
IEOR 4701: Stochastic Models in Financial Engineering

Summer 2007, Professor Whitt

Homework Assignment 10, Monday, August 13

More Brownian motion, due on Monday, August 20

Do the following exercises at the end of Chapter 10, plus one other.

1. Exercise 10.8. Do a generalization of this problem in which the random walk goes
up σ

√
∆t with probability (1/2)(1 + (µ/σ)

√
∆t) and otherwise goes down to −σ

√
∆t, where

∆t is a small quantity (not a function of t). It is convenient to think of ∆t = 1/n and then
let n →∞. The essential requirement is to show that the means and variances converge. The
random walk has stationary independent increments, so too will the limit process.

Background: We give additional explanation: To rigorously show that the family of
random walks converges to Brownian motion, we should apply a version of the central limit
theorem. To get non-zero drift in the suggested manner, we actually want to apply a version
of the central limit theorem for an array of random variables. For each n ≥ 1, we have mn

random variables Xn,i for 1 ≤ i ≤ mn, where the mn random variables are i.i.d. for each n.
We then form the sums Sn ≡ Xn,1 + · · ·Xn,mn . It usually suffices to let mn = n for each n.
We then want to conclude that Sn converges in distribution to N(µ, σ2) as n → ∞, where
N(µ, σ2) denotes a random variable that is normally distributed with mean µ and variance σ2.
For simple random walks like we are considering, the following theorem applies:

Theorem 0.1 (central limit theorem for arrays of bounded random variables) Suppose that
{Xn,i : 1 ≤ i ≤ mn} are i.i.d random variables for each n (which permits the distribution to
depend upon n). Moreover, suppose that Xn,i are bounded, i.e., P (Xn,i ≤ cn) = 1 for all n,
where the bounds are asymptotically negligible as n →∞, i.e., where cn → 0 as n →∞. If

E[Sn] → µ and V ar(Sn) → σ2 as n →∞ ,

then Sn ⇒ N(µ, σ2) as n →∞, where ⇒ denotes convergence in distribution.

Note that the usual single-sequence setting with mean-zero random variables applies here
by setting Xn,i = Xi/

√
n, because the spatial normalization is contained in the Xn,i. This

theorem is a special case of a more general theorem, which allows the random variables to
be unbounded and to have different distributions as i changes for each n. Such a theorem is
Theorem 5.15 on page 93 of O. Kallenberg, Foundations of Modern Probability, second edition,
Springer, 2002. By virtue of this theorem, we can establish convergence in distribution of the
random walk to Brownian motion for each time point t by showing convergence of means and
variances, as in the condition above.

To proceed in this framework, fix some small increment of time ∆t, as in the problem
statement. Then let n = 1/∆t. (Actually the t in this notation may be confusing, and is not
needed, but we leave it there. We point out that n is not a function of t.)



Let the approximating random walk at time t be the random walk value after t/∆t = nt
steps, i.e.,

Sn(t) ≡
nt∑

i=1

Xn,i ,

where we understand nt to be an integer (the greatest integer less than nt, often written as
bntc) and Xn,i is as in the problem formulation (matching n to 1/∆t); i.e.,

P (Xn,i = σ/
√

n = σ
√

∆t) =
1
2

(
1 +

µ

σ

√
∆t

)
= 1− P (Xn,i = −σ/

√
n = −σ

√
∆t) .

To apply our theorem above, and thus complete this exercise, we need to show that

E[Sn(t)] → µt and V ar(Sn(t)) → σ2t as n →∞ .

That shows that Sn(t) ⇒ N(µt, σ2t) as n → ∞ for each t, but the Brownian motion µt +
σB(t) d= N(µt, σ2t). We note that the random walks also have stationary independent incre-
ments, so that property will be inherited by the limit process. Hence the limit process must
actually be Brownian motion, with the specified drift and diffusion coefficient.

(b) Hint: Specifically, apply (4.14) on page 219. To do so, use the following basic limit:

lim
n→∞

(
1 +

x

n

)n
= ex . (1)

2. Exercise 10.11. Hint: Apply Exercise 10.8 after taking logarithms. To do so, we
want to use a version of the Continuous Mapping Theorem: If Yn ⇒ Y as n → ∞ and if f
is a continuous function, then f(Yn) ⇒ f(Y ) as n → ∞, where ⇒ denotes convergence in
distribution.

3. Exercise 10.15 (a). Hint: Apply formula (10.12).

4. Exercise 10.16. Hint: Apply a generalization of formula (3.3) on page 106.

5. Exercise 10.16. Hint: Compare to Example 2 in the Sigman martingale notes. Apply
Proposition 1.1 there.

6. Exercise 10.21. But simply assume that the conditions of the Optional
Stopping Theorem are satisfied.

7. Exercise 10.25. Hint: Read the first two pages of Section 10.5.

8. the heat equation

Let f(t, x) be a function of two variables representing the density of standard Brownian
motion at time t, i.e., the normal density with mean 0 and variance t:

f(t, x) =
1√
2πt

e−x2/2t

Show that f satisfies the heat equation, i.e., the partial differential equation

∂f

∂t
=

1
2

∂2f

∂x2
.
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