —z; > 0 large enough. Thus we may suppose 5 < 0.

Suppose first both x; are non-negative, with x; > x5 >0 (the case x5 > 21 >0 is similar). Then, if z; >
Br/ /1

GV (2) =21 (=By/I— prBr//I) — 22/l < 7(2ﬁu+ﬁpw)§ -1

for x; large enough, since 26+ Brpur > 0.
Next, suppose exactly one z; is non-negative, with x; > 0> x5 (the case x5 > 0> x; is similar). We have,

if 1 > Br/\/1s

GV (2) = 21 (~ B/ — e fi(x)) — pa — By/ffis < —%www) — pad < —%wuww) —prd < -1

for |z| large enough, since 28y + Bppup > 0. If instead 0 < xy < Bp/ /i, we have that z1(—8/1— pr fi()) is
bounded, so again GV (x) < —1 for |z| large enough.
Finally, suppose x; <0 for i =1,2. We have

GV (z)= sz(—ﬂ\/ﬁ_ pa) < —1

for |z| large enough. This completes the proof. [
Lemma 18 implies that X (o) is well defined.
LEMMA 19. Suppose n* = R* + BV R + o(V R*) and ny = BV R + o(V R*), with (n*,n}) € Q*(0) and
(B, Br) € Q0). Then,
A N . +
Q3 (00) = (X1(<>o)+ + Xz(00)t — 51:/\/;7) as A — oo
and
A N N +
E[Q)(c0)] = E [(Xl(oo)+ + Xy (00)* — BF/\/,E) } as A — oo.
Proof of Lemma 19. Note that
sup E[(X} (00)*)?]
A>1

e | (Lo )

<supE <2J2‘=1(XJ'A(OO)_”A>+>2
a1 VA
i 2 A A A JOVF 1A 2 @)

< supE <Zj=1 ((X] (oo)—n _nF/Q) +nF/2)>

A>1 VA

~ 2

<sup4E <(X1A(OO) - \/;?/2# +n§/2> by Lemma 9 and Cauchy-Schwarz Inequality

A>1

< o0 by Lemma 11.
In addition,

SupEL ) = gupe | CT <o
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by Lemma 12. Then we have sup, . ; E[|X}(c0)|] < 00, i.e., {X*(c0): A > 1} is tight. Thus, X*(c0) = X (c0)
as A — oo by Lemma 10. By the continuous mapping and converging together theorems, we have Qg(oo) =
(X’l(oo)+ + Xy (o0)* fﬁp/\/ﬁy as A — oo.

Next, the bound in (21) also implies that {X}(co)* : A > 1} is uniformly integrable. As Q3 (co0) <
X2 (00)T + X2 (00)*t, {Q2(00) : A>1} is also uniformly integrable. Thus,

E[Q}(c0)] = E [(Xl(ooy + Xo(00)t — 5F/\/,7)+} as A — o0.
0

This concludes the proof of Theorem 2.

C.4. Proof of Theorem 3.
We first prove the ‘only if’ part. Let (n*,n}) be asymptotically optimal, and suppose for contradiction that
it is not of the form stated in the theorem. That is, there exists ¢ > 0 and a subsequence, which we index

again by A for convenience, satisfying

n* — R* —aVv R + |np — bV R
min >€
(a,b)eargming 5. Vp(8.8F) v R»

for each \. This subsequence is asymptotically optimal, and so it follows from the proof of Lemma 2 that
ny =b\VR*+0o(VR*) and n* = R* + axvV R + o(V R»)

for some bounded sequences {a,} and {by}. Then, there exist finite constants (a,b) ¢ argmin, ; V,(3, Br)

and a subsequence indexed by ), such that
ay —a and by — b as X — oo.

For the ease of notation, we re-index this subsequence by . As (a,b) ¢ argmin ;5 Vp(ﬂ,ﬂp), there exists

(8, Br) such that V,(8,8r) < V,(a,b). Define
i) = BpVR* + o(VRY) and i* = R* + BV R 4+ o(VRY).

Then,

AooA A\ TTA*
1imsupH (n?,np) — 11
A— 00 \/X
AooA DAY TTA(AA =X
Zlimsupn (n*,np) — M (n*, )
A—00 \/X
oy 2600 = B o + (14 a)BIQY (i m)] - (2e(” — RY) + e+ (h + ) BIQY s )

A—o00 \/X
=V, (a,0) = V,(8,5r) > 0

where the last equality follows from Theorem 2, contradicting asymptotic optimality.
It remains to prove the ‘if” part. From the proof of the ‘only if” part, the sequence of optimal staffing levels
(n*,ny") satisfy

ny* =d\VR*+o(VR*) and n* = R* + e, VR + o(VR»)
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for some (cy,dy) € argming 5 Vp(ﬁ,ﬁF). Next, consider any sequence
np=byVR*+0o(VR*) and n* = R* + a,vV R + o(VR*)

where (ax,by) € argming 4 IA/p(ﬁ,ﬁF). Then,

HA A AN H)\,*
lim sup (n%,n2)
A— 00 \/X
e TP TP (2 )
A—o00 \/X
limsup 2¢(n* — R*) + cpny + (b + af)E[Q3 (005 n* ny)]| — (QC(n*** — RY) +cpny” + (h+ af)E[Q3 (o0; n**,n}*)])

Aroo VA
(22)

:Vp* _ V; —0,

where \A/p* =ming s, V,(8, Br). To see (22), note that by Theorem 2, for any (a,b) argming ; V. (8, Br),

2cav/R* + cpbvV/R> + o(vVRY)
VA

Then, (22) follows because argming ;5 V,(8, Br) is finite under Assumption 1. [

+ (h+ af)E[Q¥ (003 a,b)] = V" + o(1).

Appendix D: Proofs of the Results in Section 4

For z,y € R and z > 0, define

Ky(z,y,2) =1 <P1A+x)\‘” P2 + YA Z>\°‘2>
A v - ’ ) .
v K HUr

D.1. Proof of Lemma 4.

In this case,

Ki(2,y,2) = c(p1 +p2) R+ X* (;x + £y+ ;FZ> +cpA°E [((Yl —) T+ (Ya—y)t - Zﬂ :
F

In the first case, note that K, (x,y,2) is convex and

c
VK)\(ql,qQ,O) =)\ (0,0, i CpP(Yl >(qgy or Y2 > QQ)> .

ur
As ;—’; —cpP(Y1 > q or Yo > q2) >0, (q1,42,0) is optimal.
In the second case, we have

VK)\(rl,TQa TF) = <07 Oa 0)
The optimality of (r1,72,7r) follows due to the convexity of K, (z,y,2). O

D.2. Proof of Lemma 5.

In this case,
Ky, 2) =clpy + p2) B+ X7 S A (;y+ CFz)
+cp A E [((Yl —z)t A2 (Y, —y) T — )\ar‘”z)ﬂ .

Let (z3%,y3,25) be the minimizer of K.
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We first show that 23 = ¢; + o(1). Note that K} := II** < K,(0,0,0) = ¢(py + p2)R> + O(A*1). Since
Ky(z,y,2) > c(p1 +p2) R + A =z, we have that T =0(1).
Now suppose for contradiction that there exists a subsequence, indexed by A, such that either i) xy, — —00

or ii) #3, — C € R\{q:}. Note that
Kx(2,y,2) > c(pr +p2) R* + X gm +A% /CTFZ +epAME[(Yy —a)T = AT 2) T
F
=c(p1 +p2) R + A Ex 4+ \*2 C—Fz +ep A E[(Y, —z — A*2 1) ]
w Hr
=c(py +p2)R* + 2\ E(;10 + 2T 2) 4 epAME[(Y) — @ — A2 2) T 4 A2 (CF - C) z. (23)
[ T
First suppose that 2} — —oc. Since cp > cr/pr > c/p and K < c(py + p2)R* + O(A*1), it follows that
(x5 +A%272123)” = O(1). This in turn implies that \*27*1 2} — oo, so that A*2 (i—‘; - ﬁ) z5 grows to infinity
faster than O(A*!). Then, the second and third terms of the last equation (23) will be O(A*1), while the last

is of a larger order. This contradicts that (z3,y5%,2}) is optimal.

Consider the second case x5 — C € R\{q }. Note that

KX(QlaOaO) = c<p1 +p2)R/\ +)‘a1f<Q1)

where f(z)= <z + cpE[(Y1 —x)T]. From (23), we have that

m
K (039505) 2 clpr 4 pa) 4 A (a3 42000 0 (282 )

Since ¢; is uniquely optimal for f and x5 — C, we must have A*27*1z} — ¢; — C > 0. But then

A2 (:—i — ﬁ) z; # o(A*1), contradicting optimality.

This completes the proof that x5 = ¢; + o(1). Next, we prove that y; and z} are of the appropriate form.
We first show they are O(1). Consider the partial derivatives

K
0K, = \o2 <CCP]P’[Y2 >y,)\“1a2(Y1:E)++Y2y>z])
Jy 1%

and

0K c
5 = (u; —cpPA T (Vi —2)t + (Yo —y) ' > Z]> '

By optimality, we have
c
0< ﬁ :]P)[YQ > y;,AaliaQ(Yl *LU:)-F +Y2 — y; > Z;] S PD/Q > y;]
P
which implies that y;T = O(1). If y;~ # O(1), then there is a subsequence (re-indexed by \) such that
yx — —oo, which implies that

1> £ =PYo >y, A2 (Y —25) T+ Yo —yl > 25 =P\ 2 (Y —25) T + Yo —yl > 25 +o(1)

Cplh
> P[Ys >y} + 23] +o(1).

This in turn implies z§ — 0o, and in particular z{ > 0. But then

P =02 (Y, —23) T+ (YVa—yl) T > 2] = P[Ya > 45, A2 (Vi — )t 4+ Yo — gt > 21| +0(1) = —— +0(1) < —F
cpi Cpip
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so that 8;? (x3,y%,25) > 0, contradicting optimality. Hence, y; = O(1).
Next, we show z5 = O(1). If not, we can obtain a subsequence indexed again by A such that z; — oo, and
in particular z} > 0. Since y3 = O(1) and 2} = ¢1 +0(1), we have
c
PN () —a3)* + (Va =) > 5] =P (0 =) > 2]+ 0(1) B > 1] +o(1) =~ +o(1)
P

so that 3;? (x%,y%,25) > 0 contradicting optimality. Thus z5 = O(1).

Finally, we show that y} and 2§ have the right asymptotics. Suppose 75 and 7} are not of the specified

form. First suppose P(Y; > g1 or Ys > g2) > —£—. Then, there is a subsequence re-indexed by A such that

cpur’

i = q1, yx = D eR and 25 — E >0, where either D #1 or E #[r. Note that

P[Yy > yi, A 2(YV) —a5) T + Yo —yi > 25| =P[Ya > D, Y, > ¢q or Yo > D+ E]+0(1)

=P[Yoa>D+FEor (Y2>D,Y: >q)]+0(1)
and
P 1 2(Y, —a3) T + (Yo —yi) T > 25| =P[Y1 > q or Yo > D+ E]+o(1).

By optimality, we must have either (i) the first probability is

< and the second is —E— or (ii) the first
cpp CPUF

probability is =, the second is < —**— and E'=0. Case (i) is ruled out by the uniqueness of I and I. If (ii),

c
cp

then D > ¢, in order for the second probability to be < —£—_ but D = g, is necessary for the first probability

cppur’

to be —=-. This is a contradiction and thus y5 =1+ o0(1) and 2z} =l +o(1).

PH’

We now turn to the other case P(Y; > ¢ or Ya > ¢2) < c;iF. Using the previous notation, we can again
obtain a subsequence such that either D # ¢y or E > 0. The case £ =0 and D # g3 can be ruled out by our
previous discussion, so suppose F > 0. By optimality, we must have that

c
]P[Yg >D+F or (}/2 >D. Y, >q1)} = ﬁ
=

and

P[Y; >qi or Yo > D+ E] = —F

Cplr

The second equation ensures D+ E < go. Then, the first probability is at least P(Yo > D+ E) > P(Yy > ¢2) =

C
cpp’

a contradiction. This completes the proof. [

D.3. Two auxiliary lemmas

Note that for any given arrival rate realization, under the scheduling policy 7*, the two-class queue can
be decomposed into two independent single-class queues with two types of servers: the high-priority rate-u
servers and the low-priority rate-pr servers. In this section, we study the single-class queue with arrival rate
v, n high-priority rate-u servers, np low-priority rate-ur servers, and abandonment rate 6 = pur. To simplify
the notation, we denote by X the steady-state number of customers in the system, @ the steady-state number
of customers waiting in queue, Z the steady-state number of customers in service with rate-u servers, and

Zr the steady-state number of customers in service with rate-pp servers.



43

LEMMA 20. For the single-class queue with two types of servers and 0 = up, there are universal constants

K, Ky, K3 >0 (i.e. not depending on n,ng or ), such that
OE[Q] < (v —np —nppr)* + Kiy/yexp (—I,{f(v —np— nFuF)2> + K.
Proof of Lemma 20. We start by showing that
E[X] = /0 — nj1/0+n-+ (11— 6)E[(n — X)*]/6. (24)

Let &(z) denote the death rate at state . When x > n, &(z) = 26 + n(u — 0); when z <n, {(z) =axpu =
20 + x(u — 6). Equating the birth rate and the death rate in stationarity, we have

y=E[XO0+n(p—0)—(n—X)"(n—10)],

which implies (24).

First, consider the case where 7> nu+nrur. We have

n4+np—1

=5/0—np/0+n+(u—0E[(n—X)"]/0—n—nr+ > P[X <a]by (24)

n4+np—1

:(W/G—nu/ﬂ—nF)—i—MT_gi:]P’[ng}—l— Y PX <4l

2=0
It suffices to bound ZZISF% P[X <z]. Let My = |7v/0 —nu/0 + n], which is the mode of X (to see this,
note that the death rate &(x) is increasing in x, and that the birth rate v is larger than the death rate
for x < M;, and is smaller than the death rate for x > M;). We then have M; > n + np, and £(M;) =
np+|v/0 —np/0]0 <~. For 0 <k <M; —n+1, note that
§(M1)(E(My) —0)--- (§(M) — (k—1)0)
Vk
1y =0)---(v=(k-1)0)
Ak
=PX=M]-1(1-6/7)--- (1= (k=1)0/7)

P[X = M, — k] =P[X = M;]-

<P[X =M

<PX =M (1-(k—1)0/2y)"
<PIX = M]-exp(—(k— 1)k0/27) as 1 — z < exp(—x).
Similarly, for My —n+1< k < M,
PIX = M, — k]
=P[X =M,]- %ﬁ(Ml)(E(Ml) —0)-+ (§(My) = (My —n)0) - (§(My) — (M1 —n)0 — pu)

c (E(My) = (My =)0 — (k= My +n—1)p)
E(My)(E(My) = 0)--- (§(My) — (M1 —n)0) - (E(M) — (M —n+1)0) - (§(M) — (kK — 1)0)

<P[X = M) .

<P[X =M (1-(k—1)6/27)"
<P[X = M]-exp(—(k — 1)k6/27).
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Choose A; > 0 such that A;k? <k(k—1)0/2 for all k> 2, then for any 1 < k < M,

Next, we bound P[X = M;]. Note that for k> 0,

'Yk

(E(My) +0) -+ (§(My) + k6)

P[X = M, + k] =P[X = M;]-

Then, because

i y ALV
(M) +0) - (E(M1) + [y7]0) — (v+0)---(v+ [\/7]6)
ALVl
SGCEINVGIDER
_ <1 , W) Y
v+ vrle
Wal
> (1— L\?J9> — exp(—0) as v — o0,

for  large enough and 1 <k < [,/7],
P[X = My + k] > P[X = M;] -exp(—0)/2.

Thus, for v large enough,

Mi+1vA)
1> Y PX=k>PX=M] (1+|/7]exp(-0)/2)
k=M,
which implies that
1 B

T 1+ [Vylexp(=0)/2 T A
where By =2exp(6).
Above all, we have proven that for v large enough, when 1 < k < M,

PX =M, —k|<B; ~exp(—A1k2/’y)/\/§.
Then, for 1 <k <n+ng,

PX <n+4np—k|=PX <M, — (M; —n—ng+k)]
My
= Z P[X =M, — j]
j=Mj—n—np+k
M,

< Y Biexp(A?/v)/VA

j=Mi—n—np+k

< / By exp(—Auj®/v)/ VA di
M;—n—np+k—1
Bi1v?2
< VAT xp(—A1(M; —n—np+k—1)%/(2v)) by Chernoff-Cramer bound.

=9VA, ¢

Choose D; > 0 such that D22 < A;(z —1)?/2 for all > 2. Then, for v large enough, and 2 <k <n+np,

PX <n+np—k] <Crexp(—D1(M —n—np+k)*/7)
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BiV2®
2/A7

Finally, we have for « large enough

where C; =

n+np—1 n+np
Z ]P[ng}g/ PX <n+np—z]dx
0

z=0

n+ng
g/ PX <n+np—z]de+2
2
n+ng
S/ Clexp(—Dl(Ml—n—nF+x)2/'y) dx +2
0

My
:/ Crexp(—D12” /v) dz +2

Mj—n—np

< 01\/271"‘}/
- 2vD,

Since My —n —np = [ =245 ELE || this completes the proof for v > nu+ nppip.

exp(—D1(My —n—mng)*/(2v)) +2.

Next, consider the case where nu <~y <nu+nppp. Let My =n+ [** | be the mode of X in this

case. Note that
N+ Nppe —Y

n+np— My > 7

Thus, for any C' >0,
exp(—CO*(n+np — Ms)?) <exp(—C(np+nppr —7)?).

Next, note that

E[QI=E[(X —n—np)']= f: P[X > z].
rz=n+ng
As §(My) =np+ | *5* |0, we have for k >0,

k

~
(E(Mz) +0) -+ (§(M2) + kb)

v
(v +0) - (y+ (k—1)8)

—]P[X—MQ].<1 (/<—1)9/2>k/2

P[X = M, + k] = P[X = M,]-

<P[X = M,)]

v+ (k—1)0/2
<pix =)o (0 )
SPIX = M,]- (exp <—k(k_271)9/4> e <_W))

=P[X = My)- (exp <—k(k8_71)9) +exp (—k:/4)> .

. . k(k=1)0/4 « k(k—1)0/4 . k(k—1)0/4 < k(k—1)0/4
The last inequality comes from the fact that 'y-iE(k—i)B//Z > K 27) A ify > (k—1)0/2 and ﬁf(kii)éﬂ > ((kil))g/

otherwise. Thus, for all k£ > 0,

P[X > M, + k] :iP[X:Merj]

j=k
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< iIP’[X = M,]- (exp (—W) +exp (—j/4))

<P[X = My]- (/:olexp (—W) dﬁm)_

Choose By > 0 such that Byz? < z(z—1)0/8 for all x > 2, and choose F, > 0 such that Frz? < By(z—1)?/2
for all x> 3. Also, choose Ay > 0 such that P[X = M,] < Ay/,/7 (the existence of A, follows similarly to
before.) Then, for all k > 3,

PIX > M, + k] <P[X = M) (/:o exp (_j(j8—71)9> dj + exp(=k/4) )

1 1—exp(—1/4)
Ag o _ .9 . eXp(—k/4)
< ([ owomait a1 22000
< 1;2\/\/373? -eXp(—BQ(k — 1)2/27) + Cyexp(—Da2k)/\ /4

< Fy exp(ngkQ/fy) + Corexp(—D2k)/\/Y

for some universal Cs, Do, F5 > 0. Finally,

Z ]P’[X>x]:/ P[X > M, +z]dx
r=n+npg ntnp—Ma
<3 +/ Es exp(=F2*/7) + Ca exp(=Dsz) /v/7 dz
n+tnp—Ma+3
§3+/ Ey exp(—ngQ/’y) + Caexp(—D2x)/\/ydx
n+np—Mo

<3+ Loy/yexp(—Fa(n+np — M)?/2v) + Gaexp(—Dz(n+np — M2))/\/7

< LQ\Fyexp(ng(nJrnF — M2)2/2fy) + 34+ Gy

for some universal Lo, G4 > 0.
Lastly, consider the case where 0 <~ < nu. This is very similar to the proof of the case nu <y <
ni+ nppp, but we include it here for completeness. Let M3 = |v/u] be the mode of X in this case. Note

that
npu+ngp—-y > np+neip —

p I

n—f—nF—Mg,Z

Thus, for any C >0,

exp(—Cp’(n+np — Ms)?) <exp(—C(np+nppr —7)?).

Next, note that

EQI=E(X —n—np)t]= >  PX>a]

r=n-+ng

For &(Ms) = |/ 1) p, we have for 0 < k <n — Ms,

k

~
(E(M3) +p) -+ - (E(M3) + k)’

P[X = M; + k] = P[X = M;]-
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and for k >n — Ms,

P[X = M; + k]

')/k

=P[X = M;]-

'Yk

(E(Ms) +p) -+ (§(Ms) + kp)
Thus, for all k>0, we have

<P[X = M;]-

k

5

(E(M3) +p) - - (§(M3) + kp)
,}/k

Yy +p) - (v + (R =1)p)

k/2
Y
<P[X = Ms]- (w(k—l);ﬁ)
. ol
Y+ (k= 1)p/2
k(k—1)p/4
<P[X = Ms)-exp <—7+(/<—1)u/2)

<P[X = My)- (exp (—W) +exp (‘W))

=P[X = M;]- <exp (W) +exp (k/4)> .

P[X = M; + k] <P[X = M;]-

<PX = M;]-

IP’[XM3]~<1

The last inequality comes from the fact that —E=bu/4 > k= 1)“/4 if v>(k—1)u/2 and blk=u/d

v+ (k= 1)u/2 = Y+ (k—1)u/2 =
W otherwise. Thus, for all k£ > 0,

P[X > M; + k] = Z [X = M;+j]
Si [X = M) (exp< W>+€Xp(—j/4))

<P[X = M) (/:olexp (—W) dj+m>'

Choose Bs > 0 such that Bsz? < z(z—1)u/8 for all z > 2, and choose F3 >0 such that Fzx? < Bz(z—1)%/2
for all 2 > 3. Also, choose A3 >0 such that P[X = M;s] < As/,/7. Then, for all k>3,

P[X > M; + k] < P[X = Mj] - (/:o exp (_j(j— 1)M) dj+ exp(—k/4) )

1 8y 1—exp(—1/4)
A3 9 . exp(—k/4)
\F (/ exp (—BBJ /’7) dj + 1—exp(—1ﬁ4)>
< /;i/\%: -exp(—Bs(k —1)?/27) + Cs exp(—Dsk)/ /7

< Eyexp(—Fsk?/v) + Csexp(—Dsk)/ /7~y

for some universal C3, D3, E3 > 0. Finally,

oo 0o

> ]P’[X>x]:/ P[X > M; + ] dz

r=n+npg ntnp—M;

(E(Ms) +p) -+ (§(M3) + (n— M) ) (§(Ms) + (n — M3)p+0) - - (§(Ms) + (n — Ms)pu+ (k — n+ M3)0)



48

<se [ Byexp(~Fya® ) + Csexp(~Dyz) [ /7 da

+np—Ms+3

§3+/ Esexp(—Fsz*/v) + Csexp(—Dsx)/ /7 dx

+np—Ms

< 3+L3ﬁexp(—F3(n+nF — M3)2/2fy) + Gsexp(—Ds(n+np — M3))/\/7

< Lgﬁexp(—Fg(n—l—nF — M3)2/27) +34+ G5

for some universal Lz, G35 > 0. This completes the proof. O

Next, consider two single-class queues, A and B, with common arrival rate A and abandonment rate 6.
System A has m high priority rate-u servers and my low priority rate-ur servers, while system B has m/r
high priority rate-ru servers and mp /r low priority rate-rup servers, for some r > 1. Let Q4 (00) and QF (c0)

denote the stationary queue lengths of the two systems respectively.

LEMMA 21. For systems A and B,

Q% (00) <o Q7 (00).

Proof of Lemma 21. The proof follows the same lines of argument as the proof of Lemma 2 in Bassamboo
et al. (2010b), and is only included for completeness. Let X4 (¢) and X ?(t) denote the headcount processes,
which are birth-death processes. Let « =m + my and 8= (m+ my)/r be the number of servers in the two
systems, and let £4(+) and £5() denote the death rates.

We first note that the two systems have the same birth rates. For x >0, é*(a+ z) = £2(8 + ), and for
0<z<B, 4 a—1x)>EB(B—1). Initialize X4(0) = o, XE(0) = 3. Couple the two systems such that (i) the
arrivals to both systems coincide, and (ii) the departures in system B is a subset of the departures in system

A. Then, for all t >0, X*(t) —a < XZ(t) — 8 and
QM) = (X" (t) —a)* <(XP(t) - B)T = Q7 ().
As the stationary distribution is well-defined, we have the stochastic dominance of the stationary distribution.
|

D.4. Proof of Lemma 6

To simplify the notation, we drop the superscript A and the ‘(c0)’. In particular, let X; denote the stationary
number of Class ¢ customers in the system, (v denote the stationary total queue length, Z; denote the
stationary number of Class i customers served by the dedicated servers, and Zp; denote the stationary
number of Class i customers served by the flexible servers.

We first prove the lower bound. Consider the case where 8 < ur. Note that Qs > f(X1,Xs2) :=

(X1 —n1)T 4+ (X2 —n2)T —np)T. As f is convex, by Jensen’s inequality
E[@s[A=;v] 2 E[f (X1, Xo)[A =v;v] > f(E[X:1]|A = 7], E[Xo[A = ;v]).

Thus,
OE[Qs|A =~;v] > (QE[X1|A =7V — 9n1)+ + (E[X|A =v;v] - 9”2)+ - enF)+ .

Equating the arrival and departure rates in stationarity, we have

Vi = OB[XG[A =y ]+ (u— OE[Zi|A = v;v] + (ur — O)E[Zpi| A = ;0]
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Because E[Z;|A =~;v] <n,; and E[Zp1|A =v;v] + E[Zps|A =v;v] < np, for some a = a(y) € [0,1],
1 < OB[X2|A =50] + (1 B) + (e — B

and
Yo < OE[Xo|A=~;v]+ (n—0)ng + (1 — ) (ur — O)np.

Then,

OE[Qs|A =~v;v] > (OE[Xl\A =v;v] —0ny) T + (OE[Xo|A = ;0] — Ony) T — an)+
+

Y

((71 — pny — alpp —0)np) ™ + (v2 — pny — (1= a)(pr — O)np) ™ — enF)

v

(v = )™ + (2 — pma) ™ — MF“F)+ )

where the last inequality follows from the fact that ((a — )t + (b—d)™ —e)* > (at +bT — (c+d+e))T for
any c,d,e > 0.
Next, consider the case where 8 > pp. Note that

OE[Qs|A=7;v] =71 +72 — pE[Z) + Z3|A = v;v] — pupE[Zp1 + Zp1 |A = 7; V).

Consider an auxiliary system, X, with all parameters the same except that its abandonment rate is 6= L.

We next construct a scheduling policy v’ such that
E[Z1+ Zo|A=v;v] = E[Zl + ZQ\A =v;v'] and E[Zp1 + Zpo|A=7;v] = E[ZFl + ZF2|A =;v]. (25)

The policy for v is constructed through a coupling that keeps Z; = ZZ- and Zp;, = ZFZ- at all times. This
can be achieved by assuming that arrivals and service completions in both systems coincide, and that the
abandonments in the auxiliary system is a subset of the abandonments in the original system since 6 < 6.

From (25), we have
OE[Qs|A = ;0] = OE[Qs|A =v;v'] > (31 — )t + (2 — pmo) ¥ — ppmp)

where the last inequality follows from our analysis of the case where 6 < pp.

We next prove the upper bound. We first consider the case when 6 = . By Lemma 20, we have
OE[Qx|A = ;7]
=0E[Q1|A = ;7] + 0E[Q2|A = ; 7]
K
<(y1 —pny — [onp|pr)t + K17, exp <—72(% — png — L57”LFJMF)2> + K3
1
K
+ = s = [ O)nTe)+ KT~ 22 o = s = [(1= Ol r)? ) + Ko
2
K
<(y1 —png = dnppr) ™+ K1y, eXp<—72(% — png — LéanuF)Q) + K3+ pr
1
K
+ (v2 = pmg — (1= 0)nppp)t + K1/, exp (_72(’?2 —png — [(1— 5)”F1NF)2> + K3+ pp
2
=((y1 = )™ + (v2 = pma) ™ — ppnp) T+ 2(Ks + pr)

N exp(—fjm - LanFJuFf) KA, exp(—fjm —pns— [(1- 6>nF1uF>2).
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The result then follows using the proof of Lemma 1 in Bassamboo et al. (2010b).

Next, consider the case when 6 < . Let the original system be labeled I. We form an auxiliary system II
with the same parameters, except that the abandonment rate is 6’ = pr and the holding cost is h'f = hup /6.
We write

' (ny,n9,np;7) = c(ny +ng) + cenp + (a+ h/0) A (n1,ne, np; D)

where Al (ny,no,np;7) = 0E[Q%(n1,n2,nr;7)] is the stationary abandonment rate in system I. Similarly,
O (ny,ne,np; ) = c(ng +na) + cpnp + (a+h/0) A (ny,ne,np; 0).

We next show that
Al(ny,ng,np; ) <A™ (ny,ng,np; 0). (26)

Note that
A'=FEpA—pZ" — upZi)

where Z* and Z%, are the stationary number of busy rate-u servers and rate-u - servers respectively, in system
i, 1= 1I,I1. Thus, we only need to show that Z' >,, Z'' and ZL >,, ZL'. Based on the scheduling policy
v, it suffices to verify the following: If X' is the stationary headcount in a single-class queue with m high
priority rate-u servers, mp low priority rate-up servers, and abandonment rate 6, and X7 is the same but
with abandonment rate ug, then X! >,, X1, This is true because the birth rates of the two corresponding
processes are the same, while the death rate in I7 is higher than in I. This proves (26), which further implies
that

M (0}, nd,ny; ) <IN (0}, nd, n); o) <IN}, nd, n)) + O(A7°2) as 077 = pp.

Lastly, consider the case where 0 > . We form a new auxiliary system III with the same parameters as

X, except that putlf =6, " = pub/pup, """ =cb/pup, and ¢’ =cpf/pp. Then,

HA’I(ni\anan;W ~>\)

IN

T (B2 B2 22005 7) by Lemma 21
<IN (n3,ny,ny) + OV ) as il = 0.
O

D.5. Proof of Theorem 4.

Let (n}™",ny™,ny";v>*) be optimal for (2). We have

(7271, 2™, L™ ) 77%)
[, [257], [ay™]) + O(A'~°2) by the upper bound in Lemma 6

(
IT(
SﬁA( RS ART) + 2¢+ eppp + O(N T2)
P (0}, m3 nj") + O ")

I1* (n}

ny ny "y vM) 4 O(A92) by the lower bound in Lemma 6.
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