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Abstract

This paper is a sequel to our 2010 paper in this journal in which we established heavy-traffic
limits for two-parameter processes in infinite-server queues with an arrival process that satisfies
a FCLT and i.i.d. service times with a general distribution. The arrival process can have a
time-varying arrival rate. In particular, a FWLLN and a FCLT were established for the two-
parameter process describing the number of customers in the system at time ¢ that have been
so for a duration y. The present paper extends the previous results to cover the case in which
the service times are weakly dependent. The deterministic fluid limit obtained from the new
FWLLN is unaffected by the dependence, whereas the Gaussian process limit (random field)
obtained from the FCLT has a term resulting from the dependence. Explicit expressions are
derived for the time-dependent means, variances and covariances for the common case in which
the limit process for the arrival process is a (possibly time scaled) Brownian motion.

Key words: infinite-server queues, two-parameter processes, time-varying arrivals, martingales,
weakly dependent service times, ¢-mixing, S-mixing, functional central limit theorems, Gaussian

(random field) approximation, generalized Kiefer process



1 Introduction

This paper is a sequel to Pang and Whitt (2010), in which we established heavy-traffic limits for the
stochastic processes describing performance of the G;/GI /oo infinite-server (IS) model, allowing
a non-Poisson arrival process with time-varying arrival rate and a non-exponential service-time
distribution. Extending Krichagina and Puhalskii (1997), we established heavy-traffic limits for two-
parameter stochastic processes, such as {Q°(t,y) : t > 0,0 < y <t} and {Q"(t,y) : t > 0,y > 0},
where Q°(t,y) represents the number of customers in the system at time ¢ with elapsed service
times less than or equal to y, and Q" (¢,y) represents the number of customers in the system at
time ¢ with residual service time strictly greater than y. Moreover, we showed that these limit
processes are Markov processes. A key assumption was that the arrival process satisfy a functional
central limit theorem (FCLT), which includes many cases with dependence among the interarrival
times. Including time-varying arrival rates is important too, because that allows applications to
approximate the performance of large-scale service systems, which usually have time-varying arrival
rates; see Green et al. (2007).

In the present paper we establish new heavy-traffic limits that extend our previous results by
allowing the service times to be weakly dependent; we refer to our model as Gy/GP /oo queue.
Roughly, weak dependence means that the dependence among the service times is limited so that
the CLT remains valid, but the variability constant in the CLT is affected by the cumulative
correlations; see §4.4 of Whitt (2002). In the present context, weak dependence among the service
times is especially interesting, because, as shown by Krichagina and Puhalskii (1997) and Pang and
Whitt (2010), in the iid case the service times affect the heavy-traffic limit through the sequential
empirical process (see (2.5) below) rather than the conventional CLT.

We are motivated to study dependence among service times by several applications. First,
in hospitals, several patients can have similar medical conditions, requiring similar treatment.
That occurs with seasonal or epidemic diseases and with multi-person transportation accidents,
as with cars or trains. Second, in technical support customer contact centers, new products may
have defects that lead to many customers calling with similar needs. These patients or customers
will have service requests that are highly dependent upon each other. Third, service times can
be affected by common events in the service mechanism. For instance, service interruptions are
inevitable in many large-scale service systems, e.g., Pang and Whitt (2009), and interruptions can

cause all service times to become longer or stimulate the servers to interact with each other in order



to reduce the effect.

There has been considerable work on IS models. Since we already reviewed earlier work on IS
queues in Pang and Whitt (2010), here we only discuss models with dependent service times. Very
few articles have studied the IS models with dependent interarrival times and dependent service
times. Falin (1994) considers the M*/G /oo batch arrival queue with heterogeneous dependent
demands. Liu and Templeton (1993) give explicit formulas for the autocorrelation in IS queues
with batch arrivals including dependence structure. Our paper is evidently the first to establish
heavy-traffic limits for IS models with dependent service times. These limits are useful, not only to
yield direct approximations for large-scale queues when the arrival rate is high, but also they aid in
establishing associated many-server heavy-traffic limits for queues with finitely many-servers; e.g.,
see Liu and Whitt (2011).

We analyze this Gy /G /oo model in the heavy-traffic regime by scaling up the arrival rates while
fixing the service-time distributions. We consider the two-parameter stochastic process {Q°(¢,y) :
t>0,0 <y <t}, where Q°(t,y) represents the number of customers in the system at time ¢ with
elapsed service times less than or equal to y. (As shown in Pang and Whitt (2010), equivalent
results can be obtained for the process Q" (t,y), and thus we only focus on Q°(t,y) here.) We
prove a functional weak law of large numbers (FWLLN, Theorem 3.1) and an FCLT (Theorem
3.2) for this process jointly with the departure process from the system. The FWLLN limits are
simple deterministic two-parameter functions and the FCLT limits are continuous two-parameter
Gaussian processes (random fields). Propositions 3.2 and 3.3 provide explicit variance formulas for
the Gaussian limit processes when the arrival limit process is a Brownian motion (BM). Dependence
among the service times has no impact upon the fluid limit (the mean), but has a clear impact
upon the variances; we study this impact further in Pang and Whitt (2011a, 2011b).

In order to allow dependence among the service times, we exploit previous FCLT’s for the
sequential empirical process of weakly dependent random variables satisfying the ¢-mixing or S-
mixing conditions, by Berkes and Philipp (1977) and Berkes, Hormann and Schauer (2009), respec-
tively. One key step in proving our limits is to show that the sequential empirical processes with
the underlying weakly dependent service times converge in distribution to a continuous general-
ized Kiefer process, in the space of Dp = D(]0,00)D([0,00),R)) endowed with the Skorohod .J;
topology, see Theorem 2.1. The previous results were established in the space of D(]0, 1] x [0, 1], R)
endowed with the generalized Skorohod topology by Bickel and Wichura (1971) and Straf (1971).

Here we need to extend the convergence to the larger space Dp because the two-parameter queueing



process Q°(t,y) are not in the space D([0,T] x [0,T],R).

To establish the FCLT limit of Q°(¢,y) under the assumptions of service times satisfying ¢-
mixing or S-mixing conditions, we employ the same approach as Pang and Whitt (2010) by proving
the tightness of the processes together with the convergence of their finite-dimensional distribu-
tions. However, the methods to prove tightness and convergence of finite-dimensional distributions
here are completely different from those in Pang and Whitt (2010). Before, following Krichagina
and Puhalskii (1997), we were able to apply a semimartingale decomposition for the sequential
empirical processes with underlying iid random variables and standard Kiefer processes. However,
now we do not have an analogous semimartingale decomposition for sequential empirical processes
with underlying weakly dependent random variables and generalized Kiefer processes. Instead, we
construct martingale difference sequences from the weakly dependent sequences, see §4.3.

Here is how the rest of this paper is organized. In §2, we give the detailed model description
and assumptions. We also establish some preliminary results including the FCLT for the sequential
empirical processes with underlying weakly dependent sequences in Dp, see Theorem 2.1, and the
representation of the process ), in terms of the sequential empirical processes, Lemma 2.1. In
§3, we state our main results, the FWLLN in §3.1, the FCLT in §3.2, and the characterization of
Gaussian properties in §3.3. We collect the proofs for the main results in §4. In §4.1, we prove
Theorem 2.1; in §4.2, we prove the Gaussian characterization of the FCLT limits; in §4.3, we prove

the FCLT. We draw conclusions in §5.

2 The Model and Preliminaries

2.1 The Model Assumptions

We consider a sequence of G;/GP /oo queueing models indexed by n and then let n — oo, where the
arrival rate increases in n. We assume the system starts empty at time 0. As in Pang and Whitt
(2010), we would analyze other initial content separately, which can be done because capacity is
unlimited. For the n'® system, the i*" customer arrives at the time 7. with the service time n; and
receives service upon arrival. Let A, = {A,(t) : t > 0} be the arrival counting process in the n'®
system. We assume that the sequence of arrival processes satisfies a FCLT as in Pang and Whitt
(2010). All single-parameter continuous-time processes are assumed to be random elements in the
function space D = D([0, 00), R) with the Skorohod J; topology (Billingsley (1999), Whitt(2002)).

Assumption 1: FCLT for arrivals. There exist: (i) a continuous nondecreasing deterministic

real-valued function @ on [0, 00) with @(0) = 0 and (i) a stochastic process A in D with continuous



sample paths, such that

~ ~

Aty =n"Y2(A,(8) —na(t)) = A(t) in D as n— oo. (2.1)

As an immediate consequence of Assumption 1, we have the associated FWLLN

A, =n"tA,(t) = at) in D as n— oo (2.2)
The Standard Case. The standard case concerns a stationary model in which the limit of
the arrival process FCLT is Brownian motion. In the assumed arrival FWLLN, a = At, t > 0, for

some positive constant A. The limit in the FCLT is A = \/Ac2B,, i.e., a Brownian motion (BM),

2

¢ is variability parameter, which for a renewal arrival process is the squared coefficient of

where ¢
variation (SCV) of an interarrival times, and B, is a standard BM. =

Here we emphasize that the assumption in (2.1) on the arrival processes A, includes the cases
where the interarrival times are correlated, see Theorem 4.4.1 and 7.3.2 of Whitt (2002). In the
standard case, the variability parameter ¢2 will capture the correlation effect among inter arrival
times.

We will allow the service times to be weakly dependent and consider two types of weak de-
pendence for stationary stochastic sequences: ¢-mixing and S-mixing. The ¢-mixing is a common
condition for weakly dependent stationary sequence, see Billingsley (1999) and Whitt (2002). Here
we restate the definition of S-mixing, first introduced by Berkes, Hérmann and Schauer (2009). A
stationary stochastic sequence {x; : i > 1} is called S-mixing if (¢) for any i,m > 1, there exists
a random variable z;,, such that P(|x; — Zim| > Bm) < € for some constant sequences (3, — 0
and €, — 0 as m — oo; (i) for any disjoint intervals Iy, ..., I, of positive integers and any positive
integers myq, ..., m,, the vectors {@im, : ¢ € I1 },...,{®im, : i € I} are independent provided that the
separation between I,» and I, 1 < r',r"” < r, is greater than m, + m,~. Berkes, Hormann and
Schauer (2009) show that neither of the two mixing condition includes the other, but the S-mixing
condition is relatively easy to verify because it is restricted to random sequences {z; : i > 1}
with representations that z; = ¥ (yi, yit1,...) for iid sequences {y; : @ > 1} and Borel measurable
functions ¢ : RN — R.

Assumption 2: weakly dependent service times. We assume that the successive service
times {n; : ¢ > 1} are weakly dependent and constitute a one-sided stationary sequence. We also

assume that 7;’s have the same continuous c.d.f. F and p.d.f. f with F(0) = 0, and E[n?] < oo,



and
[o@)

> (B Emiwl FDDY? <00, k=1,2,..,
=1

where F7 = o{n; : 1 <i < k}. We let
o0
p=Em], o*=Var(n)+2 Z Cov(m, myi) < oo.
i=1
Moreover, we assume that one of the following two types of mixing conditions holds for both
{nii>1}:
(i) (¢-mixing) Define

¢ =sup{|P(B|A) - P(B)|: Ac F;;,P(A) >0,B €@, .,m>1},

where Gf = o{n; : i > k}. The two sequences satisfy the ¢-mixing condition:

o)
Z o1 < 00.
k=1

(ii) (S-mixing) Each of the two sequences is S-mixing.

2.2 Preliminaries

Let Q¢ (t,y) represent the number of new arrivals in the system at time ¢ in the n*® model that

have elapsed service times less than or equal to y, 0 < y <. Then we can express QS (t,y) as

An(t)

Quty)= > 1 +m>t), t=0, 0<y<t, (2.3)
i:An(t_y)

Note that Q% (¢,t) counts the total number of customers receiving service in the system at time ¢.

Evidently, we have the balance equation
An(t) = Q5 (t,t) + Dp(t), t=>0,

where D,, = {D,,(t) : t > 0} is the departure process in the n'' system.
The processes Q¢ and their limits (after scaling) to be established lie in the space Dp =
D(]0,00), D([0,00),R)), where D = D([0,00),S), for a separable metric space S, is the space of

all right-continuous S-valued functions with left-limits in (0, 00); see Billingsley (1999) and Whitt



(2002) for background. We will be using the standard Skorohod J; topologies on both D spaces in
Dp. For a discussion of Dp, see Talreja and Whitt (2008) and Pang and Whitt (2010).
Following Krichagina and Puhalskii (1998) and Pang and Whitt (2010), we can rewrite the

random sum in (2.3) as integrals with respect to the random field
t 00
Qulty) = n/ / L(s + x> t)dKn(An(s), ), >0, 0<y<t, (24)
t—y JO

where the two-parameter random fields K,, in Dp are defined by

[nt]

_ 1

Kn(t,z) =~ dimi<a), t=0, x>0, (2.5)
=1

The integral in (2.4) is well defined as a Stieltjes integral for functions of bounded variation as
integrators.

These two-parameter random fields are often called sequential empirical processes. For the case
of iid service times for IS queues, the FWLLN and FCLT for such random fields is discussed in
Pang and Whitt (2010). Here, for weakly dependent service times, the corresponding FCLT was
established by Berkes and Philipp (1977) for ¢-mixing sequences and by Berkes, Hérmann and
Schauer (2009) for S-mixing sequences, where the convergence is in the space of D([0,1] x [0, 1], R)
with the generalized Skorohod J; topology on two-parameter processes (Bickel and Wichura (1971)
and Straf (1971)). Here we first extend their results to the space Dp with the Skorohod J; topology
on both D spaces (recall that the space D([0, 1] x [0,1],R) C D([0, 1], D(]0,1],R))). The proof is
in §4.1.

For a sequence of random variables {{; : & > 1}, each uniformly distributed on [0,1], let

Ye(r) = 1(& < ) — 2 and
T(z,y) = En(z)n@)]+ (E[’Yl(x)%(y)] + E[m (y)’m(ﬂc)]), z,y € [0,1]. (2.6)
=2

Let the diffusion-scaled sequential empirical processes U, (t,z) be defined by

[nt]
Un(t,x) = \/15 > (@), t>=0, ze(0,1]. (2.7)
k=1

Theorem 2.1 (FCLT in Dp for the sequential empirical process with weakly dependent random
variables) Let {& : k > 1} be a weakly dependent stationary sequence of random variables uniformly

distributed on [0, 1], either (i) ¢-mizing or (ii) S-mizing. Assume that

DBkl Flll: = D (BI(Elésl Fi)*D'? < 00 (2.8)
i=1 =1



where F, = 0{& : 1 < i <k} for each k > 1. Then, the series I'(x,y) in (2.6) converges absolutely
and

U,=U in D([0,00),D([0,1],R)) as n— oo, (2.9)
for ﬁn in (2.7), where Uisa generalized Kiefer process (continous two-parameter Gaussian process)

with E[U(t, )] = 0 and E[U(t,2)U(s,y)] = (tAs)D(z,y) with T(z,y) defined in (2.6) for anyt,s > 0

and x,y € [0,1]. Moreover, the convergence is uniform in the second parameter x € [0, 1].

The convergence in (2.9) implies that the fluid-scaled sequential processes satisfy the FWLLN:
- 1 [nt]
Un(t,x) = — Zl(fk <z)=u(t,x) =tx, in D([0,00),D([0,1],R)) as n—o00  (2.10)

n
k=1

Moreover, in Theorem 2.1, when the sequence {{} is iid, the limit process U becomes a standard
Kiefer process, where I'(z,y) = 2 Ay — xy for x,y € [0, 1].

Theorem 2.1 for uniform random variables implies associated results for the random variables
7;, using the fact that F(n;) is distributed the same as &, implying that 1(n; < x) = 1(F(n;) <
F(z) < 1(¢ < F(x)). Thus, the two-parameter random fields in (2.5) satisfy the FWLLN:

K,=%k in Dp as n— oo,

where k(t, z) = tF(z), and the convergence is uniform over sets of the form [0, 7] x [0, 00) and there

is uniformity in the second argument x over [0, c0). Define the scaled processes

Lt
Ko(t,z) = (Kt z) -kt z) \FZ F(z)) 2 U, (t, F(z)), tz>0,

where U, (t,z) is defined in (2.7). This implies that the FCLT for K,, holds; in particular,
K,=K in Dp as n— oo, (2.11)
where K is a time-changed generalized Kiefer process
K(t,z) =U(t, F(x)), t,z>0,
independent of /l, with mean 0 and covariance
E[K(t,z)K(s,y)] = (t As)Tk(z,y), t,s2,y>0, (2.12)

Ik (z,y) = [F(z) N Fy) — F(o)F(y)] + Tk (z,y) < oo, (2.13)



%le.y) =Y (Bm @)@ + Em @) < oo, (2.14)

for each x,y > 0, where J;(z) = 1(nx < z) — F(z) for k > 1.

In the case of iid service times, U(t, z) is the standard Kiefer process, and U(t,z) = W (t,z) —
xW (t,1) for standard Brownian sheet W, so that K is a standard Kiefer process with the second pa-
rameter having a time change by the service-time distribution, I'x (z,y) = F(x) AF(y) — F(z)F(y).

Then we obtain the following representation of the processes (J¢. The proof follows from the

same argument as Lemma 2.1 in Pang and Whitt (2010) and thus is omitted.

Lemma 2.1 (Queue-length representation by sequential empirical processes) The processes QS, de-

fined in (2.3) can be represented as

t

Qn(tyy) =n [ F(t—s)da(s) + V(X5 1(t,y) + X5 5 (t,y)), (2.15)

t—y

where
A~ t A
Xiaty) = [ Fle-9ddas) (2.16)
t—y
= A(t) — Fo(y)Ay(t - w—/’4< C)AFe(t — 8),

o(t,y) = / / 1(s 4z > t)dR, (s, x) / / 1(s 4z < t)dRy(s, ), (2.17)
t—y t—y

with the integrals in (2.16) and (2.17) defined as Stieltjes integrals for functions of bounded variation

as integrators, and

A o | A0
=1
= VnEKn(A,(t),z) — A, () F(z) — vna(t)F(x). (2.18)

3 Main Results

In this section, we will present the main results, the heavy-traffic FWLLN and FCLT limits for the

queue-length process, and also give explicit Gaussian characterizations of the limit processes.
3.1 FWLLN Limits

We first define the LLN-scaled processes (D, Q%) = n~!(D,,, Q%). By Lemma 2.1, these LLN-scaled

processes can be represented as

1 4 .
(X5a(ty) + X505t y), t20, 0<y<t, (3.1)

_ t
Qn(ty) = / Fe(t = s)da(s) + =
t—y



Dp(t) = An(t) — Q5 (t,t), t>0. (3.2)

The FWLLN limits for these processes are given in the following theorem. The proof for the
convergence of the processes @7, simply follows from tightness of the processes X[ ; and X o to be
established as a main component in proving the FCLT limits. The convergence of other processes
follows from applying the continuous mapping theorem (CMT). Thus, the proof for the following

theorem is omitted.

Theorem 3.1 (FWLLN with weakly dependent service times) Under Assumptions 1 - 2,
(An,Dn, Q%) = (a,d,q°) in D*xDp as n— oo (3.3)

where the limits are all deterministic functions,

t
fww=/ Fe(t — s)da(s), t>0, 0<y<t, (3.4)
t—y

d(t) = a(t) — (4, 1) = /0 F(t— s)da(s), >0, (3.5)

We remark that the weak dependence among service times does not affect the fluid limits, which

are the same as the case of iid service times.

Corollary 3.1 (FWLLN in the standard case) In the standard case, the limits in (3.3) simplify as

follows,
t

() =A [ Pt 9ds = [ PGs)ds = (W) Fulo) = ¢ (o0.0), (3.6)

t—y

dt):A/ F(t—s)ds:)\/ F(s)ds, t>0, (3.7)
0 0

where F, is the stationary-excess (or residual-lifetime) cdf associated with the service-time cdf F,

defined by Fo(x) = p [ F¢(s)ds for each >0, and d'(t) = AF(t) = X as t — oo.

3.2 FCLT Limits

We first define the FCLT-scaled processes associated with (D, Q5):

D, =Vn(Dn—d), Q= n(QS— ), (3.8)

where d and g° are defined in Theorem 3.1. By Lemma 2.1, the processes Q¢ can be represented

as

QZ(t,y) = AfL,l(t’y) + XZ,Z(t’y)a t Z 07 0 S Yy S t7 (39)

10



and it is clear that

~

Dn(t) = Ap(t) + Q5 (t,t), t>0. (3.10)

The limit of the processes )A(fm(t, y) are given as mean-square integrals of the time-changed gener-

alized Kiefer process K (t,x) in (2.11). Here we first give the definition of the limit.

Definition 3.1 The two-parameter process Xf, written as

XS(t,y) = /t/ 1(s + 2 > t)dK (a(s /t/ 1(s + o < )dK(@a(s),z),  (3.11)

1s defined by a mean-square integral, i.e.,

Jlim B[(X5(t,y) - X5,(ty)*) =0, t>0, 0<y<t, (3.12)
—00 )
with
A t o A
Xpt) = [ [ luglsnakias)e), 20, 0<y<t, (3.13)
t—y J0
k
1piy(s,x) = Z[l(sf_l <s< st —sF <z <t (3.14)
i=1
t—y =sk <sh <. < s =tand maxjcick |sF — s | = 0 as k — oo. Write X§(t,y) =

l-i'm-k—mo)z;,k(t’ y)

Theorem 3.2 (FCLT with weakly dependent service times) Under Assumptions 1-2,

(Ap,Dp, Q%) = (A,D,Q°) in D?>xDp as n— oo, (3.15)
where
Q°(t,y) = X{(t,y) + X5(t,y), t>0, 0<y<t, (3.16)
A t A A~ A t A
i) = [ P - 9dds) = A - F@AE-y) - [ Adre-s, (@)
t—y t—y

D) = A)— Ot 1) = /0 Pt — s)dA(s) — Xt 1)
- /0 A()dFe(t — s) — XE(t,y), (3.18)

where A is given in Assumption 1, X¢ and D take the first expression in (3.17) and (3.18) respec-

tively iffl is a BM and the second if A is a general Gaussian process.

11



We remark about the impact of weak dependence of service times upon various processes.
Weak dependence of service times affects the FCLT limits of the number of customers in the
system and departure process, in particular, in the X§ term with K capturing the effect, see its
covariance formula I'G(z,y) in (2.14). These effects are all captured in the variance formulas for

these processes when the arrival limit process is a BM, see Propositions 3.2 and 3.3.

Special Case I: EARMA (1,1) Service Times.  Jacobs and Lewis (1977) proposed an ap-
proach to generate a stationary sequence of dependent random variables from a sequence of iid
exponential random variables, the so-called EARMA(1,1) sequence, and Jacobs (1980) applied
such stationary sequences to study single server queues with dependent service and interarrival
times. The stationary EARMA(1,1) sequence satisfies the ¢-mixing condition, see Jacobs (1980).
We apply this to the IS and many-server models with dependent service times and conducted

simulations to evaluate their performance in Pang and Whitt (2011a). =

Special Case II: Batch Arrivals.  Suppose that at each arrival time 7, ¢ = 1, 2, ..., there are a
random number B; of service requests entering the system at the same time, where {B; : i =1,2,...}
is a sequence of iid random variables with a common distribution. Let pg) = P(B; = k) and
S psk = 1. Suppose that E[B;] = Y52 kpgxr < oo and E[B?] = Y22, k?ppr < oo. The
stationary excess distribution of B; is given by pp, = (E[B))~! > jerppj for k= 1,2,..., and
E[B!) = (BB + E[B))/(2E[B)).

For the arrivals in the i*" batch, the service requirements {n;,, 7i,, ..., mBi} are correlated, and
moreover, for any " and j* batches of arrivals, the service requirements {Niy s iy ...,mBi} and
{515 Mjas s 77ij} are independent. Then, the covariance function I'}(z, y) in (2.14) becomes

%

Diclr,y) = i[p;;,iz(E[m(a:m(y)}+Em<ym<x>l)]

1=1 k=2
- i v Z (Fu(e. ) + Fr(y 2) - 2F (@) F(y)) . (3.19)
=1 k=2

where ;, (z) = 1(n;, < x) — F(z) for each service requirement k = 1,..., B; in the i*® batch, and
F.(,y) is the joint distribution function for each pair (n;,,7;,) of the i*! batch. Note that the job
1 in batch 7 is not necessarily the first job in the batch, but instead an arbitrary job in the batch,
and thus we use the stationary-excess batch size distribution. For a comparison of the difference

between the first job delay and an arbitrary job delay in a batch for single-server queues, see Whitt

12



(1983). It is easy to see that such sequences of service times form a stationary sequence satisfying
the ¢-mixing condition and the S-mixing condition.

Suppose, in addition, that the dependence between any two service requests among the arrivals
in a batch is the same, that is, F(z,y) = Fj(x,y) for each pair (1;,,m;,) of the i'" batch. Then the

covariance function I'}. (x,y) in (3.19) can be simplified as

Picey) = (Flay) + F(y.x) - 2F(2)P) ) (EIB;] - ). (3.20)
In Pang and Whitt (2011b), we study this special model in more detail. =
3.3 Characterizing the FCLT Limit Processes

In this section, we give the Gaussian characterizations of the limit processes in Theorem 3.2. First,
we give the Gaussian property of the process X2e defined in Definition 3.1. Recall that this process
does not involve the limit process A. In §4.2, we will prove Proposition 3.1. The Gaussian property
of Qe(t, y) is then simply obtained by combining the Gaussian property of X’f together with that
of X; since X { and Xge are independent. The Gaussian property of Xf follows from applying Ito’s

isometry property, see Karatzas and Shreve (1991).

Proposition 3.1 (Gaussian property of X§ ) Under Assumptions 1 and 2, the two-parameter

process X§ in (3.11) is a well-defined continuous Gaussian process with mean 0 and covariance

R R t1A\t2
E(X5(t, y) X5 (ta )] = / (Pl Ao —5) = Pty — 8)F(tz )
(t1—y1)V(t2—y2)
TS (t — 5, ts — s))da(s), (3.21)

Proposition 3.2 (Gaussian property with time-varying arrivals) If, in addition to the Assumptions
in Theorem 3.2, A(t) = \/c2B,(a(t)), where B, is a standard BM, a(t) = fg A(s)ds and 2 is a

constant (the variability parameter), then the limit processes are all continuous Gaussian processes

with
Q(ty) SN0, 0d(Ly), D) EN(O,0h(1), t>0, 0<y<t (322
where
Thelte) = [ A (Pl =)+ (e = D(F(t = 9)° + Tl — 5.t = 5) ), (3.23)
t—y
o (1) = /A(s)(F(t—s)—i—(cg—1)(F(t—s))2+1“§<(t—s,t—s))ds. (3.24)
0
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Proposition 3.3 (Gaussian property in the standard case) If, in addition to the Assumptions in

Theorem 3.2, we have the standard case, then (3.22) holds with

od(ty) = )\/t (Fo(t = s) + (2 = )(F(t = 5))* + Ticlt = 5.t — 5) ) ds

;y
~ /0 (Fo(9) + (&~ D(F () + Ticls.8) )ds = o3, (000),  (325)
o2 = A /0 (F(9) + (&~ D(F()) + Tes. ) ) s (3.26)
and
2
Jim "Dt(t) = lim )\[F(t) F(E—1)(F)?+ r;((t,t))} = 2. (3.27)

We observe from Propositions 3.2 and 3.3 that the dependence among service times affects
the variance functions of the number of customers in the system and the departure process by
simply adding an additional term involving I'}- to the expressions in the case of iid service times.
Moreover, in the standard case, the variability of the departure process is not affected by the
dependence among service times, which is the same as the variability of the arrival process, c2, as

shown in (3.27).

4 Proofs

4.1 Proof of Theorem 2.1

We first show the convergence of the finite-dimensional distributions (f.d.d.’s) and then we show
tightness of {U,, : n > 1} in the space D([0,00), D([0,1],R)).

For the convergence of f.d.d.’s, we can apply Theorem 1 of Berkes and Philipp (1977) under the
¢-mixing condition and Theorem A of Berkes, Hormann and Schauer (2009) under the S-mixing

condition to deduce that, for 0 <t; <itg9 < -+ < ty,
(Un(t1,)s s Un(t, ) = (U(t1,), ... Ulty,?)) in D([0,1],R)* as n — oo, (4.1)

where the k elements in the limit are random elements in the functional space D([0,1],R). Then,

by those two theorems above, for each ¢;, we have that for each xy,,1, ..., ¢, j,. .

(0n(t17 xt1,1>7 ceey Un(th xtl,jti)a T, Un(tka xtk,1)7 ceey Un<tk7 xtk,jtk )) (42)

= (U(tlaxt171)7"'7ﬁ(t17xt17jti)7'” 7(7(tk7xtk71)7"‘7(7(tk‘7$tk7jtk)) in Rjtl+m+jtk as n — oo.
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We next show the tightness of {U,, : n > 1} in D([0, o0), D([0,1],R)) by applying the tightness
criteria in Theorem 6.2 in Pang and Whitt (2010). First, the stochastic boundedness of {U,, : n > 1}
in D([0,00), D([0,1],R)) follows easily from the convergence in D([0,1]?,R) under either the ¢-
mixing condition or the S-mixing condition.

Then, it suffices to show that

lim lim sup sup P (sup Ay, (Un(kin +t,-), Up(Kin,-)) > §> =0 (4.3)

=0 n—oco Ky t<9

where {k, : n > 1} is a sequence of uniformly bounded stopping times with respect to the natural
filtration G,, = {Gn(t) : t € [0,T]} with G, (t) = 0{Un(s,-) : 0 < s < t} VN satisfying the usual
conditions (complete, increasing and right continuous). Due to the fact that the Shokorod J; metric
for any two functions in D is less than the uniform metric (§3.3, Whitt (2002)), and moreover, by

easily observing that

~

Un(/{n +tz)— Un(lin,JT)‘ > g)

P | sup sup
t<d z€[0,1]

~

Un(’{n + t7$) - Un(’fnal')‘ > §> s

< 2P |sup sup
t<0 x€[0,1/2]

we only need to prove that

Un(kin + t,2) — Up(kn, x)‘ > g) =0. (4.4)

lim limsupsup P | sup sup
920 n—oo Ky t<9 z€[0,1/2]

The sequence {7y (z) : k > 1} for each = € [0, 1] is stationary and ergodic, because {{; : k > 1}
is stationary and ergodic under either the ¢-mixing condition or the S-mixing condition, and
moreover,

, forall zel0,1].

|

Ely(2)] =0, Bhy(x)?] =2(l ) <

We now construct a martingale difference sequence from the sequence {y;(-) : k£ > 1}. We follow
the idea in the proof of Theorem 19.1 in Billingsley (1999). Let F = {Fj : k > 1} be the natural
filtration generated by the sequence {{ : k > 1}, defined by Fj, = o{¢&; : i < k}. Define

(@) =D Eleyi(@)|Fel, z€[0,1], k=1,2,.. (4.5)
i=1
and
F(x) = yi(x) + A(x) — Ap—1(x), x€]0,1], k=1,2,... (4.6)
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Then, the sequence {J;(z) : k > 1} for each = € [0,1] is a martingale difference sequence, because

for each k£ > 1,

Efk+1(@)|Fe] = Elykt1(®) + et (x) — (@) Fi]

= Bl (@) + B[ Y Bbwrsi(@)Funl| Fe| - EG(@)|Fd
=1

= Elyer1 (@) Fx] + Y Elprasa(@)|Fi) — ZEWH )| Fi]
=1

= Bl (@)[F] = Elypa (2)|Fi] = 0,

and E|7k(x)
Define the processes U, = {[%(t,:r) :t,x >0} by

] < oo since E[|[5x(z)|] < oo by (2.8).

[nt)

Un(t, ) \}Z% (4.7)

Then it follows that for each t > 0 and = € [0,1], (see the proof of Theorem 19.1 in Billingsley
(1999))

[nt]
T, (t, ) — Up(t, )| 2 = \FZ —Yp—1(z))|| — 0 as n— oo. (4.8)
L2
Hence, for each = € [0,1], k,, and n > 1, the process {Un(mn +t,x)— Up(kin, ) i t > 0} defined
by

i i | Gt
Up(kin 4 t,2) — Up(bin, x )z% > @) (4.9)
k=|nkn|+1

is a locally square integrable martingale with respect to the filtration {Gy, 4+ : t > 0} by Doob’s
sampling theorem. The difference between Uy, (k,, +t,2) — Uy (kin, ) and U, (kn + t, ) — Uy (fin, )

is asymptotically negligible as n — oo because for t < 1 small,

1 lrtEntd)] | letent)]
7n Z (V@) —w(@)|| = Jn Z (Fk(@) = A—1(z))
k=|nkn|+1 2 k=|nkn]+1 2
1
— (Yn(x — Ynx —0 — 00.
|7t 01@) = g )| 0 35w
Thus, it suffices to show that
lim lim sup sup P (sup sup ‘Un(nn +t,2) — Un(Kn, )‘ > g) = 0. (4.10)
920 n—oo Ky <9 2€[0,1/2]
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For each = € [0,1], k,, and n > 1, the process {Uy,(kn +t,2) — Up(Kn, ) : t > 0} is a locally
square integrable martingale with respect to the filtration {G., 4+ : t > 0}, and then, by Doob’s

maximal inequality,

p (sup sup |Un(kin +t,2) — Up(kin, )‘ = §>
<9 2€[0,1/2]
1 . ~ 9 1 1 \_n(l“f/n‘f'ﬂ)J 2
< SE| sup |Up(kn+9,2)— U(%7w =5k | sup | —= (@)
$2 lae0,1/2] < |eefo1yz \ VR k:L%J+1

Then, it is obvious that for each fixed n and k, {7x(x) : « € [0, 1]} is a square integrable martingale,

and so is {Un(mn +t,2) — Up(kin, ) : & € [0,1]}, and thus, by Doob’s maximal inequality again,

P <sup sup  |Up(kin +t,2) — Up(tin, )‘ > g)
<9 z€[0,1/2]
) | Lntento)] 1
< 5F \/ﬁkﬂzmvk(m) < SW+1/nM

where M, = >3 E[7(1/2)% < oco. This upper bound goes to zero as ¥ — 0 and n — oo and
thus, (4.10) holds. The proof is complete. =

4.2 Proof of Proposition 3.1

First, since the process K is continuous Gaussian, the process X§ i defined in (3.13) and (3.14) is
also continuous Gaussian for each k > 1, and thus the limit as k — oo is also Gaussian. Next, we

want to calculate
E[(X5(t1, 1) — X5(t2,12))%] = klggo E[(Xg,k(tlayl) - Xg,k(t2792))2] (4.11)

for each t; < t9 and y; < yo.

Define for t; < t9 and z1 < x9,
AK(tl,tQ,xl,a}Q) = K(a(tg),xg) K(d(tl) ) K(d(tg) ) —i—K(d(tl) ) (4.12)
Then, for tl S tg and T S 9,

E[(AK<t1,t2,x1, -%'2))2}

= E[K(a(ty),z2)%] + E[K (a(t1), 2)*] + E[K (a(t2), 21)’] + E[K (a(t1), 21)?]

—2E[K (a(ty), x2) K (a(t1), z2)] — 2E[K (a(t2), x2) K (a(t2), 21)]

A~

+2E[K (altz), v2) K (a(t1), z1)] + 2E[K (a(t1), 2) K (a(tz), 1))
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—2E[K (a(t1), z2) K (alt1), 1)) — 2E[K (a(t2), 21) K (a(t1), 21)]

= a(t2)Tk (22, @2) + a(t) T (€2, 22) + alts)Tx (21, 21) + a(t)T (21, 1)
—2a(t1) T (z2, z2) — 2a(te) Tk (2, 1) + 2a(t1) i (22, 21) + 2a(t1) Tk (22, 21)
—9a(t1)T g (w9, 1) — 2a(t)T (1, 21)

= (a(t2) —a(t1))[Cx(x2,x2) + T (x1,21) — 2Tk (22, 21)]

= (a(t2) — a(tr))(F(22) — F(21))(1 + F(21) — F(22))

+(a(t2) — a(t1)) [Tk (w2, v2) + T (21, 71) — 20 (22, 71)] (4.13)
and for t; <ty and z; < x9, t] < t, and 2} <z}, and to < 1],
E[AK(tlat2,x17x2)AK(tllat,2ax/1ax/2)] =0 (414)

We choose the same set {sf :0 <1 <k} for t; <ty and y; < yo so that ty — ys = slg < e <

3112 = to for each k > 1. Without loss of generality, assume that t5 — ys < t; — y1. Then, we can

write N
X5t 1) — X5 4(ta,y2) = > Axc(shy,sF,t1 — s 12 — s7), (4.15)
i=1
and by (4.13) and (4.14), we obtain
k
E(X5 5, (t1,51) — X5 4 (t2,92))") = > El(Ax (s, 85,11 — sF, ta — 7))
i=1

k
= > (a(sf) —alsiy)) [(F(tz — i) = F(ty = s7))(1+ F(ty — s7) = F(t2 — 57))
i=1

t1 —sM)]|. (4.16)

7

+[D% (b2 — sF ta — sF) + T (t1 — sF, 11 — sF) — 20 (t2 — sF

79

Thus,

A~

E[(X5(t1, 1) — X5(t2,92))%]

- /ttz [(F(h —u) — F(t; —u)(1 + F(t; —u) — F(ta — u))

2—Y2

+[F§((t2 — U, ty — U) + F%(tl —u,t; — u) — QF;{(tQ —u,t; — u)] da(u) (4.17)

for each t1 < to and y1 < yo with to — yo < t1 — y1. The continuity property of Xf(t, y) in both ¢
and y w.p.1 follows from (4.17) by applying Chebyshev’s inequality and the continuity of a. The

covariance of X§(t,y) follows from a similar argument. The proof is completed. =
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4.3 Proofs for the FCLT

Proof of Theorem 3.2 Here we outline the main steps to prove the joint convergence of the
processes in (3.15). Once we prove the convergence of QZ, the convergence of D,, follows from
applying the CMT to the addition mapping. Thus, The main task is to prove the convergence
of Q;, for which the convergence of Xﬁl follows from applying CMT to the following mapping
¢:DxD— Dp
¢

o(,2)(t,y) = 2(t) — 2(y)(t —y) - / Al = ),y 20 (4.18)
where x,z € D. The continuity of the mapping ¢ in the Skorohod J; topology follows from a
similar argument as in the proof of Lemma 6.1 in Pang and Whitt (2010), and thus, is omitted.

Thus, it suffices to prove the joint convergence of Xfﬂ and Xfm We will take two steps: tightness

(Lemma 4.1) and convergence of f.d.d.’s (Lemma 4.2). =

Lemma 4.1 (Tightness) Under the assumptions of Theorem 3.2, the processes {(An,Xe Xe

n,1»“*n,2»

D, :n> 1} are tight in D x D% x D, and so are the processes {(AH,Q;,DH) :n>1}in DxDpxD.

Proof. The tightness of the processes {4, : n > 1} and {Xﬁl :n > 1} follows from the Assump-
tion 1, and from applying the CMT to the mapping in (4.18).

For the tightness of {Xﬁz :n > 1}, we first construct a martingale difference sequence from the
sequence {n; : i > 1}. As in the proof of Theorem 2.1, we follow the idea in the proof of Theorem
19.1 in Billingsley (1999). Let F = {Fj : k > 1} be the natural filtration generated by the sequence
{ni :i > 1}, defined by Fy, = o{n; : i <k} VN. Define

(@) =D Elpi(@)|Fel, >0, k>1, (4.19)
i=1
and
Ye(@) = (@) + (@) — Jo-1(z), 220, k=1, (4.20)
where
(x) =1 <z) — F(x) = —(1(n > x) — F(z)), x>0, k>1. (4.21)

Then, it is easy to check that for each = > 0, the sequence {Jx(x) : kK > 1} is a martingale difference

sequence. Define
[nt]

Kp(t,z) = 7 > Ak(z), tz =0, (4.22)
k=1
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and

(nAn(?)]
- _ 1 ~
Ru(t,z) = Ky (A, z) = 7 kzl Ar(z), t,z>0. (4.23)
Moreover, define the processes Xﬁg by
X5 5t y) E/ / 1(s+z > t)dRy(s,z), t>0, 0<y<t. (4.24)
t—y

We now show that the difference between X no and X7 o becomes negligible as n — co. By the

definitions of X¢ o and Xn 9, we have

Xﬁvg(t,y) 5(t,y) /t / (s+x> t)d(R (s,x) — Rn(s,x)), (4.25)
y
where _
R R 1 [nAn(s)]
Ry(s,x) — Rp(s,x) = % 2 (I (x) = Ap-1(z)). (4.26)
By Assumption 2
E|(k(2))%] = E[(h—1(2))?] <00, k=1, x>0, (4.27)
and similar to (4.8)
[nt]
\f Z Yk(x) —p—1(z))|| — 0 as m—oo, for t,z>0. (4.28)

L2
By Assumption 1, A, = @ with @ being a deterministic and continuous function, it follows that

~

E[(Rn(s,z) — Ry(s,2))] =0 as n— oo, for sx>0, (4.29)

and thus,
E[(X5o(ty) = X5o(ty)?] =0 as n—o0, for ty>0. (4.30)

Therefore, it suffices to prove the tightness of the processes {X’f12 :n > 1} in Dp.

We observe that the processes X 5o in (4.24) can be written as

An(t)
~ 1
e — E Vit — ). 4.31
n,?(t7y) \/ﬁ Wi (t Ti ) ( 3 )
1=An(l—Y

We will apply Theorem 6.2 in Pang and Whitt (2010) to prove the tightness property of {Xﬁz :
n > 1}. First, we show the stochastic boundedness of Xﬁqg. It suffices to show the stochastic

boundedness of

An(?)
<y Z it — 7 (4.32)
=0
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since for each ¢ and y, X,?L’Q(t, y) < X;Q(t). We will show that for any 7' > 0,
lim lim P <sup|X;;2(t)| > L) =0. (4.33)
L—oon—o0 t<T ’

For any constant L > 0, we can write

P <sup | X5 o (t)] > L) <P(A(T+1)>L)+P <sup | K (Ap(t) ALt —71)] > L) (4.34)
t<T t<T

where K, (t,z) is defined in (4.22). By Assumption 1, the sequence of processes {4, : n > 1} is
tight, and thus

lim limsup P(A,(T +1) > L) = 0. (4.35)

L—o0o0 n—oo

Since {Fk(x) : k > 1} in an ergodic martingale difference sequence for each x > 0, by the Lenglart-

Rebolledo inequality (see, e.g., p.30 in Karatzas and Shreve (1991)), for any constant L

P <sup \Kn(A,(t) ALt —77)] > L) <L/L+P ((f(n([ln(T) ANLT — 7)) > z) o (4.36)

t<T
where B §
o ; 1 An(MIAL)]
(Kn(An(T) AL, T = 77%)) = E[(T — 7)), (4.37)
i=1
and B
1 A ®)) ¢
LS EREG-Y)= / E[s(t — 5))da(s) < 00 as n— oo, (4.38)
i=1 0
We can choose L large (but fixed) so that
lim lim P (sup |Kn(Ap(t) ALt — 1) > L) =0, (4.39)
L—o00n—0o0 t<T
and thus (4.33) is proved.
We next show that for any ¢ > 0
lim lim sup sup P (sup Ay, (Xpno(kn +1t,-), Xno(kn, ) > §) =0, (4.40)
—0 nooco  kn <9

where {k, : n > 1} is a sequence of uniformly bounded stopping times with respect to the filtration

H, = {#H,(t) : t > 0} and with upper bound x*, where
Ho(t)=c{n <s—11":1<i<A,(t),0<s<t}V{A,(s):0<s<t}VN (4.41)
and H,, satisfies the usual conditions. It suffices to show that for any ¢ > 0

lim lim sup sup P | sup sup Xoo(kn +t,9) — Xna(kin, y)‘ >c¢| =0. (4.42)
=0 n—oo Ky t<V y€[0,TA(Kkn+t)]
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For each n, Ky, y > 0 and t < ¥ small, by (4.31)

Xn,Z( Rn +t y) Xn,Q("ina y)
1 Ap (KnA+t) 1 An(kn)
= - Filkn +t =) — —= Yi(kn — 17)
i:An(Hn"Ft_y) i:An(Hn_y)
1 An(“n‘f't) . 1 An K'n) B .
= 5 Z Yi(kin +1 = 7]") — 0 Z Yi(kin = 7")
i=An(kn+t—y) i=An(kn+t—y)
1 An (kn+t—y) i .
~ Z Yi(kin — 7i")
i=An(kn—y)
1 An("in+t) 1 A"(“n)
= = Filn ¢ = 70h) = —= Bk =70 = Tl + £ = 77|
l:An(ﬁn)+1 ’i:An(Nn‘Ft*y)
1 Ap(kn+t—y) ) .
= X ) (4.43)
i=Ap(kn—y)

Then, for any L > 0, we have

t<9 y€[0,TA(rn+t)]
< P(Au(k*+1)> L)

P <Sup sup ‘Xn,z(ffn +t,y) — Xn,z(ﬂn,y)‘ > <>

1 n(An (kn+t)AL)
+P | sup|— Z Yilkin +t—1")| >
t<y | VT
i=n(An(kn)AL)+1
1 n(An(kn)AL) )
+P | sup sup — Z Yilkin = 7") = ilkn +t — 7" )} > <
LS yEl0, TAGsn+)] | VT i=n(An(kn+t—y)AL)
n(Ap (kn+t—y)AL)
+P | sup sup = Z Fi(kn —Ti")| > ¢ (4.44)
i\fvn 3 . .
<O TN 0] [V 1, fGo )
By Assumption 1, we have
lim limsup P (A, (k*+1) > L) = 0. (4.45)

L—00 n—oo

For the second term on the right hand side of (4.44),

1 n(Ap (kn+t)AL)
P |sup|— Z Filkn +t—T1")| >
t=d v i=n(An(kn)AL)+1
1 n(An (kn+t)AL)
< Plsup|—= Z Yilkin — 1) > <
t<d i=n(An(kn)AL)+1
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n(An(kn+t)AL)
[Fi(kn +t = 7)) = Yilkin = 7)]| > < | - (4.46)
=n(An(kn)AL)+1

+P | sup
<0 \f

For each n and ¢ > 0, by Lenglart-Rebolledo inequality, the first term on the right hand side of
(4.46) satisfies

n(An(kn+t)AL)
Plswl—= S ka1 >
t<? fz n(An (kn)AL)+1
: | At L)
< E_I—P <\f Z ’%(Hn—ﬁn)>>f
(A (kn)AL)+
c 1 n(An (kn+9)AL)
= S+P(L Y Bl - )< (4.47)
=n(An(kn)AL)+1
where
| PAn(Ent AL | nAnAL)
po 2 Bllemmds | se S 2 BGE-mT (449)
i=n(An(kn)AL)+1 SESEALIST i=n(An(s)AL)+1

and thus, by (4.38) and choosing ¢ arbitrarily small, we have that for any ¢ > 0,

n(Ap (kn+t)AL)
lim limsupsup P | su Yilkm — )| > =0. 4.49
Jimm lim sup sup P | sup f > %( n =T >¢ (4.49)
=n(Ap (kn)AL)+

Since for each n and i, {%;(x) : * > 0} is a square integrable martingale with respect to the
filtration G = {G(t) : t > 0} where G(t) = o{1(n; < z):0< 2 <t,i=1,2,...} , then by Doob’s
maximal inequality, for any ¢ > 0,

P (Sugﬁi(/ﬁn +t—7") = Fi(kn — ") > C]
t<

< PE[(Filkn +9 — 1) = Fi(kn —7))?] =20 as 9 —0. (4.50)

Moreover,

n(An(
1 t
- Z e+ 0= 7) =it =770 = [ BG40 - 5) =3t - 9)Plda(s) < . (451)
i1 0
as n — oo and the limit in (4.51) goes to 0 as ¥ — 0. Thus, it follows that for each ¢ > 0,
n(An (Kkn+t)AL)

lim limsupsup P | su Yilkp +t — 7)) — ik — )] >¢ | =0 4.52
a1 S SRR R B R

23



For the third term in (4.44), a similar argument applies by observing that for any y € [0, A

(kn +1)],
1 n(An (kn)AL)
S D e R RS
’L:n(An(’in"l‘t_y)/\L)
1 n(An(Nn)/\L)
< - 5 — A — 7). .
S ZO oo = 71) = ien + ¢ = 7)) (4.53)

The last term in (4.44) follows from the same argument as in the first term in (4.46). Thus, (4.42)
is proven, and tightness of the processes {XfLQ :n > 1} is proven in the space Dp, which implies
the tightness of {Xfﬂ in > 1}

By the tightness of {thl :n > 1} and {Xfm :n > 1}, we obtain the tightness of {Q¢ : n > 1}
in Dp, which implies tightness of {Dz :n > 1}. Finally, the joint tightness of all these processes in
the product space follows from tightness of each sequence of processes in their own space (Theorem

11.6.7, Whitt (2002)). This completes the proof. =

Lemma 4.2 (Convergence of finite dimensional distributions) Under the assumptions of Theorem
3.2, the finite dimensional distributions of the processes (fln, )A(fLJ, Xﬁg, f)nl) converge in distribu-

tion to those of the processes (A, Xf,f(f,ﬁ)

Proof. As in the proof of tightness, we mainly focus on the proof for the convergence of the
f.d.d.’s of the processes )A(fb2 to those of X§.
First, we write the processes Xfﬂ defined in (2.17) as the limit of mean square integrals, as in

(3.13) for X,

Xeo(ty) =1img e X okt y), (4.54)
where
R t ') ) k i i i
Xookty) = /t /0 1t y(s,2)dR,(s,x) = Z Ap (8i1,8,t— i)
Y i=1
k —_ -
= D Ag (Au(shy), An(sh),t — b, 1) (4.55)
=1

with 15 ,(s,2) defined in (3.14) for t —y = s < s} < --- < sf =t and maxj<;<i |sF —sF ;| = 0

as k — oo, and

ARR(Si‘ih sf,t — sf,t) = ]?in(sf,t) — ]:En(slC Lt) — Rn(sk,t — sf) + Rn(sffl,t — sf) (4.56)



Similarly, for Xze, we write them as limits of mean square integrals of X‘; s

R t o] R k
X3kt y) = / /0 Lty (s, 2)dK (a(t), z) =Y Ap(a(s,),a(sf),t — sf,t). (4.57)
-y i=1

We prove the convergence of f.d.d.’s of )A(fﬂ to those of X; by using the convergence of K,, = K

in D% in (2.11). Define the processes X¢, , by

Xeop(t,y) =) Ag (alsiy),a(s),t — sf,t). (4.58)

Then, by the convergence of K, = K in D?, and the continuity of @, we can conclude that the
joint convergence of f.d.d.’s of (A Xn 1 Xn 2. ;) converge in distribution to those of the processes
(A, Xf,f(e ) as n — oo.

Now it suffices to show that the difference between X¢ 5.2, and X 9.1 1s asymptotically negligible
in probability as n — oo for each k, and the difference between Xn,2, . and Xn72 is asymptotically

negligible in probability as n — oo and k — oco. We will next show that for any ¢ > 0,

lim P ( sup ‘XTELQ k(t7y) - Xﬁ? k(t7y)‘ > 6> = 07 T> 07 (459)
noo \ 0<t<T0<y<t "
and
hm lim sup P(]XnQ w(ty) — 572(t,y)| >e€)=0, t>0, 0<y<t. (4.60)

k—0o n—oo

We obtain (4.59) from the convergence of A,, = @ in (2.1), the continuity of @, and the conver-
gence K,= K in (2.11) and the continuity of the generalized Kiefer limit process K. Tt remains

to show (4.60). For that, we define the processes X¢,, for each k and n by
% Y o g ko ok k
nok(ty) = / / 1yt y(s,2)dRy(s,x) = Z Ap (571,87t — 8, t)
t=y /0 i=1

= 3 A, (s ), Al t = s ) (4.61)

where K,, and R,, are defined in (4.22) and (4.23), respectively, and the partition of interval [t —y, ¢]
and 1y, ,(s,z) are the same as in (4.55)-(4.56). (4.28) and (4.29) imply that the processes Xf;&k
and X¢ o) are asymptotically negligible as n — oo for each k, and moreover, (4.30) implies that
Xe o in (4.24) and Xe 52 are asymptotically negligible as n — oo. Thus, it suffices to show the
following in order to prove (4.60),

lim hmsupP(|Xn2k(t y) — Xf;’g(t,y)| >e)=0, t>0, 0<y<t €e>0. (4.62)

k—00 n—oo
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By (4.61) and (4.24), we have

t 00
X7el,2,k(t7 y) - XTeL,Q(t7 y) = / / [1k,t,y(57 l’) - 1(8 +T> t)]an(S’ l’)
t 0

-y
1 An(t)
i=An(t—y)
where B8 (77, m;)(t, ) is defined by
~ k ~
5;9(7—1'”7 Wi)(tal/) = Z 1(5?—1 < Tin < S?)ﬁ;ﬁ(Tf?nl)v (464)
j=1
sz(ﬂ‘nam) Vi mi) +%( i) — ’Yz (715 Mi-1)s (4.65)
() =Lt —sf <my <t —7]") = (F(t—7]") — F(t - s})), (4.66)
and
M) = Z Eiym(T, H—m?nl-i'm)’]:] (4.67)
m=1

It is clear that by construction, for each i,n,t,y, k, the sequence {5’“( 7', m;) + 4 > 1} is a martingale

difference sequence, and so is the sequence {Bf(Ti ,m:i)(t,y) : i > 1}. Moreover, E[Bk( on)(ty)] =
E[BE(!,mi)] = 0 and E[(B(r]*, m)(t,y))?] < o0, and

[nt]
1 < n < n
Jn Z(%(Tz i) = Yi—1(71,mi-1))|| — 0 as n— oo. (4.68)
=1 L2
Then, we have that for any L > 0 and € > 0,
P(|1X5 5 k(8 y) — X5 o(t,9)] > €)
B n(An(OAL)
< P(An(t) > L)+ P T > BE(r mi)(t,y)| > e
=n(An(t—y)AL)
1 n(A4n, (t AL)
An(t y)/\L)
< P(An(t) >
1 —1 n(An(t)AL) k
« /n 2
tok ﬁ Z < sHE[(%(]",m))] (4.69)
(An(t y)AL) J J=1
1 1 n(t)AL) k 2
+:2E n Z Z j 1 <7 <3)(72(za771) i (71, mi-1))

=n(An(t—y)AL) 5=1
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By Assumption 1, for the first term in (4.69), we have, for each ¢t > 0,

lim limsup P(A,(t) > L) = 0. (4.70)

—00  n—00

For the second term on the right side of (4.69),

E[(H(lm))?] = (F(t—10) = F(t —s)[1 - (F(t — 7)) — F(t - s%))]

< F(t—1) ~F(t—sb), (4.71)
which implies that
'1 n(An(t)AL)
n n 2
E ﬁ Z 1(8‘1;_1 < T; S S])E[(’YZ(TZ ’772)) ]
| i=n(An(t—y)AL) =1
[ 1 n(An (t)AL) k
k n k n k
=Bl D U< SsHF(t =) = Flt = o))
L i=n(An(t—y)AL) j=1
[k
1 k A A
< B |- (F(t—sj_1) = F(t = 57)(n(An(s;) A L) = n(An(sj-1) A L)
- ]:1
< FE [max ((An(sj) A L) — (Ap(sj—1) A L))} : (4.72)
1<5<k

Thus, by Assumption 1, the continuity of a and (4.70), we have

k—00 n—oo

k
N 1 .
lim limsup F w E 1(5?_1 <7< Sé?)E[(%vl(Tfam))Q]

< lim li E An(s;))ANL) — (Ap(si— L))| =0. 4.
< Jim timsup B | o (A, (55) A 2) = (Au(s50) A 2)| =0 (4.73)
For the last term on the right side of (4.69), we apply (4.68). Thus, (4.62) is proven and so is

(4.60). =

5 Conclusion

In this paper we have studied the G;/GP /oo infinite-server model with arrival process satisfying
a FCLT (Assumption 1), allowing time-varying arrival rates and correlated interarrival times, and
dependent service times that form a stationary sequence satisfying either the ¢-mixing condition
or the S-mixing condition (Assumption 2). We have established a FWLLN and a FCLT for the
process Q°(t,y), which represents the number of customers in the system at time ¢ with elapsed

service time less than or equal to y, together with the departure process. We have shown that the
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dependence among service times does not affect the fluid limits, but does affect the limit process
in the FCLT. As in Pang and Whitt (2010), for the service times a prominent role is played by the
generalized Kiefer process. We have characterized the Gaussian property of these processes and
shown that the variance formulas have an additional term to indicate the impact of dependence
among service times. However, this additional term is quite complicated. Consequently, we have
further studied the formula obtained here in order to better understand the engineering impact of
dependence among the service times in Pang and Whitt (2011a, 2011b). There it is shown how
the dependence might be modeled and how the performance impact of the dependence can be
calculated.

There remain many open problems to investigate. It remains to study the case in which the
interarrival times and service times are correlated with each other. It also remains to establish
corresponding many-server heavy-traffic limits for queueing models with only finitely many servers.

Finally, it remains to investigate networks of IS and many-server queues with dependence structure.
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