
IEOR 6711: Stochastic Models I

Professor Whitt, Tuesday, December 4, 2012

More on Queueing Networks

1 Overview

There is a substantial body of literature on stochastic networks. The two principle kinds are
queueing networks and loss networks; see recent books by Chen and Yao [4] and Serfozo [13]
for a full-length account, with many references. See Asmussen [2] for a fast account. For
heavy-traffic limits (not to be discussed), see Chen and Yao [4] and Chapter 14 of W 2 [17] and
references therein.

Some of the older classics also remain important; e.g., see Kelly [8, 9], Sauer and Chandy
[12], Walrand [14] and Whittle [18].

2 Reversibility and Open Queueing Networks (OQN’s)

See §6 of the CTMC notes. Kelly [8] is very nicely written.

3 Closed Queueing Networks (CQN’s)

3.1 The Basic Model

Now we consider the CQN analog of the OQN with single-server queues discussed in §6 and
Theorem 6.9. We obtain such an open network by having no flow into or out of the network.
There is a fixed number of customers or jobs in the system.

Thus we have no external arrival processes and make the Markovian routing among the m
queues be according to an irreducible DTMC with transition matrix P . As for the OQN, we
assume that each queue has a single server, unlimited waiting room, the first-come first-served
(FCFS) service discipline and has exponential service times with rate µi at queue i. (The
results extend to the case in which the service rate depends on the number of jobs at that
queue, i.e., we could have µi(ni) be the service rate at queue i, where ni is the number there.
But we work with the more elementary perspective.)

From a modeling perspective, it is natural to wonder whether an open model or a closed
model is more appropriate. In some sense, an open model is more natural, because in most
actual systems, customers or jobs arrive from outside, move around and then eventually depart
when all required service is complete. When closed models are used, people think of a new job
replacing an old one when it has completed its required service. Which model is appropriate
depends on what is thought to be subject to control.

In an OQN, the throughput is determined by the external arrival rates. The total arrival
rate from outside necessarily equals the total departure rate from the network in steady state.
The total arrival rate can be considered the throughput. Thus, with an OQN, the throughput
is an independent variable (directly specified by the modeler) and the expected number of cus-
tomers in the system is a dependent variable (calculated from the model analysis). In contrast,
with a CQN, the fixed network population is an independent variable (directly specified by the
modeler), while the throughput is a dependent variable (calculated from the model analysis).



In computer systems people have overwhelmingly preferred the CQN perspective, because they
think of the system population is something natural to control, whereas the throughput should
be determined. See W 2 [15] for a discussion of OQN and CQN models. The CQN perspective
can be achieved with OQN’s by using the fixed population mean (FPM) method, discussed in
[15]. The idea of the FPM method is to choose an external arrival rate that makes the overall
mean population equal to a desired target value. With a CQN, the total population is fixed
at some value N . In contrast, with an OQN model using the FPM, the total population in
steady state is random with a mean equal to N . Which approach is desired may depend on
the actual variability of the system population.

3.2 Solving the CQN Model

For the CQN, the traffic rate equations again are central. Since there are no external arrival
processes, instead of (6.12) and (6.13) we have the CQN traffic rate equations

λj =
m∑

i=1

λiPi,j for 1 ≤ j ≤ m, (1)

or equivalently, in matrix notation,
Λ = ΛP, (2)

where Λ ≡ (λ1, . . . , λm) is a 1 ×m row vector and P is the usual m ×m Markov transition
matrix.

We immediately observe that the CQN traffic equations in (1) and (2) has infinitely many
positive solutions, because this equation agrees with the fundamental DTMC equation π = πP .
Hence, the unique stationary probability vector π is one such solution. However, here there is
no reason why the flow rates should sum to 1. Any positive multiple of π would be another
solution. From the DTMC theorem, those are the only solutions. We do see that the vector
π does give the relative rates. The ratio of the flow rate through queues i and j necessarily
is λi/λj . We can just use π with this interpretation. So now we think of π as one invariant
measure for the routing matrix P in (1).

Let n ≡ (n1, n2, . . . , nm) be a state vector for the CTMC containing the m queues. The
CTMC in turn has a rate matrix assigning rate µiPi,j for a service completion from queue i
combined with that customer moving to queue j whenever ni > 0. For example, the rate of
transitions from the state (n1, n2, n3, . . . , nm) to (n1− 1, n2 + 1, n3 . . . , nm) is µ1P1,2 whenever
n1 > 0.

If we initially ignore the population constraint

m∑

i=1

ni = N, (3)

then the following can be shown to be a stationary measure for the CQN:

f(n) ≡ f((n1, n2, . . . , nm)) =
m∏

i=1

ρni
i , (4)

where
ρi ≡ λi

µi
(5)

for λ ≡ (λ1, λ2, . . . , λm) a solution to (1) or (2). However, the population constraint is not
satisfied; we have f(n) > 0 for n not satisfying (3).
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We can apply Kelly’s lemma to show that a stationary distribution is indeed given by (4).
As stated above, the rate of transitions from the state (n1, n2, n3, . . . , nm) to (n1 − 1, n2 +
1, n3 . . . , nm) is µ1P1,2 whenever n1 > 0. Similarly, for the reverse-time CTMC, the rate of
transitions from the state (n1 − 1, n2 + 1, n3 . . . , nm) to (n1, n2, n3, . . . , nm) is µ2

←−
P 1,2. After

defining ←−P i,j such that λi
←−
P i,j = λjPj,i for all i and j. The service rates are the same: ←−µ i = µi

for all i. With that construction, we achieve

f(n)Qn,n′ = f(n′)←−Qn′,n for all n and n′, (6)

where n and n′ are both m-dimensional state vectors (reachable from each other). For example,
suppose that n = (n1, n2, n3, . . . , nm) and n′ = (n1 − 1, n2 + 1, n3 . . . , nm). Then (9) becomes

f(n)Qn,n′ = f(n)µ1P1,2 = f(n′)←−Qn′,n

= f(n′)µ2
←−
P 2,1 =

f(n′)µ2λ1P1,2

λ2
(7)

which can be seen to be valid because, first, the two P1,2 terms cancel and, second,

f(n)
f(n′)

=
µ2λ1

λ2µ1
. (8)

Next, we can obtain the desired stationary measure satisfying the population constraint
(3) by restricting the CTMC to the subset of the state space where (3) holds. That subset
can be seen to form a closed subset of the state space for this CTMC. With our transition
probabilities, the total population never changes. For any such CTMC, the truncation of the
original stationary distribution is a stationary distribution on the closed subset.

Thus, we know that a stationary probability vector for the CQN with the population
constraint is

αn ≡ α(n1,n2,...,nm) ≡
f(n)
G(N)

, (9)

where f(n) is given by (4) and

G(N) ≡
∑

n:n∈S(N)

f(n) ≡
∑

(n1,...,nm):(n1,...,nm)∈S(N)

f(n) (10)

and
S(N) ≡ {(n1, . . . , nm) : ni ≥ 0 for all i and n1 + n2 + · · ·+ nm = N}. (11)

3.3 Connection to OQN’s

We can approach the CQN using the OQN. Suppose that we are given a CQN with an irre-
ducible routing matrix P . Necessarily P2,1 > 0, possibly after relabeling the queues. Create
an associated OQN by making two changes: (i) introduce a Poisson external arrival process at
queue 1 with small rate ε > 0 and (ii) let all flow that would have gone from queue 2 to queue
1 leave the network.

The resulting OQN has total external arrival rate ε and thus total departure rate ε. We
now solve the OQN. For sufficiently small ε, we will have ρi ≡ λi/µi < 1 at each queue in
the OQN. Under that condition, the OQN will have a unique stationary probability vector α
satisfying αQ = 0. In particular, we will have

fOQN (n) ≡ fOQN ((n1, . . . , nm)) =
m∏

i=1

(1− ρi)ρni
i (12)

3



However this unique invariant measure for the OQN is also an invariant measure for the CQN.
Of course, (12) is not the same as (4) because there is the extra term

A ≡
m∏

i=1

(1− ρi), (13)

in (12), but A in (13) is a constant, so both (4) and (12) are stationary measures for the CQN
CTMC, by the same argument given above. This reasoning also leads to formulas (9)-(11)
above.

3.4 The Convolution (Buzen) Algorithm

We can compute the normalization constant or partition function π(SN )) in (10) by a recursive
algorithm, called the convolution algorithm or the Buzen algorithm. Let the queues be labeled
from 1 to m. Inst3ead of the notation G(N), now use new notation that counts the number of
queues, with some given initial ordering. Let

G(N,m) =
∑

{n:n1+n2+···+nm=N}

m∏

i=1

ρni
i , (14)

where
ρi ≡ λi

µi
, 1 ≤ i ≤ m, (15)

with λ ≡ (λ1, . . . , λm) a solution to (1).

Theorem 3.1 (Buzen’s convolution algorithm) For any N > 1 and M > 1, the normalization
constant G(N, m) defined in (14)can be solved by the two-dimensional recursion

G(N, m) = g(N, m− 1) + ρmG(N − 1,m). (16)

Proof. The first term on the right in (16) covers the case in which nm = 0, while the second
case on the right covers the complementary case in which nm > 0.

3.5 Generating Functions of the Normalization Constant

An alternative way to compute the normalization constant is to numerically invert its gener-
ating function. The generating functions have a remarkably simple form. For the basic model
with normalization constant G(N) in (10), its generating function is defined as

Ĝ(z) ≡
∞∑

N=0

G(N)zN . (17)

Instead of applying the convolution algorithm, we could calculate G(N) by numerically invert-
ing the generating function in (17). For the basic model, we have the following result. We now
follow [5] and denote the total population by K and the number of queues by q

Proposition 3.1 (generating function for a single-chain single-class CQN of single-server
queues) For a single-chain single-class CQN with q single-server queues,

Ĝ(z) ≡
∞∑

K=0

G(K)zK =
q∏

i=1

(1− ρiz
i)−1. (18)
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Proof. Substituting in G(K) from (22) into the special case of (23), we obtain

Ĝ(z) ≡
∞∑

N=0

G(K)zK =
∞∑

K=0


 ∑

n∈S(K)

f(n)


 zK

=
∞∑

K=0


 ∑

n∈S(K)

q∏

i=1

ρni
i


 zK

=
∞∑

K=0


 ∑

n∈S(K)

q∏

i=1

ρni
i zni


 =

∞∑

n1=0

· · ·
∞∑

nq=0

(
q∏

i=1

ρni
i zni

)

=
q∏

i=1




∞∑

n1=0

· · ·
∞∑

nq=0

ρni
i zni


 =

q∏

i=1

(1− ρiz)−1 (19)

as claimed.

3.6 Multi-Chain Multi-Class Models

We next introduce more general models. See pp. 949-950 of Choudhury et al. [5] (class
handout) and p. 91 of [12]. Now we have customer classes as well as queues. The state
is the vector of possible numbers n(r,i) of customers of class r at queue i. The set of all pairs
(r, i), called stages, is the set C. The routing matrix is a transition matrix inducing a DTMC
on the set of stages. We assume that the set of stages C can be partitioned into p mutually
exclusive closed communication classes Cj . Each communication class is called a chain. We
stipulate the population in each communication class Cj is fixed at Kj .

Let p(n) ≡ α(n) ≡ p(nr,i : (r, i) ∈ C) be the stationary and steady-state probability vector.
It has a product-form with normalization, i.e.,

p(n) =
f(n)
G(K)

, (20)

where
G(K) =

∑

n∈S(K)

f(n) (21)

and
S(K) = {n ≡ (n(r,i) : (r, i) ∈ C) :

∑

(r,i)∈Cj

nr,i = Kj , 1 ≤ j ≤ p}. (22)

3.7 Generating Functions in Multi-Chain Multi-Class Models

We now turn to the more general multi-chain multi-class model. Again see p. 950 of Choudhury
et al. [5] (class handout). See [3, 10, 11] for additional background. See [5, 7] for the numerical
inversion algorithm to compute the normalization constant (partition function G(K). The
generating function is defined by

Ĝ(z) =
∞∑

K1=0

· · ·
∞∑

Kp=0

G(K)
p∏

j=1

z
Kj

j (23)

for G(K) in (22).
The general expression for the generating function is taken from [3].
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Theorem 3.2 (generating function for a p-chain multi-class CQN of q single-server queues
and N − q infinite-server queues)

For a p-chain multi-class CQN with q single-server queues and N−q infinite-server queues
(indexed by q + 1, . . . , N),

Ĝ(z) ≡
∞∑

K=0

G(K)zK =
exp

(∑p
j=1 ρj,0z

j
)

∏q
i=1

(
1−∑p

j=1 ρ′j,izj

) . (24)

where ρj,0 ≡
∑N

i=q+1

∑
(r,i)∈Cj

ρr,i and ρ′j,i ≡
∑

(r,i)∈Cj
ρ′r,i.

To give the essential reasoning, we give the details for additional special cases.

Proposition 3.2 (generating function for a single-chain single-class CQN of infinite-server
queues) For a single-chain single-class CQN with q infinite-server queues,

Ĝ(z) ≡
∞∑

K=0

G(K)zK = eρz, (25)

where ρ ≡ ρ1 + · · ·+ ρq.

Proof. Substituting in G(K) from (22) into the special case of (23), we obtain

Ĝ(z) ≡
∞∑

K=0

G(K)zK =
∞∑

K=0


 ∑

n∈S(K)

f(n)


 zK

=
∞∑

K=0


 ∑

n∈S(K)

q∏

i=1

ρni
i

ni!


 zK

=
∞∑

K=0


 ∑

n∈S(K)

q∏

i=1

(ρiz)ni

ni!


 =

∞∑

n1=0

· · ·
∞∑

nq=0

(
q∏

i=1

(ρiz)ni

ni!

)

=
q∏

i=1




∞∑

n1=0

· · ·
∞∑

nq=0

(ρiz)ni

ni!


 =

q∏

i=1

eρiz = eρ1z+···+ρqz = eρz (26)

as claimed.
We now consider a two-class case.

Proposition 3.3 (generating function for a 2-chain multi-class CQN of single-server queues)
For a 2-chain multi-class CQN with q single-server queues,

Ĝ(z) ≡
∞∑

K1=0

∞∑

K2=0

G(K1,K2)zK1
1 zK2

2 =
q∏

i=1

(
1− ρ′1,iz1 − ρ′2,iz2

)−1
. (27)

where ρ′j,i ≡
∑

(r,i)∈Cj
ρ′r,i
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Proof. Substituting in G(K) from (22) into the special case of (23), we obtain

Ĝ(z) ≡ Ĝ(z1, z2) =
∞∑

K1=0

∞∑

K2=0

G(K1,K2)zK1
1 zK2

2

=
∞∑

K1=0

∞∑

K2=0


 ∑

n∈S(K1,K2)

f(n)


 zK1

1 zK2
2

=
∞∑

K1=0

∞∑

K2=0


 ∑

(n1,n2)∈S(K1,K2)

(
q∏

i=1

ni!
∏
r

ρ
′nr,i

r,i

nr,i!

)
 zK1

1 zK2
2

=
∞∑

K1=0

∞∑

K2=0


 ∑

(n1,n2)∈S(K1,K2)




q∏

i=1

ni!
∏

(r,i)∈C1

(ρ′r,iz1)nr,i

nr,i!

∏

(r,i)∈C2

(ρ′r,iz2)nr,i

nr,i!







=
∞∑

K1=0

∞∑

K2=0


 ∑

(n1,n2)∈S(K1,K2)




q∏

i=1

ni!
n1,i!n2,i!

∏

(r,i)∈C1

n1,i!(ρ′r,iz1)nr,i

nr,i!

∏

(r,i)∈C2

n2,i!(ρ′r,iz2)nr,i

nr,i!







=
∞∑

K1=0

∞∑

K2=0


 ∑

(n1,n2)∈S(K1,K2)

(
q∏

i=1

ni!
n1,i!n2,i!

(ρ1,iz1)n1,i(ρ2,iz2)n2,i×

×
∏

(r,i)∈C1

n1,i!(ρ′r,iz1)nr,i

(ρ1,iz1)n1,inr,i!

∏

(r,i)∈C2

n2,i!(ρ′r,iz2)nr,i

(ρ2,iz2)n2,inr,i!







=
∞∑

K1=0

∞∑

K2=0


 ∑

(n1,n2)∈S(K1,K2)

(
q∏

i=1

ni!
n1,i!n2,i!

(ρ1,iz1)n1,i(ρ2,iz2)n2,i

(ρ1,iz1 + ρ2,iz2)ni
(ρ1,iz1 + ρ2,iz2)ni×

×
∏

(r,i)∈C1

n1,i!(ρ′r,iz1)nr,i

(ρ1,iz1)n1,inr,i!

∏

(r,i)∈C2

n2,i!(ρ′r,iz2)nr,i

(ρ2,iz2)n2,inr,i!







=
q∏

i=1

∞∑

ni=0

(ρ′1,iz1 + ρ′2,iz2)ni

=
q∏

i=1

(
1− ρ′1,iz1 − ρ′2,iz2

)−1
. (28)

as claimed.

3.8 Quasi-Reversibility

See pp. 90-98 of Walrand [14]

4 Loss Networks

See [6, 9, 16].
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4.1 The Model
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