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1. Introduction

pools.) Then we must decide what skills each pool should
have, i.e., which classes they are allowed to serve. In the
stafﬁng phase, we must decide how many agents should be
in each service pool. Finally, in the routing phase we must
decide how the agents should be assigned to customers in
real time.
The total problem is typically large and complex, so that
it is unproductive to search for an optimal solution. Thus
we look for a good, simple solution, that produces nearoptimal performance in a relatively simple way. In particular, we hope to turn the large scale into an advantage
instead of a disadvantage by ﬁnding relatively simple procedures that become more effective as the scale increases.
Indeed, we want to ﬁnd a relatively simple approach that is
asymptotically optimal for speciﬁed problems as the scale
increases. Our goal is to achieve simplicity and asymptotic
optimality.

Large call centers usually serve multiple classes of customers having different service requirements and different
perceived value. The services provided by the call center
agents usually require special skills, but it is usually not
possible or cost effective for all agents to have all skills.
With current technology, call centers have the capability
of routing calls to appropriate agents with the required
skills, using some form of skill-based routing (SBR), but it
remains challenging to perform SBR effectively; see §5 of
Gans et al. (2003).
Call centers usually specify their operational objectives
in the form of quality-of-service (QoS) constraints. Following common practice, we will focus on the x-y servicelevel (SL) constraint, which stipulates that x% of the calls
should be answered within y seconds. We let the call center
have different SL constraints for different customer classes;
e.g., with both regular and VIP customers, we might aim
to respond to 80% of regular customers within 30 seconds,
but 80% of VIP customers within 10 seconds.
In this context, the total problem has three components:
design, stafﬁng, and routing. In the design phase, we start
by grouping the customers into classes and the agents into
service pools. (In doing so, we assume that the customers
within classes are homogeneous, as are the agents within

1.1. A Simple Intuitive Routing Rule: FQR
When considering possible controls, we think we should
seek controls that are intuitive and structurally simple.
Controls that lack any evident structure or insight are
unlikely to be used by call center managers. A good example of a simple and intuitive control that is applicable to
very general network structures (but essentially limited to
316
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single-agent service pools) is the generalized-c (Gc)
rule, ﬁrst introduced by Van Mieghem (1995) for a model
with multiple classes and a single server (also known as
the V model), and generalized to more complicated networks by Mandelbaum and Stolyar (2004). A parallel to
Mandelbaum and Stolyar (2004) in a many-server setting
has been provided by Atar (2005), who characterizes a family of controls that achieve asymptotically optimal performance in the QED regime. (See Gurvich and Whitt 2009b
for more discussion.) Although the controls in Atar (2005)
can be implemented easily in a computerized environment,
they are not nearly as simple as the Gc rule. Thus, it
seems desirable to seek a family of controls for manyserver systems that bridge the gap between the simple and
intuitive Gc rule in Mandelbaum and Stolyar (2004) and
the more complicated controls in Atar (2005).
With that goal in mind, we propose ﬁxed-queue-ratio
(FQR) routing. We assume that there is a queue for each
customer class. When an agent becomes free, he chooses
the customer from the head of the line (from one of the
classes he can serve) for which the queue length most
exceeds a ﬁxed proportion pi of the total queue length (for
all classes). The proportions pi are in turn chosen to depend
on the speciﬁed SL constraints. The FQR rule is a special case of the queue-and-idleness-ratio (QIR) family of
controls that we introduce in Gurvich and Whitt (2009a).
A consequence of Gurvich and Whitt (2009b) is that FQR
makes the separate queue lengths asymptotically proportional to the total queue length. In other words, FQR produces a very important state-space collapse (SSC), causing
the vector-valued queue-length process to evolve, asymptotically, as a one-dimensional process. In addition, FQR
is a simple balancing rule like the Gc rule and, like the
Gc rule, it is a highly decentralized control.
The key assumption that we make here is that the service rates are pool dependent, i.e, that the service time of
a customer depends on the type (pool) of the agent that
provides the service, but not on the customer class. Under
this assumption, SSC reduces the multidimensional system dynamics to a tractable one-dimensional process. This
reduction allows us to provide closed-form expressions for
the stafﬁng levels and prove that our proposed solution is
not only feasible, but also asymptotically optimal.
Our solution stands on two pillars: (i) stafﬁng via reduction of the multiclass multipool system to a single-class
multipool system, and (ii) a simple routing rule that simultaneously makes the system perform as efﬁciently as the
single-class multipool system and takes care of the servicelevel differentiation.
Our reduction approach to stafﬁng illustrates our emphasis on simplicity: We propose ﬁrst choosing the total number of agents by aggregating the service-level constraints
and acting as if all customers have access to all agents.
Thus, we reduce the original SBR system into a singleclass multipool call center known as the inverted-V model;
see Figure 1.

Figure 1.
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An SBR model and its corresponding
model.
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In the second step, we aim to satisfy the individual
class-level QoS constraints by appropriately routing the
customers in the system. Because the stafﬁng and design
decisions are highly interdependent, our proposed approach
may seem naive and inadequate. However, we show that the
FQR routing rule that we use in the second step guarantees
that the two-step solution is nearly optimal, thus decomposing the joint optimization problem of design, stafﬁng,
and routing into more elementary problems that can be
addressed sequentially.
In our sequel, Feldman et al. (2007), we remove the pooldependence assumption and provide a general asymptotic
feasibility (but not optimality) result. Based on the feasibility result, we then construct simple simulation-based
optimization procedures to solve the design, stafﬁng, and
routing problem for more-general SBR systems.
1.2. Related Literature
Several recent papers have used the simpliﬁed reduction
approach to stafﬁng. Theoretical support is contained in
Armony (2005) and Gurvich et al. (2008). These papers
established asymptotic optimality of that stafﬁng approach
with appropriate routing for special classes of models as the
total arrival rate increases. The ﬁrst paper considered models with a single customer class and multiple agent types,
whereas the second considered symmetric models with
multiple customer classes, but a single agent pool. Their
asymptotic optimality follows Borst et al. (2004), which
formulated and established asymptotic optimality for the
single-class, single-pool M/M/N queue. The asymptotic
framework is the now-familiar many-server heavy-trafﬁc
limiting regime introduced by Halﬁn and Whitt (1981),
which is also known as the quality-and-efﬁciency-driven
(QED) regime. In the QED regime the arrival rate and
numbers of servers both increase, whereas the service-time
distribution remains unchanged. These two limits are coordinated so that the probability of delay approaches a limit
strictly between 0 and 1. Borst et al. (2004) showed that
the QED regime arises naturally from economic considerations. We will be considering the QED regime throughout
this paper.
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The simpliﬁed reduction approach to stafﬁng was also a
central idea in Wallace and Whitt (2005), which developed
a simulation-based iterative algorithm for stafﬁng an SBR
call center that starts by choosing an initial total number
of agents by acting as if the call center were a singleclass single-skill call center. After initial skill requirements
are assigned, simulation is used iteratively to ﬁnd detailed
stafﬁng and skill requirements so that the SL and other QoS
constraints are met. The approach in Wallace and Whitt
(2005) has two shortcomings, that we address here. First,
that approach requires an iterative simulation algorithm to
adjust stafﬁng levels and skill assignments in order to satisfy the class-dependent QoS constraints. Because service
is performed in a relatively short time scale compared to
stafﬁng, we think it should be more effective to primarily rely on the routing rather than the stafﬁng in order to
achieve desired service differentiation. In this paper we provide a way to do that. Second, although the approach in
Wallace and Whitt (2005) seems to become more effective as the scale increases, it has not yet been shown to be
asymptotically feasible or optimal as the scale increases.
Here, in contrast, we establish asymptotic optimality. In this
paper we assume that the service rates are pool dependent.
A special case is the system with common service rates,
e.g., as considered in Wallace and Whitt (2005).
The analysis in this paper relies heavily on our previous
paper (Gurvich and Whitt 2009a), which establishes SSC
results for the QIR generalization of FQR. We establish
asymptotic optimality for the case of convex holding costs
in Gurvich and Whitt (2009b).
An important contribution here is simultaneously
addressing the three problems of design, stafﬁng, and routing. Conventionally, these are treated separately and hierarchically. Wallace and Whitt (2005) also addressed these
three problems together, but the only previous work we are
aware of that establishes asymptotic feasibility or optimality
for all three problems is Bassamboo et al. (2006a, b), Bassamboo and Zeevi (2008). They establish asymptotic optimality for the problem of minimizing costs associated with
waiting, abandonments, and customer rejections. In Bassamboo and Zeevi (2008) they also consider abandonment
constraints, but not tail-probability SL constraints. Their
analysis is interesting because it focuses on uncertainty in
the arrival rates. As a consequence, they consider a different
limiting regime, the efﬁciency-driven (ED) regime. Their
general setting allowing for uncertainty in the arrival rates
comes at the price of having to restrict the analysis to a
cruder notion of asymptotic optimality than the one we use
here. Our ﬁner analysis, although more limited in its scope,
allows us to identify key system characteristics and, in turn,
to construct intuitive routing schemes. Moreover, it allows
us to tackle directly waiting-time tail-probability SL constraints that are widely used in the industry. In addition, the
routing scheme we propose in this paper is used in Gurvich
et al. (2008) to construct a stafﬁng and routing algorithm
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for a call center with uncertain arrival rates operating under
SL constraints.
Within the context of single-server stations, several
papers have tackled the problem of SL constraint satisfaction. Notable is Van Mieghem (2003), which embeds the
constraint-satisfaction problem into the convex holding cost
setting of Van Mieghem (1995), rather than dealing with it
directly.
Organization of the Paper. In §2 we introduce the
model and initial problem formulation. The proposed
design, stafﬁng, and routing solution is introduced in §3
and the asymptotic optimality results are stated in §4. We
introduce and solve additional problem formulations in §5.
We state conclusions in §6. Some proofs and auxiliary
results appear in the e-companion, which is available as
part of online version that can be found at http://or.journal.
informs.org/.

2. The SBR System and the Problem
Formulation
We consider a system with a set  = 1     I of customer classes and a set  = 1     J  of agent types. The
number of agents of type j (which will be a decision variable) is denoted by Nj ; let N = N1      NJ . Class-i customers arrive according to a Poisson process with rate i

and  = i∈ i is the aggregate arrival rate. If a type-j
agent can serve a class-i customer, we let i j be the corresponding service rate. Alternatively, the mean handling
time of a class-i customer by a type-j agent is 1/i j . A key
assumption in this paper is that the service rates are pool
dependent. That is, for each j ∈  , we have i j = j for
all i ∈  that can be served by pool j. Throughout, we will
assume, without loss of generality, that the service rates are
labeled in decreasing order:
1  · · · 2  · · ·  J 
At this point, we do not consider customer abandonment;
see §5.2 for extensions to that case.
The possible-routing graph for this SBR system has a
natural representation as a bipartite graph (see Figure 1)
with vertices V =  ∪ ; i.e., V is the union of the set
of customer classes and the set of agent pools. Then,
the only edges we consider connect customer classes to
agent pools: E = i j ∈  ×  j can serve i. An edge
i j is present in the routing graph if class-i customers
can be served by type-j agents. We let Ij be the set
of customer classes that can be served by pool j, i.e,
Ij = i ∈  i j ∈ E, and, symmetrically, we deﬁne
J i = i ∈  i j ∈ E to be the set of pools that are
qualiﬁed to serve class-i customers. In addition, we assume
that agents of type-j incur a cost of cj per unit of time. We
also will allow the system to impose additional constraints
on the stafﬁng vector to reﬂect union contracts, hiring and
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training constraints, or other managerial considerations; see
§2.1 for the formal modeling of these constraints.
For the asymptotic analysis, we will construct a sequence
of SBR systems indexed by the aggregate arrival rate .
The service rates j and the routing graph are held ﬁxed.
We will make the dependence on the index explicit by
adding the superscript  to all the relevant parameters and
processes. We assume that the ratios ai = i / remain constant for all . Also, we let the SL target Ti scale with 
to put the system into the QED regime.
Assumption 2.1 (QED Scaling for SL Targets).
The SL
√
targets Ti , i ∈  are scaled so that Ti = Ti /  for some
strictly positive constants Ti , i ∈ .
The proposed stafﬁng and routing solution will be completely deﬁned in terms of the original targets Ti ; there
will be no use of the constants Ti . The scaling is only used
for the proof of asymptotic optimality.
2.1. The Problem Formulation
To formulate our optimization problem, let Ai t be the
  T
number of class-i customers to arrive by time t. Let W
be the average waiting time of all customers that arrived
up to time T ; let Fi T · be the empirical distribution of
the waiting time of class-i customers up to time T ; and let
Fi T · be its complement; i.e.,
  T =
W

I Ai T 

Fi T y =

k=1

i=1

A T 

Ai T 
k=1

wi k

(1)


Ai T 

where A T  = i∈ Ai T , wi k is the realized waiting
time of the kth class-i customer to arrive to the system after
time 0, and 1B is the indicator of the event B, which is
equal to 1 if B occurs, and 0 otherwise. An initial formulation, representing common call-center goals, can then be
stated as follows:

cj Nj
minimize
j∈

N ∈  

  T  TI 
subject to lim sup W

1  i  I

(2)

# ∈ $

where  is a subset of J+ that is generated by linear
constraints. Speciﬁcally, we allow constraints of the form
N ∈  = b , where b = N ∈ J+ : A · N  b  , for some
matrix A ∈ d×J , d ∈ + , and b  = b̂ for some b̂ ∈ d .
We also let  = b be the set obtained from  by relaxing the integrality assumptions. That is,  = N ∈ J+ :
A · N  b  . If the set of possible stafﬁng vectors is unconstrained, we set  ≡ + .
We observe that to consider optimality, (2) is not well formulated, because we have not yet sufﬁciently constrained

(3)

T→
T→

1 wi k > y

T→

j∈

lim sup Fi T Ti   "

and

subject to lim sup Fi T Ti   "

the policies. So far, the formulation permits giving some
customers satisfactory performance at the expense of giving
other customers (in the proportion 1 − ") arbitrarily poor
performance. This problem is discussed extensively at the
end of §2 of Gurvich et al. (2008), so we will be brief here.
To illustrate the difﬁculties, note that we could elect not
to serve class-i customers who have waited longer than Ti .
Even if we required ﬁrst-come ﬁrst-served (FCFS) service
within each class, we could satisfy all the constraints with
relatively limited stafﬁng by disallowing any waiting, i.e.,
by using a pure-loss model. Clearly, in a loss model all the
customers that do enter the system do not experience any
wait, and we may choose the number of agents so that the
blocking probability is less than 1 − ". That is clearly an
undesirable outcome because many customers are blocked
and do not receive service at all. Even when requiring that
all customers be served, highly undesirable polices are possible, such as the alternating-priority control discussed by
Gurvich et al. (2008).
As a consequence, we modify (2) by adding an additional
constraint; in particular, we initially consider the following
best-effort optimization problem:

cj Nj
minimize

N ∈  

1  i  I − 1

# ∈ $

We emphasize that it is not sufﬁcient to add the global
average-waiting-time constraint. It is also important to
remove the individual SL constraint of class I. Otherwise, the problems with formulation (2) remain unresolved.
Indeed, if the global average-waiting-time constraint is very
loose, one can show that it is possible to construct alternating priority controls as illustrated in Gurvich et al. (2008)
to construct policies under which, part of the time, each
class experiences extremely low service levels.
The difﬁculties in formulation (2) can be avoided in other
ways, e.g., considering only average-waiting-time constraints. Such a formulation and its corresponding solution
are considered in §5. We ﬁrst focus on the formulation (3).
We now deﬁne the set of admissible policies $. To this
end, we say that all customers are served if it is not allowed
to block or overﬂow customers; i.e., we require that for all
t  0, Qi t = Ai t − Di t − Zi t, where Di t and Zi t
are, respectively, the number of class-i departures from the
system up to time t and the number of class-i customers in
service at time t.
We say that a routing policy is nonanticipative if a decision at any time is based on the history up to that time
and not upon future events. We say that a routing policy is
nonpreemptive if customers stay in service with the agent
ﬁrst assigned to them until their service is complete once
an agent has been assigned.
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Deﬁnition 2.1 (Admissible Routing Policies). We say
that a routing policy  is admissible if: 1 it is nonanticipative, 2 it is nonpreemptive, and 3 all customers are
served. Let  be the set of all admissible routing policies.
We conclude this section with the deﬁnition of asymptotic feasibility.
Deﬁnition 2.2 (Asymptotic Feasibility). A sequence
of stafﬁng vectors and routing policies N   #   is
asymptotically feasible for (3) if (a) #  ∈ $, for all ,
and (b) for every * > 0, there exists T ∗ * such that, for
all T  T ∗ *,
  T


W
lim sup P

1
+
*
 *
(4)
TI
→
and
lim sup P Fi T Ti   " + *  *
→

1  i  I − 1

(5)

Asymptotic feasibility holds for (2) instead of (3) if (4)
and (5) above are replaced by
lim sup P Fi T Ti   " + *  *
→

i ∈ 

(6)

Given two positive real-valued functions f and g, we
say that f x is ogx (as x→ ) if f x/gx → 0
as x→ ; we say that f x is Ogx if f x/gx is
bounded as x→ . The deﬁnition of asymptotic optimality
will be the same for all the formulations that we consider in
this paper. Hence, we do not specify a speciﬁc formulation
within the deﬁnition. For the rest of the paper, asymptotic
optimality will always be in the sense of Deﬁnition 2.3
below, where√asymptotic feasibility will depend on the context. The o  in the asymptotic optimality condition (7)
below corresponds to asymptotic optimality in the diffusion
scale, which is more reﬁned than asymptotic optimality in
the ﬂuid scale, which would involve a larger bound on the
error of o as → . (The stafﬁng levels will be O.)
Deﬁnition 2.3 (Asymptotic Optimality). A sequence
of stafﬁng vectors and routing policies N   #   is
asymptotically optimal if it is asymptotically feasible, and
√
0c · N  − c · N  1+ = o  as → 
(7)
for any other sequence N   #   of asymptotically feasible stafﬁng vectors and routing policies.
We end this section with a brief discussion of the relation between our notions of asymptotic feasibility and optimality, and the more traditional steady-state feasibility and
optimality.
Remark 2.1 (Steady-State Constraints). Although
actual call-center operations involve ﬁnite-horizon decisions
and constraints, the traditional way of call-center modeling would be to write both (2) and (3) with steady-state

constraints instead of the ﬁnite-horizon ones. To obtain the
steady-state formulation, one would replace the individual
tail constraints with P Wi   > Ti   ", where Wi  
is the class-i steady-state waiting time. The global average
delay constraint is replaced with the constraint E0W   1 
TI where W    is the steady-state global
waiting time,

i.e, W    is equal in distribution to i∈ i /Wi  .
Even though these alternative formulations differ little from
a practical perspective, they are mathematically different.
They are asymptotically equivalent only if one can establish
a certain limit-interchange result. Such limit-interchange
arguments are elementary for some models, such as the
inverted-V model, but it is a complex task for the general
SBR setting. In this paper we restrict the attention to the
long-run average formulation in (2) and (3). What we do
parallels what is done with simulation. 
2.2. A Lower Bound
Our solution will be based on a reduction of the SBR system to a more elementary model in which multiple agent
types serve a 
single customer class, also known as the
inverted-V
(or
) model. Given an SBR system, the asso
ciated
model has the same set of agent-pools  , the
same stafﬁng levels Nj  j ∈  , and the same service rates
j  j ∈  . In addition, the arrival rate of the single customer class is —the sum of the arrival rates in the SBR
system.
 An example of an SBR system and its corresponding
model isgiven in Figure 1.
Clearly, the
model is not as simple as the M/M/N
queue. However, when it is optimally operated, its asymptotic performance leads to simple expressions for stafﬁng,
as has been shown by Armony (2005). We will exploit the
results in Armony
 (2005) here. In particular, we will exploit
a result for the
model, stating that
E0W   1  TI
only if


j

√
√
j Nj   + 2∗  + o  (8)

where 2∗ is the unique solution to
P1 2
2

=

√ 
TI = TI 

and


√
√
2/ 1 32/ 1  −1
P1 2 = 1 +

√
42/ 1 


(9)

with 4· and 3· being, respectively, the standard normal
pdf and cdf. Here,
P1 2 is the asymptotic delay prob
ability in the
model operated under the fastest-serverﬁrst (FSF) policy
(2005).
That is,
√
√
 as introduced by Armony
assuming that j∈ j Nj =  + 2  + o  and that
FSF is used (plus additional technical conditions), Armony

(2005) shows that P W    > 0 → P1 2,
 with W  
being the steady-state waiting time in the
model.
We note that the necessary condition (8) is given
in Armony (2005) for steady-state asymptotic feasibility,
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whereas we focus here on the somewhat weaker notion
that appears in Deﬁnition 2.2. However, we ﬁnd that the
same
necessary condition holds if one considers the same

model, but with long-run average constraints (as in (3))
and with our notion of asymptotic feasibility. This is proved
in Lemma EC.2.2 of the online appendix which, in turn, is
a key step in the proof of Theorem 2.1 below.
We now use this necessary condition to construct a lower
bound for the stafﬁng of the SBR model. In doing this
construction we will use two facts:

(i) In contrast to the SBR system, customers in the
model have access to all agent pools. It is intuitively clear,
then, that if a given stafﬁng vector is not sufﬁcient
for the

given aggregate waiting-time target in the model, it will
also not be sufﬁcient in the less efﬁcient SBR system. Consequently, to meet
constraint it is
√
√
 the global waiting-time
necessary that j∈ j Nj   + 2∗  + o .
(ii) Because we have no abandonments in the system,
the capacity should sufﬁce to serve all customers (at least
at a ﬂuid scale). In particular, any feasible stafﬁng vector
must satisfy that

j Nj yi j  i  i ∈ 
j∈J i


for some vector y such that
i∈Ij yi j  1 and yi j ,
i j ∈ E are positive.
Together, these two informal arguments suggest that an
asymptotic lower bound for the optimization problem (3)
should be given by

cj Nj
minimize
j∈

subject to:


j∈J

√
j Nj   + 2∗ 



j∈J i



i∈Ij

j Nj yi j  i 
yi j  1

N ∈  

i ∈ 

(10)

j ∈ 

yi j  0 i j ∈ E 

We calla stafﬁng vector determined through the solution
of (10) a -based stafﬁng. A standard argument shows that
the optimization problem (10) can be solved by solving an
associated LP that yields the same set of optimal solutions.
Because we are not concerned with the way in which (10)
is solved, we will use (10) directly. The next theorem provides the formal lower-bound result. Its proof is given in
the online appendix.
Theorem 2.1 (Lower-Bound Capacity). Consider the
sequence of SBR systems and let N   #   be a sequence
of asymptotically feasible stafﬁng and routing rules such
that
lim inf
→

Nj


> 0

j ∈ 

Then, N     0 satisﬁes that
√
√

j Nj   + 2∗  + o 

(11)

j∈

where 2∗ is the


-model parameter in (9).

Theorem 2.1 only provides a lower bound. We will next
propose a solution that we will prove achieves
this lower

bound. The solution will be based on the -based stafﬁng
and the FQR routing rule.

3. The Proposed Solution
Our solution consists of a stafﬁng component
 and a routing
component. The stafﬁng that we use is the -based stafﬁng
determined by an optimal solution to (10). For the routing
component, we use FQR with ratios that will be explicitly
determined as functions of the service-level targets Ti .
Let Qi t be the number of class-i customers in queue.
Let Zi j t be the number of type-j servers busy giving ser
vice to class-i customers, so that Xi t = Qi t+ j∈ Zi j
is the overall number of class-i customers
present in the sys
tem at time t, and Ij t = Nj − Ii=1 Zi j t be the number
of idle agents inpool j at time t in the th system. Accordingly, I6 t = Jj=1 Ij t is the total number of idle agents
in the system. Let X6 t be the overall number of customers
in the system (in service and in queue), i.e.,
X6 t =

I

i=1

Xi t =

I

i=1


Qi t +

J

j=1

Zi j t 



and let N6 t = j∈ Nj be the aggregate number of
agents. Below we use arg max and let it have the standard
deﬁnition; i.e., given a function f A → , with A a ﬁnite
set, let arg max f = y ∈ A f y = maxx∈A f x.
Deﬁnition 3.1 (FQR for the SBR Model). Given two
probability vectors v = vj j ∈   and p = pi i ∈ ,
FQR for the SBR model is deﬁned as follows:
• Upon arrival of a class-i customer at time t, the customer will be routed to an available agent in pool j ∗ , where
j ∗ ≡ j ∗ t ∈ arg max

j∈J i Ij t>0

Ij t − vj 0X6 t − N6 1− 8

i.e., the customer will be routed to an agent pool with the
greatest idleness imbalance. If there are no such agents, the
customer waits in queue i, to be served in order of arrival.
• Upon service completion by a type-j agent at time t,
the agent will admit to service the customer from the head
of queue i∗ where
i∗ ≡ i∗ t ∈ arg max

i∈Ij Qi t>0

Qi t − pi 0X6 t − N6 1+ 8

i.e., the agent will admit a customer from the queue with the
greatest queue imbalance. If there are no such customers,
the agent will remain idle.
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Ties are broken in an arbitrary but consistent manner,
so that the vector-valued stochastic process Q  Z   is
a continuous-time Markov chain (CTMC) with stationary
transition probabilities.
To explicitly express the dependence on the vectors
p and v, we will use the notation F QRp v. We point out
that if pi > 0 for all i ∈ , then FQR is equivalently given
by having each newly available agent choose the customer
from the head of queue i∗ , where
  
Qi t
i∗ ≡ i∗ t ∈ arg max

(12)
pi

i∈Ij Qi t>0
which makes the use of

0X6 t − N6 1+

unnecessary.


P WI−1 > TI−1  ≈ P QI−1 > I−1 TI−1




≈ P Q6 > 0e



j∈

j∈

subject to:





i∈Ij

j Nj yi j  i 

i ∈ 
(15)

yi j  1

N ∈  

j ∈ 

yi j  0 i j ∈ E

The solution to the mathematical program (15) can be
regarded as a ﬁrst-order deterministic ﬂuid approximation
for the SBR system, as in Whitt (2006). From that point of
view, given a selected solution N  ȳ, we would then use
N to provide an initial estimate of the stafﬁng and ȳ to provide an initial estimate of the appropriate routing. We point
out that the solution to (15) is independent of . Indeed,
by the deﬁnition of  and the assumption that i = ai ,
(15) is equivalent to the mathematical program:

minimize
cj ;j
j∈

subject to:



j∈J i





≈ P pI−1 Q6 > I−1 TI−1
 


 T
≈ P Q6 > I−1 I−1
pI−1


We begin to consider
 the limiting behavior as → . We
will show that the -based stafﬁng and FQR, with appropriately chosen ratios, yield an asymptotically feasible and
optimal solution for (3). First, however, we consider the
design of the system. In order to identify the design, it
sufﬁces to look at (10) with one constraint removed, i.e,
consider the following nonlinear optimization problem:

minimize
cj N j

j∈J i

Choosing p and v. For the routing component of our
solution, we will be using FQR with the ratio vectors
p∗  v∗ , where v∗ = 0     0 1 and p∗ is the unique
solution to
√ 
∗
P1 2∗ e−I−1 /pI−1 2 TI−1 = " and
(13)
i Ti
pi
=


pI−1 I−1 TI−1
√ 
for P1 2 deﬁned in (9). Because
TI = Ti (see
∗
Assumption 2.1) and i /I−1 = ai /aI−1 , the value of pI−1
∗
is independent of . Consequently, so are the values pi for
i = I − 1. The choice of the ratio vector p∗ will be justiﬁed
by (i) a sample-path version of Little’s law that holds for
the many-server service system, (ii) the SSC that is induced
by FQR, and (iii) the
 fact that it performs asymptotically
as efﬁciently as the model. Informally, SSC justiﬁes the
following sequence of approximations



4. Asymptotic Feasibility and Optimality

i∈Ij

j ;j xi j  ai 
xi j  1

i ∈ 

j ∈ 

(16)

A;  b

 /p
j Nj −/I−1 TI−1
I−1 





where Q6 is the steady-state queue length in the
model
that is constructed from the SBR system, as in the beginning of §2.2. The last step follows from simpleexpressions
for the distribution
 of the queue length for the model. By
the analysis
of
model in Armony (2005), the probability


P Q6 > 0 converges to P1 2∗  √
if we use
the -based
√

stafﬁng. Also, j∈ j Nj =  + 2∗  + o . Hence,

 

I−1 TI−1
P WI−1 > TI−1  ≈ P Q6 >
pI−1

;j  0

xi j  0 j ∈   i j ∈ E

Both mathematical programs (15) and (16) can be
replaced with linear programs (LP) that yield the same optimal solution. Henceforth, we only refer to optimal solutions
of (15), without considering how they are obtained. We
denote an optimal solution to (15) by N   ȳ  . Our ﬁrst
assumption requires a weak form of uniqueness of optimal
solutions to (15).

(14)

Assumption 4.1 (Uniqueness of Stafﬁng). Fix  and
let N   ȳ   and N   ỹ   be two optimal solutions to (15).
Then N  = N  .

Similar informal arguments can be repeated for each of the
customer classes. Finally, because 2∗ waschosen so that
the right-hand side in (14) equals ", the -based stafﬁng
and FQR should provide an asymptotically feasible solution to (3). Because the -based stafﬁng is a lower bound,
this solution is also asymptotically optimal. This informal
argument is formalized in the next section.

We note that due to the equivalence between (15) and
(16), if Assumption 4.1 holds for a given , then it holds
for all . Similarly, the equivalence between (15) and (16)
implies that if Nj > 0 for one , then the same holds for all
values of . Informally, Assumption 4.1 is required because
we will want to use the optimal solutions of (15) as a ﬁrstorder (ﬂuid) approximation for the stafﬁng (and not only

≈ P1 2∗ e−I−1 /pI−1 2

∗

√


TI−1
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the stafﬁng cost) that we get from the -based stafﬁng as
deﬁned by the solution to (10). In some simpliﬁed settings
such as the one considered in §5.4, this assumption can be
removed.
The second assumption is a critical loading assumption,
needed to put the system in heavy trafﬁc.

Asymptotic Feasibility for (2). We now discuss an
asymptotically feasible solution for the SBR problem (2).
Although this formulation is somewhat problematic, as discussed in §2, it is very common in industry. Hence, it is of
interest to discuss the construction of feasible solutions for
this problem. We now deﬁne p∗ to be

Assumption
4.2 (Critical Loading). For any   0,




j∈ j Nj =  for any optimal solution N  ȳ  to (15).

pi∗ = 

Finally, we make the following structural assumption.
Below, E and V are as deﬁned in the beginning of §2.
Also, we say that a graph is connected if there exists a path
between every two nodes in the graph.
Assumption 4.3 (Connected Routing Graph). For any
  0, there exists an optimal solution N   ȳ   for (15)
such that the graph N   ȳ   = i j ∈  ×  ȳi j > 0
is a connected subgraph of GV  E.
As before, the equivalence between (15) and (16) guarantees that if Assumption 4.3 holds for a given , then it
holds for all . This connected-graph assumption is crucial
for the ability to instantaneously balance the system by redirecting capacity from one customer class to the other; see
§2.7 of Atar (2005) for elaboration. Assumptions 4.1–4.3
are assumed to hold throughout the rest of the paper. With
the above deﬁnitions, we can state our asymptotic optimality result.
Theorem 4.1 (Asymptotic Optimality for the SBR
Model with Pool-Dependent Rates). Suppose that any
optimal solution for (15) hasNj > 0 for all j ∈  . Let N 
be determined through the -based stafﬁng in (10) with
2∗ as in (9). Set #  to FQRp∗  v∗  with p∗ as in (13)
and v∗ = 0     0 1. Then, the sequence N   #   is
asymptotically optimal for (3).
Remark 4.1 (Choosing the Ratio Vector v∗ ). In light
of our SSC result in Theorem 3.1 of Gurvich and Whitt
(2009a), the choice v∗ = 0 0     1 will cause all the
idleness to be concentrated in pool J , which is the slowest
agent-pool. This choice guarantees that all the faster servers
will be constantly busy, thus maximizing the depletion rate
of customers from the system. Informally, then, this choice
of v∗ minimizes the aggregate queue length in the system
by maximizing the depletion rate. Because this observation
holds for any stafﬁng level, this choice of v∗ is essential
for the minimization of the number of agents required to
achieve the aggregate waiting-time constraints. Once the
aggregate queue length is minimized, it only remains to
distribute it in a proper way to ensure that the SL constraints are met. The queue-ratio vector, p∗ , takes care of
this task. 
Theorem 4.1illustrates one of the key beneﬁts of FQR.
Although the
model is a more efﬁcient system, FQR
allows the SBR system to workas efﬁciently, asymptotically, making the stafﬁng of the model sufﬁcient also for
the SBR system.

i Ti
a T
= i i



k∈ k Tk
k∈ ak Tk

(17)

and redeﬁne 2∗ to be the unique solution of
√ 
 i∈ i /Ti

P1 2e−2

= "

(18)

where P1 2 deﬁned in (9). As before, we observe that
the vector p∗ is independent of , because i / = ai and
Assumption 2.1 holds.
Theorem 4.2 (Asymptotic Feasibility for the SBR
Model with Pool-Dependent Rates). Suppose that any
optimal solution for (15) hasNj > 0 for all j ∈  . Let N 
be determined through the -based stafﬁng in (10) with
2∗ as in (18). Set #  to FQRp∗  v∗  with p∗ as in (17)
and v∗ = 0     0 1. Then, the sequence N   #   is
asymptotically feasible for (2).
Both Theorems 4.1 and 4.2 rely on the fact that FQR
admits an important SSC result by which, asymptotically,
the queues of class i are equal to the proportion pi∗ of the
aggregate queue length, and the number of idle servers in
pool j is equal to a proportion vj∗ of the aggregate number
of idle servers. Somewhat
informally, the SSC results guar
antee that with the
stafﬁng and FQR we will have that,
for all i ∈  and j ∈ 
Q6 t
Qi t
⇒ 0
√ − vj √


Ij t
I6 t
⇒ 0
√ − pi √



as  →
as  →



and



where Q6 t and I6 t are, respectively, the aggregate
queue length and aggregate number of idle agents at time t.
The SSC result for this setting is a corollary of our
more general result in Theorem 3.1 of Gurvich and Whitt
(2009a).

5. Other Formulations
This section is dedicated to alternative formulation of the
call-center optimization problem.
5.1. Constraints on Average Delay
Here, we consider the formulation.

cj Nj
minimize
j∈

i T  Ti 
subject to lim sup W
T→

N ∈  

# ∈ $

i ∈ 

(19)
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where
i T =
W



Ai T 


k=1 wi k

Ai T 

Deﬁnition 5.1 (Asymptotic Feasibility for (19)). A
sequence of stafﬁng vectors and routing policies N   #  
is asymptotically feasible for (19) if: (a) #  ∈ $, for all ,
and (b) for every * > 0, there exists T ∗ * such that, for all
T  T ∗ *,



Wi T
lim sup P
 1 + *  *
Ti
→

i ∈ 

(20)

The proposed solution in this case is as follows:
• Stafﬁng: We use the optimal solution to (10) with 2∗
now given by the unique solution to
P1 2
2

=

 √  
ai Ti = ai Ti 

i∈

(21)

T
Ab
=
i

i Ti
a T
= i i



k∈ k Tk
k∈ ak Tk

(22)

Theorem 5.1 (Asymptotic Optimality for the
Average-Waiting-Time Formulation). Suppose that any
optimal solution for (15) hasNj > 0 for all j ∈  . Let N 
be determined through the -based stafﬁng in (10) with
2∗ as in (21). Set #  to F QRp∗  v∗ , where p∗ is as in
(22) and v∗ = 0     0 1. Then, the sequence N   #  
is asymptotically optimal for (19).
5.2. Adding Customer Abandonment
In this section we augment our model by introducing customer abandonment. Speciﬁcally, we assume that a class-i
customer has an exponential patience with rate <i . If his
patience expires before he is admitted to service, the customer will abandon. Patience times of different customers
are mutually independent. We will formulate an optimization problem for the abandonment model and provide the
corresponding asymptotic feasibility and optimality results.
Our asymptotic optimality result for this augmented model
is limited to the case in which all customer classes have the
same abandonment rate, i.e, when <i ≡ <. It is of practical
interest, however, that we can provide asymptotically feasible solutions for the case in which these rates are different.
To prove the asymptotic results for the abandonment
model, we exploit Armony and Mandelbaum 
(2008), which
extends the results of Armony (2005) to the model with
customer abandonments. Using Armony and Mandelbaum
(2008), we are able to provide proofs that parallel those for
the nonabandonment case, repeating the analyses of (2), (3),

Li T 


Qi 0 + Ai T 

(23)

We then consider the formulation

cj Nj
minimize
j∈

T
subject to lim sup Ab
 "i 
i
T→

i∈

where again P1 2 is deﬁned in (9).
• Routing: FQR with ratio vectors v∗ = 0 0     1
and p∗ that is given by
pi∗ = 

and (19). Asymptotic feasibility results can be obtained for
general patience rates <i , whereas asymptotic optimality can
be obtained only for the homogeneous case.
Rather than repeating the analysis for formulations (2)
and (3), we introduce and solve a different formulation with
constraint on the fraction of abandoning customers. To formulate this problem, let Li t be the number of class-i
customers that abandoned before being served, up to time t.
The fraction of customers that abandoned among those that
were initially in the queue (at time t = 0) and those that
arrived after time 0, is then given by

N ∈  

i ∈ 

(24)

# ∈ $

√
where we assume that "i = "i /  for some strictly positive constants "i  i ∈ , in order to place the system in
the QED regime.
Deﬁnition 5.2 (Asymptotic Feasibility for (24)).
A sequence of stafﬁng vectors and routing policies
N   #   is asymptotically feasible for (24) if: (a) #  ∈
$ for all ; and (b) for every * > 0, there exists T ∗ * such
that for all T  T ∗ *,
  T

Abi
lim sup P
 1 + *  * i ∈ 
(25)
"i
→
We propose the following stafﬁng and routing solution:
• Stafﬁng: Use the optimal solution to (10) with 2∗ now
given by the unique solution to
 

2
2
¯
" = <P1  <¯ 2 h
−
and
<¯
<¯

¯
¯ −1
<h2/
<
P1  <¯ 2 = 1 + √

(26)
√
1 h−2/ 1 
where h· = 4·/1 − 3·.


<¯ = pi <i and " = ai "i 
i∈

(27)

i∈

• Routing: FQR with ratio vectors v∗ = 0 0     1
and p∗ given by
pi∗ = 

i "i /<i
a " /<
= i i i


k∈ ak "k /<k
k∈ k "k /<k

(28)

In (26), P1  <¯ 2
 is the asymptotic delay probability in the
corresponding
model under
the FSF policy,
√ with√ the

patience rate <¯ and having j∈ j Nj =  + 2  + o ;
see Propositions 4.5 and 4.6 in Armony and Mandelbaum
(2008).
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Theorem 5.2 (Asymptotic Feasibility and Optimality
for the Abandonment Formulation). Suppose that any
optimal solution for (15) hasNj > 0 for all j ∈  . Let N 
be determined through the -based stafﬁng in (10) with
2∗ in (26). Set #  to F QRp∗  v∗ , where p∗ is as in (28)
and v∗ = 0     0 1. Then, the sequence N   #   is
asymptotically feasible for (24). If, in addition, <i ≡ < for
all i, then the sequence N   #   is also asymptotically
optimal.

number of agents in the ﬁrst pool can be at most 50. Finally,
we assume that the abandonment constraints are 3% for
class 1 and 5% for class 2, i.e, "1  "2  = 003 005.
With these
 parameters, we construct our (asymptotically
feasible) -based stafﬁng and FQR routing solution. The
parameters for FQR are p1∗ = 0375, p2∗= 0625, <¯ = 1375,
and " = 03266. From (26), for the -based stafﬁng we
∗
have
√ 2 = 003926, so that we need 1 N1 + 2 N2 = 150 +
2∗ 150  12548. Accordingly, we set N1 = 50 and N2 =
1254808 − 50/2  = 76.
We simulate this N model with the speciﬁed stafﬁng and
F QRp∗  v∗ . We run 3,000 replications of the system, each
up to T = 500. The graph in Figure 2 displays the average proportion of abandoning customers for each customer
class and for each time unit (as a function of time). Evidently, the proportion of abandonments is below the target
(for class 1) or only slightly above (for class 2). Also, we
ﬁnd that
 T

Abi
P
 102  002 i = 1 2
(29)
"i

We prove Theorem 5.2 in the e-companion. The required
argument is similar to the previous case without abandonments. The key step is to show that with FQR, the SBR
model with abandonment is asymptotically equivalent (in
terms
 of the aggregate number of customers in system) to
a model in which the customers’ patience is exponential
with a rate that is averaged using the ratio vector p of FQR
in Equation (27). For homogeneous
 patience rates, namely
when <i ≡ <, we show that a -based stafﬁng (modiﬁed
for the abandonment case) provides a lower bound on the
stafﬁng costs. Asymptotic optimality then follows from the
asymptotic feasibility.

where P · should be interpreted here as the empirical
probability distribution over the 3,000 replications, whereas
(29) corresponds to the asymptotic feasibility condition
(25) in Deﬁnition 5.2 with * there taken to be 002. 

Example 1 (A Two-Class Two-Pool System). We apply
the proposed stafﬁng-and-routing solution to a two-class
two-pool system. We assume that pool-1 servers can serve
only class-1 customers, whereas pool-2 servers are crosstrained. The resulting N-model is depicted in Figure 2. The
customer arrival and patience parameters are, respectively,
1  2  = 100 50 and <1  <2  = 2 1. Because we are
considering a ﬁxed system, we omit the superscript  from
all notation. Because we are considering a setting with nonhomogeneous patience rates, we aim only to show the feasibility of our solution.
To complete the model description, let the (pooldependent) service rates be 1  2  = 15 1; let c1 =
c2 = c; and let  = N ∈ 2+ N1  50. In particular, the

In practice, it is natural to require that most customers
receive their designated service, i.e., service by the type of
agent that the system designates for them. A good example is a multilingual call center, where one would prefer that Spanish-speaking customers be served by agents
whose dominant language is Spanish, French-speaking customers be served by agents whose dominant language is
French, and so forth. In other settings, the interpretation of

A two-class two-pool N model and the simulation results.
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5.3. Designated-Service Constraints
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designated service might be different. To treat designatedservice constraints, we now assume that for each customer
class i there is one agent type designated to provide service
to that class; the agent type designated for class i is j i;
that pool of agents can only serve class i.
To impose a lower-bound constraint on the proportion of
customers that receive their designated service, we let Di T
be the proportion of the arriving class-i customers that are
routed to their designated agents (the agents in pool j i)
by time T . Letting ?i > 0 be the nondesignated-service proportion upper bound, the constraints are formulated as

where

lim inf Di T  1 − ?i 

Theorem 5.3. Suppose that the conditions of Theorem 4.1
hold with respect 
to formulation (33). Let N  be the asymptotically optimal -based stafﬁng based on (10), with 
replaced by   in (34) and set #  to FQRp∗  v∗  with
p∗ as in (13) and v∗ = 0     0 1. Then, N   #  
is asymptotically feasible for (30) in the sense of Deﬁnition 5.3. It is asymptotically optimal for (30) if one of the
following holds: (i) A ⊇ B  , or (ii) cj ≡ c and j ≡ .

T→

i ∈ 

The optimization problem that we consider is then given
by

cj Nj
minimize
j∈

  T  TI 
subject to lim sup W
T→

lim sup Fi T Ti   "

1  i  I − 1

lim inf Di T  1 − ?i 

i ∈ 

T→

T→

N ∈  

(30)

# ∈ $

We now show that the designated service constraints can
be incorporated into the framework of §4 by appropriately
redeﬁning the set  . To this end, we extend the deﬁnition
of asymptotic feasibility as follows:
Deﬁnition 5.3 (Asymptotic Feasibility with
Designated-Service Constraints). A sequence of
N   #   is asymptotically feasible for (30) if (a) #  ∈ $,
for all , and (b) for every * > 0, there exists T ∗ *
such that, for all T  T ∗ *, Equations (4) and (5) hold,
as well as
lim sup P Di T  1 − ?i − *  *
→

i ∈ 

(31)

The follow lemma provides a property that all asymptotically feasible solutions must satisfy.
Lemma 5.1. If N   #   is a sequence of asymptotically
feasible stafﬁng and routing rules in the sense of Deﬁnition 5.3, then
j i Nj i

 1 − ?i  i ∈ 
(32)
i
Lemma 5.1 suggests that one may incorporate the setting
with designated-service constraints within the framework
of §2 by replacing the optimization problem (30) with

cj Nj
minimize
lim inf
→

j∈

  T  TI
subject to lim sup W

(33)

T→

lim sup Fi T Ti   "
T→

N ∈ 

# ∈ $

1  i  I − 1

  =  ∩  and


i

J
 = N ∈ + Nj i  1 − ?i 
 i∈ 
j i

(34)

Note that the set   ﬁts in the framework of §2.1 as
it is deﬁned by linear constraints. In particular, (33) is a
special case of (3) obtained by letting the set A there be
equal to   . The formal asymptotic feasibility result for
this section appears in the next proposition.

We emphasize that the asymptotically optimal solution
to (33), although asymptotically feasible for (30), need
not be, in general, asymptotically optimal. The inequalities
imposed by the set  might be too restrictive. Actually,
as the proof of Proposition 5.3 reveals, we could have 
deﬁned through


√
i

J
 = N ∈ + Nj i  1 − ?i 
− K  i ∈ 
j i
for some K > 0. This would be less restrictive, but would
sufﬁce to generate an asymptotically feasible solution
for (30).
In the next section we consider a setting in which cj ≡ c
and j ≡ . There, as in the second part of Proposition 5.3,
we will be able to replace (30) with (33) without compromising asymptotic optimality.
5.4. Common Service Rates
This section is devoted to a simple setting: a common
service rate , no abandonments, a common cost c for
all agents, and  = + , as considered in Wallace and
Whitt (2005). We have three purposes: ﬁrst, to contrast the
FQR-based solution with the simulation-based approach of
Wallace and Whitt (2005), second, to illustrate an explicit
construction of a system design when costs and system
constraints do not pose signiﬁcant restrictions; and third,
to illustrate the diminishing-return property of ﬂexibility.
The optimization problem that we consider in this section
is (30), but with cj ≡ c, j ∈  , and  ≡ J+ .
Because we have a common service rate, we can staff
using (nonasymptotic) formulas for the M/M/N queue
instead
of the asymptotic expressions associated with the

-based stafﬁng in §4. (In this setting, these stafﬁng methods are asymptotically equivalent.) To specify the stafﬁng
method here, let

N6 = min N ∈ + E0WFCFS
 1  TI 

(35)
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where WFCFS
 is the steady-state waiting time in an M/M/N
queue with arrival rate  and service rate . For routing,
we also can use nonasymptotic expressions. Speciﬁcally, we
can use FQR with ratio vector p given by


−N6 −/I−1 TI−1 /pI−1 
P WFCFS
="
 > 0e

and
(36)

pi
i Ti
=


pI−1 I−1 TI−1

Note that the ratio vector p here does depend on .
Rather than assuming that the design is given, we allow
ourselves in this section to choose the design. In doing
this, we will take into account the designated-service constraint. We will incorporate this constraint from §5.3. The
speciﬁc design we suggest here is based on a concatenation of M systems, which we call the generalized M
GM model. An example of a GM model with three customer classes is depicted in Figure 3. The GM model has a
routing graph constructed by allowing only edges of form
i j i, i ∈ , and i j i i + 1, i = \I ( excluding the element I). The GM model is relatively inexpensive
in terms of cross-training, because it uses agents with at
most two skills, and only a limited number with two skills.
The solution we propose is as follows:
• Design: Generalized M Model (GM). Use a GM
model.
• Stafﬁng: Single-Class Stafﬁng (SCS). Determine the
overall number of agents, N6 using (35). Then allocate
agents to the pools by
— Nj i = 1 − ?/2i /N6 , i ∈ 1 I, Nj i =
1 − ?i /N6 for all i = 2     I − 1, and
— Nj i i+1 = ?i + i+1 /2N6 for all i =
1     I − 1,
where ? = min ?i 1  i  I > 0.
• Control: Fixed-Queue-Ratio (FQR). Use FQR with
p as deﬁned in (36) and v deﬁned by
vj i i+1 =
Figure 3.
1

1
I −1

for all i ∈ \I

(37)

The generalized M model for three classes.
2

3

The common service rate allows us to use any vector v
in the control step above. This stands in contrast to the
case of different service rates, where we needed to use
v∗ = 0     0 1. The speciﬁc vector in (37) is designed
to increase the amount of designated service by forcing
the system to route customers that ﬁnd agents idle in both
pools j i and j i i + 1 to the designated agents in
pool j i. One could also modify FQR so that all customers that ﬁnd agents idle in more than one agent pool
that can serve them will go to the designated agent pool
j i. This modiﬁcation is guaranteed to achieve, asymptotically, the same performance as FQR. Using the results
in §4, the above combined design-stafﬁng-and-control solution can be shown to be asymptotically optimal as the
arrival rate grows:
Theorem 5.4 (Asymptotic Optimality for the SBR
Model with Common Service Rates). Consider the simple SBR model speciﬁed above and assume that the GM
design is used. Let N  be determined by SCS stafﬁng and
set #  to FQRp∗  v∗  with p∗ as in (36) and v∗ as in (37).
Then, the sequence N   #   is asymptotically optimal
for (30) with cj ≡ c and  ≡ J+ .

6. Conclusions
In this paper we have proposed the ﬁxed-queue-ratio (FQR)
routing scheme for the real-time routing of customers in
call centers with multiple customer classes and multiple
agent types operating under QoS constraints. FQR routing facilitates the construction of combined stafﬁng-designand-routing solutions for some settings of the complicated
skill-based-routing (SBR) problem, with precisely speciﬁed goals. In this paper, we used FQR to to construct an
asymptotically optimal solution for the stafﬁng-and-routing
problem subject to QoS constraints. The key assumption
that we made is that the service rates are pool dependent.
However, as discussed in §2, this is not enough, and we
need to be careful about the formulation; to get asymptotic
optimality, we need to replace the initial formulation (2)
with the best-effort formulation in (3); Theorem 4.1 shows
that FQR is asymptotically optimal in this setting. FQR also
produces asymptotic optimality for other important formulations, speciﬁed in §5. Some modiﬁcation is needed for
each new formulation, but a version of FQR applies in each
case. A key component of the proof was showingthat our
SBR problem is asymptotically equivalent to the
model
previously analyzed by Armony (2005).
It is especially instructive to see what can be done in
the special case of a common service rate  and a common agent cost c considered in §5.4, which was previously
considered by Wallace and Whitt (2005) using an iterative
simulation-based
stafﬁng algorithm. In that case, we need

neither the -based stafﬁng in (10), nor the optimization
problem (15). Consequently, for this special case we do not
need Assumptions 4.1–4.3. This simple model illustrates
how FQR simpliﬁes tremendously the construction of the
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joint design-stafﬁng-and-control solution, by allowing one
to ignore the SL constraints when making the design and
stafﬁng decisions. The FQR routing will take care of those
through a simple choice of the ratio vector. This essential
decoupling of the design, stafﬁng and control decisions is
beneﬁcial for applications, because in practice the design
and stafﬁng decisions are indeed often made in advance,
and cannot easily be adjusted in real time. This stands in
contrast to Wallace and Whitt (2005), where the numbers
of agents in the service pools need to be ﬁne-tuned through
simulation to meet the SL constraints.
Finally, it is signiﬁcant that the GM design used in §5.4
uses only limited ﬂexibility. In particular, it uses agents that
have at most two skills, and then only a limited number
with two skills. Still, with this limited amount of ﬂexibility,
the SBR system performs, asymptotically, as efﬁciently as
the single-class single-pool M/M/N queue. Although this
idea was communicated in Wallace and Whitt (2005), no
mathematical results were established there.

7. Electronic Companion
An electronic companion to this paper is available as part
of the online version that can be found at http://or.journal.
informs.org/.
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