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We establish heavy-traffic stochastic-process limits for waiting
times in many-server queues with customer abandonment. If the sys-
tem is asymptotically critically loaded, as in the quality-and-efficiency-
driven (QED) regime, then a bounding argument shows that the
abandonment does not affect waiting-time processes. If instead the
system is overloaded, as in the efficiency-driven (ED) regime, follow-
ing Mandelbaum, Massey, Reiman and Stolyar [7], we treat customer
abandonment by studying the limiting behavior of the queueing mod-
els with arrivals turned off at some time ¢. Then, the waiting time
of an infinitely patient customer arriving at time ¢ is the additional
time it takes for the queue to empty. To prove stochastic-process lim-
its for virtual waiting times, we establish a two-parameter version of
Puhalskii’s invariance principle for first passage times. That, in turn,
involves proving that two-parameter versions of the composition and
inverse mappings appropriately preserve convergence.

1. Introduction. In the past, heavy-traffic stochastic-process limits
for waiting times in queueing systems have been proven using Puhalskii’s
invariance principle for first-passage times [l 1] together with established
stochastic-process limits for queue-length processes; e.g., [1, 4, 13, 19]. For
instance, for an n server system, denoting the arrival, departure and number-
in-system processes by A, D and X, respectively, the virtual waiting time
at time ¢t can be represented as the following first-passage time:

(11) V() =inf{s > 0| D(t+s) > X(0)+ A(t) — (n—1)}.

When one attempts to incorporate an abandonment process L in the model,
one cannot simply write the virtual waiting time at time ¢ (the waiting time
of an infinitely patient customer arriving at time ¢) as

(1.2) V() =inf{s > 0| D(t + )+ L(t+s) > X(0) + A(t) — (n— 1)},
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because the term L(t+ s) may include customers that arrived to the system
after time ¢ and then abandoned.

When the system is asymptotically critically loaded in fluid scale, as in
the quality-and-efficiency (QED) regime, we show that abandonments do
not affect fluid and diffusion limits for the virtual waiting time. We do this
by bounding the virtual waiting time process from above and below by
processes of the form (1.1) and (1.2), respectively. These bounds are shown
to be asymptotically equivalent, giving us a limit for our virtual waiting
time process. For the Markovian M /M /n 4+ M model in the QED regime,
the virtual waiting time limit was first stated in Theorem 3 of Garnett et.
al. [3], but the proof given there is not correct. We give a correct proof here.

When the system is not asymptotically critically loaded in fluid scale, we
must be more careful. One way to address this problem, which was first
suggested by Mandelbaum et. al. [7], is to consider the system with the
arrival process stopped at a fixed time ¢, so that the abandonment term
in the first-passage time expression (1.2) does not include customers that
arrive to the system after time . We can then use the invariance princi-
ple for first-passage times to get the desired limit for the fixed ¢. To prove
the full stochastic-process limit for virtual waiting times, however, we need
a corresponding two-parameter limit for the queue-length process with ar-
rivals turned off and a two-parameter version of the invariance principle for
first-passage times. We establish these results here. We establish the two-
parameter version of Puhalskii’s invariance principle for first-passage times
by proving that two-parameter versions of the composition and inverse map-
pings are convergence-preserving. This portion of our work is along the lines
of [11] and Chapter 13 of [15].

We apply the two-parameter version of Puhalskii’s theorem to establish
many-server heavy-traffic stochastic-process limits for waiting times in the
M /M /s+ M model in the efficiency-driven (ED) regime. As indicated above,
the line of reasoning here was initiated by Mandelbaum et. al. [7], which
builds on the strong-approximation approach in [6]. In [7] the need to turn off
the arrival process to properly treat customer abandonment was recognized,
but the two-parameter version of Puhalskii’s theorem needed to complete
the argument was not stated or proved. The statement and partial proof
were developed in an unpublished manuscript [8]. The most difficult step in
proving the ED result is not establishing the two-parameter generalization of
Puhalskii’s theorem, but is instead establishing the stochastic-process limit
for the queue-length process with the arrival process turned off, Proposition
6.2 here. Mandelbaum et. al. [8] establish corresponding results in the more
general setting of “Markovian service networks” [6], but that part of their
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work remains to be completed. Our task is made easier by considering only
the M /M /s + M model. Nevertheless, we believe that the results and line
of reasoning here apply to more general models.

We also establish the heavy-traffic limit for the steady-state waiting time
in the ED regime by a different argument. As should be anticipated, it is a
normal distribution centered at the fluid limit. We show that the variance
has a simple form, which is unclear a priori. Our result is a special case
of the ED limit for the M/M/s + GI steady-state waiting time in (6.12)
of Zeltyn and Mandelbaum [20]. Our proof is interesting because we use a
stochastic-process limit to prove the one-dimensional limit. For the QED
regime, the limit for the steady-state waiting time distribution is given in
Theorem 3 of [3].

Notation. For a,b,c € R, let a Vb = max{a,b}, a A b = min{a, b},
[c]® = max{min{c,b},a}, and a* =a V0.

For a complete separable metric space (CSMS) (S, d), we let C(]0, 00),S)
denote the set of continuous functions from [0,00) to S and define C =
C([0,00),R) and Cc = C([0,00), C'). We endow these spaces with the topol-
ogy of uniform convergence over compact sets (u.o.c.). For z € C([0,00),S),
let ||z — y||; = supg<s<¢ d(x(s),y(s)). A metric m inducing the topology of
u.0.C. i8

(1.3) m(z,y) = /OOO e ([lz —ylle A1) dt.

Notice that m(z,,z) — 0 as n — oo if and only if ||z, — z|; —» 0asn — oo
for all ¢t > 0.

For a CSMS S, let D([0,00),S) denote the set of right-continuous func-
tions from [0,00) to S having left limits everywhere on (0, 00) (see [2] and
[15]) and let D = D([0,00),R) and Dp = D([0,00), D). Let e denote the
identity element in D, i.e., e(t) = t for t > 0, and let n denote the con-
stant function 1, i.e., n(t) =1 for t > 0. We use (D, 7T ) to denote the space
D with the topology 7. We use (Dp,71,72) to denote the space Dp with
the topology 71 on the outside D space and the topology 75 on the inside
D space. We use J; and M; to denote Skohorod’s J; and M; topologies,
respectively, and U to denote the topology of u.o.c. as defined above. Note
the spaces (Dp, Ji, M) and (Dp, Ji, J1) are well-defined topological spaces,
but (Dp, My, M7) and (Dp, My, J1) are not, since the My topology has only
been defined on the spaces D([0, 00), R¥), for k& > 1 (see Chapter 12 of [17]).

We can identify functions in Cc and Dp as two-parameter functions x =
z(-,-). For x € Dp and s > 0, we will often find it convenient to refer
to z(s,-) € D(]0,00),R) as z®. We also work with product spaces such
as D% = Dp x Dp, where we assume the appropriate product topology.
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For x € D, let ||z||s = supg<s<g |z(s)| and for x € Dp, let ||z|s7 =
SUpg<s<so<t<r |7(s,1)[. (This is consistent with our notation ||z — y||; used
in (1.3); since S = R, we now have a norm.) We will mainly be considering
limit processes with continuous sample paths. It is thus significant that for
x € C¢ convergence =, — x in (Dp, Ji,J1) or (Dp, Ji, M7) is equivalent to
xn — x in (Dp,U,U), which, in turn, is equivalent to ||z, — x|/ g7 — 0 for
all S, T > 0; see Theorem 2.1 below.

Let = denote convergence in distribution. For a sequence of R-valued
random variables (X, )n>1, we write X,, = op(f(n)) if

Xy
f(n)

Organization. In §2, we begin by proving various functions in Dp are
convergence preserving. Some of these results are given in greater generality
than needed here. The additional generality may be useful in future work. In
83, we use a simple bounding argument to prove heavy-traffic limits for vir-
tual waiting time processes when the abandonment process is asymptotically
negligible in fluid-scale. In §4, we use the results in §2 to prove heavy-traffic
limits for virtual waiting time processes assuming associated limits hold for
basic queueing process with the arrival process stopped. In §§5 and 6 we
use the results in §§3 and 4, respectively, to prove waiting-time stochastic-
process limits for the M/M/n + M model in the QED and ED limiting
regimes. In §6.2, we establish the heavy-traffic limit for the steady-state vir-
tual waiting times in the ED regime. §7 contains the proofs of lemmas used
in §63 and 6.

=0 in R as n— oo.

2. Functions in Dp. In this section we prove continuity results for
functions in Dp. We focus on composition and inverse in §§2.1 and 2.2,
respectively. We use the results in §§2.1 and 2.2 to extend Puhalskii’s in-
variance principle for first-passage times [1 1] to functions of two parameters
in §2.3. We prove continuity results for integral mappings in §2.4 and for
a projection mapping in §2.5. For our two-parameter results, the space can
be either (Dp, Ji,J1) or (Dp, Ji, M1), unless the M; topology is explicitly
assumed on the inside space, but this usually does not matter because our
limits will usually be assumed to be in Cc.

Let Dy be the subset of functions = in Dp such that z(0,0) > 0. Let
Dy 1 and D5 11 be the subsets of functions in D o that are nondecreasing and
strictly increasing in each coordinate, respectively. Similarly, define Cs¢ =
Co N D270, 027'[‘ =CcnN DQ,T’ and CQ’TT =CcnN D27TT.
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2.1. Composition. First we show that, as in the one-parameter case, con-
vergence in Dp to a point in C¢ is equivalent to uniform convergence over
compact sets. We need the following lemma, whose proof is an easy exercise
in analysis:

LEMMA 2.1.  Let (S,d) be a metric space. Let (xn)n>1 and x be functions
from a compact set E C R¥ to S, k > 1, and let x be continuous. Then
sup;cp d(zn(t), z(t)) — 0 asn — oo if and only if for all sequences (t,)n>1 C
E such that t, — t as n — 0o we have x,(t,) — x(t) in S as n — oo.

THEOREM 2.1. Ifx € C¢, then x,, — x in (Dp, J1,J1) or (Dp, J1, M1)
as n — oo if and only if x,, — x in (Dp,U,U) as n — oo.

PROOF. Let 7 be J; or Mj. Since x € C¢, the convergence x, — =
in (Dp, J1,7) is equivalent to convergence in (Dp, U, 7). Therefore, for all
T > 0 we have

(2.1) sup dr(zl,2') —0 as n — oo,
te[0,7

where dr is a metric on D inducing the topology 7. By Lemma 2.1, (2.1)
holds if and only if for every T > 0, ¢t € [0,7], and sequence (t,)p>1 C
[0, 7] such that t, — t as n — oo we have zl» — z' in (D([0,T],R),T).
But since 2! € C for each t € [0,7T] this is equivalent to xl» — 2! in
(D([0,T],R),U) for all T > 0. Again, applying Lemma 2.1, this convergence
holds if and only if for for each S, T > 0, (¢,s) € [0,T] x [0, 5], and sequence
((tn, Sn))n>1 C [0,T7] x [0, S] such that (¢,,s,) — (t,s) as n — oo we have
Tn(tn, Sn) — x(t,s) in R as n — oo. But then again by Lemma 2.1, this is
true if and only if z,, — = in (Dp,U,U). O

We now show that addition and multiplication on D% are measurable
and continuous at points in C%. In both cases, to prove measurability we
use Lemma 2.7 of [14], which we state here for completeness:

LeEMMA 2.2 (Lemma 2.7 of [I1]). The Borel o-field on Dp coincides
with the Kolmogorov o-field, i.e., the o-field generated by the coordinate
projections.

Let addition on D%, be defined pointwise: For z,y € Dp,

(x +y)(s,t) = (s, t) + y(s,t).
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THEOREM 2.2 (continuity of addition in Dp). Addition on D% is mea-
surable and continuous at points in C(Qj.

PROOF. Measurability follows by Theorem 4.1 of [14]. The argument
there is based on Lemma 2.2. Continuity follows from Theorem 2.1 and
the triangle inequality. For each S,T > 0,

[0 +yn) = (& +9)ls7 < llen = zllsr + llyn = yllsr-

Similarly, define multiplication on Dp by

(zy)(s,t) = x(s, t)y(s, 1),
for z,y € Dp.

THEOREM 2.3 (continuity of multiplication in Dp). Multiplication on
D3, is measurable and continuous at points in C..

PROOF. Again, measurability follows using the same argument as in The-
orem 4.1 of [14]. Continuity at continuous limits follows from Theorem 2.1
and the triangle inequality:

|Znyn — 2ylls,r < |Tnyn — 2nyllsr + ll2ny — zy|s T
< |lznllsrllyn — vllsT + lyllszllzn — s

Since z, — @, sup,,>1 ||2n|lsr < 00, and we have our result. O

Define the composition mapping oz from Dp x Dp to Da 1 by

(2.2) (x ogy)(s,t) = x(s,y(s, t)).

Notice that y only enters in the second argument of x. As usual, we re-
quire that the internal function be in D . This is needed to ensure that
the composition x og y is an element of Dp (see Example 13.2.1 of [15]).
Alternatively, we can define the composition mapping as a mapping from
Cc xCc to Ce. For each s > 0, we have (xo2y)(s, ) = x(s,y(s, ) = 2°oy?,
where o is the standard composition map on D.

Then we have the following extension of Theorem 3.1 of [14] and Theorem
13.2.2 of [17].
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THEOREM 2.4 (convergence preservation of og). (a) The composition func-
tion oy mapping Dp x Dy into Dp defined in (2.2) is measurable and
continuous at each (z,y) € Co x Cy 1.

(b) The composition function oy mapping Cc X Cc into Co is continuous.

PRrOOF. For part (a), measurability follows from Lemma 2.2 and the fact
that the composition mapping from D x Dy to D is measurable (see Theorem
13.2.1 of [15] and page 232 of [2]). For both parts (a) and (b), we use the
triangle inequality to prove continuity. For each S, T > 0 we have

|z 02 Yn — 02 ylls < ||Tn 02 Y — 02 YnllsT + |2 02 Yn — T 02 y|s -

Let T" = sup,, ||ynlls,r- Then the first term converges to zero since it is
bounded by ||z, — z||s77 — 0. The second term converges to zero since
x € C¢. The mapping in part (b) is measurable because it is continuous. [

We now give the main result of this subsection. It is an extension of
Theorem 13.3.3 of [15].

THEOREM 2.5 (convergence preservation of op with nonlinear center-
ing). Let (zn,yn) € (Dp X Dap) U (Cc x Cc) and y € Cc. Let x have
continuous partial derivative T’ with respect to its second parameter, i.e.
x'(s,t) = w, and let ¢, — oo. If

Cn(Tn — 2,y —y) — (u,0) in Dp,
where u,v € Co, then

cn(Tp 02 Yyn — T 02y) — uogy+ (z' ogy)v in Dp.

Proor. We follow the proof of Theorem 13.3.3 of [15]. Let (xy,yn) €
Dp x Dq1; the other case can be proven analogously. Note that

en(Tn 02 yp — x 02 Y) = cp(xy — ) 02 Yn + (T 02 Y — T 02 Y).
By our assumptions, we have
(en(@n =), cn(yn = y)syn) — (u,0,y) in D,
so, applying Theorems 2.4 and 2.2, gives us

(2.3) (cn(wp o2 yn — T 02 Yn) + (55, 02 Y)en(Yn —y)) — o2y + (fC, 03 Y)v.



8 R. TALREJA AND W. WHITT

Now, for all S,7T > 0,

||Cn(xn 02 Yn — T 02 y) - Cn(xn 02 Yn — L 02 yn) - Cn(l’/ 02 y)(yn - y)|
< ch(x 02 Yn — T O2 y) - cn(‘r/ 02 y)(:yn - y)HS,T
yn(sit) ,
= sup cn/ x'(s,u) du — cpx' (s, y(s, 1)) (yn(s,t) — y(s,t))
y

0<s<S (s,t)
0<t<T

ST

(2.4)

< sup < sSup x'(s,u) _x/(say(svt))> Cn(yn(svt) —y(s,t))
0<s<S | \y(s,t)<u<yn(s,t)
0<t<T
The last expression goes to zero since 2’ is uniformly continuous over bounded
intervals in its first parameter and ¢, (y, — y) — v in Dp. Now, combining
(2.3) and (2.4) and using the triangle inequality gives us our result. O

2.2. Inverse with centering. We now move on to prove results about
inverse maps with linear and nonlinear centering in Dp. The inverse we
consider here is the usual inverse applied to only the second argument. Let
Dy 4, be the subset of functions x in Dp such that z(0,0) = 0 and z(s,-) is
unbounded above for each s > 0. As before, let Dy, 1 = D2, N Doy and
Dy 11 = D2y N Dy . We define the inverse map on the subset Dy, of D
as follows. For x € D4, let the inverse of x be

(s, t) = inf{u > 0| z(s,u) > t}.
Notice that for each s > 0,
(@) =27 (s, ) = infl{u| x(s,u) >} = inf{u | 2°(u) > -} = ()7,

where the inverse on the right is the standard inverse on D.

We then have the following result, which is analogous to Theorem 13.6.1 of
[15], which is proved in §7.6.1 of [16]. The theorem exploits the M; topology
on the inner space D. Note the second condition of the theorem holds if
x € C¢, which will be the case when we apply the theorem below.

THEOREM 2.6 (convergence preservation of inverse). The inverse map
on (Day, J1, M1) is measurable and continuous at all x € D>, such that

1. 271(5,0) =0 for all s > 0,
2. x 1is right-continuous at 0, uniformly in s € [0,S] for each S > 0, i.e.
for all S > 0 and € > 0, there exists 6 > 0 such that

(2.5) sup |z°(d) —2%(0)] < e.
0<s<S
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PROOF. Measurability follows by Lemma 2.2 and the fact that the inverse
map on D is measurable, by the argument in the proof of Theorem 13.6.1
of [15].

Suppose x,, — x in (D, Ji, M;). Then, for each S > 0, there exists a
sequence of increasing homeomorphisms on [0, S] such that

A —ellsV sup duy xs,xk"(s) — 0, as n — oo.
1 n
0<s<S

It now suffices to show that (z;!)* — (z= 1)) in (D, M;), uniformly in
s € [0, S]. To show this, we can use the same continuity argument as in the
proof of Theorem 13.6.1 of [15]. In particular, we can construct a sequence
of functions z in Dp such that for n large enough (z7)~!(s,0) = 0 for all
s €10,8] and ((x%)%)~! is close to (z5)~! in (D,U) uniformly in s € [0, S].
In order for that argument to go through uniformly in s € [0, S], we need
the condition (2.5). The reason we want (x})~!(s,0) = 0 for each s € [0, 5]
is that if we have this property then each M7 parametric representation of
(z%)* serves as a parametric representation of ((z)*)~! with the roles of the
coordinates switched (see Lemma 13.6.8 of [15]). Therefore, for large enough
n,

sup dag, ((a,")°, (27 )™

0<s<S
= sup_dap,((z3)7", (@)™
0<s<S
< sup oy (((23)°) 7 @)™ + supdar (((27)71)°, (25) ™)
0<s<S 0<s<S
< sup dan, (((27)°) 7 (@)™ + sup [[((27)71)7 = (23) 7D,
0<s<S 0<s<S
= sup dar, ((23)%, 2™ ) + sup [[((27)71)° = (@3) ")l =0,
0<s<S 0<s<S
as n — oo. Ul
REMARK 2.1. Theorem 7.1 of [14], which proves continuity of the inverse

function in (D, M), is incorrect. We need the limit process = to have the
extra property that z=(0) = 0. This has been corrected in §13.6 of [17].

We now prove convergence results for inverse with centering as in §13.7
of [15]. Here, we let the function e; € Dp be defined as ex(s,t) =t for all
s,t > 0. Also, for each T' > 0 define the maximum jump function Jr : D — R
by

Jr(z) = sup {|a(t) — z(t-)[}.

0<t<T
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THEOREM 2.7 (inverse with linear centering). Suppose that c,(x, —
es) — x in Dp as n — oo, where x,, € Doy, x € Cc, y(0) = 0, and

1

¢n — 00. Then cp(x, " —ez) — —x in Dp as n — oo.

PROOF. By the triangle inequality, for each S,T > 0,

len(an ! —e2) +allsr < len(wn’ —anoaay ') +allsr+llen(znoaay’ —ea)lls .

Applying the composition map og (Theorem 2.4) with the assumed conver-
gence and x,1 — ey (Theorem 2.6) gives us convergence of the first term
above to 0. Furthermore, by Corollary 13.6.2 of [15] we have

len (@ 02 2" — e2)llsir = en sup ||z, 0 (23) 7" —eflr
0<s<S

< ¢y sup Jigsy- x,
< e S0 ) 1) ()

= sup Jigs)-1(1)(cn(zy, —€)).
0<s<S
Since ¢, (x, —€) — x and z is in C¢, the last expression above converges to
0 as n — oo. This gives us our result. O

We now move on to inverse with nonlinear centering. The proofs of our
next two results, Theorems 2.8 and 2.9, follow the proof of Theorems 13.7.2
and 13.7.4 of [15] exactly, with results on composition and inverse maps in
D there replaced by our new results on composition and inverse maps in Dp
here.

THEOREM 2.8 (inverse with nonlinear centering). Suppose that c,(xy, —
A) = uasn — oo in Dp, where x, € Day, u € Cc, u(0) =0, ¢, — 00, and
A is absolutely continuous with continuous positive derivative X' with respect
to its second parameter. Then

—w 09 AL

—1 -1
T R S

" in Dp as n— oo,

where (u/v)(s,t) = u(s,t)/v(s,t), for s,t > 0.

2.3. Two-Parameter Version of Puhalskii’s Theorem. Finally, we have
our two-parameter version of Puhalskii’s Theorem. This is similar to Theo-
rem 1 in [I1] and Theorem 13.7.4 in [15], which is an extension to the M,
topology. Note that the limits x, y, u, and v below are all continuous. Again,
we omit the proof because it is a direct analog of the proof of Theorem 13.7.1
in [15], using the results above.



WAITING TIMES IN MANY-SERVER QUEUES WITH ABANDONMENT 11
THEOREM 2.9.  Suppose that x, € Doy, yn € Do, ¢y — 00,
~ 2
en(Tn — 2,yn —y) — (u,v) in Dp,

where u,v € Co, v € Cay andy € Co 1. Furthermore, suppose x is absolutely
continuous with a continuous positive partial derivative x’' with respect to its
second parameter, where ¥’ € Cc. Then

U—uozx_lozy

(2.6) Cn($5102yn—x*102y)—> im Dp as n — oo.

x'ogxlogy

REMARK 2.2. Although we require here that z; is unbounded for each
s > 0 and n > 1, the proof goes through as long as the expressions on the
left-hand side of (2.6) exist as elements of Dp. A sufficient conditions for
this is sup,>q z;,(u) > sup,>o ¥y (u) for each s > 0 and n > 1.

REMARK 2.3. If we had defined the inverse process for x € Ds, and
y € Dy by

(z7 oo y)(s,t) = inf{u > 0| x(s,u) > y(s,t)},

then 27! oy 4y would not necessarily be an element of Dp. However, if y* is
piecewise constant for each s > 0, then 27! 054 is an element of Dp. In fact,
if we make the assumption that y; is piecewise constant for all s > 0 and
n > 1, then the theorem holds with this alternative definition of inverse (see
the remark in [11]). This will be useful in §4.

2.4. Integral Mappings. We now prove continuity and measurability re-
sults for integral mappings in Dp, which are used to prove the two-parameter
version of our ED queue-length heavy-traffic limit below. We first state a
continuity result for the basic integral mapping for functions in Dp, where
the integration is with respect to one of the parameters. It is analogous to
Theorem 11.5.1 of [15], which is for elements of D.

THEOREM 2.10. Let g : R — R be a uniformly continuous function and

suppose that x, — x in Dp asn — oo and x € Cg. Then, for the integral
mapping f : Dp — Dp defined by

F@)s0) = [ gtatsw)du

we have f(xy,) — f(x) in Dp as n — oo and f(x) € Ce.
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PRrROOF. First we show that f(z) € C¢. For each fixed s > 0, f(x)(s,-)
is clearly in C. Consider a sequence ($,)n>1 C [0,00) such that s, — s as
n — oo. Then, for each T > 0 we have

I£@)(s0:7) = F@)(s, M = | [ aolsa ) - gla(s,u) du
T

T
< /0 (@ (5, 0)) — g(a(5, )| du.

The last expression goes to 0 as n — co by bounded convergence and con-
tinuity of g. Since f(z) € C¢, by Theorem 2.1 it is enough to show that
f(zn) — f(x) in (Dp,U,U). For each S, T > 0 we have

T
@1 ) = f@lsr < [ s lawa(s.w) = la(s,w)| du

Since z € C¢, we have ||z, — z|s7 — 0 as n — oo for all S,T" > 0. Thus,
by the uniform continuity of g, the right-hand side of (2.7) goes to 0 as
n — 00. O

We now give continuity results for regulator mappings that are general-
izations of the regulator mapping of Theorem 4.1 of [9].

THEOREM 2.11 (continuity of regulator map in D).  Consider the integral
representation

2(t) = y(t) —|—/Oth(x(u),u) du, >0,

where h: R x [0,00) — R satisfies the following properties:

1. h(0,t) =0 for allt > 0.
2. For each T > 0 there exist c1,co > 0 such that, for each x1,x9 € D
and homeomorphism X\ on [0, T] with strictly positive derivative X', we

have
/Ot ‘h(xl(U), u) — h(ze2(A(u)), A(u))‘ du
(28) < ClHA—(iHT‘i‘CQ At‘xl(u) _CUQ()\(U))‘CZ’U,,

for allt € [0,T].

This integral representation has a unique solution x, so that it defines a
function f : D — D mapping y into x = f(y). The function f is continuous
provided its domain and range are both equipped with either: (i) the topology
U or (ii) the topology Ji. Furthermore, if y € C, then f(y) € C.
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ProoF. That f is a well-defined map from D to D follows as in the
proof of Theorem 4.1 of [9]. To prove continuity in the topology of uniform
convergence over bounded intervals, notice that the condition (2.8) implies
that there exists ¢o > 0 such that for any x1, 29 € D we have

/Ot [ (), ) — h(wa(u), )| du < e /Ot 21 (1) — ()| da,

for all ¢ > 0. The proof then follows using Gronwall’s inequality as in the
proof of Theorem 4.1 of [9]

We now show that f is continuous when both its domain and range are
equipped with the J; topology. We mostly follow the proof of Theorem 4.1
of [9]. Let T > 0 be a continuity point of y € D and suppose y, — y in
D([0,T],R) with the J; topology. Then there exists a sequence of increasing
homeomorphisms (A )p>1 of the interval [0, 7] such that ||\, —e||s — 0 and
lyn — y o A\nllr — 0 as n — oo. It suffices to consider homeomorphisms
(An)n>1 that are absolutely continuous with respect to Lebesgue measure
on [0,7] having derivatives A, satisfying ||\, — 1||p — 0 as n — oo. Then
for N large enough so that info<,<p A/, (u) > 0 for all n > N we have

[z (t) = z(An(t))]

An (1)
< a(®) ~ y OO+ | [ A, e~ [ o), )

< 1n(0) = 5O )]+ | [ o)) = [ 1O ), M), 1)
T
< lyn(®) = ¥ D]+ 1 = Ul | [ a)), ()

+ /Ot h(zn (), w) — h(z(An (1)), An(w))] du
< yn () = yAa(@®)] + |1N, = U|zer]lz)| 7T + cil| A — el|7

+ e /Ot ln (1) — (A ()| du

for all n > N and 0 < ¢t < T, where the last inequality follows from (2.8).
Since ||yn —y o Anll7, |\, — 1|7 and ||\, — €|l converge to 0 as n — oo, the
result follows by an application of Gronwall’s inequality.

Finally, the inheritance of continuity is straightforward as in the proof of
Theorem 4.1 of [9]. O

Note that the continuity of f : (D, J;) — (D, J1) established in Theorem
2.11 implies measurability using the Kolmogorov o-field. We now extend
Theorem 2.11 to Dp:
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THEOREM 2.12 (continuity of regulator map in Dp). Consider the in-
tegral representation

t
x(s,t) = y(s,t) +/ h(z(s,u),s,u)du, t>0,
0

where h : R x [0,00)? — R satisfies the following properties:

1. h(0,s,t) =0 for all s,t > 0.

2. For each T > 0 there exist c1,co > 0 such that for each si,s2 > 0,
x1,x2 € Dp, and homeomorphism X\ on [0,T] with strictly positive
derivative X' we have

¢
/0 ‘h(:cl(sl,u),sl,u) — h(z2(s2, A(u)), s2, A(u)) ‘ du
t
<cils1 — sa| + 2| A — el + 03/0 |x1(s1,u) — x2(s2, A(w))]| du,

forallt € [0, T]. This integral representation has a unique solution x, so that
it defines a function f : Dp — Dp mapping y into x = f(y). The function f
1s measurable provided its domain and range are equipped with the topology
(Dp, J1,J1) and continuous provided its domain and range are equipped with
the topology (Dp,U,U). Furthermore, if y € Cc, then f(y) € Ce.

PRrROOF. Consider our integral representation for each fixed s > 0. In
other words, consider the function f* : Dp — D mapping y € Dp to the
solution z € D of

x(t) = y(s,t) + /Ot h(z(u), s, u) du.

By Theorem 2.11, f® is a well-defined function that is continuous in the
topology of uniform convergence over bounded intervals. Therefore, our two-
parameter integral representation has a unique solution since it has a unique
solution for each fixed s > 0.

To show that for y € Dp, x = f(y) is also in Dp, consider a sequence
(Sn)n>1 C [0,00) such that s, | s as n — oo. Since y € Dp, there exists
a family of homeomorphisms (A,)p>1 on [0,7] such that ||\, —ellz — 0
and ||y*» — y® o Ay|lr — 0 as n — oco. Again, it suffices to consider homeo-
morphisms (\,)p>1 that are absolutely continuous with respect to Lebesgue
measure on [0, 7] having derivatives X}, satisfying ||\, — 1|l — 0 as n — oo.
Then for N large enough so that info<,<7 A, (u) > 0 for all n > N we have

\ar(sn,t) - JZ(S, /\n<t))|
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< [y(sn,t) = y(s, An(t))]
¢ An ()
+ / h(z(sp,u), sp,u) du—/ h(z(s,u), s, u) du’
0 0
< [y(sn,t) = y(s, An(t))]
t
]| b)) = hla(s, Anw), 5, 0n (1)X, (0) du
0
< ‘y(sna t) - y(s, )‘n(t))|

+ /t h(z(8p, 1), Sny ) — h(2(8, A (), 8, A (w)) N, (w) du‘
0

T
< ly(sn,t) = y(s, An(®)) + A7 — 1HT/0 [h( (5, An(u), 8, An(u))] du

t
[ 1) s w) = hla(s, An(w) 5,00 (0)]|
0
< y(sn,t) — y(s, ()| + |, = Lreal|2®||7T + c1lsn — s
t
+ el — el + 03/ (2(5m, 1) — (5, An(w))] du,
0

forn > N and 0 <t < T. The last inequality follows from conditions 1 and
2. Since |ly*» —y® o A\u|l7, [|A, — 1|7, |$n — 8| and ||\, — e||7 converge to 0 as
n — oo, the result follows by an application of Gronwall’s inequality. That
left-hand limits exist for x = f(y) follows using a similar argument.

Since the Borel o-field on Dp coincides with the Kolmogorov o-field gener-
ated by the coordinate projections, in order to show measurability, it suffices
to show that the map f° defined above is measurable for each s > 0. But f*
is simply the composition of the projection y — y* and the regulator map
fi on D defined in Theorem 2.11 with the function Aj : R x [0,00) — R
given by hj(z,u) = h(z,s,u), for x € R, u > 0. Since both the projection
y — y° and the regulator map f; are measurable, f° is measurable. Thus,
f is measurable.

Continuity in the topology of uniform convergence over bounded inter-
vals follows using the same argument as in Theorem 4.1 of [9], which uses
Gronwall’s inequality. To show that y € C¢ implies z = f(y) € C¢ is also
straightforward using Gronwall’s inequality.

O]

2.5. Projection Mapping. Finally, we will be needing the following pro-
jection lemma:

LEMMA 2.3. Let xz, € Dp, x € Cg, and suppose x, — x in Dp as
n — oo. Define y, € D by yn(t) = xn(t,t) for allt > 0. Then y, — y in D
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as n — oo, where y(t) = x(t,t) for all t > 0.
PROOF. Apply Theorem 2.1 and the fact that
lyn =yl = sup |za(t, 1) — z(t,1)]
0<t<T

< sup (s, t) — 2(s, )| = [Jen — zflrr — 0

0<s,t<T

as n — oo. OJ

3. Critically loaded. In this section and the next, we establish heavy-
traffic limits for virtual waiting times for general G/G/n+ G queues, assum-
ing we have corresponding heavy-traffic limits for the basic arrival, queue
length, departure, and abandonment processes, and the fluid limit of the
queue-length process is identically 1. In §5 we apply the main result of this
section with the basic M /M /n + M QED result, Theorem 5.1, to obtain a
proof of the QED virtual waiting time result for the M/M /n + M model,
Theorem 5.2.

There are a number of interesting waiting time performance measures that
have been studied in the literature. A customer’s potential waiting time is
the amount of time the customer spends waiting in queue if the customer
were infinitely patient (see [3]). Therefore, if W is the potential waiting
time of a particular customer and X is his patience (the amount of time
he is willing to wait in the queue before being served), then the customer’s
actual waiting time is given by W A X. Another waiting time performance
measure of interest is customer waiting time conditional on being served. An
exact steady-state analysis of this performance measure in the Markovian
case using Laplace transforms appears in [18], but we do not deal with it
here. Our main focus is to study virtual waiting time processes, which are
continuous-time process analogs of potential waiting times. A virtual waiting
time process is a process (V(t), ¢ > 0), where V(¢) is the potential waiting
time of a hypothetical customer arriving to the queue at time t.

We assume we are given a sequence of G/G/n + G models. In model
n=>1,let X, = (Xn(t)7 t> 0)7 Ap = (An(t)a t> 0)7 Dy, = (Dn(t)7 t> 0)7
L, = (Ly(t), t >0) and V,, = (V,,(t), t > 0), where
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For each n > 1, define processes

— Xn - ATL — Dn = Ln W
aniv ATZEi? DTZEi’ ani’ VnEVn’
n n n n
and
Xn:CH(Xn_X)v AnECH(AH_A)’ D":C”(D”_D)’
IA/nECn(I_/n—I_/), Vnzcn(‘_/n—‘?),

where X, A, D, L,V € C, and ¢, — oo and n/c, — o0 as n — oo.
We then have the following result:

THEOREM 3.1. Consider a sequence of G/G/n+ G models and suppose

(3.1) (An,Dp,L,,X,)= (A,D,L,X) in D*

as n — oo, where A, D and L are continuous deterministic functions, D
has continuous positive derivative D', L = cn for some ¢ > 0, and X = 1.
Furthermore, suppose

~ A A A~

(3.2) (An,Dp, Ly, X)) = (A,D,L,X) in D*
as n — 0o, where A, 15, ﬁ, and X are continuous processes. Then we have

. X+
Vn = ﬁ m D
as n — oo jointly with (3.1) and (3.2).

PROOF. Recalling the discussion about (1.1) and (1.2), first observe that
for each ¢ > 0 and n > 1, we can bound the virtual waiting time process
from above and below by first-passage times:

(3.3) Va(t) < Valt) < Vi(b),

where

(3.4)

Vit) =inf{s > 0| Du(t + ) + Ly(t + 5) > X (t) + Dp(t) + Lo(t) — (n — 1)}
(3.5)

VEE) = inf{s > 0| Du(t +8) > Xn(t) + Da(t) — (n — 1)}.
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For a_ll n =1, define the first-passage-time processes fl = (Z!
and Z' = (Z}(t), t > 0), for n > 1, where

ZL(t) = inf{s > 0| Dp(s) + Ln(s) > Xp(t) + Dp(t) + Ln(t) — (1 — 1/n)}
(3.6) =inf{s > 0] Dy(s) + Ln(s) > X, (0) + A,(t) — (1 — 1/n)}

ZMt) =inf{s > 0| Dy(s) > X, (t) + Du(t) — (1 — 1/n)},
(3.7) =inf{s > 0| Dp(s) > X,(0) + A, (t) — L(t) — (1 —1/n)}

for t > 0. For the next step, define the processes Ul = Z!, —e and U = Z"—e¢
for n > 1. Then we see that the bounds on our virtual waiting time process
(3.4)-(3.5) can be written as V! = (U.)* and V* = (U")*, for n > 1. We
would then want to use the corollary of [11], along with the assumptions
that X =1 and L' = 0 to get

_ X+
(3.8) cnVi=cy(Zh —e)t = H

, X+
(3.9) eV =co(ZF —e)t = R

in D as n — oo. However, notice that the right hand side of the condition in
(3.7) does not satisfy the conditions of the corollary. In particular, X,,(0) +
A, — L, — (1 — 1/n) is not necessarily a nondecreasing element of D for
each n > 1. Therefore, we cannot deduce (3.9) directly. We can resolve this
problem by using linear interpolations that bound the original processes
from above.
Notice from (3.7) that
Z% = D o (Xn(0) + Ay — L — (1= 1/n)) = D' o Y,

where we define Y, = (X,,(0) + A, — L, — (1 — 1/n)), for n > 1. Since Y,
is not necessarily a nondecreasing element of D, Z¥ is not necessarily an
element of D (see Example 13.2.1 of [15]). Therefore, we construct linear
interpolations ﬁg Land Y, of D, ! and Y,,, respectively, in such a way that

DM (t) < DN(t) and Y, (1) < Yi(t),

for all t > 0, and Dg 'is nondecreasing, for each n > 1. The construction can
be carried out as follows: when stepping down, linearly interpolate between
the right endpoint of the previous step and the midpoint of the next step.
Similarly, when stepping up, linearly interpolate between the midpoint of
the previous step and the left endpoint of the next step. We show how to
construct the interpolation in Figure 1.
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*———=O | S——)

Fic 1. Upper bound linear interpolation for step functions.

Then, for each n > 1, let Z;j = ﬁ;l oY, and notice that, since D;l is

nondecreasing, we must have Z%(t) < Z%(t) for t > 0 so that
(3.10) VU(t) < VU(t) for t>0,

where V¥ = (Z% — e)*.
By Lemma 7.1, the error caused by these linear interpolations is asymp-
totically negligible. Also, by our assumed limit (3.2) and Theorem 13.7.2 of

[15];
DD VY, - (A-L D DYVA-L| in D?
\/ﬁ(n— ,n—(—))é—ﬁo JA— in
as n — oo, jointly with (3.1) and (3.2). Therefore, using the converging
together lemma (Theorem 11.4.7 of [15]) gives us

Vi (Dt =D Y, — (A= 1)) = <_ (5) oD\ A- i) in D?
as n — oo, jointly with (3.1) and (3.2). Since the limit process in the last
limit belongs to C2, the limit holds in the stronger uniform topology. But
since the prelimit processes also belong to C? the limit holds in C?. Using
a version of the composition result Theorem 13.3.3 of [15] for elements of C'
with the continuous mapping theorem gives us

A~

- - ~ ~ Xt
Vi =cn (28 —e)T =cp(Dyt oY, —e)t = 5 in C

n /

as n — o0. Then, using the bounds (3.10) and (3.3), gives us our result. [

A similar bounding argument does not work in the ED case, because the
limits of the bounding processes do not coincide.

4. Limits from stopped arrival processes. In this section we prove
heavy-traffic limits for virtual waiting-times for G/G/n + G queues from
associated heavy-traffic limits for basic queueing processes with the arrival
process stopped at some time 7 > 0. The results here will be applied to the
Markovian M /M /n + M model in the ED limiting regime in §6.1.

We present results for one-dimensional virtual waiting times and virtual-
waiting-time processes, respectively, in the next two subsections.
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4.1. One-dimensional virtual waiting times. To get one-dimensional lim-
its for the virtual waiting time at some fixed time 7 > 0, the idea is to stop
the arrival process to the system at time 7. We add the superscript 7 to all
processes defined in §3 to denote the same processes but with the arrival
process to the system stopped at time 7. We then have for n > 1,

Vo (t) =inf{s > 0| D(t 4 s) + Ly, (t + 5) = X;,(0) + A, (t) — (n — 1)},
for 7, > 0, and V,,(t) = V,!(¢) for t > 0.

For each 7 > 0, we assume we have the limits

(4.1) (A7, D7 L7, X7) = (A7,D",L",X") in D*

as n — oo, where A”, D7, L™ and X7 are continuous deterministic functions
and D7 + L7 has continuous positive derivative (D™ + L7)". In addition, we
assume that

(4.2) (AT, D7 LT X7y = (A", D7, L",X") in D*

as n — oo, where flT, ﬁT, L™ and X7 are continuous processes.
Then if we define for each 7 > 0 the first-passage time processes
(Z7(t), t >0) forn >1,and Z7 = (Z7(t), t > 0), where

7T
n

ZI(t) =inf{s > 0| D](s) + L7 (s)

2 (0) + AL (t) — (1= 1/n)}
Z7(t) =inf{s > 0| D"(s) + L7 (s) T

>
> X7(0) + A7(t) — 1},

for t > 0, the processes U7 = ZT —e for n > 1, and U™ = Z7 — e, then we
see that for each 7 > 0 and n > 1 our virtual-waiting-time processes can be
written as V;7 = (U7)". We first prove a limit for the processes U, and then
use this limit to prove our virtual-waiting-time heavy-traffic limits. For each
7 > 0, define the process U™ = (U7 (t), t > 0) by

wa e = KeO AW DY) - L (z7),
(D™ + L7) (Z7(1))
Note that U7 is a continuous process.
LEMMA 4.1.  For each T > 0, under the assumptions (4.1) and (4.2),
e (U —UT)=U" in D

as n — oo, jointly with the limits (4.1) and (4.2), where U is given in (4.3).
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PROOF. Applying the corollary of [11], we get

— — — A

e (U —U)=cn[(Z) —€) = (ZT —e)| =cn (2], - Z7) = U
in D as n — oo. O

THEOREM 4.1. For each 7 > 0, under the assumptions (4.1) and (4.2),
we have

1. If X(1) =1, then

A - A X(r)*

Vo(r) =, Ul ()T = U ()T = m in R

as n — 00, jointly with the limits (4.1) and (4.2).
2. If X(1) > 1, then

V() = CW<U’I77,-(T)+ - UT(T)) = ﬁT(T) n R

asn — oo, jointly with the limits (4.1) and (4.2), where U7 (1) is given
in (4.3).

~ Proor. Part 1 follows immediately from Lemma 4.1 and the fact that
Z7(r) =7, X"(r) = X(7), D"(7) = D(7) and L7(7) = L(7) for all 7 > 0.
For Part 2, notice that the condition X (7) > 1 implies U (7) > 0. By
Lemma 4.1, we get the limit
Ul(t)=U"(r) in R

as n — oo. Therefore, for each € > 0 and 0 < § < U7(7), we have

Pllen (U7 (7)" = UT(7)) = ea(U7 (1) =U"(7))] < €]

n

= Plea|Up (7)™ = Uz (7)] < €]
> P[U; () > 0]
> PU;(7) > U (1) — 9]

(4.4) > P|U;(r) = U™ ()| < 8] — 1,

as n — oo. Combining this limit with the convergence in Lemma 4.1 and
Theorem 4.1 of [2], we complete the proof. O



22 R. TALREJA AND W. WHITT

4.2. Virtual waiting time process. To get an associated limit for the
virtual-waiting-time processes, we again assume that the limits (4.1) and
(4.2) hold, but where the queueing processes are understood to be processes
in Dp indexed by both 7 and . To be precise, for each n > 1 we define the
processes

XP = (XP(r,t), 7,t > 0), AP = (AD(7.1), 7,t > 0),
D@ = (DA (7,4), 7,t > 0), L?) = (LA (7,¢), 7,t > 0),
so that

XP(rt) = XI(t), AD(r,t)= AT(t), DP(r,t)=D5(t), LP(r,t)= L),

for 7,t > 0 and n > 1. Next, define the scaled processes

(2) (2) 2) 2)
=X oA s _Di e In’
n n Y n n ? n n Y n n )
and
() = cn(XP - X)), A = e, (AP - A®),
D) = ¢, (DP) — D)), L) = ¢, (LP) — L@,

where ¢, — oo and n/c¢, — 00 as n — oo, and X®@ A®@ D@ and L@ are
given by

(4.5)

XO(r,t)y=X"(t), AD(r,t)= A7(t), DP(r,t)=D"(t), LPI(r,t)=L"(t).

Note that A®, D@ L® and X® are continuous deterministic functions
and, for each 7 > 0, D®)(r,-) + L®)(,-) has continuous positive derivative.
Then we assume we have the limits

(46) (AP PP, LP XP) = (A%, DO, IO, X)) i D
as n — oo, and

(4.7) (AP, DY, LY, XP) = (A®,D?, L X®) i Dj

n

as n — oo, where X@ A®@ D@ and L@ are given by
(4.8)
XO(rt)=X7(@t), AO(r,t)=A7(t), DP(rt)=D7@t), LP(rt)=L7(¢).

Note that X, A® D@ L2 e Cp.
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Next, define the processes 0722) = (Ur(f) (1,t), 7,t >0), for n > 1, and the
process U = (UP)(7,t), 7,t > 0) so that

(4.9) U2 (rt)=U05t),  UP(rt) =07(1),
for 7,t > 0 and n > 1. Then, as in Lemma 4.1, we have

LEMMA 4.2.  Under the assumptions (4.6) and (4.7), we have
(4.10) en (O —=0?) = U® in Dp

as n — oo jointly with the limits (4.6) and (4.7), where U® and U® are
given by (4.9).

PROOF. The proof follows the proof of Lemma 4.1, except instead of using
Corollary 1 of [11] we use Theorem 2.9 here. O

Now define the projections U9 = (U%(t), t > 0), for n > 1, and U° =
(U°(t), t > 0) so that

U2ty = U2 (t,t),  U°t) = UP(t,1).
for ¢ > 0. Then we have

THEOREM 4.2.  Under the assumptions (4.6), (4.7) and X € C¢, we
have

1. If X(7) =1 for all T > 0, then
fomen(09) = (0 = X b
as n — oo, jointly with the limits (4.1) and (4.2).
2. Ifinf,>0 X(7) > 1, then

N Nt - N
V., =c, ((Ug) - U0> =0 in D
as n — oo, jointly with the limits (4.6) and (4.7).

PROOF. The limit in Part 1 follows immediately from the limit (4.10) by
an application of the continuous mapping theorem with the projection map
of Lemma 2.3. The second equality then follows from the fact that Z*(t) = ¢,
XU(t) = X(t), D'(t) = D(t) and L*(t) = L(t) for all t > 0.
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For Part 2, notice the condition inf;>¢ X (7) > 1 implies inf,>o U™ (1) > 0
so that as in (4.4) we get for all € > 0 and T" > 0,

p[ . <(Ug)+ - U°> — 0 (02 - 0°)

Combining this limit with the limit (4.10) and the continuous mapping the-
orem with the projection map of Lemma 2.3 completes the proof. 0

<e]—>1 as mn — oo.
T

5. QED. In this section and the next, we apply the results of the pre-
vious two sections to prove heavy-traffic limits for virtual waiting times in
the Markovian M /M /n + M model in the QED and ED limiting regimes,
respectively. We assume that interarrival times, service times and patience
times after time 0 are mutually independent and independent of the initial
conditions. To construct our heavy-traffic limits, we consider a sequence of
M /M /n + M models indexed by n > 1. The nth model has n servers, each
with service rate pu, arrival rate A,, and individual abandonment rate 6. The
QED limiting regime of [5] is characterized by the limit

Jim /n(l—p,) =8, —oo< B <o,
where p, = A\, /nu is the traffic intensity in the nth model. Let the basic
processes associated with the models, i.e. Xy, A, Dy, Ly, Vi, X, Ay, Dy,
Ly, Vy, Xn, An, Dn, Ln7 and Vn, for n > 1, be defined as in §3. For this
QED case, under initial conditions such that Xn(O) =1inRasn — oo, we
will have the fluid limits

(5.1) X=n A=pe, D=pe, L=0, V=0
Since X =7 and L' = 0, the results of §3 apply.

We start with the following theorem (Theorem 2 of [3]) for all processes
except for V;,. See Theorem 7.1 of [9] for an alternative proof.

THEOREM 5.1.  Consider the sequence of M /M /n + M models defined
above. If X,,(0) = X(0) in R as n — oo, then we have the fluid limit

(5.2) (An, Dy, Eny Xn) = (A, D,L,X) in D

as n — oo, where the limit is given in (5.1). Furthermore, if X,(0) = X (0)
m R as n — oo, then we have the diffusion limit

A ~ ~ A~

(Ap, Dy, Ly, X)) = (A,D,L,X) in D*



WAITING TIMES IN MANY-SERVER QUEUES WITH ABANDONMENT 25

as n — oo, where X s the unique solution to the stochastic differential
equation

dX (t) = —pufB — (X (t) A0)dt — (X (t) V 0)dt + /uud By (t) — /judBa(t),

and

fort > 0, where (B, Ba) is standard Brownian motion in two dimensions
and is independent of X (0).

Then, applying Theorem 3.1, we obtain

THEOREM 5.2. Under the assumptions of Theorem 5.1,

. X+
Vo=— i D
1

as n — 00, jointly with the limits in Theorem 5.1.

We can use Theorem 5.2 to get a heavy-traffic limit for potential waiting

times of customers in the queue (see [13]). Let W, = (\/ﬁWanHl, t > 0),
where W, denotes the potential waiting time of the ith customer to enter
system n, for ¢ > 1, n > 1. Then using the fact that

W7|intj+1 — Vn(T’r\intJ-f—l)’ t > O,

where T is the arrival time of the ith customer in the nth system, for i > 1,
n > 1, along with the continuous mapping theorem with the composition
map, we get

COROLLARY 5.1.  Under the assumptions of Theorem 5.1,

. X (/u)t
Wn:>7(/'u) m D
I

as n — 00, jointly with the limits in Theorem 5.1.
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Finally, we prove convergence of steady-state virtual waiting times. The
argument is given in the proof of Theorem 3 of [3], but we repeat it here for
completeness.

COROLLARY 5.2. There exist random variables X (c0) and V;,(c0) such
that

X(t)= X(c0) in R as t— oo
(5.4) Vi(t) = V(o) in R as t— oo,

for n > 1. Furthermore, under the assumptions of Theorem 5.1,

as n — o0.

PRrROOF. We first recall from [3] that X (o) is indeed well-defined. Also,
recall from Theorem 2* of [3] that we can interchange the heavy-traffic and
steady-state limits of Xn(t) We can use this fact to deduce the interchange
for Vn(t) as follows. Note that each of the process X,,, n > 1, possesses
a stationary distribution since it is simply a birth-death process that can
easily be seen to be positive recurrent. For each n > 1, define X,,(0) to have
this distribution so that we have a stationary version of the process X,.
Because of the birth-death structure of the processes X,,, n > 1, for each
t >0and n > 1, V,(t) can be represented in terms of X, (¢) by

(Xn(t)—n)*

Vn (t) = Z Xi,ny
=1

where X;, represents the time between the (i — 1)th and ith departure
(either an abandonment or a service completion) from the queue in model
n > 1. Therefore, for each n > 1, V,, must also be a stationary process so
that Vj,(¢) has the same distribution for all 0 < ¢ < co. Thus, for each n > 1,
the random variable V},(co) defined in (5.4) is well-defined with the same
distribution as V;, (t), for any fixed ¢t > 0. Projecting the result of Theorem
5.2 onto a fixed ¢ > 0 and using the fact that we can interchange the heavy-
traffic and steady-state limits of X,,(¢) then gives us our result. O

6. ED. We now study waiting-time asymptotics in the ED limiting
regime using the results of §4. We again have a sequence of M/M/n + M
models with n servers in model n > 1, but now customers arrive to the
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system at the rate A, = nA, for some A > 0. In all the models, each server
has service rate p < A and each customer has abandonment rate 6. As in
§5, we assume that interarrival times, service times and patience times after
time 0 are mutually independent and independent of the initial conditions.
Again, let the basic processes associated with the models, i.e. X,, Ay, Dn,
Ly, Vo, Xn, Ay, Dy, Ly, Vi, Xn, Ay, Dy, Ly, and Vm for n > 1, be defined
as in §3. Under initial conditions such that X,(0) = 1 in R as n — oo, we
will have the fluid limits

_ N\ — -
(6.1) X =(q+1)n, qzi’u, A=Xe, D = pe,

_ 1 A
L =60ge=(\—p)e, V =wn, wzeln<>,

for ¢t > 0.
We start by stating ED fluid and diffusion limits for A,,, Dy, L,, and X,,.
These appear in Theorem 2.1 and Corollary 2.1 of [17].

THEOREM 6.1. Consider the sequence of M /M /n + M models defined
above. If X,,(0) = X (0) in R as n — oo, then we have the fluid limit

(6.2) (An, Dy, Eny Xn) = (A, D,L,X) in D

as n — oo, where the limit is given in (6.1). Furthermore, if X,(0) = X(0)
m R as n — oo, then we have the diffusion limit

~ ~ A~ ~

(6.3) (Ap,Dp, L, X)) = (A,D,L,X) in D*

as n — oo, where X s the unique solution to the stochastic differential
equation

dX (t) = —0X (t)dt + VIdBy (t) — \/udBa(t) — /A — pdBs(t)
and
A(t) = VAB (1),
D(t) = /uBs(t),
L(t) = /A= jBs(1) +9/0t5((s) ds

fort > 0, where (B, By, B3) is standard Brownian motion in three dimen-
sions and is independent of X (0).
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6.1. Diffusion Limit for Virtual Waiting Time. We now prove a diffusion
limit for the virtual waiting-time process in the ED regime, Theorem 6.3.
As discussed in the introduction, our result is a special case of Theorem 4.1
of [7], but they do not provide a complete proof. We first state the following
result, Proposition 6.1, which gives us the limits (4.1)-(4.2) in the case of
the M/M/n + M model in the ED limiting regime. It is a special case of
Theorems 3.1 and 3.2 of [7], which are proven using strong approximation
(see also [6]). The result is also a special case of Theorems 2.1 and 2.2 of [12],
which are proved using a different approach. We will then combine Proposi-
tion 6.1 with Theorem 4.1 to obtain the one-dimensional heavy-traffic limits
for virtual waiting times, Theorem 6.2 below. Afterwards, we obtain heavy-
traffic limits for virtual waiting time processes in Theorem 6.3.

PROPOSITION 6.1.  Consider the sequence of M /M /n+M models defined
above and fix T > 0. If X,,(0) = X(0) in R as n — oo, then we have the
fluid limit

(A7, D7 L7, X7) = (A",D",L",X") in D*

as n — oo, jointly with the limit (6.2), where

Ae—0t—mT _
(64) XT(t)E £ r E— E+1 t<T1T+w,
e~ H(t=(T+w)) t>71+w,

(6.5) AT(t) = Mt AT),
A7 (1) = o)) 4 (] ()t
(6.6)  DT(t)=p(tA(r+ ))+M(1 g ),

(6.7) LTt =AN—p)(tAT)+ g (1 — e*f’[t*ﬂé“) — plt — 7)Y,

fort >0, where w = (1/0)In(\/p). Furthermore, if X,(0) = X(0) in R as
n — 00, then we have the diffusion limit
(A, D} L7, X7) = (A", D7, L",X") in D*

as n — 00, jointly with the limit (6.3), where X7 is the unique solution to
the stochastic integral equation

A~

A~ t A~ A~
XT(t) = X7(0) - /0 (115 K7 (5) — 01 oy X7(5) | ds + VABL(E A7)

(6.8) _ JiiBs (/Ot (X7(s) A1) ds) 6B, (/Ot (X7(s) = 1) ds) ,
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and
(6.9)  AT(t)=VABi(tAT),
. 3 N t
(6.10) D7 (t) = u/ 1is>riuw} X (8)ds 4 /B2 (/ (X7(s) A1) ds) :
0 0
~ t ~ ¢ > +
(6.11) L7(t) = 9/ Lisersuy X7 (s)ds + V0B (/ (X7(s)—1) ds) :
0 0

fort > 0, where (B, Ba, B3) is standard Brownian motion in three dimen-
sions and is independent of X (0).

We omit the proof of Proposition 6.1 because it is a direct consequence of
the two-parameter version in Proposition 6.2 below. The distribution of X7
in (6.8) is complicated because of the deterministic time transformation in
the Brownian motions, but existence and uniqueness follows from Theorem
2.11. Combining Proposition 6.1 with part 2 of Theorem 4.1, we immediately
obtain the following one-dimensional result.

THEOREM 6.2. Under the assumptions of Theorem 6.1, for each T > 0,

vn<7):,(2+“’) in R

as n — 00, jointly with the limits in Proposition 6.1.
We now establish a two-parameter version of Proposition 6.1:

PROPOSITION 6.2.  Consider the sequence of M /M /n+M models defined
above. If X, (0) = X(0) in R as n — oo, then we have the fluid limit

(/L(f)aD(z) ‘E(2)7X'r(L2)) = (A(Q),D@),E@),X@)) in DY

n o n

as n — 00, jointly with the limit (6.2), where X(Q)A, A®), ng), and L
are given by (4.5) and (6.4)-(6.7). Furthermore, if X,,(0) = X(0) in R as
n — 00, then we have the diffusion limit

(A® D@ 1O Xx@y  (AD, D@ 1@ X@) i D

as n — 00, jointly with the limit (6.3), where XA@), 4(2), 1:3(2), and L® gre
given by (4.8) and (6.8)-(6.10). Furthermore, (A, D?) [(2) X)) ¢ C4,.
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PROOF. The proof follows the same steps as the proof of Theorem 7.1
of [9] except some extra care must be taken to apply the continuous map-
ping theorem with our integral mapping. First, after centering, the system
equation becomes

(6.12)
X2 (r,6) = XP(7,0) + M7 (7,1) = ME(r,1) = ME(7,0) + Ma(t A7)
t t
- u/ (Xn2)(7', s) A n) ds — 46 (XT(E) (1,s) — n>+ ds,
0 0
for 7,t > 0, where the processes Mr(fl) = (Mﬁ) (1,t), T,t > 0) are defined for
i=1,2,3 by
M) (1,8) = A (T A1) = Ay (T AL,
t t
MéQQ)Tt = <,u ; (X (1,8) A )d8> / ( X2 (r, s)/\n) ds,

M) (7, 1) :L<0/0 (XP(r,5) - n) ds> _9/ —n)+ ds,

for 7,t > 0, and A, S, and L are the unit Poisson processes generating
arrivals, departures and abandonments in the setting of Theorem 6.1.

Fluid limit: Since for each n > 1 we have quQ)(T, s) < X, (s) for all
7,8 > 0, we have as in Lemma 4.5 of [9]

M)
(6.13) —* 50 in Dp wpl for i=1,23,
n

jointly as n — oo using the FSLLN for Poisson processes. We only apply
the weaker FWLLN consequence.

Then, using the integral map of Theorem 2.12 with the function hy :
R x [0,00)? — R defined by

hi(z,5,t) = 1> s — Lycopyf(@ — 1), x €R, 5, >0,
X7 must satisfy the integral equation
X®(7,8) = XD(1,0) + M7 At) — (T + w) At)

t _ _
- /0 oo ap i XD (7, 8) + 1scrpuy (XD (7, 5) — 1) ds,

for 7,t > 0. Lemma 7.2 shows that h; satisfies the conditions of Theorem
2.12. Tt is easy to see by inspection that this integral equation has solution
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given by (6.4). We can now use (6.13) to get the limits for 2153), fo), and
ES?) jointly.

Diffusion limit: Using our two-parameter integral mapping (Theorem
2.10) and two-parameter composition mapping (Theorem 2.4) with the con-
tinuous mapping theorem we get the limits

. M
(6.14) MT(?BE%iMZ@) in Dp for i=1,23,
’ n

jointly as n — oo, where
MP(7,1) = B (M7 A1),
~ t —
M (r,t) = By (u / (X®(7,5) A1) ds) :
0
V) (1,1) = Bs (9 / (X7 1) ds> .

0

Notice that X € C¢ so that the applications of the continuous mapping
theorem with Theorems 2.10 and 2.4 are justified.
By Lemma 7.4 and system equation (6.12), there exists a sequence pro-

cesses H,, = (Hy(7,t), 7,t > 0), n > 1, such that
(6.15) H,=0 in Dp as n— oo
and

XP(r,6) =XP(r,0) + MP)(7,1) — M) (7,t) — M) (7, 1)

n n,l
+ AT AL) — (T 4+ w) At)n 4 /nH, (T, t)
t t
(6.16) — ,u/ 1{s>7+w}XT(L2) (1,8)ds — 9/ liseryw) (XT(?) (1,8) — n) ds.
0 - 0

Centering X7(12)(7',t) by nX®(r,t) in (6.16) and dividing by \/n, we get
X (7,0) =X (1,0) + M3 (7.0) = M (r8) = M5 (7, 1) + Ha(7,1)

t N t A
(6'17) - M/ 1{s>T+w}Xr(L2) (7—7 S) ds — ‘9/ 1{s<7+w}X1(12) (T7 5) ds.
0 - 0

for t > 0.
Define the function hg : R x [0,00)? — R by

ho(w,8,t) = —1pssruwifi® — Lpcsrurfz, T €R, s >0.
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It follows from Lemma 7.2 with a = 0 that this function satisfies the condi-
tions of Theorem 2.12. Applying the continuous mapping theorem with the
integral map of Theorem 2.12 and the addition map of Theorem 2.2 to the
limits (6.14) and (6.15) gives us our limit for X7. The limits for AP and

IZ%Q) follow directly from the limits for M?) and Mfg Then, the limit for

n,1
157(12) follows from (6.17) and the continuous mapping theorem with addition.
Theorems 2.4, 2.10 and 2.12 also show that the property of being in C¢ is
preserved with respect to applications of these two-parameter mappings. [J

Now define the process X = (X™(t),¢ > 0) so that
Xvt)= XDt 4+ w).

Then, combining Proposition 6.2 with part 2 of Theorem 4.2 and simplifying
U°, we obtain

THEOREM 6.3. Under the assumptions of Theorem 6.1, we have

as n — 00, jointly with the limits in Theorem 6.1.
Finally, paralleling Corollary 5.1, we get

COROLLARY 6.1. Under the assumptions of Theorem 6.1,

. Xw (/A
wﬁi” in D

as n — 00, jointly with the limits in Theorem 6.1.

6.2. Steady-State Virtual Waiting Time. We now prove convergence of
steady-state virtual waiting times under diffusion scaling in the ED limiting
regime. It is interesting that, although we are only proving a one-dimensional
limit, our proof uses convergence in D.

Just as in Corollary 5.2, we can define random variables V;,(c0), for n > 1,
in the ED setting. From (2.26) of [17], we know that

(6.18) Va(oo) = w = %ln (2) in R

as n — oo. This result is obtained there by analyzing an ODE for the fluid
limit of the queue-length process with arrivals turned off. We now give a
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different argument for (6.18) as well as a refinement. Let @,,(c0) denote the
steady-state queue-length (excluding customers in service) in system n > 1.
As in the proof of Corollary 5.2, because of the birth-death structure of @,
V. (00) can be represented directly in terms of @, (c0) by

Qn(c0)
(6.19) Va(oo) = Y Xin,
=1

where X, represents the time between the (i — 1)th and ith departure
(either an abandonment or a service completion) from the queue in model
n > 1. For each n > 1, the X, are independent of each other and of @, (c0),
and each X; , is exponentially distributed with mean 1/(nu + i6).

First we prove a lemma:

LEMMA 6.1.  Let the triangular array (X; ) be defined as in (6.19). Then
L]
Vi |> Xin—c|=Bod in D
1=0

as n — 0o, where

1 ot ot
o) =i (1+7), do)= e

for allt >0, and B is standard Brownian motion.

PROOF. It can easily be verified that the asymptotic mean and variance of
the sum in (6.19) are ¢(t) and d(t)/n, respectively. Also, the triangular array
(Xi,n) satisfies Lyapunov’s condition. Therefore, the functional Lindeberg-
Feller central limit theorem applies to the partial sum sequence and we get
our result; see Theorem 4.1 of [10]. O

We now give our main result of the section. Note that one could erro-
neously conclude from Theorem 6.3 that the limiting distribution of Vn(oo)
has variance (1/p2)Var(X (o)) = A/(120). We see here that this is in fact
not the case. What is happening is that the numerator of the limit at a fixed
t >0, X@ (t,t + w), corresponds to the diffusion-scaled number-in-system
observed w units of time after stopping the arrival process. This delay in
observing the number-in-system is crucial to the analysis and is the reason
one can not simply use the steady-state distribution of X.
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THEOREM 6.4. Under the assumptions of Theorem 6.1,
N 1
Vi (00 ):>N< Hu) in R
as n — 0o, where Vy(00) = /n(Viy(o0) — w).

PROOF. Let Q, = (Qn(t), t > 0), where @y, (%) is the number of customers
in the queue (excluding customers in service) at time ¢ in model n > 1. Note
that for each n, the process (), possesses a stationary distribution since
Qn = (X, —n)T and X,, is simply a positive recurrent birth-death process.
Redefine @,,(0) to have this distribution so that we have a stationary version
of the process Q,. By Theorem 2.3 of [17], we have Q,(0) = ¢ in R as
n — o0, so that applying Theorem 6.1 and the continuous mapping theorem
gives us the fluid limit for the queue length process Q,(t) = ¢n, in D as
n — oo. Joining this convergence with the convergence in Lemma 6.1 using
Theorem 11.4.5 of [15] gives us

[n]
(\/ﬁ (ZXz,n - C) 7@71) = (Bod,qn) in D?
=0

as n — 0o. Projecting the second component on to a fixed t > 0 gives us

L]
(\/ﬁ (Z Xin — c) ,Qn(t)) = (Bod,q) in DxR
i=0

as n — oo. Applying Proposition 13.2.1 of [15] gives us

(6.20) (Z Xin — Qn( ))) = B(d(¢q)) in R

as n — 0o. Then,

Qn Qn
(Z Kin — ¢ ) (Z Xin — ¢ (t))>+\/ﬁ(c (@n(t) — c(a)),

where ¢(q) = w, for w in (6.18). To compute the limit of the second term
above, we use the Taylor approximation

¢ (Qu(t)) = c(q) + ¢ (q) (Qu(t) — q) +"(q) (Qu(t) — ) + -~
= clq) + (@) (Qu(t) — @) +0p (n757°),
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where 0 < € < 1/2. The second equality above follows from the continuous
mapping theorem and the fact that

nE(Qu(t) )" =0T (VA (@n(t) —a)" =0 i R
as n — 00. Observing that ¢/(¢) = 1/ gives us
(621) Vi (¢(@ul) ~ €(0)) = ¢(@)Qu(D) + 02 (1) = Q1) in E

as n — o0o. Combining the limits (6.20) and (6.21) and using the continuous
mapping theorem with addition we get

Qnlt)
Vn ( > Xin— C(Q)) = B(d(q)) + lQ(lt) in R
=0

>

as n — oo. Finally, since Vj,(c0) is distributed as the stationary distribution
of the left-hand side above, and the stationary distribution of the limit is
normal with mean 0 and variance

1
2

A q 1 1
d = — _— = —
(q) + — Var(Q) ) +33 o
we get our result. O]

7. Additional Lemmas. We use the following lemma to show that
the error caused by our linear interpolations in the proof of Theorem 3.1 is
asymptotically negligible.

LEMMA 7.1.  For the linear interpolations D;* and Y, of D;' and Yy,
respectively, we have for all T > 0,

\/EH (D;HY@) - (Dgl,ifn) HT —~0 in R
as n — 00, jointly with the limits in Theorem 5.1.

PROOF. Notice that for each T' > 0 our construction gives us

(7.1) 1Dt = Dytllr = Jr(DyY) and || =Yz = Jr(Ya),
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which both converge to 0 as n — oo since D! and Y,, are continuous by
(5.2) and Corollary 13.7.3 of [15]. Therefore, by (7.1), we have

Vil (Da'. %) = (D2 ) |,

=i s |[(B;10) - D (0.7a0) - Val0) |

= noi?ETmax {‘D;l(t) — D Y1)
= \/ﬁmaX{Hf)nl - D! . Y, — Y”HT}

= vmax {Jp(D;"), Jr(Ya) }

=max {Jr (Vi (D;' = D7), Jr (Vi (Vo = (A= L))} =0,

in R as n — o0, since the processes D and A — L are continuous. Here we
assume the maximum norm | - ||oo on R? without loss of generality. O

The following lemma shows that the regulator map used in Proposition
6.1 satisfies the conditions of Theorem 2.12.

LEMMA 7.2. Fora € R, the function h, : R x [0,00)2 — R defined by
ha(z,8,t) = 1> s} b — Ljcsranf(z —a), z €R, 5,8 >0,
satisfies the conditions of Theorem 2.12.

PROOF. h, clearly satisfies condition 1 of Theorem 2.12. We now show h,
satisfies condition 2 of Theorem 2.12. FixT > 0, s1,s2 > 0, 1,22 € Dp, and
an increasing homeomorphism A on [0, 7] having strictly positive derivative

A\. We then have
/Ot\ha(m(shu), s1,u) — ha(x2(s2, M), s2, A(u))| du
- /ot ‘ ~ Luzsi+wph?1(51,4) — Lucsy 4w} 0(21(s1,u) — a)
a0z ) 72052 A()) + La (g s ) 0252, M) — )| du

t
< 'u/o ‘1{u251+w}$1(317u) - 1{>\(u)252+w}x2(52, )\(u))’ du

t
+ 9/0 ‘1{u<51+w}x1(317u) - 1{)\(u)<52+w}$2(327)‘(u))‘ du
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+ ba /Ot ‘1{u<s1+w} - 1{/\(u)<sg+w}’ du
< M/Ot ‘1{u251+w} - 1{)\(u)232+w}“x2(327 A(u))] du
+ /J/Ot Liussy rwy|21(s1,u) — 22(s2, A(w))| du
40 [ [tucarsa) = Lpguyessranlr2(s2, Aw) | d
0 [ a1 (s1,0) = oz, A d

t
+ Ha/(] ‘1{u<s1+w} - 1{/\(u)<52+w}’ du

< pllallr + 0 (|23 ]lr + a) A1 (52 +w) AT) = ((s1+ w) AT)|

+(n+90) /ot |z1(s1,u) — z2(s2, A(u))| du
< pllallr + 0 ([l23° 17 + a)
(N (2 w) AT) =27 (51 +w) AT)| + A = e|r)

+u+0) [ ea(s1,u) = zalsa Aw)) |

< el + 8 (lallr + @) |7l (152 = 1l + A = el)
t
(0) [ faa(s1,0) = a2, M) du

where the last inequality follows from the mean value theorem. Since

1
infOSsST /\’(8)

I <

< 00,

this completes the verification of condition 2 of Theorem 2.12 O

We now prove the approximations used in the proof of Proposition 6.2.
First, we have the following lemma, which is essentially a two-parameter
version of Theorem 10.1 of [0]:

LEMMA 7.3. In the context of §6, if X,,(0) = X (0) in R as n — oo, then

for all S,T > 0,
_ _ 1
2 2 _
1XP — XO||gp = op <n1/2e) .
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PROOF. For each n > 1 define the process Y,, = (Y,,(7,t), 7,t > 0) by

Y, (7,t)

| X, (0) — X (0)] + %(t AT) = AtAT)| + % AN (EAT)) = An(t AT)|

—i—l S (nu/t (X(Q)(T s)/\l) ds) —nu/t (X(Q)(T s)/\l) ds
n o vt o vt
1 t + t,_ +
+R< / X(r,5)—1 d)— / XP(r,5)—1) ds|.
- ni ; ( (1,8) ) S| —nu ; ( (1,8) > s

Then we have for all € > 0
_ 1
(7.2) ¥allsr = op | 5= )

by the assumed limit X,,(0) = X (0) in R as n — oo, the assumption A, =
nA, the limits (6.14), and Theorem 2.2. Now by the integral representation
(6.12), for each n > 1 we have

t
X (7, 8) = XD (7,)] < V7, t) + / n(XP(r8) A1) +0(XP(7,5) - 1)+ ds

0

- /Ot,u ()_((2)(7,5) A 1) +0 (X(2)(7', s) — 1)+ ds

i T )
SYn(T,t)-f-(,LL-l-Q)/ (X2 (r,5) = XO(r,5)] ds,
0

for all 7,¢t > 0, where the second inequality follows from the fact that the
function
B(s) = —p(s A1) - 0(s — 1),

is Lipschitz. This implies

_ _ _ T _
X2 = XOllgr < [Faullsr + (u+6) [ 1K = XO)5ds
Applying Gronwall’s inequality then gives us

IXP = XP s < 077,

ST-

The result now follows from (7.2). O]

We use the following approximation in (6.16).
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X5 ()

n(l+q)

FiG 2. The process X deviating from the process nX".

LEMMA 7.4. Under the assumptions of Proposition 6.1, for all S,T > 0,

(7.3) t t

sup u/ (XT(?)(T, s) A n) ds + 9/ <X§L2)(7', s) — n>+ ds —p((t+w)ANt)n
0<r<S 0 0
0<t<T

= op(v/n).

t
_A 1{527+w},uX7g,2) (7—, S) - 1{s<7—+w}‘9 (Xr(z2) (7—7 5) - n) ds

PROOF. The key is to show that for each 7 > 0 and € > 0 the first and

last times X\ (7,-) hits n are within op(1/nY/?7¢) of 7 + w (see Figure 2).

Fix T > 7 + w. By Lemma 7.3, for all 41,52 > 0 there exists N > 0 such
that for all n > N

(7.4) P[A%] > 1 — &,
where A% is the event

Agl = {HX7(12) _ X(2)HS7T < 51n*%+6}_
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On A;il we have for all 0 < 7 < S,

(7.5) inf{s > 0| X (r,s) <n} > B,
(7.6) sup{s > 0|X?(r,s) > n} < BI,
where
e 06s—7)" _
(7.7) B = inf {s > O‘n <60M T1) —amrte<n,
(7.8) B! = inf {3 > O‘ne_“(s_(7+w))+ + (51n%+6 < n} .

It can then be easily checked by manipulating the inequalities in (7.7) and
(7.8) that

1
sup |57~ (r-+ )| = op (7 )
0<r<S n

1
sup |B;, — (T +w)| = op (1/25)
0<r<S n

We now show that

t
sup ,u/ <X7(L2)(7', s) /\n) ds—
0<r<S 0
0<t<T

= op(v/n).

The approximation for the second integral in (7.3) can be shown using the
same procedure and this will complete the proof. Let 0 < € < 1/2. By (7.5)
and (7.6), for all ¢ > 0 there exists N’ large enough so that for all n > N’,
(7.4) holds and on the event A% we have for all 7, > 0

‘/ (1,8 /\n) ds—(((T—i—w)/\t ”+/1{5>T+W}X()(T, )ds)‘
’/ (2) (1,8 /\n) ds — (/ 1{5<T+w}nds—i—/ 1{S>T+w}X( )(7' s) dS) ’

S/ (n—XT(?)(T, s)) ds+/T+w+"1/2_€ (XT(?)(T, s) —n) ds
THWw— —5

t
p T+ w) A0 =g [ Lzrrn X P (r,5) ds
14

1/2—< THw
T+w _ T+w+ b —€ —
< | X (rs) = nXT(s)ds+ [T X P ) - nX7(s)] ds
T+w—4ﬁ%7 THw
1ﬂ+6 1
< 051 yEm - < co1n?,

By (7.4), the above holds with probability greater than 1 — do, giving us
our result. ]
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