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Abstract We establish a central-limit-theorem (CLT) version of the periodic Little’s law (PLL) in dis-
crete time, which complements the sample-path and stationary versions of the PLL we recently established,
motivated by data analysis of a hospital emergency department. Our new CLT version of the PLL extends

previous CLT versions of LL. As with the LL, the CLT version of the PLL is useful for statistical applications.

Keywords Little’s law - L = AW - periodic queues - central limit theorem - emergency departments - weak

convergence in (£;)¢

1 Introduction

Little’s law (L = AW) states that, under weak conditions, the long-run average number of customers in a
system (L) is equal to the long-run average arrival rate (\) multiplied by the long-run customer-average
sojourn time in the system (W). Little’s law (LL) provides an important consistency check, like double-entry
bookkeeping. Such consistency checks are often regarded as trivial, because they are quite intuitive, but it
has been suggested that the 1494 book by Luca Pacioli [24], which contains the first codified account of
double-entry bookkeeping, might be the most influential work in the history of capitalism; see [14] and [17].
It evidently took Philip M. Morse to realize that it would be good to have a proof of LL; see the endnote by
John Little in [21].
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After the seminal paper by Little in [19], LL has been further studied, notably by Stidham [25], and is
frequently used as a fundamental tool in queuing theory; see [7,20,26,27] for general review. In [9,10,29],
Glynn and Whitt established a functional central limit theorem (FCLT) version of LL by exploiting the
continuous mapping theorem, and as a corollary, a CLT version of LL, by applying a projection. In [11], they
derived a CLT version directly, without exploiting FCLT’s. The CLT version of LL provides the convergence

rate in the sample-path version of LL and has important statistical applications, as discussed in [12,16].

In [31], we established a sample-path periodic Little’s law (PLL) in discrete time, extending the sample-
path version of LL, and a stationary PLL, extending the time-varying Little’s law (TVLL) in [3,8], which
refines the LL in another direction. In doing so, we were motivated by our statistical analysis of patient
arrival and departure data from the emergency department (ED) of an Israeli hospital, using 25 weeks of
data from the data repository associated with the study by Armony et al. [2]. Based on our data analysis
in [30], we concluded that stochastic models of that ED should be periodic with the week serving as the

relevant period.

In the present paper we establish a CLT version of the PLL in discrete time. With the periodic structure,
it is natural to think about the relation between the direct estimator of the occupancy level, obtained by
directly averaging over periods, and the indirect estimator based on the arrival process and length of stay
(LoS) via the PLL. The main story of this paper is that, given a joint CLT for the CLT-scaled arrival
process and LoS, the CLT-scaled indirect estimator also converges, but we need more conditions to ensure
the CLT-scaled direct estimator having the same limit. We give both a simple practical version, assuming
bounded arrivals and LoS distributions, and a more general version without the boundedness restriction,
but involving more complex mathematics. We also provide reasonable sufficient conditions such that the two

estimators are asymptotically equivalent.

For the PLL in [31], just as for the TVLL in [3,8], the relation requires considering the entire LoS
distribution function instead of just the mean LoS. The proof of the main theorem here is still by the
continuous mapping theorem, but the analysis here for the general case with unbounded distributions is
nonstandard. In particular, in order to directly exploit the continuous mapping theorem, we use the Banach
space ¢1, which includes all the absolutely summable sequences. While the Banach space ¢; is standard within
functional analysis, it is not standard within probability theory. Neverthelesss, there is substantial literature
for us to draw upon; e.g., [1,18,22]. We specialize the general weak convergence theory to this specific space
¢1 and give a sufficient condition for weak convergence in this space. We also specialize the CLT for i.i.d.
random elements in general Banach spaces to ¢;, which may be useful to find new conditions for the CLT

version of PLL as well as in other contexts.
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This paper as organized as follows: In §2 we review the sample-path PLL from [31]. In §3 we state the
new CLT versions of the PLL and then we discuss the statistical applications. In §4 we establish sufficient
conditions for the general CLT version of the PLL. In §5, we discuss the weak convergence theory for random

elements of (¢1). Finally, in §6 we provide the longer proofs.

2 Review of the Periodic Little’s Law

In this section we review the sample-path PLL from [31]. We use the notation introduced there. We consider
discrete time points indexed by the nonnegative integers k. Since multiple events can happen at each time,
we need to carefully specify the order of events. We assume that all arrivals at each time occur before any
departures. Moreover, we count the number of customers in the system (patients in the ED) at each time
after the arrivals but before the departures. Thus, each arrival can spend time j in the system for any j > 0.

We discuss other orders of events in §2.7 of [31].

We start with a single sequence, X = {X,; : ¢ > 0;j > 0}, with X, ; denoting the number of arrivals
at time ¢ that leave the system at time 7 4+ j. We also could have customers at the beginning, but without
loss of generality, we can view them as a part of the arrivals at time 0. We derive all the other quantities in

terms of this sequence. In particular, with = denoting equality by definition, let:

(oo}
Y, = ZXW’ the number of arrivals at time ¢ with LoS greater or equal to j,j > 0,
s=j
[ee]
A=Y o= Z Xis, the total number of arrivals at time 1,
s=0
i

Y .
ZY;,] j= ZA 17_“ 7 >0, the number in system at time ¢, and

D; = ZXi_jJ =Q; — Qi+1+ Aiy1, the number of departures at time 4, > 0.

In the third line we understand 0/0 = 0, so that we properly treat times with 0 arrivals.
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We do not directly make any periodic assumptions, but with the periodicity in mind, we consider the

following averages over n periods:

B 1 & B 1 &
Ak(n) = - > Appim-na Ok(n) = - > Dit(m-1)as
m=1 m=1
1 n 1 n k+(m—1)d
Qr(n) = - Z Qk+(m—1)d = -~ Z Z Yiv(m-1)d—4,j | »
m=1 m=1 7=0

_ 1 <& '
ka(n) = E Z Yk+(m71)d7j7] >0,

m=1

_ Y. . Yt (me1)d.i
c (n) k,](n) mel k+( 1)d,j

F, = —< ==x , 7>0, and
o k() X me1 Akt (m—1)a
Wi (n) EZFﬁﬁj(n), all for 0<k<d-—1, (1)
7=0

where d is a positive integer. (Note that our conventions about the order of events implies that an arrival
can depart in the same period, in which case the time spent in the system is counted as 1. That explains

why the final sum above starts at 0 instead of at 1.)

Clearly, A\i(n) and &,(n) are the average arrival and departure rates, respectively, at time k within a
period, averaged over n periods; we think of it applying to all the time periods (m—1)d+k for 0 <k <d—1
and m > 1. Similarly, Qx(n) is the average number of customers in the system at time k, within a period,
averaged over n periods; while Yk,j(n) is the average number of customers that arrive at time k that have
a LoS greater or equal to j. Thus, F, K ](n) is the empirical complementary cumulative distribution function
(cedf), which is the natural estimator of the LoS cedf of an arrival in time period k. Finally, Wy (n) is the
sample mean LoS of customers that arrive at time k within a period, averaged over n periods. We write n
as a parameter to indicate that the estimator is computed by averaging over n periodic cycles. We will let

n — OQ.

We make the following three assumptions, which parallel or extend the assumptions used in the ordinary

Little’s law. We assume that

(A1) Xg(n) = Ag, wopl as n—oo, 0<k<d-1,
(A2) Fg,j(n)—)F,f,j, wp.l as n—oo, 0<k<d-1, j>0, and

(A3)  Wi(n) = Wy = ZF,gj wpl as n—oo, 0<k<d-1, (2)
j=0

where the limits are deterministic and finite.



A Central-Limit-Theorem Version of the Periodic Little’s Law 5

Paralleling the assumptions in the LL [25], assumptions (A1) and (A3) state that the average arrival
rates and LoS converge, but for each k because of the extension to the periodic case. Assumption (A2) has
no counterpart in the LL; it requires that the empirical ccdfs converge. Lemma 1 in [31] shows that if the
three assumptions in (2) hold, then the limits hold for all k£ > 0, with the limit functions being periodic with
period d. We extend these periodic functions to the entire real line, including the negative time indices.

To focus on the indirect estimator, we also add another estimator. It has a more complex form to account

for the fact that in practice we only have data going forward in time. In particular, let

k 00 d—1 o)
) = Z Z h—ir1a(n Z Z —iya(n), 0<k<d—1, (3)
i=0 1=0 =kt 1 =1

where \;(n) and Ff;(n) are defined in (1).

The following combines Theorems 1 and 2 and Corollary 2 of [31].

Theorem 2.1 (sample-path PLL from [31]) If the three assumptions (A1), (A2) and (A3) in (2) hold, then
(Qr(n),6x(n), Li,(n)) defined in (1) and (3) converges w.p.1 in R® as n — oo to a limit that we denote by
(Lk, 0k, L). Moreover,

L= M jFf;;<oo and

§=0
Ok =3 Meifrjg = D Mg (Fej 5 — Fijipn) (4)
j=0 j=0

for 0 < k < d—1, where Ay and F ; are the periodic limits in (A1) and (A2) extended to all integers,

negative as well as positive, while fy ; = Fp,—Fg 18 the LoS probability mass function.

The fact that the first and third terms of the limit (Lg, dx, Lg) coincide in Theorem 2.1 implies that,
without extra conditions, the direct and indirect estimators are consistent. In this paper, we develop the
CLT version, showing that the stochastic limit of the CLT-scaled versions are the same random variable
under stronger conditions. As in [9], this can be understood by recognizing that there is an important link

between associated cumulative processes, which lies behind the relation between the averages in LL; see §2.6

of [31].

3 Central-Limit-Theorem Version of the PLL

We now establish the CLT versions of the PLL, paralleling the CLT versions in [9,10,11,29]. We look for

the relationship between the CLT-scaled arrival rates, LoS distributions and occupancy level in the periodic
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setting, so we now require stronger assumptions than for the sample-path PLL in Theorem 2.1, but we
obtain a rate of convergence for the sample-path PLL. We will show that linking the indirect estimator of
occupancy level with the arrival rates and LoS distributions is straightforward by the continuous mapping
theorem, however, stronger conditions are needed such that the CLT-scaled direct estimator converges to

the same limit.

One simple and practical case, where we assume that both the number of arrivals at each time and the
LoS of each arrival are bounded and the limits are Gaussian, is provided first in §3.2. It applies to the ED
in [30] and evidently to most practical cases. Then two more complicated sufficient conditions are stated in

§4. The CLT versions of PLL also have statistical applications, as in [12,16], which we discuss in §3.4.

3.1 More Notation and Definitions

In this section we assume the LoSs are bounded by J, i.e. X; ; = 0 for j > J and all 4. All the vectors are

understood to be column vectors.

For0<k<d-—1,let

Fi(n) = (Fio(n), Fiy(n), - F¢ y_1(n)) € RY,

Fy = (Fgo, Feqs  Fiyo1) € R7. (5)

Let the law-of-large-numbers-scaled (LLN-scaled) averages be

X(n) = (Mo(n), A (n), -, Ag_1(n)) € RY,

d(n) = (6(n),01(n),--- ,04-1(n)) € RY,

Fc(”) = (F()C(n)TﬂFIC(n)T7 T 7F571(n)T) € RdXJ7

W(n) = (Wo(n), Wi(n),--- ,Wy_1(n)) € R4,

Q(n) = (QO(”)7Q1(”)) e 7@(171(”)) S Rd?

E(TL) = (Lo(ﬂ),Ll(n), s ,Ed_l(n)) S Rd, (6)
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and the CLT-scaled averages be

where the deterministic centering constants are

A= Moy A, Aa) € RY,

8= (00,01, - ,04_1) € RY,
Fe=((F)" (F)T, -, (Fi_)T) e R,
W =Wy, Wy, ,Wa_1) €RY,

LE(LOaLh"' aLd—l)ERd~ (8)

Again, all the above constant vectors and matrices in (8) can be extended as periodic functions with period
d, but for convenience, throughout this paper, we use the modulo function, [x] = z mod d, to treat k& beyond

0<k<d-1

3.2 A Practical Version for Applications

We now state our first CLT version of the PLL. Because it is a special case of the more general one later,
the proof is not given separately. The statement is proved after we introduce Theorem 3.2, Proposition 3.1

and the two corollaries right after them. Let = denote convergence in distribution.
Theorem 3.1 (practical CLT version of the PLL) If the following conditions hold:

(E1)  (A(n),F¢(n)) = (A,T) in R*xRY™ as n— oo,

(E2)  the number of arrivals in a single discrete time period is bounded, and
J—1 J-1

(E3)  Wi=> F; and Ly=Y Ap_jFi_j, for 0<k<d-—1, (9)
§=0 §=0
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Jor (A(n), F€(n)) in (7) and (W, Ly) in (8), where the limit (A, T) in (E1) is a zero-mean Gaussian random

vector, then

~

(A(n),8(n),F°(n),Q(n),i(n),W(n)) = (ALALY.Y.Q) in R xR> xR (10)

where 2 = (20,1, ,24-1), T = (0,11, ,Yu—1) and A = (Ay, A1, -+, Aq_1) are given by

J_1 J—1 J-1
Q=) Tigy L= Ap—gtlie—jig + D Ap—yFieyy,; and
j=0 3=0 =0
A = T[k] — T[k+1] + A[k+1] for 0<k<d-1, (11)

and (A, A, '\ T, T, 2) is also jointly zero-mean Gaussian distributed.

Theorem 3.1 implies that, given the joint convergence of the CLT-scaled arrival and LoS processes
(A(n), F<(n)) in (E1), with the associated regularity conditions, we get the associated convergence for the
CLT-scaled direct estimate of occupancy Q(n) as well as the indirect estimate f/(n), jointly with the other

processes. We get the consistency requirement in (E£3) from the PLL in Theorem 2.1.

3.3 The General Version

In this section we introduce the more general CLT version of the PLL, where we allow both the number of
arrivals and the LoS distributions to be unbounded. Thus it involves countably-infinite-dimensional spaces.
We show that the connection among the CLT-scaled indirect estimator of occupancy level ﬁ(n), the arrival
rates A(n) and the LoS distributions F'¢(n) can be established using the continuous mapping theorem. More

conditions are needed to ensure that the CLT-scaled direct estimator Q(n) has the same limit as L(n).

Let R? be the d-dimensional real space with usual topology; let R> be the space of sequences x =
(zo, 1, - ) of real numbers with the topology determined by the convergence of all finite-dimensional pro-
jections (which is induced by the metric in Example 1.2 of [5]); let £; C R be the subspace of R> which
contains sequences with finite absolute sums; and let /., € R* be the subspace of R* which contains

sequences with bounded values, i.e.

b ={z = (zo,01,---) €R™ : |z =) _ || < o0},
i=0

loo ={2 = (20, 71,---) € R : ||2[|oc = sup |2:] < 00} (12)
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We equip ¢; and ¢, with the norms || - || and || - || as above, under which both are Banach spaces. (We
remark that ¢; C ¢, and the dual space of ¢; is £,.) Then we can define (61)‘1 as the d-fold product space of ¢;
with the norm equal to the maximum of the £;-norms of each component, i.e. if y = (yo,y1, -+ ,¥a-1) € (£1)%,
where ¥, = (¥i,0,Yi,1, ) € {1, then ||y||1,¢ = max;—o,... ¢—1{||¥:|]1}, and we use the topology induced by

this norm; see §5 for more discussion of this space.

All the quantities related to LoS distributions are now in those infinite dimensional spaces. To be specific,

Fi(n) = (Fio(n), Fy(n), Fio(n), ) €41, 0<k<d-—1,

F]SE(F]§707F]§717F]:727"')GROO, 0<k<d-1,
Fe(n) = (F§(n), F{(n), -, F§_;(n)) € (0)",
Fe(n) = Vi(Fe(n) — F°) € (R™)". (13)

Other quantities are still the same as we defined in (7) and (8).

We also define the LLN-scaled and CLT-scaled difference between the direct and indirect occupancy

estimators as

R(n) = L(n) — Q(n) € R,
R(n) = L(n) — Q(n) e R™. (14)

Just as in [9], the continuous mapping theorem plays a key role in the proof of the theorem. Hence, we

start by introducing the key mappings and show that they are continuous.

For 0 <k<d-1,let z € R and y € (1) and define hy : R? x (/1) — R as
hi(z,y) = Zx[kfj]y[kfj],ja (15)
=0

where, again, [k] = & mod d is the modulo function. As a critical condition, in the following lemma we show

two functions that will be used as mapping functions are continuous. The proof can be found in §6.1.

Lemma 3.1 For a given constant z € (£1)¢, let f, : RTx RY x (£1)% = RY and g : (£1)¢ — R? be defined by

fz(x(l)vx(2)7y) = (fz,o(z(l)ax(2)7y)a fz,l(z(l)ax(2)7y)a e 7.fz,d—1(x(1)7x(2)7y))a

(oo} oo (oo}
9@) = O v D Y s D Ya1,); (16)
) =0 )
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where fp 1 : REx R x (1) — R is defined as
fz,k(z(1)7m(2)7y) = hk(m(l)uy) + hk(.’B(Q),Z), 0 S k S d - 1u

with hy, defined in (15). The functions f,(x™, 2 y) and g(y) in (16) are continuous.

The following is a counterexample to show the two functions above are not continuous if we replace 1

by R*. Let 0 = (0,0, --,0) be the zero vector in proper spaces depending on the context.

Example 3.1 (discontinuity of f and g when y € (R®)?) It suffices to see that go(yo) = Z;’io Yo,; from
R>* — R is not continuous in general. Let y((f; = Ig—jy for all 4,5 > 0, so that y((f) = (y(()l)o,y(()z)p)
are all 0 except the i™® component. Under the metric of R® as in Example 1.2 of [5], i.e. p(m(1)7:l:(2)) =

> o2, min(1, |x7(;1) - x§2)|)/2i, where ) = (21, 29,---), j = 1,2, y(()i) — 0 as 4 — oo, however lim go(yéi)) =

1 # 0= go(0).

We now state our general CLT version of the PLL with indirect estimator of the occupancy level. The

proof appears in §6.1.

Theorem 3.2 (CLT wversion of the PLL with indirect estimator) If the following conditions hold:

(€1)  (A),F¢(n)) = (A,T) in R*x (1) as n— oo,

(C2) W =g(F*) and L= fge(0,0), (17)

A

for (X(n),F“(n)) in (7) and (A, F¢,W L) in (8), using Lemma 3.1, then

((A) Fe(n), Ln), W (), (A(m), B=(n), L(n), W (n)) )

= (A F°,LW), (A, L,7,2)) in (R x (£)* x R*) x (R? x (¢1)% x R*), (18)
where 2 = g(I") and Y = fpe(X\, A, I'); in particular,

Q= Thgy No=> AT+ O A Fliejy s (19)

Jj=0 Jj=0 Jj=0

Note that condition (C1) requires that the random elements actually belong to the specified space. Also
the limit for the first five elements in (18) yield a weak LLN, consistent with the PLL.

Just as in the ordinary Little’s law and the PLL, it is interesting to consider when can we add the direct
estimator of occupancy level Q(n) into the the joint convergence. Clearly, if we can show that R(n) defined

in (14) goes to 0 in distribution, then Q(n) converges to the same limit as L(n) in distribution as n — oo and
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can be added into the joint convergence in (18) by applying Theorem 3.1 of [5]. For clarity, we summarize

that observation in the following proposition.

Proposition 3.1 If, in addition to condition (C1) and (C2), we have R(n) = 0, then

(R),8(n), F(n),Q(n), L(n), W (n)), (A(n),8(n), £(n), Q(n), L(n), W (n), R(n)) )
= ((\,0,F°,L,L,W), (A, A,T,7,7,2,0)) in (R* x ()% x R¥) x (R* x (£1)* x R*), (20)

where & is in (8), A= (A, A1, -+ ,A4_1) is given by
Ay = T[k] - T[kJrl] + A[k+1] for 0<k<d-1, (21)

and all the other variables have the same meaning as in Theorem 3.2.

The proof is given together with Lemma 3.1 and Theorem 3.2 in §6.1.
The following two corollaries show that boundedness is a simple yet practical condition such that f?(n) =
0, so that Theorem 3.1 is covered by Theorem 3.2 and Proposition 3.1 as a special case. The proofs are in

86.2 and §6.3 respectively.

Corollary 3.1 (Gaussian limits) If, in addition to the conditions of Theorem 3.2, (A,I') has a zero-mean
Gaussian distribution with covariance and cross-covariance Cov(A,A) = X4, Cou(I},I7) = YT and

Cov(A, I},) = X410 <Ek,1<d—1, then, (2,7) also has a zero-mean Gaussian distribution with

Cov(2,2) =Y Y X,
i=1 j=1
NS skl i3] A Tilk—j]
Coo Vg =YD A M- Zigi i1 +ZZAU€ s i
=0 j—O i= Oj 0
AT j]
+ZZF —il,iNI—j z]+1jg+1+ZZF .1 S k=
= 0] 0 1=0 j=0
ekl ATk
Cou($2,T);, ZZAU i i +ZZFU PR (22)
i=1 5=0 i=1 j=0

Corollary 3.2 (bounded LoS) Suppose that the number of arrivals in a discrete time period and the LoS are
bounded (by J). Then condition (C1) reduces to convergence in R x (R7)? for some finite J. If, in addition,

conditions (C1) and (C2) hold, then R(n) = 0, so that the joint convergence (20) in Proposition 3.1 holds.

If we don’t want to strengthen the conditions with boundedness, two other reasonable sufficient conditions

are given in §4 such that R(n) = 0 and a full version of CLT-PLL can be achieved with both CLS-scaled
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direct and indirect estimator of occupancy level in the jointly convergence as in Proposition 3.1. But before
we go to that, we make a remark that connect the CLT-PLL to the ordinary CLT version of LL which is

studied in [11]. We also give potential statistical applications of our theorems.

Remark 8.1 (connection to the ordinary CLT version of LL in [11]) When d = 1, Theorem 3.2 reduces to an
ordinary CLT version of LL, which can be compared to the earlier one in [11]. Specifically, when d = 1, we
have T = fpe(X, A, ") = A2 + WA. All the discussion in [11] is in continuous time, but it is not difficult
to translate everything into discrete time. To avoid notation conflicts and make things clear, we add tildes
on all the variables in [11]. A is the limit of the time-averaged arrival rate, so it corresponds to the second
term of (1.2) in [11], i.e. A = —A3/20. 2 is the limit of customer-averaged LoS, so in the notation of [11],

assuming Theorem 1 of [11] holds, we should write

N() 5 - N(#)
71/2 Zk~:1 Wi — ) = Nt 7—1/2 Vi — N(Dw
t (7]\,(5) ) @ (k: k (t)w)
F o R
:N(~) (k:1 & — AW + Mw — N (t)w)
P ) NO ) .
= —(t71/7 — M) — 7V 20(N(E) — A
N()(t (kz1 K — M) — T 2B(N(F) — M)

so that \Y2W = A2 + AY240 — @320, Finally, T as the limit of L(n) corresponds to the sixth term in
(1.2) of [11], and if we further have R(n) = 0, then T as the limit of Q(n) is the time-averaged occupancy
level of the system which corresponds to the eighth term in (1.2) of [11]. Both the sixth and the eighth term

have the common limit

MW —wU) = M2 + MV 20U — oX320 — N/200

= \2 — X320 = \2 + 0A.

Note that A and @ being the arrival rate and mean LoS correspond to A and W, respectively, in our notation,

so the terms in the two theorems match perfectly.

In the notation of [11], our Theorem 3.2 in the case d = 1 actually states that if

Y2(N(E) - N, r — N(H)w) = (4,02),
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and Theorem 2(f) of [11] (which is exactly (C1)) holds, then we have the joint convergence of the second,

sixth and eighth terms in (1.2) of [11].

Unlike Theorem 1 of [11], Theorem 3.2 and Proposition 3.1 do not require stationarity. That is explained
by the extra convergence R(n) = 0, which corresponds to Theorem 2(f) of [11]. That extra convergence in
[11] is implied by the stationarity. Inspired by that observation, we will obtain a similar (stronger) sufficient

condition for R(n) = 0 involving stationarity in Theorem 4.2.

3.4 Statistical Applications

The CLT versions of the PLL have statistical applications. First, Theorem 3.2 supports using the indirect
estimator of the occupancy level via the PLL. Moreover, confidence areas for the occupancy-level estimators
can be constructed. In particular, if Theorem 3.1 or Corollary 3.1 holds, then we know that we can have
confidence ellipsoids for L. To be specific, i/(n) =7 ~ N(0,%7) in R? where X7, the covariance matrix of
T, is determined by (22). Then when n is large n(L — L(n))”(X7)~' (L — L(n)) has approximately a standard

normal distribution. Let g, be such that P(|N(0,1)| < ¢o) =1 — o, where 0 < a < 1, then

{x e RY:n(x — E(n))T(ET)fl(:l: —L(n)) < qa}, (23)

which is an ellipsoid centered at L(n), is a confidence ellipsoid for L with approximate confidence level 1 — .
By (19) and (22), the more negatively related A and I' are, the more asymptotically efficient the indirect
estimator of the number of customer in the system becomes. However, unlike the case for the ordinary LL
discussed in [12], there are many covariance terms in (22) even if we only consider the variance of T for a
given k, so it is not straightforward to compare the asymptotic efficiency of the estimator when we change

the other two elements in the PLL.

Socondly, Theorem 3.1 as well as the two more sufficient conditions we will introduce soon in §4 tell us
when will the indirect estimator L(n) and the natural direct estimator Q(n) for the number of customers in
the system have the same asymptotic efficiency, i.e. f,(n) and Q(n) converge to the same random variable.

Then the confidence area analysis above in (23) also holds for Q(n).

To apply (23), we need to estimate 7. The expression is complicated, but we will soon establish a
useful sufficient condition. In particular, under the conditions of Theorem 4.1, we can estimate X7 by (25)
using Ag(n) to estimate A, (n — 1)72 3" _ (An — A(n)) (A — A(n))T to estimate £/ and the empirical

distributions to estimate Fy,; and F ;.
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4 Sufficient Conditions for the CLT Version of the PLL

In this section we provide convenient sufficient conditions for the two conditions in 3.2 and f?,(n) = 0 to be
satisfied, so that we have Proposition 3.1 and the joint convergence in (20).
The first sufficient condition is independence. To state it, for n = 0,1,2,---, let A, be the vector of

arrivals at the d times within period n, i.e.,
An = (AOJrnd; A1+nd7 e ;AdflJrnd) S Rd' (24)

For vectors, let > mean strict order for all components.

Theorem 4.1 (independent case) If the following conditions hold:

(I1) {A,}, n=0,1,2,---, are i.i.d. with EAg = X > 0 and Var(Ay) = X4,
(I2) the LoS are mutually independent and independent of the arrival process, having a cdf that depends only
on the discrete time period k, and

the LoS distribution satisfies ~ 0~ or a and some 0 > 0,
I3) the LoS distrib fies F; ~ O(j~59) for all k and §>0

then conditions (C1), (C2) and R(n) = 0 are satisfied, so that the joint convergence in (20) holds. Further,
(A, ) has a zero-mean Gaussian distribution in R? x (£1)% with A ~ N(0, £4), Cov(Iy ;, Ik.s) = Mo F s F
for0<k<d—1and0<j<s,and A,I'y,I"y,--- ,I'q_1 are independent. As a special case of Corollary

3.1, (2,7) also has a zero-mean Gaussian distribution with, for 1 <k <l <d -1,

Ae D220 im0 Flminfi i} F maxgij)o for k=1,

0, for k#£1,

CO’U(.Q, .Q)kJ =

k co oo
Cov(X, )y = Z A3 Z Z F‘s,min{k—s—&-md,l—s+nd}Fsc,max{kfermd,lfernd})

s=0 m=0n=0

0o 0o
3 c
+ Z )‘s(z Z FS,mil’l{k*Serd,l*S*FNd}Fs,nlax{k—s+md,l—s+nd})
1n=0

+ Z /\2( Z Z Fsymin{k*SwLmd,l*SJrnd}Fsc,max{kfsjtmd,lfernd})

2D cracns iy
i=0 j=0
Cov(2,X )i, = Z Z )‘sz,min{i,l—k+md}Flg,max{i,l—k+md}' (25)

i=1 m=0
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where

oo .
Zm:O ch,k—j+md fOT 0 < J < k’
Ck,j =

Sy Fiyjima for k+1<j<d-1

The proofs can be found in §6.4.

Remark 4.1 (necessity of condition (I3)) In condition (I3) we assume a 3 + § rate of decay of the tail
distribution of the LoS, which is stronger than an ordinary CLT requires. However, this is needed in the
proof as can be seen in (63). More generally, it remains to determine if condition (I3) is necessary, i.e., if it

can be replaced by a 2 4 § rate of decay.

It is significant that Theorem 4.1 can be applied to the My /GI;/o0 queueing model we built for the
ED patient flow analysis in [30], which had mutually independent Gaussian daily totals for the arrivals,
but dependence among the hourly arrivals within each day. However, we conjecture that more data would
show dependence among the daily totals as well. Moreover, we want to treat queueing models that are not
infinite-server models. For infinite-server models, each LoS (sojourn time) coincides with the service time,
but that is not the case for other service systems. Hence, we next show that Theorem 3.2 and Proposition
3.1 can be applied to more general queueing models by replacing the iid conditions with stationarity plus
appropriate mixing, as in Chapter 4 of [5].

We start with the framework used in §3 of [31], where we consider the composite arrival+service input

process stochastic process Y = {Y,, : n € N} with
Y, = {Viger i 0<k<d—1;j >0} (26)

For simplicity, we assume the LoS distributions are bounded, i.e. Y}, ; = 0, j > J, for some constant J > 0,

then each Y,, becomes a finite dimensional vector, and we can regard Y,, as a d x J random matrix

Yodt00 Ynd+o01 - Yndto,0-1
Yoit1,0 Ynd+11 - Ypdg1,0-1
Y, = € RV, (27)
Yndt+d—1,0 Ynd+d—1,1 - Yndrd—1,7—1

We will start by assuming {Y,, : n € N} is a stationary process. By adding a suitable mixing condition, we
can show that it satisfies a multivariate CLT, then we exploit the relationship between {Y,, : n € N} and
(A(n), F¢(n)) and show that (C1) and (C2) hold. Finally, we show that R(n) = 0 so that Theorem 3.2 and

Proposition 3.1 hold.
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Before we state the theorem, we make a few definitions. For convenience, we directly use {Y,,n € N} in

(26) as the example. We say the process {Y,,,n € N} is strictly stationary if
Yo,Yy,---, Y 4 Yo+, Y14n, Y myn), forall m>0 and n >0, (28)

where < means equal in distribution. For m < n, let 7} = 0(Y 1, Y my1,-+-,Y,) be the sigma-algebra
generated by the family of random variables, where we allow n = co. And we say {Y,,n € N} is strongly
mixing (or e-mixing) if a(n) — 0, where

a(n) = sup |P(ANn B) — P(A)P(B)|, (29)
meN,AeFy* BEF

m+4n

is called the strong mixing coefficient, following Theorem 18.5.3 of [15] and Theorem 0 of [6].

Now we have the following theorem, whose proof is provided in §6.5.
Theorem 4.2 (stationary+bounded case) If the following conditions hold:

(S1) the composite process {Y ,,n € N} in (20) is strictly stationary and strongly mizing,
52) EAg = X > 0 and there exists some 6 > 0, such that E||Ag||2F? < 0o and 320, a(n)®/ 49 < o, and
00 n=1

(S3) The LoS distributions are bounded (by J),

for' Y, in (26) and Ag in (24), then condtions (C1), (C2) and R(n) = 0 are satisfied, so that we have the
joint convergence in (20). Furthermore, (A,I") has a zero-mean Gaussian distribution in R% x (R7)?, so that

Corollary 3.1 is also satisfied.

We remark that there is a large literature on the CLT under weak dependence so that many generalizations
of Theorem 4.2 are possible. For example, in Chapter 4 of [5] CLTs under mixing conditions in §19 are reduced
to CLTs for martingale-difference sequences in §18.

Finally, other than the two conditions we discussed in this section, there could be many other sufficient

conditions such that Proposition 3.1 holds.

5 Weak Convergence of Random Elements of (£;)¢

In this section we provide background on the weak convergence of random elements of (£;)¢. We used this
space so that we could apply the continuous mapping theorem to prove Theorem 3.2. In particular, condition
(C1) in Theorem 3.2 requires the convergence F¢(n) = I' in the space (¢1)<.

Within functional analysis, (¢1)? is quite standard, as it is just a finite product space associated with

the well known Banach space ;. However, neither ¢; nor (¢;)% are standard in weak convergence theory,
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especially in applications on queueing systems. In fact, we know of no previous use in queueing theory. Of
course, we have the well-established general and powerful weak convergence theory in general metric spaces,
such as [5], but we would like to specialize the general theory to the space (¢1)?%. In addition, there is a
substantial literature on Banach spaces and weak convergence in Banach spaces, [1,18,22]. We will draw on
this developed theory.

We will give a practical criterion for checking weak convergence in the space (£1)¢. The criterion is not
used directly in our main theorem, but we hope it helps readers better understand the meaning of weak
convergence in (¢1)¢ and could be useful in future research. We will also discuss the established CLT for
Banach-space random variables and specialize it to the space ¢1, which, by giving this special case, helps to

understand when we can have such convergence as in (C1) and Gaussian limits as in Corollary 3.1.

5.1 A Criterion for Weak Convergence in (£;)4

The ¢; space is a well-defined separable Banach space. Throughout this paper, we always use B* to represent
the dual space of the Banach space B. As a special case of a general metric space, the weak convergence of
probability distributions on it is well defined, just as in general metric spaces; see [5]. For more on random
variables in Banach spaces and convergence of those random variables, see [1] and [18]. Here we briefly state
some definitions and results about Banach spaces and probability measures defined on them, which can be
found in [22,18]. Then we exploit the general results in the special case of (¢;)¢ space.

The (¢1)? space is the product (or in some literature called direct sum and denoted as £; ® ¢; ©--- & £1)
of ¢1 spaces. We refer to [22] for general Banach spaces. Since /; is a separable Banach space, (¢1)? is also
a separable Banach space with the norm || - ||1,4 we defined earlier in §3.1. The dual of a product of Banach
spaces is the product of the corresponding duals. Because (£1)* = £, thus the dual of (1) is (£so)%.

We want to have a good sufficient condition for weak convergence in (¢;)%. For that purpose, let U =
(Ug"), . 7U((f_)l) € (¢1)4, where U,(C") = (U;C”J) :j > 0) € £, and similarly for a prospective limit U. A result
from [18] states that {U(} converges weakly to U as soon as h(U(™) converges weakly (as a sequence of
real valued random variables) to h(U) for every h in a weakly dense subset of ((£1)%)* = (£)%, and {U™}
is tight, i.e. for each € > 0, there exists a compact set K C (¢1)% such that P(U™ € K) > 1 — ¢ for all n.
Now we transform the above conditions to more explicit ones in the case of (¢1)¢ space.

For n > 1, denote

Opn={(yc (R®):y,;=0,0<k<d—1,j>n—1},

then O = U ;0,, is the subset of (£,)? with only finite many non-zero components.
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Lemma 5.1 The subset O of ({o)? containing elements with only finitely many non-zero components is a

weakly dense subset of (£o,)%.

Proof Tt suffices to show that for any y € (£4,)?, there exists a sequence {y”} C O which weakly converges
to y. Let

Yi; = (30)
0, otherwise,

forall 0 <k <d—1andi>1. Then y® € O. Now we show that it weakly converges to y.
Note that ((foo)?)* = (feo,s)?, where log s = {& = (zg, 21, ) € R® : Y00 x; < oo} is the set of all

summable (but not necessarily absolutely summable) sequences. For any & € ((£s)?)* = (loo.s)?,

d—1 oo d—1i—1 d—1 oo
z(y™) Z Zfﬂk iy i Z Zfﬂk,jyk,j - Z Zxk7jyk7j =z(y) as i—r o0, (31)
k=0j=0 k=0 j=0 k=0 j=0
which indicates y(*) weakly converges to y, hence O is weakly dense in (£ )% O

Next, we describe the compact sets in (¢;)¢ space.

Lemma 5.2 (compact sets in (£1)? space.) A set K C (£1)¢ is compact if and only if K is bounded and

closed and for each € > 0, there exists J. such that for ally € K, ZZ;}) <e.

J
Proof If K C (¢1)? is compact, then K must be closed and bounded. Further, it is well known that a subset
in metric space is compact if and only if it is complete and totally bounded (see for example Theorem 45.1
of [23]). Totally bounded means that, for any e > 0 given, we can find a finite set of {g¥}¥, C K such
that K is covered by the NN e-balls centered at those points. Because the set is finite, we can find J, large

enough such that Zi;é j— . | < e for all y) € K. Then for any y € K, we can find y* such that

ly =yl <e so

SH
[u

d—1 oo 0o d—1 oo d—1 oo

oo d—1
PTFED DD IFEEVIED DD I HES BB S ELTSIES BS BN 1
k=0 j=J. k=0 j—J. k=0 j—J. k=0 j—0 k=0 j—J.
d—1 oo
<dlly —yDna+ > > I < de+e. (32)
k=0 j—=J.

Conversely, assume K C (fl)d is bounded and closed and for each ¢ > 0, there exists J. such that for
ally € K, Y02}
Assume K is bounded by C/d, i.e. ||y||1,a < C/d for all y € K. For any € > 0 fixed, let J. be as above. Let

(¢1)? is a Banach space and K is closed, K is a complete subset.

Ko = {z € (R’)4 : ||z||; < C}, which is bounded, thus totally bounded since it has finite dimension. So
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there exists a finite set {x(V}N, C (R7<)? such that the e-balls centered at those points cover K. Assume
{y@W}N, C (¢1)* are the corresponding points of {z(V}¥ , when we naturally embed (R7<)? to (¢1), i.e.
y,(:)J = x,(;)] for 7 < J. and 0 otherwise. For any y € K, let & be the natural projection of y on (R”<). Notice

that ||z||; < d||ly||1.a < C, which means z € Ky, so there is (¥ such that ||z —z?||; < e. Then,

d—1J.—1 d—1 oo d—1 oo
ly =y D1a <33 lweg = w2+ 30 lwes — wiil <l =2+ >3 Jywyl
k=0 j=0 k=0 j=J. k=0 j=J.
<e+e, (33)

which implies that K is covered by the finite number of e-balls in (¢1)? centered at {yV}¥,. So K is totally

bounded, thus compact. O

Now we can give an easy-to-check sufficient condition for weak convergence of random elements in (¢;)¢,

which can be used to establish (C1) when applying Theorem 3.2. For any m,C > 0, let

d—1 oo
Kpc={ze () ||z|[1q<C, Z Z |z, ;| <n~t forall n>1} (34)
k=0 j=mn

which is obviously a compact set by Lemma 5.2.

Theorem 5.1 (criterion for convergence of random elements of (£1)%) Convergence in distribution U™ =

U in (¢1)% as n — oo holds if

(i) For all € > 0, there exists m, C and corresponding K, ¢, such that
PU™ € Kpo)>1—¢ (35)

and

(i) for all J, 0 < J < o0,
(Ugfjioﬁkﬁd—l;OéjSJ):(Uk,j:nggd—l;ogjgj) in R, (36)

Condition (i) holds if and only if (44) for all J, 0 < J < oo, and for all sets of real number {aj; : 1 <

k<d—1,0<j<J}

d—1 J d—1 J
Z Z a}c’jU](Jf} = ZZak,jUk,j. (37)
k=0 J=0 k=0 j=0

Proof Condition (i) ensures that {U(™} is tight. Condition (ii) is equivalent to condition (iii) by the familiar
Cramer-Wold device; see p. 382 of [4]. And condition (iii) mean y(U™) — y(U) in distribution for all y € O,
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which by Lemma 5.1 is a weakly dense set in ((¢1)%)*. So that condition (i) with condition (iii) ensures

U™ = U in (£,)" 0

5.2 Central Limit Theorem for i.i.d. £;-Valued Random Variables

In this section we specialize the CLT in general Banach spaces for i.i.d. random elements to ¢;. First, we
emphasize that, even for i.i.d. random elements, the classical CLT does not hold in all Banach spaces, but
only for some “good” Banach spaces. Fortunately, ¢; is such a “good” Banach space. To make this clear, we
do a quick review; more related theory can be found in [1] and [18].

We first introduce two concepts: cotype of a Banach space and pre-Gaussian random variables. A separable
Banach space B with norm || - || is said to be of cotype ¢ if there is a constant C, such that for all finite
sequences x; € B,

D Haill)Y < Coll Y il (38)

where {¢;} is a Rademacher sequance, i.e., i.i.d. random variables with P(e; = 1) = P(¢; = —1) = 1/2. It is
known that ¢; is of cotype 2; see page 274 in Section 9.2 of [18].

We say that a random variable U in a Banach space B has a Gaussian distribution if, for every h in
the dual space B*, h(U) has a one-dimensional Gaussian distribution. A random variable U in B, with
Eh(U) = 0 and Eh?(U) < oo for every h in B* (i.e. weakly centered and square integrable), is pre-Gaussian

if its covariance is also the covariance of a Gaussian Borel probability measure on B. A weakly centered and

square integrable random variable U = (Uy, Uy, - -) in {1 is pre-Gaussian if and only if
D (EJUR)Y? < oo; (39)
k=0

see page 261 of [18].

Theorem 5.2 (CLT for Banach-space random variables from [18] Theorem 10.7) If U is pre-Gaussian with
values in a separable cotype-2 Banach space, then U satisfies the CLT, i.e., n=/? E?:l U where U are

i.i.d. copies of U, converges in distribution, where the limit is Gaussian.

We remark that the limit distribution must have a Gaussian distribution because if U satisfies the CLT
in B, then h(U) satisfies the ordinary CLT with a Gaussian limit for h € B*. If we include (39), then we get

the following corollary.

Corollary 5.1 (CLT for ¢;-value random variables) IfU = (Uy, Uy, --) € 41 is pre-Gaussian, then U

satisfies the CLT. The limit has a Gaussian distribution with the same covariance structure as U.
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We now discuss how this background theory is relevant here. We will be considering a discrete random
variable Y taking values in the non-negative integers. Let I = P(Y > j) for k=0,1,--- be the ccdf of Y’
and Fj =1 — F7. Let Y be i.i.d. random variables each distributed as ¥ and let

(W) _ c
Ui = Iywsgy — 1.

Then U® are i.i.d. random variables in ¢; distributed as U with Eh(U) = 0 for all h € £, (i.e., for all

h € (£1)*). We want U to be pre-Gaussian, so we require that (39) holds, i.e.,

S EUvorsyy — N2 = S(EFDY? < . (40)
k=0 k=0

Hence, a sufficient condition for (40) is
~ -—(2+e€)
Fy ~O(j ) for some €> 0, (41)

which is actually implied by condition (I3) in Theorem 4.1. Condition (41) is also sufficient for Eh(U) = 0

and Eh?(U) < oo for every h in {o,. Hence, U is pre-Gaussian.

6 Proofs

We now provide the postponed proofs of Lemma 3.1, Theorem 3.2, Proposition 3.1, Corollary 3.1, Corollary
3.2, Theorem 4.1 and Theorem 4.2.

6.1 Proof of Lemma 3.1, Theorem 3.2 and Proposition 3.1

2) ) is continuous from R% x R x (£;)? to R?, it suffices to show that

Proof of Lemma 3.1. To prove f,(x™), z(
fz,k(m(l),x@),y) is continuous from R? x R? x (£1)¢ to R, where 2(*) = (:réi)7 :rgi)7 e ,x&ill) e R4 fori=1,2,
and y = (Yo,¥1, - ,Ya—1) € (£1)? are variables and z = (2¢,21, -+ ,24_1) € ({1)? is a constant. Further, it
suffices to show that hy(z,y) is continuous from R? x (¢1)¢ to R, where & = (x¢,21,--- ,24_1) € R% For
convenience, we use the maximum norm in R%, i.e. ||z||s = [Jhax |xk|, which is an equivalent norm to the
usual Euclidean distance, and for the space R? x R? x (El)dianid R? x (¢1)¢, we use the metric induced by

the norm ||(@™, 2@, y)llpaxrix )t = 80| + (8@ ]|oo + |lyll1.a and [|(@,9)llraxerys = ||2]loo + [[yl]1,a

respectively. Because the notation of infinity norm is the same in R? and /., it should not cause confusion.
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First we observe that hj can be written as a inner product of two projection functions:

hi(x,y) = M (x) - O(y), (42)
where
H}g(fb‘) = (xkyl'kfla"' y L0y XLd—1,Ld—2," " ax07xd717xd727"') and
IT5(Y) = (Yk,0s Yk—1,15 " s Y0,ks Yd—1ok+15 Yd—2, k415" * > YO,k-+ds Yd—1,htd+1s " * )- (43)

Note that |[IT}(z)||cc = ||Z]|ec < 00, and ||ITZ(y)|]1 < ZZ;(I) lly|l1 < oo. So obviously IT}(z) is continuous
from (R% ||+ ||oo) t0 (£oo, || - |loo) and IT2(y) is continuous from ((¢1)%, || - |[1,4) to (¢1,]] - ||1). We also have
that ITi(z) — IIL(%) = Ii(x — %) and 2 (y) — I2(§) = O3 (y — §) for ,% € R? and y,§ € (¢1)?. For any

d > 0 and (z,y) fixed, choose (Z,§) such that

d—1
12.y) = & §)llaxe )t = 1@ = Elloo + D llyr —Frlls <6,
k=0
then
hie(@.y) — hi(2.9)| = [T (x) - TR (y) — T(2) - T3(§)]
< |y () - Ti(y) — D () - TR(@)| + [T () - T3(§) — () - T7(5)]
< M@)o TR (y = D+ [T k(@ — 2)] o [T @)1
d—1 d—1
<zl + 6 lgnlls < llzllocd + 6 (lyxlly + llyr —Frlln)
k=0 k=0
d—1
§||x||oo6+62||yk||1+62—>0 as 0 — 0. (44)
k=0
Given that each function f,  is continuous from (R? x R? x (£1)%,[| - ||gaxgax(ey)2) to (R,]-]), we can
conclude that f, is continuous from (R x R% x (¢1)%, || - ||raxrax (ey)2) to (R% ]|+ [|oo). Finally, note that we
can write g(y) = fo(e,0,y), where e = (1,1,--- ,1) € R%, so that g is also continuous from ((¢1)%, |- ||1.4) to
(R?, || - ||so) and the lemma is proved. =

Proof of Theorem 3.2. Condition (C1) implies that F¢(n) € (1) as well as F€ € (£1)%, which indicates that

the limiting distributions all have finite means. Moreover, (C1) implies that

(A(n),Fe(n)) = (A, F¢) in R?x (4;)% (45)
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Note that W(n) = g(F¢(n)) and W = g(F¢), so by continuous mapping theorem,

(A(n), W (n), Fé(n)) = A\, W,F¢) in R x (¢,) (46)

By the definition of L(n) in (6) and (3), L(n) is a function of (A(n), F¢(n)), i.e. L(n) = fo(A(n),0,F¢(n))

where f is defined in (16). By Lemma 3.1, f is a continuous function, hence
(A(n),W(n),L(n), F¢(n)) = (\,W,L,F¢) in R3 x (£)%. (47)
For the CLT-scaled terms, notice that W(n) = g(F¢(n)), so by the continuous mapping theorem,
(A(n),W(n), F°(n)) = (A,2,T) in R* x (£;)7 (48)

where 2 = g(I").

Combining (47) and (48), by Theorem 3.9 of [5], we have

(A(n),W(n),L(n),A(n),W(n), F(n), F¢(n)) = A\ W,L,A,2,F°.T) in R x ()% (49)

Now we turn to i,(n) Note that for k= 0,1,--- ,d — 1, we can write the k" component of f/(n) as

Vi(Lg(n) — Li) = \/ﬁ(z ;\[kfj] (n)Fﬁq—j],j(n) - Z )‘[kfj]F[?c—j],j)

j=0 j=0
=V Yy A (MEFf_ 5 () = A (M Ff_ 5 + M) (W) Fa_jy 5 = M- Fiomg1.5)
=0
= he(A(n), F°(n)) + hy(A(n), F®)
= frex(A(n), A(n), F(n)), (50)
L(n) = fpe(A(n),A(n), Fe(n)). (51)

By Lemma 3.1, fge is a continuous function. In addition, I" € (¢;)¢ w.p.1, so we can apply the continuous

mapping theorem again to get

A -

(A(n),W(n),L(n),A(n),W(n),L(n), F¢(n), F¢(n)) = A\, W,L,A, 2,7, F°.T)

in R x (¢;)%, (52)
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where T = fpe(A, A, I'), which is what we want as in (18). =

Proof of Proposition 5.1. If R(n) = 0, then both R(n) = L(n) — Q(n) — 0 and L(n) — Q(n) — 0 in

probability. By applying Theorem 3.1 of [5] based on (52), we have

A

A(n),W(n),Q(n),L(n),A(n),W(n),Q(n), L(n), F¢(n), F¢(n),R(n)) = A\, W,L,L,A,Q2,7,T,F°,T,0)

in R x (¢,)%, (53)

Now consider the departure processes 8(n) and 8(n). Note that

Or(n) = % Z Dyt (m-1ya = % Z (Qrt(m-1)d = Qit14+(m—1)d + Akt14(m—-1)d)
m=1 m=1
Qr(n) = Qry1(n) + Apy1(n), 0<k<d—1,
- . . 11 (54)
Qa-1(n) = Qo(n+1) + Ao(n+1) + ~Qo - EAO; k=d-1,
and
. V(Qr(n) = Qrs1(n) + Aep1(n) — Li + L1 — Ais1)
Or(n) = ) ) ) 1 1
Vi(Qi—1(n) — Qo(n+1) + Xo(n+1) — Ly + L1 — My + EQO - EAO)
Qr(n) — Qur1 + Aer1(n), 0<k<d—1,
={ o , X (55)
Qai-1(n) — Qo + Ao(n) + ﬁQo - ﬁAo, k=d-—1.

Once again by continuous mapping theorem, we get the joint convergence (20) in Proposition 3.1, where §

is given by (8) and Ap = 1 — Vjpg1] + A1, 0 <k <d—1. =

6.2 Proof of Corollary 3.1

To make the proof clear, we first establish two lemmas.

Lemma 6.1 Assume X, ~ N(n,02), n = 1,2,---, and X, — X almost surely as n — co. Then X ~

N(u,0?) where p= lim p,, 0> = lim 02 and X, — X in L? as n — oc.
n—0o0 n—0o0

Proof Let ¢x, (t) = Ee®™X» = exp(iu,t—2"102t?) be the characteristic function of X,,. Since X,, — X almost

surely, by dominated convergence theorem, we know that lim Ee’**» = Ee®X for each t. So we must have
n— o0

lim p; = p, lim o7 = o for some p and o > 0. (Note that we cannot have lim p, = co or lim o2 = oo,

n— o0 n— o0 n— oo n—o00
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which would contradict Lévy’s continuity theorem.) Then we know that Ee*X = exp(iut — 27102¢2), which

shows that X ~ N(u,0?).

Note that lim p, = g and lim o2 = o2 also implies that sup EX2 = sup(ut + 6u202 + 302) < 00. So
n—oo n n

n—oo

{X?2} is uniformly integrable. Hence X,, — X in L? as n — oo. |

Lemma 6.2 Assume N € {; is a zero-mean normally distributed random variable with Cov(N,N) = XN

and a,b € ly are constants. Let X = ;2 a;N; =a” -N andY =Y ;2 b;N; =bT - N, then (X,Y) is jointly

zero-mean normal distributed with

Cou(X, X) = Var(X) = Y Y a;0; 5%, < o0,

i=1 j=1

Cou(Y,Y) = Var(Y) = > > bib; 5, < oo and

i=1 j=1
Cov(X,Y) =E(XY) =Y "> a;b; L), < 0.
i=1 j=1
Proof By the definition of normal distribution in #; space, X and Y are normally distributed random variables
on R. We only need to show that they are also jointly normally distributed, i.e. for any given «, 5 € R,

aX + BY is a zero-mean normal distributed random variable.

Denote X,, = Z?:l a;N; and Y,, = Z?:l b;N;. Since X and Y are well defined almost surely, we know
that a X, + 8Y, — aX + BY almost surely. Note that aX,, + 8Y,, is normal distributed with mean zero and
variance Y7 | Y (aa; + Bbi)(aaj + Bb) XY And we can apply Lemma 6.1 and know that aX + 5Y has
normal distribution with mean zero and variance >;°) > (aa; + Bb;) (aa; + Bb;) XY, So (X,Y) is jointly

normally distributed.

Now we derive E(XY). By Lemma 6.1 we know that X,, — X and Y,, — Y in L? as well, so X,,Y,, —
XY in L' and we have E(XY) = lim E(X,Y,) = lim 350 370 ) a;b; 37 = 3772, 5777, aib; XY < oo

Because X and Y are zero-mean normal distributed, we have Cov(X,Y) = E(XY'), where Cov(X, X) and

Cov(Y,Y) are special cases with X =Y. |

Proof of Corollary 5.1. Lemma 6.2 can be easily generalized to N € (¢1)? only with some tedious steps. Since
I € (¢1)% almost surely, 2 = g(I') and T = fpe (X, A, I") are well defined a.s. In addition, with the Gaussian

assumption, we may apply the generalized version of Lemma 6.2 and know that (£2,7) has a zero-mean
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jointly normal distribution with each element being well defined a.s. and in L2, where

(COV(.Q,.Q))]CJ = COV(ZFk,juZFlJ ZZEF’H

=0 §j=0 i=1 j=1

(COV(T7T))1€ 1= COV(ch k(Av/LP)a fF“ Z(A5A7F))

o o0
= Cov( ZA Tk + Zch A=t D A= g + ) B g Au-s)
=0 §j=0

7=0
— She 1=14] /1 I:[k—3]
- Z A=) A=) & z+1 J+1 T ZZ)‘U@ a0 gL
i=0 j=0 i= 03 0
S c AF [1—4]
+2 D Fiaidun® +1Jg+1+ZZF i1 Va4
i=0 j=0 i=0 j=0
(COV(Q,T))]CJ = COV(Z Fk,j, Z )‘[l—j]F[l—j],j + Z F[i—j,j]/l[l—j])
Jj=0 Jj=0 j=0
_ e Ik, [1—7] ATk
SD9) SEVIFE LRI 95 LAY L)
i=1 j=0 i=1 j=0

6.3 Proof of Corollary 3.2

If the LoS is bounded by J, then F,fj(n) =0forall0 <k <d-—1andn when j > J. So if we have (C1),
then Fy; = 0 must holds for all k¥ and j > J and Fe(n) € (61)* w.p. 1. Hence I, ; =0 for all k and j > J,
and I' € (¢1)% w.p. 1.

To see that R(n) = 0 holds, by (7), R(n) = L(n) — Q(n) = v/n(L(n) — Q(n)), so it suffices to show that
VnE(n) — 0, where E(n) = ||[L(n) — Q(n)||;. We take M such that (M — 1)d < J < Md. When n > M,

because Yj, ; = 0 for j > Md > J, we have

n d o] n d Md
1 _
VnE(n) = \/ﬁﬁ Z Z Z Yoo it (m-tydjrs =1 /2 Z Z Z Yijrm-1)dj+s
m=1j=1s=(n—m)d m=n—M+1 j=1 s=(n—m)d
d n
< Znilﬂ Z MdAg_j4(m-1ya < n PP M?C =0 as n— oo, (56)
j=1 m=n—M+1

where C' is the upper bound for the number of arrivals within a discrete time period. This establishes

R(n)=0. =

6.4 Proof of Theorem 4.1

To prove Theorem 4.1, we need a lemma to establish (C1).
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Lemma 6.3 Suppose Wy, k=0,1,--- ,d—1, are non-negative integer-valued random variables with FkCJ =
1= F; = PWy > 34) ~ O@F6+)), j >0, for some § > 0. Wéi) are i.1.d. samples of W}, denote

Il(j) = (7

wi>0 I

W51 ), Ff = (F,ao, Ff g, ), and X](j) = I?—F;. Assume YD) are i.i.d. non-negative

integer-valued random variables in R® with EY ) = py = (1y,0, by1s- - My,d—1) > 0 and Var(Y(i)) =3V,
where all the W,Ei) and Y are independent for k =0,1,--- ,d—1, and i,j > 1. Let

S(n) = (So(n). S1(n), -, Su( ZY

and
So(n) S1(n) Sqa—1(n)

Gln) = (Gofr).Galm. -+ Guma(m) = (3 X 3 X 30 X

We claim that
n_1/2(S'(n) —npy,G(n)) = (A, I") in R? x (fl)d, (57)

where I' = (L, I'y,--+ ,L4_1) and (A, T") has a zero-mean Gaussian distribution in R x (£1)? with A ~
N(,XY), Cov(Iy j,Iks) = py e Fi g B o for 0 <k <d—1and0 < j <s, and A, To,I"1,--- ,['4_1 are

independent.

Proof The classical multivariate CLT implies that
n~Y2(8(n) — npy) = A~ N(0, V). (58)

Let Zj, € ¢; for 0 < k < d — 1 be zero-mean Gaussian distributed random variables with Cov(Zy ;, Zy,;) =

Fy, ; F ;. By Theorem 1.1 of [13],

Se)™ 2SN XV =2, in 4 for 0<k<d—1, (59)

then after applying Slutsky’s theorem, we have

Sk(n)
n V23XV S T=w/iZ i 6 for 0<k<d-1, (60)

i=1

so that I'y, has a zero-mean Gaussian distribution with Cov(Iy ;, Ik s) = uykuk,ijc)s for 7 < s. Unfortu-
nately we cannot get the joint convergence directly since they are not independent of each other, however,

we can use independent copies of Y(¥) as a bridge to prove it.



28 Ward Whitt, Xiaopei Zhang

Assume that {Y(i)} are i.i.d. copies of Y (¥ and are also independent of other variables. Let
~ ~ ~ ~ (7,
8(n) = (So(n). S1(n), -+ , S z

Because n~1/2(8(n) —npy) is independent of n=1/2Gy(n) = n~1/2 Zi‘)g") X' we can apply Theorem 11.4.4
of [28] to obtain
n~Y2(8(n) — npy,Go(n)) = (A, Ty) in R% x4y, (61)

where we can make A be independent of I'g. For what we want, we need to show that n=/2||Go(n) —

Go(n)||1 — 0 in probability as n — oo and then apply Theorem 3.1 from [5]. For any € > 0,

So(n) So(n)
P(n™'2||Go(n) — Go(n)||1 > €) = P(]] Z X3 =37 X0l > n'2)
=1
So(n)  So(n) ) )
PSS X = ST X0 > 02, 1S0(n) — So(n)] < n®/%) + P(1So(n) — So(n)] > n®/4)
3 =1

(1) 1/2 3/4
<2P( L WIIZX 1 > n'/2e) + P(|So(n) — So(n)| > n*/*)

=2P( _ max Z|ZX(Z|>n1/2 )+ P(|So(n) — So(n)| > n?/%)

R Kl R S
gzP(ZO . |ZX | > n'2e) + P(|So(n) — So(n)| > n®/?). (62)
p

For the first part, let 6 < §/2 and C' = (372~ ) ~! be constants, note that Var(Xéf;) = Fo; F5

o)
P > nl/2¢) < P > Opl/2ei—(1+81)

(;I 1 Qma,)fn?’/d‘J | Z ‘ n E) - ;) (I: maX /4J | Z | n € )

I (1)

Var(Z X )

(4) 1/2, :—(1+61) ST\ eei=1 770,57

<BZI 1 Qma)fn”ﬂ ‘ZX 1> On e /3) < 272 =1 2 Ln3/4J C?ne2j=(2+201)

<27ZC e (0 Ry

<27C~2e 2=t n/4| ZJZHJIFOCJ —0 as n— oo, (63)
7=0

because as a consequence of Fi ; ~ O(j=B+9)), Z]Oi ]2+251F § < oo, and the second and third inequalities

follow from Etemadi’s inequality (see page 256 of [5]) and Chebyshev’s inequality respectively.
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As for the second part, again using Chebyshev’s inequality, we have

~ Var(S So(n wnxY
P(|So(n) — So(n)| > n?/*) < ( °<n3/2 o(m) ng/gl 0 as n— oo. (64)

So (62) goes to 0 as n — oo, hence
n~'2(8(n) — npy,Go(n)) = (A,Ty) in R xf. (65)

Using the same argument (making new i.i.d. copies of YV), we can add G1(n),Ga(n),--- ,Gq_1(n) one by

one and in the end get (57). O

Proof of Theorem 4.1. Take A = E(Aot(m—1)d> A14(m-1)ds "+ » Ad—1+(m—1)a) and F° to be the complemen-
tary distribution functions of the LoS. Let W and L be as in (C2), in which case W is the vector of mean
LoS for a period.

We can use Lemma, 6.3 to establish (C'1) by letting ¥ ) be the A; and Wki) be the LoS of i** customer that
arrived at discrete time period k+(m—1)d for allm = 1,2,---. (So IEW,gi) =W, and oy, = Var(W,Ei)) < 00.)
The conclusion of Lemma 6.3 is exactly (C1).

Then we need to establish R(n) = 0. Note that (I1) and (I12) imply that the SLLN holds, i.e. equation
(2) hold, so that we have Theorem 2.1. Since R(n) = L(n) — Q(n) = n'/2(L(n) — Q(n)), it suffices to show
that for each 0 < k < d — 1, n'/?(Li(n) — Qx(n)) — 0 in probability as n — ooc.

From the proof of Theorem 2.1 in [31], we know that

n d 00
Li(n) — Qr(n) =n~" Z Z Z Ya—jt(m—1)d,j+k+(s—1)d-

m=1 j=1 s=n—m+1

So for any € > 0,

P(n'/*(Li(n) = Qx(n)) > €)

n d 0
n—l/2 Z Z Z Yi it (m—1)d,j+k+(s—1)d > €)

m=1 j=1 s=n—m+1

n oo

d
S S Vi nassseen > 0

Jj=1 m=1s=n—m+1

d n—|n'/?] o
< Z(P( Z Z Yo js(m-D)djikts—1)d > n'/2d""e)
j=1 m=1 s=n—m+1
PO Y Y Yagrmenagekeona > n'/2d 7). (66)

m=n—|nt/4|+1s=n—m+1
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Then we only need to prove that each of the two probabilities go to zero as n — oc.

For the first part, we have

n—|n/?| oo
P( Z Z Yarjt(m=1)d,jrkt(s—1ya > n'/2d"e)
m=1 s=n—m+1
n—[n'/4] .

<P( Y Y Yajimonajrkisna > n'2d7le)

m=1  s=|nl/4|+1

<SP(Y . > Yajim-ndgrras—na > n'/?d7le)
m=1g=|nl/4|4+1

Dom=1 2o (nt/4 41 BYdmjr -V dgtht(s=Dd _ 10 .
nl/2d—1e <n'/*de Z Ad—iFaj ik (s—1)d
s=|nl/4]+1

<n'Pdxgjet Y Fi gnl/ZCdAd_je*/ s~ BF s
s=|nl/4|+1 (/4]

<

=n'2CdAg—j(2+8) e n T 50 s - oo, (67)

For the second part, let Si(n) ="

m=1

Ak+(m71)d' Then

n

P> Y Yajrm-vdjtkr(s-na > n'/?d"e)

m=n—|nl/4]+1 s=n—m-+1
n o0 Sacy(In*/*))
<PC Y D Yagrmenas >n'Pdg=P( Y Wil i>ntldle
i=1

m=n—|nl/4]+1 s=0
Sa_;(ln*/* ; Sa—j(Ln'/* '
<Var(zi:dlj(t J)W(ﬁ)j) + (E(Zi:dlg(L ”Wé’_)j))Q
< nd—2¢2

=n~1d%e2(|n'/4| ggtjﬂ’dfjﬂwd,j + Ln1/4J)\d,ja§V’d,j + Ln1/4J2,\37jW3,j)

—0 as n— oo. (68)

Hence, we have proved that n'/2(Li(n) — Qx(n)) — 0 in probability as n — oo, i.e., R(n) = 0. Since we
have established all three conditions in Theorem 3.2 and Proposition 3.1, so their conclusions follow. As a
special case of Corollary 3.1, the covariance matrix of (£2,7) has the same form as in (22) with 4%l = 0

for k # 1, XA = 0 for all k and X/ | = NFj Fe for 0<i<j. =

6.5 Proof of Theorem 4.2

As we discussed before Theorem 4.2, we will first use a CLT for stationary processes with mixing conditions

to {Y,, : n € N} (Step 1). Such type of CLT was established by Ibragimov; see Theorem 18.5.3 in [15] or
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Theorem 0 in [6]. We apply it in R%/ by utilizing Cramér-Wold device; see Theorem 29.4 in [4]. Then, in

Step 2, we show that (C'1) holds. Finally, in Step 3, we show R(n) = 0 to complete the proof.

Step 1: Firstly, by the definition of Y;; and A;, we observe that E||Ao||?%F® < oo in (S2) implies that
EYy EY
E|Yiina;>t < coforallm >0,0<k<d—1land0<j<J—1 Let Ff = —J — =M fo
7 T EYig b

0<k<d—-1land 0<j<J-—1,where A= (Ao, A1, -, g—1) is in (S2). Now the F we defined in (8) can

also be reduced to finite dimensional space R?*”, i.e.

oo  Fon -+ Fp -1
Fio Fip -+ Frgoa
Fe = . . . . . (69)

Fag_10Fag—11 -+ Fa—1,7—1

We want to show that {Y,, : n € N} satisfies a CLT. By Cramér-Wold device, we only need to show that
ZZ;(I) j;ol Ok, ;Yi+nd,; satisfies the corresponding CLT for each @ = (0 j)ax., € RY*7. Let

d-1J-1
{2,00) = Z Z Ok,j (Yetnd,j — MeF j),n € N}, (70)

k=0 j=0

be the centralized strictly stationary process, and we need to show that it satisfies Theorem 0 in [6], i.e. for
some & > 0, E|Z,(8)]*"° < oo and 307, az,(n)"/ 29 where az,(n) is the strong mixing coefficient for

{Z,} like we introduced in (29). We take the ¢ as in (52). Note that

d—1J-1 d—1J-1
E|Zn @) =EI> > 0k Virnas — MFEIPT <D0 100 5P B Yiynay — MFi ;10
k=0 j=0 k=0 j=0
d—1J-1
<SS 10k P (B Yirnag 7)Y CH) 4 N FE > < oo, (71)
k=0 j=0

where the first inequality uses the linearity of expectation and the second is by Minkowski’s inequality. Since
Z,(0) is a linear combination of the elements of Y,,, the corresponding sigma-algebra generated by it is
smaller than the one generated by Y,,, so that by the definition of strong mixing coefficient we know that
az,(n) < a(n). Hence, given > oo a(n)® (29 < oo as in (52), we have 307 az,(n)%/ ) < oo, By
Theorem 0 in [6], we know that o =EZy(0)? +23 2, E(Z(0)Z;(6)) exists with the sum being absolutely
convergent and n~ /23" 7,(8) = N(0,03). Let

A~

n—1
¥ (n) = V(¥ (n) - diag\F®) = V(- ¥ — diagW)F*), (72)
=0
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where diag(X) € R4*? is the diagonal matrix with A on the diagonal. By Cramér-Wold device, we know that

Yoo  Yoa1 - Yo,u-1
R Yio Vi o Yrg-1

as m — 00, (73)

Ya—1,0 Ya—1,1 - Pd—1,7-1

where 9 is normal distributed with mean 0 and covariance

Cov(¥k,j,¥1,s) = E((Yk,j — Aks Fi ;) (Yis — NFY)) + 2 Z E((yrk,j — MFg ;) Yivia g — MFf))- (74)
i=1
Step 2: Now we show that (73) implies conditon (C'1) holds. Actually it suffices to show that (A(n), F¢(n)) is
actually a continuous function of ¥ (n). It is trivial to see that A(n) = ¥ (n)e;, where e, = (1,0,0,---,0)T €
R7 is a continuous map from R4 to Re. For F¢(n) = \/n(F€(n) — F€), note that it is, by (53), a finite
dimensional matrix, so it suffices to show that each element of it is a continuous function of f’(n) To see it,
observe that

(Yej(n) = M FE ;) = F¢ ;(Yio(n) — M)

Yij(n)
% kao(n)

Yi0(n)

Flgg(”) = \/E(chg(”) - Flgj) = \/ﬁ(

Vi ;(n) — F¢Yio(n)
Y 0(n)

_ch,j):\/ﬁ

(75)

In addition, (73) implies that Yj o(n) — A in probability, so by continuous mapping theorem, Slutskys

theorem and Cramér-Wold device, we know that

(A(n),F¢(n)) = (A,I') in R% xR (76)

Yr,j — Fy j¥k,0

0<k<d—1,0<j<.J-1.
Ak

where A = (Y0,0,%1,0,- -+ ,%a-1,0) and Iy ; =

Step 8: Finally, since the LoSs are bounded, we only need to show f%(n) = 0 to establish Theorem 3.2 and
Proposition 3.1. Moreover, if (A, I") has a Gaussian distribution, Theorem 3.1 holds as well.
Analogously to the proof of Corollary 3.2, it suffices to show that \/nFE(n) — 0 in probability. To see

that, for any € > 0, take the same M as in the proof of Corollary 3.2, and based on (56), we have

d n
P(VRE(M) > ) < P 2MdS. S Adjiimna > ©)
j=lm=n—M+1
" M?d?E||Ao||o
Z HA(m—l)Hoo > 5) < 13
en /
m=n—M+1

< P(n~Y2Md? —0 as n—oo, (77)
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where in the last inequality we apply Markov inequality and exploit the stationarity of {A,}. So we know

I;’,(n) = 0 and together with Step 2, we have proved the theorem. =
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