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Abstract

Motivated by interest in making delay announcements to arriving customers who must wait

in call centers and related service systems, we study the performance of alternative real-time

delay estimators for the delay before entering service of an arriving customer based on recent

customer delay experience. We characterize performance by the bias and the mean squared

error (MSE) We do analysis and conduct simulations for the standard GI/M/s multi-server

queueing model, emphasizing the case of large s. The main estimators considered are: (i)

the delay of the last customer to enter service (LES), (ii) the delay experienced so far by the

customer at the head of the line (HOL), and (iii) the delay experienced by the customer to have

arrived most recently among those who have already completed service (RCS). We compare

these delay-history estimators to the estimator based on the queue length (QL), which requires

knowledge of the mean interval between successive service completions in addition to the queue

length. We obtain analytical results for the conditional distribution of the delay given the

observed HOL delay. An approximation for the mean value of that conditional distribution,

which is not the observed delay, serves as a refined estimator, yielding lower MSE than the

direct estimator. We show that the MSE relative to the square of the mean is asymptotically

negligible for all three candidate delay estimators in the many-server and classical heavy-traffic

limiting regimes.

Keywords: delay estimation, real-time delay estimation, delay prediction, delay announce-

ments, many-server queues, call centers, heavy traffic.
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1. Introduction

This is a supplement to the main paper, Ibrahim and Whitt (2006), with the same title.

Here, we report the results of simulation experiments supporting some of the theoretical results

of the main paper. But, we also go beyond that and use simulation to gain insight into the

performance of candidate delay estimators for which we have not obtained closed mathematical

expressions.

The Main Paper. In the main paper, we present and analyze several real-time delay

estimators based on recent customer delay history, in the standard GI/M/s model. In the

framework of the GI/M/s model, we were able to obtain tractable expressions for some of

our candidate delay estimators. Our research is motivated by applications to call centers but

could be applied to virtually any service system where customers are subject to delays prior to

receiving service, especially when they are unable to approximate the waiting time themselves

(e.g., service systems with invisible queues).

We propose seven different delay estimators. A detailed description of these estimators can

be found in section 2 of the main paper. In a nutshell, these estimators can be grouped into

three categories. The first category holds the two useful reference estimators, QL and NI. QL

(Full-Information Queue-Length Delay Estimator) is expected to perform better than all other

partial-information delay estimators. NI (No-Information Steady-State Estimator) is expected

to perform worse than the other estimators since they all assume some state information

beyond the model. Any estimator performing consistently worse than NI is not worth serious

consideration.

The second category holds LES and HOL which both announce, as estimates, delays of cus-

tomers who haven’t yet completed service. We therefore put them in the same category. HOL

(Head-Of-The-Line Estimator) can be used as an approximation to LES (Last Customer to

Enter Service). The reader interested in the validity of this approximation is referred to section

4 of the main paper. Here, we report simulation results that support this approximation.

The third category holds the LCS, RCS and RCS−c
√

s estimators. These estimators all an-

nounce delays of customers who have already completed service. That is why we put them in

the same category. LCS (Last Customer to Complete Service), RCS (Most Recent Arrival to

Complete Service) and RCS−c
√

s (Most Recent Arrival Among the Last c
√

s Customers to

Complete Service) are hard to analyze mathematically. Their analysis remains incomplete at
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this point; simulation thus plays a key role in studying the performance of these alternative

estimators.

Organization of this Supplement. We start in section 2 by describing our simulation

experiments. In section 3, we report simulation results comparing the performances of our

delay estimators in the GI/M/s model for three different interarrival time distributions. We

measure the performance of a delay estimator by computing the corresponding average squared

error (ASE). In section 4, we go beyond measuring the overall performance of a given estimator

and report average square errors conditional on the level of actual delay observed. By actual

delay, we mean the measured delay of a customer who has been given a delay estimate upon

arrival. The computation of these conditional errors is detailed in that section. There, we see

interesting results that weren’t captured in the overall comparisons of section 3. In section 5,

we focus on the efficiency of the LES estimator. In particular, we report simulation results

supporting the approximation for the MSE of the LES estimator, which can be found in section

4 of the main paper. In section 6, we report simulation results that support another theoretical

result of the main paper: the relative efficiency of HOL as compared to QL. This result can

be found in section 4 of the main paper. In section 7, we study the effect of using the delay

history of customers who have completed service. That is, we vary the amount of information

used and make observations. We consider a family of delay estimators RCS−f(s) for different

functions f of the number of servers s and compare these estimators’ efficiencies. Our aim here

is to show that, consistent with heavy-traffic analysis, it is enough to use the delay history of

the last c
√

s customers, for some constant c which we determine by simulation. In section 8,

we look more carefully at the distribution of our delay estimators, studying in particular the

distribution of WHOL(w) and testing approximations in the main paper. In section 9, we draw

conclusions. In section 10, we produce all tables and figures relevant to the sections of this

supplement.
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2. Description of the Simulation Experiments

In this section we describe our simulation experiments. Our adopted model in the main

paper is the standard GI/M/s queueing model with s homogeneous servers working in paral-

lel, an unlimited waiting room and the first-come first-served service discipline. We thus let

the service times Vn be independent and identically distributed (i.i.d.) exponential random

variables with mean E[V ] = 1. Fixing the mean service time as such is done without loss of

generality since the service rate can be made equal to 1 by a proper choice of time units. We

let the interarrival times Un be i.i.d. positive random variables with a non-lattice cumulative

distribution function (cdf) F . We measure the variability of a distribution by computing its

squared coefficient of variation (SCV) defined as c2
a = V ar[U ]/E[U ]2.

In this supplement to the main paper, we use simulation to validate some of the theoretical

results of the main paper. We also use simulation to gain insight into the performance of

candidate delay estimators that are hard to analyze mathematically, even within the framework

of the relatively simple GI/M/s model. In all of our experiments, we measure the performance

of a delay estimator by computing the average squared error (ASE), which is defined by:

ASE ≡ 1
n

n∑
i=1

(ai − pi)2, (2.1) {ASEEq}

where ai is the actual delay observed, pi is the estimated delay announced according to the given

scheme and n is the number of customers that were given a delay announcement. Throughout,

we only give delay announcements to customers that had to wait in line for a positive amount

of time before receiving service. In other words, we will always have ai > 0 in (2.1) above. For

each delayed customer i, we record the delay estimate pi, announced according to a certain

delay estimator and the actual delay observed ai. We then average the square of the differences

between these two over all customers who were given a delay estimation. The ASE computed

as such approximates the mean squared error (MSE) of the estimators especially when the

samples are sufficiently large. This motivates our using simulation experiments to further

validate the closed form expressions we obtained for the MSE of some delay estimators in the

main paper.

We now describe our simulation experiments. Our simulations are steady-state discrete-

event simulations since the performance measures we aim to calculate are steady-state perfor-

mance measures. Therefore, we could potentially face two problems: (1) Initial Bias and (2)

Autocorrelations. The initial bias is the difference between the expected value of the statistical
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estimator, the ASE, and the quantity it is estimating, the MSE. This happens because the

system is not started in steady-state. A partial solution to this problem is to delete some

initial segment of the data, i.e., to have a warmup period which we later discard. To assess

the impact of the initial bias in our simulations, we simulated the M/M/900, H2/M/900 and

D/M/900 queuing models and varied the length of the warmup period reporting, in each case,

the computed point estimates of the ASEs for the alternative delay estimators. We define the

length of a simulation run in terms of number of events. We define an event to be either an ar-

rival or a service completion. That is, a simulation run length of 5 million events is terminated

when the sum of the number of arrivals and the number of service completions in that run is

equal to 5 million. To assess the importance of the initial bias, we simulated the three models

above with ρ = 0.95. We chose a large number of servers, s, and a large traffic intensity, ρ,

because it is known that the initial bias effect is likely to be more important for large s and

high ρ. We simulated our models four times with: (1) 5×106 events and no warmup period, (2)

5× 106 events and a warmup period of 5× 105 events, (3) 5× 106 events and a warmup period

of 1× 106 events and (4) 5× 106 events and a warmup period of 2× 106 events. We compared

the point estimates of the ASEs obtained in each case and found that these estimates do not

differ by a significant amount. Indeed, not having an initial warmup period caused a bias of

at most 8 percent, reported for the H2/M/900 model. Since we didn’t detect significant initial

transient effect, our simulation replications in this supplement are done without deleting an

initial portion of the data, i.e., with no warmup period.

Autocorrelations are the correlations between the successive values of the process. The

effect of autocorrelations can be reduced by using the method of independent replications. We

use the method of independent replications to generate point and confidence interval estimates

for the ASE of an estimator in a given model (for a chosen ρ). We simulate each model (for

each ρ) for 10 independent replications. The length of these runs depends on the particular

model and the traffic intensity at hand. In general, when the traffic intensity ρ is high (but

still, ρ < 1), there tend to be large fluctuations and thus high variability in which case the

simulation run need be longer. Also, simulation runs need be longer as the variability in the

arrival process increases, especially for larger values of s. We determine whether simulation

run lengths are roughly appropriate by comparing our simulation estimates to exact analytical

values we have for the model at hand. For example, in our simulations for the M/M/s queue,

we compared our point estimates for the ASEs of QL and NIE to the well-known exact values

of the MSEs of these two estimators. As a result, we varied our simulation run lengths from 5
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million events when both ρ and s are small (For example, ρ = 0.85, s = 10) to 7, 10 and 15

million as s, ρ and the variability in the arrival process increase (for example, we considered a

length of 15 million for each replication of the H2/M/900 model with ρ = 0.98). For more on

the estimation of simulation run lengths in queueing simulations, see Whitt (1989). In each

replication k, we return the value of

ASEk =
1
nk

nk∑
i=1

(ai − pi)2 , (2.2) {est1}

where nk is the size of our sample in replication k (k = 1, 2, ..., 10). We then average ASEk

over all 10 replications :

ÂSE =
10∑

k=1

ASEk (2.3) {est2}

Everywhere in this supplement, we report ÂSE as our point estimate to the ASE of the given

estimator in that particular model (for a chosen ρ). The corresponding interval estimate for

ÂSE is constructed as follows: given our sample {ASEk, k = 1, 2, ..., 10}, we compute the

sample variance:

s2 =
1
9

10∑
k=1

(ASEk − ÂSE)2 (2.4) {est3}

Our interval estimate is then given by:

ÂSE ± s√
10

tα/2,9 , (2.5) {ci}

where α is the chosen level of significance and 9 is the number of degrees of freedom for the

t-statistic (we assume normality of the data). In our tables for the ASEs, we report 95 percent

confidence intervals for our point estimates, which we constructed as explained above.

In our simulations, we vary three different parameters: (1) the number of servers s, (2) the

traffic intensity ρ = E[V ]/sE[U ] = 1/sE[U ] and (3) the variability of the arrival process which

we measure by the SCV of the interarrival time distribution. We are particularly interested

in the case of large s since we are motivated by applying this research to call centers, but

we will include smaller values of s as well. In particular, we will always consider the values:

s = 1, 10, 100, 400 and 900. Since delay announcements are more relevant when customer

delays are long, we will mostly be focusing on high traffic intensities in our simulations. In

general, as we increase the number of servers, we need increase the traffic intensity further

in order to see large customer delays. For example, in the extreme case of s = 900, we only

consider traffic intensities ρ ≥ 0.93. To study the effect of variability in the arrival process, we
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vary the interarrival time distribution F to consider both low variability and high variability

distributions. In particular, we consider Deterministic, Poisson and H2 arrivals with respective

SCVs 0, 1 and 4. We consider these three distributions in all of our simulations.

The simulation program was written in C. We used our C code to create Excel add-ins via

XLL Plus and generated output in Excel.
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3. Efficiency of the Alternative Estimators in GI/M/s Models
{secUncondASE}

In the main paper, we presented analytical results comparing the efficiency of some alter-

native delay estimators in GI/M/s models. These alternative delay estimators, excepting the

No-Information Steady-State estimator (NI), are random variables defined by recent customer

delay experience in the model at hand. Here, we complement that analysis by presenting the

corresponding empirical results. In this section, we use simulation to compare the performances

of our alternative delay estimators in GI/M/s models. We study the effect of variability in the

arrival process by considering Poisson, Deterministic and H2 arrivals with respective squared

coefficient of variation (SCV) 1, 0 and 4. We vary the number of servers s and the load in

the system, which we measure by the traffic intensity ρ = E[V ]/sE[U ] = 1/sE[U ] under our

assumption that E[V ] = 1. We are interested in studying the differences between these al-

ternative performances. In the main paper, we made a distinction between direct and refined

delay estimators. Specifically, we did this for the Last Customer to Enter Service (LES) and

Head-Of-The-Line (HOL) delay estimators. The observed delay is the direct estimator, while

the mean of the conditional distribution of the delay to be estimated, given the observed delay,

is the refined estimator based on that same observation. For the LES and HOL delay estima-

tors, we found that the mean values of these conditional distributions are approximately equal

to ρw, when the observed delay is w, provided that w is not too small. However, since we are

mostly interested in heavily loaded systems where ρ is close to 1, we expect that there won’t

be substantial differences in performances when refining our predictors as such. We thus only

consider here the direct LES and HOL delay estimators.

We quantify the performance of a delay estimator by computing point and interval estimates

of the average squared error (ASE). The ASE is defined by

ASE ≡ 1
n

n∑
i=1

(ai − pi)2 , (3.1) {ASEEqq}

where ai is the actual delay of the ith customer, pi is the estimated delay of that customer

(the value of the delay estimator at hand) and n is the number of customers in our sample.

For large samples, the ASE should agree with the mean squared error (MSE) in steady state.

Note that we only give delay announcements to delayed customers, i.e., customers that have

to wait in line prior to receiving service. Thus, we will always have ai > 0 for every customer

i. It is possible, however, to have pi = 0 for some customer i. For example, consider the

LES delay announcement. Suppose that customer i0 joins the queue at some time t and that
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the last customer to have entered service prior to t could be served immediately upon her

arrival. Then, pi0 = 0 and ai0 > 0 for our customer i0. As the number of such customers in

our sample increases, we expect the performance of our delay estimator (in this case, LES)

to deteriorate. Then, we might want to adjust our delay estimator in such a way so as to

avoid this discrepancy around 0. We do not deal with this issue here, however, because we are

interested in heavily loaded systems where the proportion of delayed customers is high. What’s

more, we want to study the performances of our alternative delay estimators specifically when

the actual (alternatively, announced) delays reported exceed a certain threshold. We do this

in §4 by computing the conditional ASEs of the alternative delay estimators: for a given delay

estimator, we compute its ASE as in (3.1) but we restrict our sample to the pairs (ai, pi)

where ai exceeds our threshold. That is, in §4, we will study the performances of our delay

estimators conditional on the level of the waiting time. In this section, we report the value of

the unconditional ASE where we include all the pairs (ai, pi) in (3.1). We generate point and

confidence interval estimates for the ASEs. Let ÂSE be the point estimate of the ASE that

we calculate.

In addition to the ASE, we compute point estimates of the relative ASE (RASE). We let

R̂ASE be the point estimate of the RASE that we calculate. Then:

R̂ASE ≡ ÂSE/( ̂E[W∞|W∞ > 0])2 (3.2) {RASE}

where [W∞|W∞ > 0] is a random variable denoting the steady-state waiting time given that the

wait is positive and ̂E[W∞|W∞ > 0] is our computed point estimate of the mean of [W∞|W∞ >

0]. That is, to compute point estimates for the RASE, we divide our point estimate for the

ASE, ÂSE, by the square of our point estimate for the mean, ( ̂E[W∞|W∞ > 0])2. For large

samples, the RASE should agree with the relative mean squared error (RMSE) in steady state.

The RMSE, approximated by the RASE, is appealing because of its simple form in some cases.

In particular, the RMSE of the Full-Information Queue Length Delay Estimator (QL) has a

linear form in the M/M/s model and the RMSE of the No-Information Steady-State estimator

(NI) is equal to 1 in the GI/M/s model. The simple form of the RMSE makes it appealing

to use. That is why we choose to adopt it. Plotting the RMSE as a function of the traffic

intensity ρ produces nice linear plots which are easy to analyze. For example, see Figures 12

and 22 below.

An alternative approach, which we do not consider here, would be to compute point esti-
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mates for the relative root average squared error (RRASE). If ̂RRASE is a point estimate of

the RRASE then:

̂RRASE ≡
√

ÂSE/ ̂E[W∞|W∞ > 0] (3.3) {why not?}

That is, a point estimate for the RRASE is given by dividing the square root of our point

estimate for the ASE,
√

ÂSE, by our point estimate for the mean, ̂E[W∞|W∞ > 0]. For

large samples, the RRASE should agree with the root relative mean squared error (RRMSE) in

steady state. Approximating the RRMSE (by estimating the RRASE) would be useful because

the MSE is in the same scale as the square of the mean, thus
√

MSE is in the same scale as

the mean.

We can analyze the M/M/s model and get closed form expressions for the ASEs of the

QL and NI delay estimators. In the M/M/s model, it is well known that [W∞|W∞ > 0] is

distributed as an exponential random variable with mean 1
sµ(1−ρ) = 1

s(1−ρ) when µ = 1 (e.g.,

see section 5.14 of Cooper (1981)). For the NI estimator, the MSE (thus, the ASE) should

coincide with:

MSE(NI) = var[W∞|W∞ > 0] =
1

s2(1− ρ)2
(3.4) {MSEni}

We can also analyze the performance of the QL estimator. Let [Q∞|Q∞ > 0] be a random

variable with the conditional distribution of the steady-state queue length upon arrival given

that the customer must wait before beginning service. In the M/M/s model, it is known that

[Q∞|Q∞ > 0] + 1 has a geometric distribution with mean 1/(1− ρ). Hence,

E[MSE(QL)] = E[V ar(WQ(Q∞))] = E[Q∞ + 1]× 1
s2

=
1

s2(1− ρ)
(3.5) {MSEql}

We expect the MSEs (hence, the ASEs) of the other estimators to fall between that of the

QL estimator (best possible) and the NI (worst possible). We thus always include these two

estimators as reference points for the performances of all the other estimators. In addition to

this, we have closed form expressions for the RMSEs of the QL and NI delay estimators. It

follows directly from the above that:

RMSE(QL) = E[MSE(QL)]/(E[W∞|W∞ > 0])2 = 1− ρ , (3.6) {RMSEql}

and,

RMSE(NI) = MSE(NI)/(E[W∞|W∞ > 0])2 = 1 (3.7) {RMSEni}
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Note here that the RMSE of the QL delay estimator is linear in ρ.

We are now ready to present our simulation results. In Tables 1-10, we display our point

estimates for the ASEs and RASEs of the alternative delay estimators in the M/M/s model

for s = 1, 10, 100, 400 and 900. In Tables 11-20 and 21-30, we report these point estimates

for the D/M/s and H2/M/s models respectively, for s = 1, 10, 100, 400 and 900. We vary the

traffic intensity ρ, but we focus more on heavy loads: with those loads, customer delays are

longer and giving delay predictions is more meaningful. In addition to the tables, we produce

figures plotting the ASE and the RASE of our alternative delay estimators as a function of

the traffic intensity in the model. In Figures 1-10, we show plots for the ASE and RASE of

our delay estimators as a function of the traffic intensity ρ (for a fixed number of servers s) in

the M/M/s model with s = 1, 10, 100, 400 and 900. In Figures 11− 20 and 21− 30, we do the

same for the D/M/s and H2/M/s models respectively.

For the M/M/s, D/M/s and H2/M/s models considered, i.e., for all s and all ρ, we can

classify the performance of our estimators as follows:

QL > LES ≈ HOL > RCS ≈ RCS −
√

s > LCS > NI

where ”>” is to be read as ”performs better than” and ”≈” is to be read as ”performs nearly

the same but slightly better than”. This order of performances holds for all models here, in

the range of traffic intensities considered.

We first consider the performances of our reference estimators: QL and NI. As expected,

QL always takes the lead among all estimators and NI always falls behind. In the M/M/s

model, we see that ASE(QL), ASE(NI), RASE(QL) and RASE(NI) agree closely with the

theoretical values given in (3.5), (3.4), (3.6) and (3.7). Consequently, in the M/M/s model,

the ratio ASE(NI)/ASE(QL) agrees closely with 1/(1 − ρ), as expected. Note that this ratio

increases as ρ increases. This explains the deterioration in the performance of NI as the load

increases. Throughout, our point estimate for RASE(NI) ≈ 1, except for the H2/M/900 model

under heavy loading (ρ = 0.95 or ρ = 0.98) where we see that RASE(NI) ≈ 0.9, which means

that the run length evidently is not long enough. We will see in §4 that NI’s performance is

good compared to that of the other delay estimators when we restrict our attention to small

delays only. This performance deteriorates as we consider longer delays.

We see that LES and HOL outperform the rest of the estimators (except QL). Their
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performances are always very close. Also,

ASE(HOL)/ASE(QL) ≈ ASE(LES)/ASE(QL) ≈ (c2
a + 1)/ρ (3.8) {approx1}

with the approximation becoming more accurate as the observed delay increase, especially

for large s. This coincides with theoretical results of section 4 of the main paper, where the

approximation holds as sw →∞ where w is the observed delay. We will discuss this at length

in section 7 of this supplement. We note here that this explains why the performances of LES,

HOL and QL are so close in the D/M/s model. In this model, c2
a = 0 and the approximation

becomes: ASE(HOL)/ASE(QL) ≈ ASE(LES)/ASE(QL) ≈ 1/ρ ↓ 1 as ρ ↑ 1.

The analysis in sections 4 and 5 of the main paper leads to the approximation:

E[MSE(LES)] ≈ E[MSE(HOL)] ≈ 1
s2

[
(c2

a + 1)2 +
((2ρ− 1)c2

a + 4ρ− 3)(c2
a + 1)

2(1− ρ)
+ K

]
(3.9) {approx2}

where K = 1.5c4
a + 4c2

a + 4.5− (2/3)v3
a and v3

a = E[U3]/(E[U ])3.

Our simulation results are roughly consistent with this approximation, which is the most

accurate in the M/M/s model. We leave a detailed study of the accuracy of this approximation

to section 4 of this supplement.

We now consider the three delay estimators based on the delay information of customers

who have completed service, namely: LCS, RCS and RCS−
√

s. We will study the difference

in performances between RCS and RCS −
√

s and the effect of delay information at length

in section 8 of this supplement. For s = 1, these three estimators perfectly coincide. This is

so because with exactly one server, the order of customer departure from the system is the

same as that of customer arrival to the system. Hence, the last customer that has completed

service is the most recent arrival among all customers that have completed service. On the

other hand,
√

s = 1 implies that RCS −
√

s and LCS are the same. Even when the number

of servers is small enough (e.g., s = 10) we see that the performances of LCS, RCS and

RCS −
√

s are still close, see for example Tables 5, 13 and 23 for the respective results of

the M/M/10, D/M/10 and H2/M/10 models. But, as the number of servers increases, LCS

clearly falls behind; see for example Tables 9, 19 and 29 for the M/M/900, D/M/900 and

H2/M/900 models. We emphasize here that customers need not depart in the order of their

arrival. Indeed, with exponential service times, each of the s servers is equally likely to generate

the next service completion. Thus, it is possible that the last customer to have completed

service has experienced his waiting time long ago. We therefore expect the delay information
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of the most recent arrival among those customers that have completed service to be more

relevant to our current customer (the system changes less over shorter periods of time). Also,

when the number of servers is small we see that the performances of LES and LCS are quite

close (see for example Tables 1, 11 and 21). The difference between the two becomes more

pronounced as the number of servers increases and is dramatic when s = 400 or s = 900. This

is so because, with exponential service times, the times between consecutive departures from

service are i.i.d exponential with mean 1/s. Then as the number of servers increases, the times

between consecutive departures are significantly smaller than the consecutive service times

(recall our assumption of mean service time E[V ] = 1). That is, the last customer to have

completed service may have experienced his waiting time much before the last customer to

enter service. We have thus explained the poor performance of LCS compared to LES, which

is more pronounced as s increases.
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4. Efficiency of the Estimators Conditional on the Level of Delay Observed
{secCondASE}

In the main paper, we presented analytical results comparing the efficiency of some alter-

native delay estimators in GI/M/s models. These alternative delay estimators, excepting the

No-Information Steady-State estimator (NI), are random variables defined by recent customer

delay experience in the model at hand. In section 3, we used simulation to compare the per-

formances of our alternative delay estimators in GI/M/s models. There, we quantified the

performance of a delay estimator by computing point estimates and confidence intervals of the

average square error (ASE). The ASE is defined by:

ASE ≡ 1
n

n∑
i=1

(ai − pi)2 , (4.1) {ASE}

where ai is the actual delay of the ith customer, pi is the estimated delay of that customer (the

value of the delay estimator at hand) and n is the number of customers in our sample. For large

samples, the ASE should agree with the mean squared error (MSE) in steady state. Here, we

go beyond measuring the overall performance of a given estimator and report average square

errors conditional on the level of actual delay observed (ai in equation (6.3)). We study the

performances of our alternative delay estimators specifically when the actual customer delays

reported are in pre-specified intervals. We do this here by computing the conditional ASEs of

the alternative delay estimators: for a given delay estimator, we compute its ASE as in (6.3)

but we restrict our sample to the pairs (ai, pi) where ai is in a pre-specified interval. That is,

we study the performances of our delay estimators conditional on the level of the waiting time.

We generate point and confidence interval estimates for these conditional ASEs.

Announcing delay estimates is more relevant when the observed delays in the system are

long. It’s not clear what one should consider to be a long delay. Here, we compare the

actual delays experienced by waiting customers to our point estimate of the mean wait-

ing time in the system, conditional on the wait being positive. Let ̂E[W |W > 0] be this

point estimate. Here, [W |W > 0] is a random variable with the distribution of the steady

state waiting time conditional on the wait being positive. We describe an actual delay ai

as long if ai > ̂E[W |W > 0]. Furthermore, we study different levels of long actual delays,

grouping them into 4 intervals: ( ̂E[W |W > 0], 2 ̂E[W |W > 0]), ( ̂2E[W |W > 0], 4 ̂E[W |W > 0]),

(4 ̂E[W |W > 0], 6 ̂E[W |W > 0]) and > 6 ̂E[W |W > 0]. We compute conditional ASEs for each

of the different intervals. For example, the conditional ASEs of the alternative estimators for

the first interval, ( ̂E[W |W > 0], 2 ̂E[W |W > 0]), are computed as follows: in (6.3), we include
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only pairs (ai, pi) where ai ∈ ( ̂E[W |W > 0], 2 ̂E[W |W > 0]) and we do this for all delay esti-

mators returning a conditional ASE for each, in that given interval. We only consider in this

section models where the number of servers is large, which we choose to be s ≥ 100. We do

this here because we are more interested in the case of large number of servers, which better

captures the real-life settings we are interested in, such as medium to large sized call centers.

We vary the traffic intensities considered and compute interval and point estimates of the con-

ditional ASEs in each case. In certain cases, particularly for large s, we found that our sample

of actual delays collected was not large enough to infer significant statistical estimates. In that

case, we simply did not display the results we obtained (e.g., see the D/M/900 results below).

In section 3, we classified the performances of our delay estimators as follows:

QL > LES ≈ HOL > RCS ≈ RCS −
√

s > LCS > NI

where ” > ” is to be read as ”performs better than” and ” ≈ ” is to be read as ”performs nearly

the same but slightly better than”. This order of performances held for all models considered,

in the range of traffic intensities considered. In this section, we see interesting results that were

not captured in the overall comparisons of section 3. We report our results for the M/M/s

model in Tables 31-41, those for the D/M/s model in Tables 42-50 and those for the H2/M/s

model in Tables 51-61. Each set of tables just mentioned is followed by the corresponding

figures plotting the corresponding conditional ASEs. The first observation we make is about

the performance of the No-Information Steady-State estimator (NI) when studying conditional

ASEs as opposed to the unconditional ASEs of the previous section. NI performs sometimes

better than all other delay estimators (except the Full-Information Queue Length Estimator

– QL), when the delays considered fall in the ( ̂E[W |W > 0], 2 ̂E[W |W > 0]) interval and the

traffic intensities considered are low (e.g., ρ = 0.9 in the M/M/100 queue). This result is

interesting in that it shows that it is not always necessary to use more state information in

order to give better delay estimates for current waiting customers. As we consider intervals

for longer delays, however, the performance of NI deteriorates (see, for example, Figure 1 for

the M/M/100 model) .

In general, when we consider ρ large enough, and restrict our attention to long actual

customer delays observed, the classification of our delay estimators is similar to that of section

3. We once more see that LES and HOL’s performances are very similar. We also see that RCS

and RCS −
√

s are very close, with RCS performing slightly better. LCS and NI fall behind

constantly, except in the case mentioned above. Finally, QL performs always best among all
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of our delay estimators.

In a nutshell, to draw conclusions on sections 3 and 4, we can say that given enough

information about the system, the QL delay estimator is the most efficient among the estimators

considered. Closely behind fall LES and HOL. In third place, we put RCS and RCS −
√

s.

Finally, LCS and NI perform the worse with NI falling behind LCS. But, our aim in this

supplement is not to determine which delay estimator to use in practice. In fact, the answer to

this question lies beyond the scope of this work as it involves other parameters such as the costs

involved and the preferences of the system managers. Also, as we just saw, the performances

of our delay estimators depend on the length of the delays observed and a clear-cut answer is

not always possible. What we do here is merely quantify the performances of alternative delay

estimators that we find to be possible candidates for delay estimations in real-life systems. We

study these performances by averaging over all delays observed in section 3 and then look more

closely at these performances given the level of delays observed in this section.
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5. Simulation Experiments for the Efficiency of the LES Delay Estimator
{secLESEff}

In this section we present simulation experiments that test the accuracy of approximations

for the mean squared error of the LES delay estimator. Note that we will use HOL and LES

interchangeably since we use one to approximate the other. Simulation has shown that their

performances are indeed nearly identical in all cases. When the interarrival times in our model

have a non-lattice cumulative distribution function, we use theorem 4.2 of the main paper and

test the following approximation:

E[MSE(LES)] ≈ (1− ρ)2w2 +
(2ρ− 1)c2

a + 4ρ− 3)w
s

+
K

s2
(5.1) {MSE_LES}

where K is given by:

K =
3c4

a

2
+ 4c2

a +
9
2
− 2v3

a

3
(5.2) {Eqn_K}

In (5.1), w denotes the delay estimate given under the LES delay estimation scheme. We replace

w in what follows by our simulation point estimate for E[W |W > 0] and w2 by our simulation

point estimate for E[W 2|W > 0] where [W |W > 0] denotes a random variable with the

distribution of the steady state waiting time conditional on the wait being positive. The reader

interested in the derivation of this approximation is referred to section 4 of the main paper. This

approximation is useful because it allows us to roughly quantify the performance of the LES

(and hence, HOL) delay estimator, in the GI/M/s queueing model, when the general renewal

arrival process has non-lattice interrenewal-time distribution. The approximation should work

best when sw →∞.

For deterministic interarrival times (which have a lattice distribution), we propose testing the

following approximation:

E[MSE(LES)] ≈ (1− ρ)2w2 +
ρw + 2/s

s
(5.3) {MSE_LES_2}

We now explain the derivation of this approximation. Suppose that we have deterministic

interarrival times. Let A = {A(t) : t ≥ 0} be the renewal counting process associated with the

deterministic interarrival times. Then, ignoring the error term, we can write: A(w) ≈ ρsw.

Now, from equation (4.3) in the main paper, we get that:

var(WHOL(w)) = (ρsw + 2)× 1
s2

(5.4) {oui1}
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Further, noting that E[WHOL(w)] = E[A(w)+2]
s = ρsw+2

s :

MSE(LES) = E[(WHOL(w)− w)2] = E[((WHOL(w)− ρsw + 2
s

) + (
ρsw + 2

s
− w))2] (5.5) {oui2}

yielding approximately:

E[MSE(LES)] ≈ (1− ρ)2w2 +
ρw + 2/s

s
(5.6) {MSE_LES_2}

The LES delay estimator is the delay (before starting service) of the last customer to have

entered service, prior to our customer’s arrival. This estimator is appealing because it is rel-

atively easy to obtain and interpret. Its implementation does not require knowledge of the

queueing model’s parameters (number of servers, arrival process and service distributions ...

etc).

We propose testing the above approximations while varying two parameters: the number

of servers, s, and the traffic intensity in the system, ρ. We are particularly interested in the

case of large s since we are motivated by applying this research to call centers, but we will

include smaller values of s as well. We expect the approximation to be more accurate when

the number of servers is large and/or the delays experienced by waiting customers are long.

In particular, we consider the values: s = 1, 10, 100, 400 and 900. We test approximation (5.6)

with exponential and H2 (c2
a = 4) interarrival time distributions. We test approximation (5.1)

with deterministic interarrival time distribution. The simulation results reported throughout

are usually based on 10 independent replications of about 5 million events each, where each

event is either an arrival or a service completion. We do make the runs longer when the traffic

intensity is higher, or when the variability in the arrival process is high such as with H2 arrivals

(7 - 10 million events). Our selection criterion for the simulation run length is based solely

on our observations when performing the simulations. When we detect high variability in the

simulation estimates across runs for given s and ρ, we increase the simulation run length so as

to reduce this variability.

We report our results for the M/M/s model in Tables 62 - 22, those of the D/M/s model

in Tables 67 - 71 and those of the H2/M/s model in Tables 72 - 76. In all tables, we consider

s = 1, 10, 100, 400 and 900. We also vary the traffic intensity ρ = E[V ]
sE[U ] and report results for

each value considered. In each case, we construct 95 percent confidence intervals for the esti-

mators and report these intervals. To capture the accuracy of the approximation, we compute
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the relative percent difference (RPD) between ASE(LES) and the corresponding numerical

approximation. We define the RPD as:

RPD ≡ ASE(LES)− approx

approx
× 100 (5.7) {RelDiff}

where approx denotes the corresponding numerical approximation. We report values for all

RPDs in the tables below. Studying the reported RPD values allows us to assess the accuracy

of the proposed approximation. Studying the values of the reported RPDs, we immediately

see that approximation (5.1) works well in the M/M/s and H2/M/s queues. In these two

models, we see that the absolute values of the RPDs reported are always less than 5 percent

(except for the M/M/900 case with ρ = 0.99 where the RPD ≈ 7 percent). On the other

hand, approximation (5.6) performs well in the D/M/s queue, except when the loads are light

and s is small (e.g., s = 10, ρ = 0.85). Otherwise, the RPDs reported in the D/M/s model

are consistently close to 5 percent, sometimes reaching a remarkably low value (e.g., see the

D/M/400 model when ρ = 0.99. In general, both approximations work best when the number

of servers is large and the value of ρ is high.
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6. Relative Efficiency of HOL Compared to QL

In this section we reproduce our simulation results for the HOL and QL delay estimators,

but with a different aim in mind. Here, we compare the efficiency of the QL and HOL delay

estimators and test the validity of the approximation (which can be found on p.14 of the main

paper):

c2
WHOL,s(w)

c2
WQ,s(n)

≈ c2
a + 1
ρ

(6.1) {Approx}

which holds when sw and n are large. This approximation compares the efficiency of the QL

and refined HOL delay estimators. The refined HOL delay estimator (which we denote here

by HOLrefined) is an announcement of ρw where w is the elapsed delay of the customer who

is at the head of the line when our customer arrives to the system and joins the line of waiting

customers.

We stop first on approximation (6.1). The analysis leading to this approximation can be

found on pages 12− 14 of the main paper. s denotes the number of servers in our model. c2
a is

the squared coefficient of variation (SCV) of the arrival process. ρ is the traffic intensity in the

system. WHOL,s(w) is a random variable with the conditional distribution of the waiting time

of a new arrival given that the new arrival must wait some positive amount of time, that there

already is at least one customer in queue and that the customer at the head of the line has

already spent time w in queue. WQ,s(n) is a random variable with the conditional distribution

of the delay of a new arriving customer, given that the arriving customer must wait before

starting service and that the queue length at the time of arrival is n. Consider the QL and

refined HOL estimators. Then, the mean square errors (MSEs) for these estimators coincide

with the variances var(WQ,s(n)) and var(WHOL,s(w)), respectively. Further, the relative mean

square errors (RMSE ≡ MSE/Mean2) for these estimators coincide with the respective SCVs.

In this section, we test the validity of approximation (6.1) by noting that:

MSE(HOLrefined)
MSE(QL)

≈
RMSE(HOLrefined)

RMSE(QL)
=

c2
WHOL,s(w)

c2
WQ,s(n)

≈ c2
a + 1
ρ

(6.2) {leapOfFaith}

To approximate the MSEs of the two candidate delay estimators, we use simulation to compute

the corresponding average square errors (ASEs). For large samples, the ASE should agree with

the MSE in steady state. Recall that the ASE of an estimator is given by:

ASE ≡ 1
n

n∑
i=1

(ai − pi)2, (6.3) {ASE}
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where ai is the actual delay observed and pi is the predicted (estimated) delay. Under heavy

loads, ρw ↑ w as ρ ↑ 1. There should thus be little difference between the direct and refined

HOL delay estimators, in the heavily loaded systems that we consider. We therefore consider

the direct HOL delay estimator in this section (announcement of w instead of ρw) and expect

that approximation (6.1) above be valid for this direct HOL estimator as well.

We now present our simulation experiments. In each case, we construct 95 percent confi-

dence intervals for the ASEs of our estimators. For a description of our simulation experiments

in this supplement, please refer to section 2 of this supplement. We report our results for the

M/M/s model in Tables 77 - 81. We report our results for the D/M/s model in Tables 82 - 86.

We report our results for the H2/M/s model in Tables 87 - 91. We consider s = 1, 10, 100, 400

and 900. We also vary the traffic intensity ρ = E[V ]
sE[U ] and report results for each value con-

sidered. The half widths of the confidence intervals reported range from less than 1 percent

(high loads, small number of servers) to close to 10 percent (lighter loads, large number of

servers as when s = 900 and ρ = 0.93). This is so because under lighter loads, especially when

the number of servers is large, there is less data because fewer customers have to wait before

beginning service. Also included in these tables are the approximation values c2a+1
ρ . To capture

the accuracy of the approximation, we compute the relative percent difference (RPD) between

ASE(HOL)/ASE(QL) and the corresponding numerical approximation. We define the RPD

as:

RPD ≡ ASE(HOL)/ASE(QL)− approx

approx
× 100 (6.4) {RelDiff}

where approx denotes the corresponding numerical approximation. We report values for all

RPDs in the tables below. Studying the reported RPD values allows us to assess the accuracy of

the proposed approximation. We see that approximation (6.1) is most accurate in the M/M/s

model where the RPD is consistently lower than 2 percent. It performs worse in the D/M/s

model where the reported RPDs range from about 2 percent to about 20 percent. Finally, the

approximation performs worst in the H2/M/s model where the reported RPDs range from 5

percent to over 30 percent. In all cases however, we note that our approximation is indeed a

useful one, particularly when the traffic intensity considered in the system is high.
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7. The Effect of Delay Information: RCS−f(s)
{secRCSEffectInfo}

In this section, we consider a family of delay estimators, RCS-f(s), for functions f(s) =

s, 4
√

s, 2
√

s,
√

s and log(s). RCS-f(s) announces the delay of the most recent arrival among

the last f(s) customers to have completed service. We use simulation to study the differ-

ences between these delay estimators. We wish here to quantify the impact of using past

delay information: we expect that increasing the amount of information used would lead to

an improvement in the performance of the estimator. This improvement of performance is

quantified via a decrease in the value of the average squared error reported. However, using

more information implies more data processing which could prove to be costly. We report

here simulation results showing that using the delay information of all customers who have

completed service is not necessary. Indeed, from heavy-traffic analysis, we deduce that the

most recent arrival time of a customer that has completed service is very likely to occur among

the last c
√

s customers when s is large. Here, we use simulation to find that value of c, which

turns out to be equal to 4.

Under some circumstances, the LCS (Last Customer to Complete Service) and LES (Last

Customer to Enter Service) delay estimators will be similar, but they actually can be very

different when the number of servers s is large. To see why, assume that s is large; let X

denote an exponential random variable with mean E[X] = 1/s and V be a generic service

time random variable, i.e., an exponential random variable with mean E[V ] = 1. Further,

assume that all servers are busy upon arrival of our customer, at time t, and that she found

at least one other customer waiting in line ahead of her when she arrived. These assumptions

are not unreasonable in the heavily loaded systems that we consider. The last customer to

have completed service prior to t must have experienced her delay before time t− V . The last

customer to have entered service prior to t must have experienced her delay at most X time

units ago. This is so because the random times between successive service completions in the

GI/M/s model are exponential random variables with mean 1/s. When s is large, this means

that the last customer to complete service may have experienced her delay much before the last

customer to enter service. This explains why LCS and LES can be different, especially when

s is large, since more recent information is more relevant to the current state of the system.

We are thus lead to propose other candidate delay estimators based on the delay experience

of customers that have already completed service. The first is the delay experienced by the

customer that arrived most recently (and thus entered service most recently, under our First
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In First Out service discipline), among those customers who have already completed service

(RCS). A disadvantage of the RCS estimator is that we must analyze a lot of data, going

arbitrarily far back in the past. From heavy-traffic analysis, we deduce that the most recent

arrival time of a customer that has completed service is very likely to occur among the last c
√

s

customers when s is large. Simulation shows that the corresponding value of c is 4. We find the

same value of c for all values of ρ, s and interarrival time distributions considered. The reader

interested in this heavy-traffic analysis is referred to Section 7 of the main paper (pages 24-25).

So, we introduce another estimator which requires less information processing: RCS-c
√

s is the

delay of the customer to have arrived most recently among the last c
√

s customers who have

already completed service.

In the tables below, we report the average square errors (ASE) for each considered RCS-f(s)

delay estimator, along with corresponding 95 percent confidence intervals. These confidence

intervals and point estimates are based on 10 independent simulation runs of length 1 million

events each. Our simulation run length in this section is shorter than in other sections of the

supplement because our aim here is determine the value of c; this value of c is not expected

to change when we increase the simulation run length. We only consider values of s ≥ 100

since we don’t expect to see substantial differences between our estimators when the number

of servers is small. In our tables, we include in parentheses next to the reported ASE point

estimate, the value of relative percent difference (RPD). We define the RPD as:

RPD ≡ ASE(RCS − f(s))−ASE(RCS)
ASE(RCS)

× 100 (7.1) {RelDiff}

Studying the values of the reported RPDs allows us to assess the impact of the amount

of delay information used. The smaller the RPD, the closer the performance of our estimator

is to the best possible estimator here, RCS. The following observations are true throughout

this section. We see that the performance of RCS-2
√

s is very close to that of RCS; the RPDs

reported are less than 1 percent for all models considered. RCS-
√

s falls slightly behind but is

still very similar to RCS. The RPDs reported in this case are consistently less than 10 percent.

Finally, RCS-log(s) performs the worse, nearly as bad as LCS. That is consistent with our

analysis, since log(s) ≤ 3 for all values of s considered. The amount of delay information

processed in this case is actually too little.

We report our results for the M/M/s model in Tables 92 - 94, those for the H2/M/s model

in Tables 95 - 97 and those for the D/M/s model in Tables 98 - 100.
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8. Distributions of The Delay Estimators
{secDistHOL}

In this section, we look more carefully at the distribution of actual delays observed given that

delay estimates announced are in a small interval about a certain value which we choose. Our

first aim is to test approximation (4.13) of the main paper. This approximation states that:

WHOL(w) ≈ N(ρw, ρw(c2
a + 1)/s) (8.1) {normapprox}

Recall that WHOL(w) denotes a random variable with the conditional distribution of the wait-

ing time (before starting service) of a new arrival given that the new arrival must join the

queue, given that there is already at least one customer in queue, and given that the customer

at the head of the line has already spent time w in queue. That is, w is the delay estimate

given according to the HOL delay estimation scheme. We expect this approximation to hold

as sw →∞. Thus, in order to test it, we only consider models with a large number of servers

(here, we consider s = 100), large w (here, we consider w ≈ 2E[W |W > 0]) and high ρ (here,

ρ = 0.95). Recall that [W |W > 0] denotes a random variable with the conditional distribution

of the steady state waiting time given that the wait is positive.

We proceed as follows: we simulate the model under consideration and collect the actual

delays observed when the delay estimate given according to the HOL scheme, w, is approxi-

mately equal to 2E[W |W > 0]. By approximately equal we mean that w should be in a small

interval about 2E[W |W > 0] (or 2 ̂E[W |W > 0], our simulation point estimate for this quan-

tity). We choose this small interval so as to have a large enough sample size for the data thus

collected. We then plot a histogram for the actual delays collected. This histogram describes

the distribution of WHOL(w) for the chosen w in the given model, thus enabling us to test (8.1)

above. In Figures 62, 67 and 72, we display histogram plots for the M/M/100, D/M/100 and

H2/M/100 models, respectively. To better assess how well the Normal distribution fits the

data distribution, we plot a Normal curve with the same mean and variance on top of our his-

tograms. We see in these figures that the distribution of WHOL(w) is indeed very close to being

a Normal distribution. In the M/M/100 model, with ρ = 0.95, we can compute E[W |W > 0]

analytically and get and exact value of: E[W |W > 0] = 0.2. Our simulation point estimate for

E[WHOL(w)] based on our sample of actual delays observed is ̂E[WHOL(w)] ≈ 0.4003, which

is slightly larger than ρw ≈ ρ × 2E[W |W > 0] ≈ 0.38. Our simulation point estimate for the

variance is ̂var[WHOL(w)] ≈ 0.008 while the variance var[WHOL(w)] in (8.1) yields 0.0076 in

this case. Note that approximations (4.7) and (4.9) of the main paper for the mean and vari-
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ance of WHOL(w) yield respectively 0.4 and 0.0078 which are closer to our simulation values.

For completeness, we restate these approximations:

sE[WHOL,s(w)]− ρsw → (c2
a + 3)
2

, (8.2) {a4}

and,

s2V ar(WHOL,s(w))− ρsw(c2
a + 1) →

(
5(c2

a + 1)2

4
− 2ν3

a

3
+ 1

)
(8.3) {a4c}

Hence, we see that the simulation estimates reported agree quite closely with the above

approximation. In the D/M/100 model with ρ = 0.95, our simulation point estimate for

E[W |W > 0] is given by: ̂E[W |W > 0] ≈ 0.1. From our simulations we see that: ̂E[WHOL(w)] ≈

0.1996 whereas ρw ≈ ρ × 2 ̂E[W |W > 0] ≈ 0.19. On the other hand, ̂var[WHOL(w)] ≈ 0.002

from simulations, and is given by 0.0019 in (8.1). Once more, we see that the simulation esti-

mates reported agree quite closely with the above approximation. Note that approximations

(4.7) and (4.9) of the main paper for the mean and variance of WHOL(w) yield respectively

0.205 and 0.0021 which are closer to our simulation values.

Finally, in the H2/M/100 model, we see from simulations that ̂E[W |W > 0] ≈ 0.48 when

ρ = 0.95. This yields from (8.1) that E[WHOL(w)] should be approximately equal to ρw ≈

0.912. From our simulations, we see that ̂E[WHOL(w)] ≈ 0.9625. On the other hand, (8.1)

yields var[WHOL(w)] ≈ 0.0456 and our simulation point estimate is ̂var[WHOL(w)] ≈ 0.0448.

Note that approximations (4.7) and (4.9) of the main paper for the mean and variance of

WHOL(w) yield respectively 0.947 and 0.0448 which are closer to our simulation values (re-

markably so for the variance).

Thus, we see that our approximation is indeed a valid one in the three models considered

above. Based on our simulation results, we see that using the following alternative approxi-

mation yields sightly better results:

WHOL(w) ≈ N(ρw +
c2
a + 3
2s

, ρw
c2
a + 1
s

+
5(c2

a + 1)2

4s2
− 2ν3

a

3s2
+

1
s2

) (8.4) {normapprox2}

In this section, we also go beyond studying the distribution of WHOL(w) and include

histograms for WLES(w) and WRCS(w). Recall that WLES(w) denotes a random variable

with the conditional distribution of the waiting time (before starting service) of a new arrival

given that the new arrival must join the queue, given that the last customer to have entered

service prior to the new arrival had delay w. Similarly, WRCS(w) denotes a random variable
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with the conditional distribution of the waiting time (before starting service) of a new arrival

given that the new arrival must join the queue, given that the most recent arrival among all

customers that have completed service had delay w. Once more, we restrict our w to being

approximately equal to 2E[W |W > 0]. We show the corresponding histograms in Figures 65-66

for the M/M/100 model, 69-70 for the D/M/100 model and 75-76 for the H2/M/100 model.

To plot the histogram in the LES case for example, we collect the actual delays observed when

the delay estimate given according to the LES delay estimation scheme is approximately equal

to 2E[W |W > 0] (or our simulation point estimate for this quantity, 2 ̂E[W |W > 0]). We

then plot a histogram for the actual delays thus collected, thus plotting the distribution of

WLES(w). We do the same for WRCS(w). We see that our simulation point estimates for the

mean and variance of WLES(w) and WRCS(w) are quite close to those of WHOL(w) (see for

example Figures 65 and 66), and we once more see an approximately Normal distribution.

Finally, we also plot histograms for the distributions of the LES and RCS delay estimations

given when the delay estimate given according to the HOL delay estimation scheme, w, is

approximately equal to 2E[W |W > 0]. We see throughout that the variance of the LES and

RCS estimations is considerably smaller than that of WHOL(w) (e.g., see Figure 63). In the

M/M/100 and H2/M/100 models (e.g., see Figures 64 and 74), we see that the LES and

RCS predictions given are normally distributed. In the D/M/100 model (see Figure 68), the

distribution of the LES estimations thus collected is not Normal. At present, we did not

investigate the shape of the distribution observed in this case.
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9. Conclusions

In this supplement to the main paper we presented simulation results investigating the

performances of 6 delay estimators: (i) the delay of the last customer to enter service (LES),

(ii) the delay experienced so far by the customer at the head of the line (HOL), (iii) the delay

experienced by the last customer to complete service (LCS), (iv) the delay experienced by the

customer to have arrived most recently among those who have completed service (RCS), (v)

the delay of our customer in the GI/M/s model assuming full information at the arrival epoch

(QL) and (vi) the steady state mean waiting time, assuming no information beyond the model

(NI). We concluded that LES and HOL are very similar, with both being more accurate than

others. For large s, RCS is far superior to LCS, because customers need not complete service in

the same order they arrive. QL outperforms all other delay estimators but has the disadvantage

of assuming full knowledge about the model at the arrival epoch. NI almost always falls behind,

except when we restrict our attention to low traffic intensities and relatively short delays. We

saw that simulation provided additional support to some theoretical results of the main paper

thus further validating them. These results relate mostly to the performance of the LES delay

estimator (or equivalently, HOL) in the GI/M/s model. We also used simulation to gain insight

into the performances of our delay estimators when we didn’t have corresponding theoretical

results. We did this, for instance, when studying the performances of the RCS and LCS delay

estimators. We went beyond studying the overall performances of our estimators and studied

differences in performances when restricting attention to specific delay levels in the system.

We then saw that these performances can indeed depend on the level of delays considered.

It is important to note finally that the simulation results of this supplement merely aim

at quantifying the differences between the performances of the alternative delay estimators

that we proposed. In practice, there are a number of issues that we do not consider here,

such as the amount of information available to the system manager and the costs involved in

implementing the different delay estimation schemes. The question of which delay estimator

to use in a real-life problem cannot be answered without incorporating all of these factors.
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10. Tables and Figures
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Figure 1: Point estimates of the ASE of alternative real-time delay estimators for the M/M/s
queue with s = 1 and µ = 1 as a function of the traffic intensity ρ.
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Figure 2: Point estimates of the RASE of alternative real-time delay estimators for the M/M/s
queue with s = 1 and µ = 1 as a function of the traffic intensity ρ.
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Figure 3: Point estimates of the ASE of alternative real-time delay estimators for the M/M/s
queue with s = 10 and µ = 1 as a function of the traffic intensity ρ.
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Figure 4: Point estimates of the RASE of alternative real-time delay estimators for the M/M/s
queue with s = 10 and µ = 1 as a function of the traffic intensity ρ.
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Figure 5: Point estimates of the RASE of alternative real-time delay estimators for the M/M/s
queue with s = 100 and µ = 1 as a function of the traffic intensity ρ.
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Figure 6: Point estimates of the RASE of alternative real-time delay estimators for the M/M/s
queue with s = 100 and µ = 1 as a function of the traffic intensity ρ.
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Figure 7: Point estimates of the ASE of alternative real-time delay estimators for the M/M/s
queue with s = 400 and µ = 1 as a function of the traffic intensity ρ.
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Figure 8: Point estimates of the RASE of alternative real-time delay estimators for the M/M/s
queue with s = 400 and µ = 1 as a function of the traffic intensity ρ.
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Figure 9: Point estimates of the ASE of alternative real-time delay estimators for the M/M/s
queue with s = 900 and µ = 1 as a function of the traffic intensity ρ.
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Figure 10: Point estimates of the RASE of alternative real-time delay estimators for the
M/M/s queue with s = 900 and µ = 1 as a function of the traffic intensity ρ.
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Figure 11: Point estimates of the ASE of alternative real-time delay estimators for the D/M/s
queue with s = 1 and µ = 1 as a function of the traffic intensity ρ.
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Figure 12: Point estimates of the RASE of alternative real-time delay estimators for the D/M/s
queue with s = 1 and µ = 1 as a function of the traffic intensity ρ.
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Figure 13: Point estimates of the ASE of alternative real-time delay estimators for the D/M/s
queue with s = 10 and µ = 1 as a function of the traffic intensity ρ.
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Figure 14: Point estimates of the RASE of alternative real-time delay estimators for the D/M/s
queue with s = 10 and µ = 1 as a function of the traffic intensity ρ.
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Figure 15: Point estimates of the ASE of alternative real-time delay estimators for the D/M/s
queue with s = 100 and µ = 1 as a function of the traffic intensity ρ.
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Figure 16: Point estimates of the RASE of alternative real-time delay estimators for the D/M/s
queue with s = 100 and µ = 1 as a function of the traffic intensity ρ.
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Figure 17: Point estimates of the ASE of alternative real-time delay estimators for the D/M/s
queue with s = 400 and µ = 1 as a function of the traffic intensity ρ.
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Figure 18: Point estimates of the RASE of alternative real-time delay estimators for the D/M/s
queue with s = 400 and µ = 1 as a function of the traffic intensity ρ.
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Figure 19: Point estimates of the ASE of alternative real-time delay estimators for the D/M/s
queue with s = 900 and µ = 1 as a function of the traffic intensity ρ.
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Figure 20: Point estimates of the RASE of alternative real-time delay estimators for the D/M/s
queue with s = 900 and µ = 1 as a function of the traffic intensity ρ.

78



0.85 0.9 0.95
0

50

100

150

200

250

H
2
/M/1 − ASE

ρ

A
S

E

 

 

QL
LES
HOL
RCS/RCS−Sqrt/LCS

Figure 21: Point estimates of the ASE of alternative real-time delay estimators for the H2/M/s
queue with s = 1 and µ = 1 as a function of the traffic intensity ρ.
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Figure 22: Point estimates of the RASE of alternative real-time delay estimators for the
H2/M/s queue with s = 1 and µ = 1 as a function of the traffic intensity ρ.
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Figure 23: Point estimates of the ASE of alternative real-time delay estimators for the H2/M/s
queue with s = 10 and µ = 1 as a function of the traffic intensity ρ.
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Figure 24: Point estimates of the RASE of alternative real-time delay estimators for the
H2/M/s queue with s = 10 and µ = 1 as a function of the traffic intensity ρ.
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Figure 25: Point estimates of the ASE of alternative real-time delay estimators for the H2/M/s
queue with s = 100 and µ = 1 as a function of the traffic intensity ρ.
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Figure 26: Point estimates of the RASE of alternative real-time delay estimators for the
H2/M/s queue with s = 100 and µ = 1 as a function of the traffic intensity ρ.
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Figure 27: Point estimates of the ASE of alternative real-time delay estimators for the H2/M/s
queue with s = 400 and µ = 1 as a function of the traffic intensity ρ.
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Figure 28: Point estimates of the RASE of alternative real-time delay estimators for the
H2/M/s queue with s = 400 and µ = 1 as a function of the traffic intensity ρ.
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Figure 29: Point estimates of the ASE of alternative real-time delay estimators for the H2/M/s
queue with s = 900 and µ = 1 as a function of the traffic intensity ρ.
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Figure 30: Point estimates of the RASE of alternative real-time delay estimators for the
H2/M/s queue with s = 900 and µ = 1 as a function of the traffic intensity ρ.
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Figure 31: Conditional ASE for the alternative delay estimators in the M/M/100 model for
actual delays in ( ̂E[W |W > 0], 2 ̂E[W |W > 0]), as a function of the traffic intensity ρ

93



0.9 0.91 0.92 0.93 0.94 0.95 0.96 0.97 0.98 0.99
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

ρ

A
S

E

MM100 − Conditional ASE for delays in (2E[W|W>0], 4E[W|W>0])

 

 

QL
LES
HOL
RCS
RCSSq
LCS

Figure 32: Conditional ASE for the alternative delay estimators in the M/M/100 model for
actual delays in (2 ̂E[W |W > 0], 4 ̂E[W |W > 0]), as a function of the traffic intensity ρ
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Figure 33: Conditional ASE for the alternative delay estimators in the M/M/100 model for
actual delays in (4 ̂E[W |W > 0], 6 ̂E[W |W > 0]), as a function of the traffic intensity ρ
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Figure 34: Conditional ASE for the alternative delay estimators in the M/M/100 model for
actual delays larger than 6 ̂E[W |W > 0], as a function of the traffic intensity ρ
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Figure 35: Conditional ASE for the alternative delay estimators in the M/M/400 model for
actual delays in ( ̂E[W |W > 0], 2 ̂E[W |W > 0]), as a function of the traffic intensity ρ
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Figure 36: Conditional ASE for the alternative delay estimators in the M/M/400 model for
actual delays in (2 ̂E[W |W > 0], 4 ̂E[W |W > 0]), as a function of the traffic intensity ρ
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Figure 37: Conditional ASE for the alternative delay estimators in the M/M/400 model for
actual delays in (4 ̂E[W |W > 0], 6 ̂E[W |W > 0]), as a function of the traffic intensity ρ
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Figure 38: Conditional ASE for the alternative delay estimators in the M/M/400 model for
actual delays larger than 6 ̂E[W |W > 0]), as a function of the traffic intensity ρ
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Figure 39: Conditional ASE for the alternative delay estimators in the M/M/900 model for
actual delays in ( ̂E[W |W > 0], 2 ̂E[W |W > 0]), as a function of the traffic intensity ρ
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Figure 40: Conditional ASE for the alternative delay estimators in the M/M/900 model for
actual delays in (2 ̂E[W |W > 0], 4 ̂E[W |W > 0]), as a function of the traffic intensity ρ
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Figure 41: Conditional ASE for the alternative delay estimators in the M/M/400 model for
actual delays in (4 ̂E[W |W > 0], 6 ̂E[W |W > 0]), as a function of the traffic intensity ρ
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Figure 42: Conditional ASE for the alternative delay estimators in the D/M/100 model for
actual delays in ( ̂E[W |W > 0], 2 ̂E[W |W > 0]), as a function of the traffic intensity ρ
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Figure 43: Conditional ASE for the alternative delay estimators in the D/M/100 model for
actual delays in (2 ̂E[W |W > 0], 4 ̂E[W |W > 0]), as a function of the traffic intensity ρ
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Figure 44: Conditional ASE for the alternative delay estimators in the D/M/100 model for
actual delays in (4 ̂E[W |W > 0], 6 ̂E[W |W > 0]), as a function of the traffic intensity ρ
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Figure 45: Conditional ASE for the alternative delay estimators in the D/M/100 model for
actual delays larger than 6 ̂E[W |W > 0], as a function of the traffic intensity ρ
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Figure 46: Conditional ASE for the alternative delay estimators in the D/M/400 model for
actual delays in ( ̂E[W |W > 0], 2 ̂E[W |W > 0]), as a function of the traffic intensity ρ

122



0.9 0.91 0.92 0.93 0.94 0.95 0.96
0.5

1

1.5

2

2.5

3

3.5

4

4.5

5
x 10

−4

ρ

A
S

E

DM400 − Conditional ASE for delays in (2E[W|W>0], 4E[W|W>0])

 

 

QL
LES
HOL
RCS
RCSSq

Figure 47: Conditional ASE for the alternative delay estimators in the D/M/400 model for
actual delays in (2 ̂E[W |W > 0], 4 ̂E[W |W > 0]), as a function of the traffic intensity ρ
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Figure 48: Conditional ASE for the alternative delay estimators in the D/M/400 model for
actual delays in (4 ̂E[W |W > 0], 6 ̂E[W |W > 0]), as a function of the traffic intensity ρ
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Figure 49: Conditional ASE for the alternative delay estimators in the D/M/900 model for
actual delays in ( ̂E[W |W > 0], 2 ̂E[W |W > 0]), as a function of the traffic intensity ρ
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Figure 50: Conditional ASE for the alternative delay estimators in the D/M/900 model for
actual delays in (2 ̂E[W |W > 0], 4 ̂E[W |W > 0]), as a function of the traffic intensity ρ
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Figure 51: Conditional ASE for the alternative delay estimators in the H2/M/100 model for
actual delays in ( ̂E[W |W > 0], 2 ̂E[W |W > 0]), as a function of the traffic intensity ρ
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Figure 52: Conditional ASE for the alternative delay estimators in the H2/M/900 model for
actual delays in (2 ̂E[W |W > 0], 4 ̂E[W |W > 0]), as a function of the traffic intensity ρ
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Figure 53: Conditional ASE for the alternative delay estimators in the H2/M/100 model for
actual delays in (4 ̂E[W |W > 0], 6 ̂E[W |W > 0]), as a function of the traffic intensity ρ
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Figure 54: Conditional ASE for the alternative delay estimators in the H2/M/100 model for
actual delays larger than 6 ̂E[W |W > 0], as a function of the traffic intensity ρ
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Figure 55: Conditional ASE for the alternative delay estimators in the H2/M/400 model for
actual delays in ( ̂E[W |W > 0], 2 ̂E[W |W > 0]), as a function of the traffic intensity ρ
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Figure 56: Conditional ASE for the alternative delay estimators in the H2/M/400 model for
actual delays in (2 ̂E[W |W > 0], 4 ̂E[W |W > 0]), as a function of the traffic intensity ρ
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Figure 57: Conditional ASE for the alternative delay estimators in the H2/M/400 model for
actual delays in (4 ̂E[W |W > 0], 6 ̂E[W |W > 0]), as a function of the traffic intensity ρ
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Figure 58: Conditional ASE for the alternative delay estimators in the H2/M/400 model for
actual delays larger than 6 ̂E[W |W > 0], as a function of the traffic intensity ρ
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Figure 59: Conditional ASE for the alternative delay estimators in the H2/M/900 model for
actual delays in ( ̂E[W |W > 0], 2 ̂E[W |W > 0]), as a function of the traffic intensity ρ
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Figure 60: Conditional ASE for the alternative delay estimators in the H2/M/900 model for
actual delays in (2 ̂E[W |W > 0], 4 ̂E[W |W > 0]), as a function of the traffic intensity ρ
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Figure 61: Conditional ASE for the alternative delay estimators in the H2/M/900 model for
actual delays in (4 ̂E[W |W > 0], 6 ̂E[W |W > 0]), as a function of the traffic intensity ρ
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Figure 62: Distribution of WHOL(w) when w ≈ 2E[W |W > 0] in the M/M/100 model when
ρ = 0.95
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Figure 63: Distribution of the LES delay estimations given when the HOL estimations, w, are
such that w ≈ 2E[W |W > 0] in the M/M/100 model when ρ = 0.95
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Figure 64: Distribution of the RCS delay estimations given when the HOL estimations, w, are
such that w ≈ 2E[W |W > 0] in the M/M/100 model when ρ = 0.95
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Figure 65: Distribution of the actual delays observed when the LES delay estimation, w, is
such that: w ≈ 2E[W |W > 0] in the M/M/100 model when ρ = 0.95
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Figure 66: Distribution of the actual delays observed when the RCS delay estimation, w, is
such that: w ≈ 2E[W |W > 0] in the M/M/100 model when ρ = 0.95
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Figure 67: Distribution of WHOL(w) when w ≈ 2E[W |W > 0] in the D/M/100 model when
ρ = 0.95
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Figure 68: Distribution of the LES delay estimations given when the HOL estimations, w, are
such that w ≈ 2E[W |W > 0] in the D/M/100 model when ρ = 0.95
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Figure 69: Distribution of the RCS delay estimations given when the HOL estimations, w, are
such that w ≈ 2E[W |W > 0] in the D/M/100 model when ρ = 0.95

197



0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45
0

2000

4000

6000

8000

10000

12000

14000

actual delays observed

D/M/100, ρ = 0.95; W
LES

(w) when w ≈ 2E[W|W>0]

mean = 0.1999
variance = 0.0021

Figure 70: Distribution of the actual delays observed when the LES delay estimation, w, is
such that: w ≈ 2E[W |W > 0] in the D/M/100 model when ρ = 0.95
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Figure 71: Distribution of the actual delays observed when the RCS delay estimation, w, is
such that: w ≈ 2E[W |W > 0] in the D/M/100 model when ρ = 0.95
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Figure 72: Distribution of WHOL(w) when w ≈ 2E[W |W > 0] in the H2/M/100 model when
ρ = 0.95
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Figure 73: Distribution of the LES delay estimations given when the HOL estimations, w, are
such that w ≈ 2E[W |W > 0] in the H2/M/100 model when ρ = 0.95
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Figure 74: Distribution of the RCS delay estimations given when the HOL estimations, w, are
such that w ≈ 2E[W |W > 0] in the H2/M/100 model when ρ = 0.95
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Figure 75: Distribution of the actual delays observed when the LES delay estimation, w, is
such that: w ≈ 2E[W |W > 0] in the H2/M/100 model when ρ = 0.95
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Figure 76: Distribution of the actual delays observed when the RCS delay estimation, w, is
such that: w ≈ 2E[W |W > 0] in the H2/M/100 model when ρ = 0.95
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