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More CTMC’s: Loss Models

1 The Classical Erlang M/M/N/0 Loss Model

1.1 A special birth-and-death process

This model is a finite-state BD process. The birth rates are λk ≡ λ and the death rates are
µk = kµ for an overall arrival rate of λ and an individual service rate of µ. The detailed
balance equations give

αjλ = αj+1(j + 1)µ (1)

and

αj = C
νj

j!
, (2)

where ν ≡ λ/µ is the offered load and the normalization constant C is

C ≡ G(N) =
N∑

j=0

νj

j!
(3)

1.2 The Generating Function of the Normalization Constant

To understand the application of numerical inversion to calculate normalization constants
(partition functions) in more general models, it is good to see how to do that calculation here.
The idea is to change the order of summation. In this elementary case, for z a complex number
with |z| < 1, we get the simple expression

Ĝ(z) ≡
∞∑

N=0

G(N)zN =
∞∑

N=0




N∑

j=0

νj

j!


 zN =

∞∑

j=0

∞∑

N=j

νj

j!
zN

=
∞∑

j=0

(νz)j

j!

∞∑

N=j

zN−j =
∞∑

j=0

(νz)j

j!

∞∑

N=0

zN

=
(

1
1− z

) ∞∑

j=0

(νz)j

j!
=

eνz

1− z
. (4)

2 Insensitivity in the Erlang M/GI/N/0 Loss Model

This model has the insensitivity property: The steady-state distribution does not depend on
the general service-time distribution beyond its mean. If the mean service time is ES = 1/µ,
then the steady state distribution is the same as in the case of exponential service times.

The three concepts reversibility, insensitivity and product form are intimately related.
There is by now a huge literature, but some issues remain complicated.

We will follow the discussion in §5.7.2 of Ross. We apply the generalization of Kelly’s lemma
in Theorem 6.8 of the CTMC notes. See Ethier and Kurtz [6], especially §4.9, for supporting



theory on Markov processes with general state space, as used by Ross without justification.
See Burman [2]. See W 2 [10] for continuity argument to extend results.

The final story is simple: The process describing the system state can be made a continuous-
time Markov process (but with uncountable state space) if we include the ages of the customers
in service. A state of this Markov process can be written ias

(n; x) ≡ (n; (x1, x2, . . . , xn)), (5)

where, without loss of generality, we take the ages to be expressed in increasing order, so that
x1 < x2 < · · ·xn.

The steady-state number in system is the same as for the M/M/N/0 model. Given that
there are n customers in service, the ages of these service times in process (and the residual
lifetimes) in steady state are independently distributed, each with cdf Ge, the equilibrium
excess distribution associated with the service-time cdf G, which has density

ge(x) ≡ Gc(x)
ES

. (6)

Taking account of the order requirement on the ages, which introduces the factor n!, we obtain
the steady state distribution of the Markov process.

Theorem 2.1 (steady-state of M/GI/N/0 Markov process) For the M/GI/N/0 model, if the
service-time cdf has a pdf g, then the steady-state distribution is

α(n; x) ≡ α(n; (x1, x2, . . . , xn)) = αM/M/N/0(n)× n!
n∏

i=1

gie(xi). (7)

Proof. We guess that the claim is correct and identify the reverse-time Markov process
and apply the generalization of Kelly’s lemma. The reverse-time Markov process is also an
M/GI/N/0 Markov process with Poisson arrival process, but in reverse time the forward-
time ages become residual lifetimes or excess variables. There are two possible events: (i) an
arrival or (ii) a service completion. An arrival takes the state (n;x) into (n + 1; (0, x)) for x
of dimension n. A service completion takes the state (n; x) into (n − 1; ei(x)), where x is of
dimension n and ei(x) is the n−1-dimension vector with the ith component of x removed. Let
the hazard rate of the service-time cdf be

h(x) ≡ g(x)
Gc(x)

, x > 0. (8)

The two detailed flow equations are

α(n; x)λ = α(n + 1; (0, x)) (9)
α(n; x)h(xi) = α(n− 1; ei(x))λg(xi) (10)

These can be seen to hold, as we now show. First, for (9),

α(n + 1; (0, x)) =
(

λ

(n + 1)µ

)
(n + 1)Ge(0)× α(n; x), (11)

but (
λ

(n + 1)µ

)
(n + 1)Ge(0) = λ, (12)
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so that (9) holds. We no turn to (10).
The second formula in (10) becomes

α(n; x)h(xi) = α(n;x)
g(xi)
Gc(xi)

(13)

while
α(n;x)

α(n− 1; ei(x))
=

(
λ

nµ

)
nge(xi) =

λge(xi)
µ

= λGc(xi). (14)

Applying (13) and (14), we see that indeed (10) holds.

3 Stochastic Loss Networks

This is a generalization of the Erlang loss model model with multiple classes and multiple
facilities. Customers require and use subsets of resources from each facility and hold them all
for the duration of their time in the system. See Kelly [8] and W 2 [11].

For numerical inversion of generating functions of the normalization constant, see Choud-
hury, Leung and W 2 [4]. For applications, see [3].

3.1 The Basic Model

Consider a network with J links indexed by j, 1 ≤ j ≤ J . Suppose that link j contains Cj

circuits. Let there by R customer classes (often called routes, classes ≡ routes), indexed
by r, 1 ≤ r ≤ R. Customers of class r arrive according to a Poisson process with rate λr.
If the customer can get all its required resources in the network, the class-r customer stays
in the network for an exponential length of time (service or holding time with mean 1/µr.
When a customer leaves, it releases all its resources. A class-r customer requires Aj,r circuits
(units of resource) on link j, 1 ≤ j ≤ J . Thus customers may use more than one circuit on a
link and require circuits on more than one link. If a customer can not be given all its required
resources immediately upon arrival, then this customer is blocked without affecting the future
arrivals.

3.2 The Steady-State Behavior

Let X(t) = (X1(t), . . . , XR(t)) be the number of customers from each class in the system at
time t. The R-dimensional stochastic process is a CTMC. It is easily seen to be a reversible
CTMC. The local balance equation is

αnλr = αn+erµr(nr + 1), (15)

where n ≡ (n1, n2, . . . , nR) and ei is an R-dimensional vector with a 1 in the ith place and 0
elsewhere. The system has a steady-state distribution that is a natural generalization of the
Erlang loss model, in particular,

αn = G(C)−1f(n), n ∈ S(C), (16)

where

f(n) = f(n1, n2, . . . , nR) ≡
R∏

r=1

νnr
r

nr!
(17)

ν ≡ λr/µr,
S(C) ≡ S(C1, C2, . . . , CJ) ≡ {n ∈ RR

+ : An ≤ C} (18)
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and
G(C) ≡ G(C1, C2, . . . , CJ) ≡

∑

n∈S(C)

f(n). (19)

The set S(C) contains the possible states of the process, while G(C) in (19) is the normalization
constant or partition function.

The blocking probability of an arbitrary class-r request is

Br = 1− G(C −Aej)
G(C)

, (20)

where ej is a vector that is 1 in the jth place and 0 otherwise.

3.3 The Generating Function of the Partition Function

The generating function of the normalization constant is a generalization of (4), namely,

Ĝ(z) ≡ Ĝ(z1, . . . , zJ) ≡
∑

C

G(C)
R∏

r=1

zCi
i

=
∞∑

C1=0

· · ·
∞∑

CJ=0

G(C1, . . . , CJ)zC1
1 × · · · × zCR

R

=
e

(∑R
r=1 νr

∏J
j=1 z

Ar,j
j

)

∏J
j=1(1− zj)

. (21)

(There is a typo in (2.12) on p. 1115 of [4]; the second sum in the numerator there should be
a product.)

3.4 Interesting Asymptotics and Approximations

See [8] and references there.

• Erlang fixed point approximation

• heavy-traffic limits as the link capacities Cj grow

• limits as the number of nodes grows (in a controlled symmetric way)

• phase transitions
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