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Abstract

Insight is provided into a previously develop#ty M /s /r + M (n) approximation for thel//G1/s/r + GI queueing model
by establishing fluid and diffusion limits for the approximating model. Fluid approximations for the two models are compared
in the many-server efficiency-driven (overloaded) regime. The two fluid approximations do not coincide, but they are close.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction the first-come first-served (FCFS) service discipline.
That algorithm is based on approximating the given
The primary purpose of this paper is to supplement M/G1I/s/r + GI model by an associated Markovian
two recent papers on multi-server queues with aban- M/M/s/r + M (n) model with state-dependent aban-
donment. Those papers were motivated by the desiredonment rates. It yields exact numerical results for the

to help analyze call centers; sgg. M/M/s/r + M special case.

First, in [11] we developed an algorithm for cal- Second, iM13] we developed a deterministic fluid
culating approximations for all the standard steady- approximation for theG/G1I/s/r + GI model, hav-
state performance measures in Me¢G1/s/r + GI ing an arrival process that is a general stationary-

model, having a Poisson arrival process, independentpoint process. That fluid approximation describes the
and identically distributed (lID) service times with transient behavior of the queueing system. The steady-
a general distribution (the firgBl), s servers,r ex- state behavior of the fluid model serves as an approx-
tra waiting spaces, IID times to abandon before start- imation for the steady-state behavior of the queueing
ing service with a general distribution (theG 1) and model. The fluid approximation becomes appropriate
- in the many-server heavy-traffic limit in which both
E-mail addressward.whitt@columbia.ed@W. Whitt). the arrival rate and the number of servers are allowed
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to increase. The fluid approximation is especially in- of service, and thus are experiencing substantial cus-
teresting in theefficiency-driver{ED) limiting regime tomer abandonment. Such low-to-moderate quality of
in which the probability of eventually abandoning service often occurs in service-oriented (nonrevenue-
approaches a limit strictly between 0 and 1 as the ar- generating) call centers. It is widely recognized that al-
rival rate and the number of servers approach infinity. ternative quality-and-efficiency-driven (QED) many-
Equivalently, the associated sequence of traffic inten- server heavy-traffic limits yield useful approximations
sities {p,: s >1} approaches a limip > 1. Indeed, in a wide range of commonly occurring scenarios; see
it suffices to assume that the traffic intensity is held [3,7]. Our recent ED work is aimed at showing the ED

fixed with p > 1. The fluid approximation evidently is
asymptotically correct in the ED many-server heavy-
traffic limiting regime, but that is yet to be proved. In
[13] supporting evidence is given by establishing the
fluid limit in a discrete-time framework.

approximations can also be useful.

As in [12], the stochastic-process limits established
here can be viewed as consequences of corresponding
results for more general state-dependent Markovian
gueues in6]; see Theorems 4.1 and 4.2 plus Section

Given those two papers, we are interested in estab-5.3 there. Nevertheless, the alternative proofs here

lishing an ED many-server heavy-traffic fluid limit for
the M/M/s/r + M(n) model to see if the approx-
imation developed if11] is asymptotically correct,
i.e., to see if it agrees with the fluid approximation for
the M/GI/s/r + GI special case in the ED regime.
That would provide additional support for the approx-
imation in[11], at least in the ED regime. There are
two gaps in this program: First, establishing a fluid
limit does not directly imply associated convergence

are appealing because the special cases considered
here are much easier to treat directly. In the special
cases considered here, the limit processes have no
boundaries, so that it is not necessary to consider the
reflection map at all. Instead, we use the relatively
simple argument in the seminal heavy-traffic paper on
the M/M/s model by Iglehart[4], drawing upon
Stonel[8].

Here is how the rest of this paper is organized. First,

of the steady-state distributions (invariant measures) in Section 2 we establish the many-server heavy-traffic
and, second, convergence to the continuous-time fluid stochastic-process limits for th&f (n)/ M (n)/s/r +

limit for the M/G1/s + GI model has not yet been
fully proved.

M(n) model. Afterwards, in Section 3 we dis-
cuss associated approximations for the steady-state

In the present paper we establish the desired performance. That depends upon the existence and

deterministic many-server heavy-traffic fluid limit,
and a more general diffusion-process limit, for the
M/M/s/r + M(n) model. Unfortunately, however,
we find that the two fluid approximations do not coin-
cide, but they are sufficiently close that the new fluid
limit, nevertheless, does provide positive support for
the approximation ifl11].

This paper goes beyond that initial goal by estab-
lishing many-server heavy-traffic limits for the more
generalM (n)/M (n)/s/r + M (n) model, having state-

uniqueness of solutions to a fundamental fixed-point
equation (2). In general there can be multiple solu-
tions, implying the existence of multiple asymptotic
equilibrium points (as — oo) even though there is
always a unique limiting steady-state distribution for
eachs.

In Section 4 we briefly describe the/M/s/r +
M (n) approximation for the\f/G1/s/r + GI model
developed irf11]. Next, in Section 5 we describe the
fluid approximation for theG/G1/s/r + GI model

dependent arrival and service rates as well as state-developed in13]. Finally, in Section 6 we compare
dependent abandonment rates. These results extend théhe two fluid approximations in the ED regime.

many-server heavy-traffic limits for thed /M /s/r +

M model in the ED limiting regime established in
[12]. Theorem 2.1-2.3 there established a diffusion
limit, a fluid limit, and limits for the steady-state dis-

tributions, respectively. That paper also presented nu-

merical examples to show that the ED approxima-

2. The stochastic-process limits in the ED
limiting regime

In this section we establish the stochastic-process

tions can be useful for describing the performance of limits for the M(n)/M(n)/s/r + M (n) model with

call centers that are providing low-to-moderate quality

Markovian state-dependent arrival rates, service rates
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and abandonment rates. We consider a sequence of To establish convergence to a diffusion process in

models indexed by the number of servess,and
let s — oo. For eachs>1, the model is charac-

terized by one parameter and three functions. The N, () =

parameter is the number of extra waiting spaces
ry, wWhere O<ry <oo. Whenr, < oo, we will let rg

be sufficiently large that it plays no role, asymp-
totically The three functions are the arrival rate
= {A;(n): 0<n <s + r¢}, the (total) service rate

= {u,(n): 1<n <s+ry + 1} and the (total) aban-
donment rated; = {0,(n): 1<n<s + ry + 1}. For
example,;(n) is the arrival rate when there are

customers in the system, either being served or wait-

ing. If ry <oo, thenJ;(s + ry) = 0. We also have
U, (0) = 04(0) =0, As(n) >0 for 0<n <5 + ry and
Uy () + 0s(n) >0 for I<n <s +ry + 1.

Let Ng(r) be the number of customers in the
system at time. Let N;(0) be a random initial num-
ber of customers, specified independently of the evo-
lution of the system after time O assumed to satisfy
0< Ns(0) <rg + 1 with probability one. For each,
the stochastic procedsV,(r): t >0} is a birth-and-
death stochastic process with birth ratggn) and
death rategi (n) + 05 (n).

We assume that there are fixed functians, o, I,

5 andd such that for each positive real numbeand
each sequende;: s> 1}, wheresx; is a nonnegative
integer withx; — x ass — oo,

As(sxg) — sjv(x)
s

s (sX5) — s fU(x)
s

Os(sxg) — sS(x)
Vs

Asymptotically ass — oo, the number of customers
in the system will concentrate at a point where the
input rate equals the output rate. Thus, we seek0
such that there is a solution to thendamental fixed-
point equation

— Ax),
- la(x)v
ass — oQ.

— (x) (1)

2(x) = fu(x) + 6(x). )

In the ED limiting regime we will have > 1, but we
do not require it.

this setting, we form the normalized stochastic process

N;(t) — sx
N

for positive real numbef, which will turn out to be

a solution to Eq. (2).

Let D = D([0, c0), R) denote the space of all right-
continuous real-valued functions on the positive half
line with left limits everywhere in(0, o), endowed
with the usual Skorohod topology;[1,10]. Let =
denote convergence in distribution (both for sequences
of stochastic processes ih or for sequences of ran-
dom variables iR). Let Nor (m, ¢2) denote a random
variable that is normally distributed with meamand
variances?.

t>0 )

Theorem 2.1(Stochastic-process limit for the
state-dependent modelConsider the sequence of
M(n)/M(n)/s/r + M(n) models specified aboyve
satisfying(1). Suppose thaN;(0) = N(0) in R as
s — oo, WhereN; is the scaled process (8). Assume
that the fundamental fixed-point equati¢®) has a
solution denoted byx, and let the constang ap-
pearing in(3) be such a solutioMssume that; >s{
for all s, wherex < {. Moreover suppose thafi) the
functions#, it andé appearing in(1) have continuous
derivativesi/, i and 5 in the neighborhood of the
point £ and (i) the functions’, i and d appearing in
(1) are continuous in the neighborhood of the point
ThenN; = N in D ass — oo, whereN is a diffusion
process with infinitesimal mean(y) =9 — yy for

§=A&) — i(®) —6(%) and
=L E - HE -8 @) (4)
and infinitesimal variance2(y) = ¢2(0) = 24(%). If

7> 0, thenN is an Ornstein—UhlenbeckO U) diffu-
sion process with

N(1) = N(0o) 2 Nor(i/y, 4(£)/7) as t — oo. (5)

Proof. SinceN; is a birth-and-death process and the
limiting diffusion process has no boundaries, we can
apply Stong8], just as Igleharf4] did in his seminal
paper. Given[8], with the scaling in (3) it suffices
to show that the infinitesimal means and variances
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converge to the infinitesimal means and variance of _ %'« Soan  ara N %A
e + A(X) — - -0 -9
the limit process. / (X)y +24(X) = LX)y — fi(x) — 0 (X)y — 0(x)
SinceN;(r) is nonnegative-integer valued, the pos- =7 — 7y = m(y)
ible val N —sX fork>0. , - . C .
sible values oN; (1) are[k —s£]/+/s fork>0. Hence, . 5 andy in (4). For the infinitesimal variances,

05 (y) = lim E[(N (¢t + ) = Ns )%/ BN (1) = 3]
_ 2
= Jim E[ N+ = M) Ns(t):fs—i-ym/g]
h—0 hs
_ /IX()?S + ys\/E) + ,uS()?s + yS«/E) + 5x()25 + yS\/E)
N

_ SAE A+ 3/V/5) + SRR + y5//5) + 5O + 35/V/5)

+0o(1)
S
— 20(%) = d2(y).
for arbitrary real numbey, we consider a sequence It is well-known that the limiting diffusion process
{ys: s >1}, whereys is an allowed value o, (¢) for is an OU process if >0, and that process has the
eachsandy; — y ass — oo. For example, for all indicated normal steady-state distribution; e[8,,p.

sufficiently larges, we can construct an allowed value 218]. Otherwise, the diffusion process does not pos-

by letting y; = (LsX + y/s] — sX)/+/s, where 7] sess a proper steady-state distributiohl

is the greatest integer less than or equat.té@/hen

y <0, we needs to be sufficiently large to guarantee We are primarily interested in the ED limiting

that [ s% + y+/s] >0. regime, wherex > 1. Complications occur in the
To complete the proof, we exploit conditions (1) and QED limiting regime, where& =1. Theorem 2.1 then

(2) and apply Taylor’s theorem to represent the func- does not apply directly to typical applications because

tions 7, i and$ in the neighborhood of the poirtt. the asymptotic rate functiong and & typically are

Let o(1) be a quantity that converges to 0sas> oc. not differentiable at 1. (For example, see (8) below.)
For the infinitesimal means,

my(ye) = Jim ELN,(t + k) = Ns(0)/ hIN(0) = 3]
. Ns + h - Ns A

lim E H « hj/E OF Nyt) = £5 + ﬁys}

As(Xs + ys\/E) - :“s(is + y‘v\/E) — 0s(Xs + ys\/E)
NG

SO 4 Ys/N/5) + AR + Y //5) — spE + y5//5)

/5
SR + 35//5) + 530G + ys/VE) + /5OG + 35/5)
NG
SHE) + 57 (B) (s /V/5) + /SAE + Ys//5)
NG

. Sﬁ()?) + Sﬂ@)()’s/«/g) + «/E,a()2 + YS/\/E)
/5

OEE) + 50 () (05 //5) + V5O + 3o/ v/5)
Js

+0(1)

+o(1)
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Mandelbaum and Pa{$] address this more compli-
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with f being the asymptotic total-drift functipand

cated situation. On the other hand, the case in which infinitesimal variances?(y) = 0; i.e., n is the ODE
X <1 is also elementary, corresponding to the heavy- n(r) = f(n(r)) with initial value n(0). If (2) has a

traffic limit for the infinite-serverM /M /oo model,
as in[4]. That previous result is a special case of
Theorem 2.1.

By a variation of the same reasoning, it is possible
to establish a more general deterministic fluid approx-
imation. We then scale more crudely by dividing &y
instead of by./s. Instead of (1), we now assume that
there are fixed functions, i ands such that for each
positive real numbex and each sequenge;: s> 1},
wheresx; is a nonnegative integer withy — x as
s — 00,

s (sxs)

= a(x),

B e,

— d(x) (6)

O (5X5)
S

ass — oo. Moreover, we assume tha(O) >0, 1(0)

— 0 andé0) = 0 and if ry <oo, 21+ =

0, A(A+0 >0 and d(1+0) >0, whered < (<

rg/s for all s. A fundamental role is played by the

asymptotic total-drift functiory' (x) = Z(x) — a(x) —

(AS(x).

We will obtain anordinary differential equation
(ODE) for the limit, which is useful for describing the
transient behavior. To state the limit, we introduce the
scaled process

(7

Now, since we scale by, the processV; need not
be in the neighborhood of the point, so we could
encounter boundaries, but we will not.

Theorem 2.2(Fluid limit for the state-dependent
mode). Consider the sequence ¥f(n)/M(n)/s/r+
M (n) models specified aboysatisfying(6), and let
N, (¢) be the scaled number in system(if). Assume
that ry >s( for all s, wherex <{. Assume that the
functions, it and o appearing in(6) are continuous
and satisfy the conditions abavé N, (0) = n(0) as

s — o0, wheren(0) is a real number(deterministi¢
satisfying0 < n(0) < ¢, thenN; = nin D ass — oo,
wheren is a degenerate diffusion process with in-
finitesimal meargstate-dependent drjfin(y) = f (),

unique solutionthenn(z) — n(co) = x ast — oo.

Proof. We first extend the scaled procdssin (7) to

the entire real line by letting (i)s (n) = 4;(0), u,(n) =

U, (0) =0 andd,(n) = d,(0) = O for integersn with
n<0and (i) A;(n) = A,(s +r) =0, p,(n) = pg (s +

rs) > 0 andd; (n) = d;(s + ry) >0 for integersn with

n > s +rg. With this construction, the procebk will
never visit negative values and will never exceed.
However, now the procedd; is defined on the whole
real line, so there are no boundaries, and we can apply
the argument of Theorem 2.1, just as in the proof of
Theorem 2.2 of12]. For the final limit ag — oo, we
use the fact thay (0) > 0, so thatf (x) > 0 for x < %,
while f(x) <O forx>x. O

3. Approximations for the steady-state
distribution

In this paper, we are primarily interested in apply-
ing the diffusion and fluid limits in Theorems 2.1 and
2.2 to generate approximations for the steady-state
behavior of the queueing system. Since the stochas-
tic procesgN;(t): t >0} is a birth-and-death process,
much is known about its limiting steady-state behavior
(ast — 00). Under regularity conditions, which hold
whenever; < oo, there will exist a unique proper lim-
iting steady-state distribution, which is also a station-
ary distribution. We assume that is the case for esach
let the random variablé&/;(c0) have that steady-state
distribution.

There will be no difficulty when there exists a
unique solution to the fundamental fixed-point equa-
tion (2). If there does, then the main practical con-
clusion to draw from Theorems 2.1 and 2.2 is that,
under the stated conditions, in steady state the number
of customers in the system tends to be concentrated
about the leveks for larges, wherex is a solution
of Eq. (2). The fluid limit in Theorem 2.2 concludes
the error is of order @) ass — oo, while the dif-
fusion limit in Theorem 2.1 concludes the error is
of order Q.\/s). The diffusion limit provides a finer
description.

In general, however, Eqg. (2) need not have a solution
and, if it does, the solution need not be unique. In a
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large class of settings there will exist a solution on  Such anomalous behavior could arise if the natural
account of the following elementary result. monotonicity assumptions in Theorems 3.1 and 3.2 are
violated. For example, the arrival rate could increase
Theorem 3.1(Existence of a solution to (2) for the as the queue length increases if customers were some-
state-dependent modelSuppose that asymptotic how attracted to the queue. For example, customers
arrival-rate function / is a nonincreasing continu-  in a store might think that there must be something
ous function while the asymptotic total-service-rate  Worth waiting for if they see a line, and have a greater
function 1 and the asymptotic total-abandonment- propensity to join the queue the longer it is.
rate functiond are both nondecreasing continuous  Even more likely is the possibility that the total
functions for all s sufficiently large. Suppose that service rate might decrease when the congestion in-

1(0) > [u0) + S(O) and §(x) — oo asx — oco. Then creases, perhaps because service efficiency declines
there exists at least one solution to.E8). due to fatigue caused by the higher workload. That

phenomenon in call centers was noted by $2e
However, it is not our purpose to explore multi-
stability phenomena here.

Assuming that there exists unique solution to (2),
and assuming that the conditions of Theorem 2.1
hold with y >0, we obtain the natural approxima-
tion for the steady-state humber of customers in an
M@n)/M@m)/s/r + M(n) system by letting the actual
system be terns in such a limit, i.e.,

Moreover, in a large class of settings the solution
will be unique.

Theorem 3.2(Uniqueness of a solution to (2) for the
state-dependent modelin addition to the conditions
of TheorenB.1, suppose thaf + 4 is strictly increas-
ing. Then there exists a unique solution to E2).

For the standard application in Sectionjd+ Sis

i i i o . . . Ng(00) ~ sx sN (oo
strictly increasing becauseis strictly increasing on s(00) +/sN(o0)

the interval[0, 1], but constant on the intervel, o), 4 Nor(sk + Vs, sAR) /), 9
while ¢ is strictly increasing on the interval, co),
but constant on the intervi0, 1], i.e., where2 means equal in distribution. That in turn im-
plies that, for larges andt, N,(z) will tend to be of
wx)=xnA1l x>0 and order Q./s) away from the levelx. Theorem 2.1
3(x) —nkx -1, x>1, 8) also directly yields approximations for the transient

behavior. Assuming that there exists a unique solution
to (2) and that the conditions of Theorem 2.2 hold, we

where =0 for x <0, 5 is strictly increasing on / . . . N
n(x) N i y g obtain the cruder fluid approximatia¥; (co) ~ sx.

(0, 00) and(x) — oo asx — oo.

Fundamental equation (2) could have more than one
solution. The system would then have multiple stable
points, asymptotically as — oo. Theorems 2.1 and 4. The M/M/s/r + M (n) approximation for
2.2 would then apply to all such solutions describ- M/GI/s/r + GI
ing transient behavior that depends strongly upon the
initial conditions. Even thoughN,(¢): t >0} has a We were motivated to consider thé(n) /M (n) /s /r
unigue limiting steady-state distribution for eag;lass + M (n) model because th& /M /s/r + M (n) spe-
increases the process could tend to exhibit multi-stable cial case was proposed as an approximation for
behavior; i.e., the steady-state distribution for lasge the M/GI/s/r + GI model in [11]. Unlike the
would tend to be approximately a mixture of point approximations developed in this paper above, that
masses attached to the different equilibrium points. approximation is not based on any limit theorem. In
The stochastic proce®§ would tend toremainalong  [11], further approximations are proposed to describe
time near one equilibrium point and then eventually the experience of individual customers, starting with
move to another equilibrium point and spend a long a more careful analysis of which customers abandon
time there. when an abandonment occurs.
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To obtain theM/M/s/r + M(n) approximation,
we choose the exponential service-time distribution
by simply matching the mean of the given service-
time distribution. We choose the total-abandonment-
rate functiond, to approximate the behavior in the
M/G1/s/r+ GI model with 11D abandon times hav-
ing abandon-time cdfF. We assume that the céfis
absolutely continuous with a probability density func-
tion (pdf) f; i.e., we assume thaf(x) = [y f(y)dy
for all x > 0. We then work with the hazard-rate (or
failure-rate) function

hx) = J(x)

- . x>0,
1-Fx)

(10)

We think of the pdff as being continuous and posi-
tive on the entire nonnegative real line, but that is not
required.

The key approximation ifiL1] is an approximation
for the abandonment rate of a customer whgtis
from the end (back end) of a queue (necessarily of
length at leas})

s () ~ h(j/2s). (11)
(Here, of course, the arrival ratg is constant.)

We get approximation (11) by first recognizing
that, in the actuaM /G1/s/r + GI model, any cus-
tomer's abandonment rate would be exadily) if
he had been waiting for time The problem is that,
given the state of the4/M/s/r + M (n) model at
any time, we do not know how long customers have
waited, so we estimate it. As an approximation, we
estimate that there have bejearrivals since the time
a customer who isjth from the end of the queue
arrived. (In this step, we are ignoring abandonments,
which tend to occur at a lower rate than arrivals.)
Given that customers arrive at ratg, the expected
time between successive arrivals i5.l. Combining
these two approximations, we estimate that a cus-
tomer who isjth from the end of the queue has been
waiting for time j/A;. That gives us approximation
(11). The approximation may seem terribly crude, but
numerical comparisons indicate that it is remarkably
accurate.

The associated approximation for the total abandon-
ment rate when there akecustomers in the system

369

is then
k—s

Ss(k) ~ Y ag(j) fork>s

j=1

(12)

with o5 (k) =0 if k<s, because in this application we
are assuming customers only abandon before begin-
ning service. As indicated if11], if the densityf were

not smooth, then we might instead let

J/ s
o (j) ~ I /
(

J=D/%

Then the approximate total abandonment when there
arek customers in the system would be

h(t) dt. (13)

(k—5)/As
5,(k) ~ i / h) di
0
= — /ls lOge FC((k - s)/j'é)

andd, (k) = 0 for k <s.

The speciaM /M /s/r+ M (n) case considered here
starts with (14). In addition, we assume thatk) =sp
for all k andu, (k) =k A s =min{k, s} for k >0. (That
implies we are assuming that the mean service time is
one.) Since here we are evaluating the approximation
in the ED limiting regime, we assume that- 1. As
a consequence, in the special case the assumptions in
both (1) and (6) are satisfied, wiklix) = fi(x) =0 (x) =
0 for all x. Indeed,d,(xs) = s3(x) for all x >0 and
s >0, where

(x) = —ploge FS((x — 1)/p)

and d(x) = 0 for 0<x <1, with FS(x) = 1 — F(x)
being the complementary cdf (ccdf).

As a consequence, the fundamental fixed-point
equation (2) becomes

for k>s, (14)

»

forall x >1, (15)

F((& = 1/p) =€ 0707, (16)

where p > 1. In this setting, there clearly exists a
unique solutiont > 1 to the fundamental fixed-point
equation, because the right side is a number strictly
between 0 and 1, while the left side is a continuous
function on the intervall, co) decreasing from 1 at
x =1 toward 0 asx — oo.

The drift rate in the limiting diffusion process ob-

tained from Theorem 2.1 is= 3/(32) =h((x—1)/p),
whereh is the hazard-rate function in (10) afids the
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unigue solution to the fundamental fixed-point equa- Overloaded Equilibrium
tion (2), i.e., to (16).

\ in queue

Remark 4.1. TheM/M/s/r + M special caseThe-
orem 2.1 here is consistent with Theorem 2.711ifh]
forthe M/M/s/r + M special case. IF is exponen-
tial with mean Yo, then Fé(x) = e * andh(t) = a
for all t. Eq. (2) thus becomes (16) witf®(x) =e~**,
which implies thatt — 1= (p — 1)/«, just as in The-
orem 2.1 of[11]. Sinceh(r) = « for all t, the state-
dependent drift i = 3/(()2 —1)/p) =, again just as
in Theorem 2.1 of11].

in service

PE<(t)

O fommmmmmm oD

\
1
1
i
i
,
,
,
.
.
,
i
1
:
w+ u w time t

5. The fluid approximation for G/GI/s[r+GI Fig. 1. The steady-state distribution of fluid content in the fluid

. ) . o approximation for the5/G1/s+GI queueing model with individ-
In this section we describe the equilibrium be- yal service rate 1, traffic intensity > 1, service-time distribution

havior of the fluid approximation for the general G and abandon-time distributid® The figure plots the density of

G/GI/s/r + GI model; for the full time-dependent fluid content that has been in the system for tim€&ime increases

behavior, sed13]. The fluid approximation directly ~ '© the left

approximates the scaled proce€gr)/s and related

guantities; we obtain the desired approximation for

Ny (¢) by undoing the scaling. axis. Specifically, the value at tintas the density of
As before, for the initial queueing model, we as- the fluid that has been in the system for exactly length

sume that the individual service rate is one and that t, i.e., the remaining portion of the fluid that arrived

the arrival rate issp for p> 1, which puts us in the  ttime units in the past. Fluid arrives at ragteand a

ED limiting regime. The key model elements are the proportionF (z) of that fluid abandons by timte Fluid

service-time cdiG and the abandon-time cdf. Let that does not abandon waits in queue until timeaf-

G° and FC¢ be the associated ccdf's. We assume that ter which it is in service. Entering fluid exits before

the arrival process is a general stationary point pro- time w by abandonment, and after timmeby service -

cess with a well-defined rate, with that rate beinpg completion. In particular, the general fluid approxi-

wherep > 1. mation has, first, all customers who do not abandon
We scale by dividing the number in system for each Waiting exactly timew and, second, a proportiaf(z)

sbysand lettings — oco. Our final approximation for ~ of arrivals abandoning before timeafter arrival, for

the steady-state number of customers in the system isO < ¢ < w. Moreover, in equilibrium for the fluid ap-

obtained by unscaling, i.e., proximation, all servers are busy and fluid abandons
F at an overall ratep — 1.
Ns(oo) ~ s(1+4"), (17) The density of fluid content that has been waiting

wheregF is the queue content (amount of fluid waiting N queue for a length s
before starting service), which is given in (20) below. c

The fluid approximation for the equilibrium behav- ¢ =pF"(®), 0<r<w, and
ior in the ED limiting regime (without undoing the qt)=0, t>w, (18)
scaling) is depicted irFig. 1L The fluid approxima- N ) _
tion depends on the two ccdf&§¢ and FC, but not Where the constan.t waiting time pefore starting ser-
on the stochastic structure of the arrival process (be- Vice, W, is the solution to the equation
yond its rate). IrFig. 1, time appears on the horizontal
axis, increasing toward the left, while queue content f(y)) = '0__1 (19)
(scaled number of customers) appears on the vertical P
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The total fluid content waiting in queue is
w w
qF:/ q(t)dt:p/ FC(t) dr.
0 0

Remark 5.1. The M/M/s/r + M special caseWe
now observe that the fluid approximation in (17), (19)
and (20) here is consistent with both Theorem 2.1 in
[11] and Theorem 2.1 here for the/M/s/r + M
special case, continuing Remark 4.1. If the abandon-
time cdfF is exponential with mean/k, thenF¢(x)=

e ™ and Eq. (19) becomes2 e = (p — 1)/p.
Then Eq. (20) becomes

w
szp/ e—octdtzp
0

(20)

A-e™) p-1

(21)

However, more generally, we see thgt in (20)
need not coincide witk — 1 obtained as the solution to
(16). In support of theét /M /s /r + M (n) approxima-
tion for theM/G1/s/r + GI model in[11], though,
we see that the service-time c@f beyond its mean
has played no role in the fluid approximation for the
G/Gl1/s/r + GI model. The service-time cd only
plays a role in describing how long fluid in service has
been in service. Leb(r) denote the density of fluid
that has been in service for a length of timéqui-
librium for the fluid approximation has(¢) = G°(¢),
t>0.

6. A comparison of the two fluid approximations

In this final section we do further analysis to com-
pare: (i) the fluid approximation for th& /M /s /r +
M (n) approximation to the\l/G1/s/r + GI model
and (ii) the direct fluid approximation for the
M/GI/s/r + GI model. To have similar notation,
let g™ (M for Markov) denote the fluid approxima-
tion for the scaled queue content (waiting in queue
before starting service) in the4/M/s/r + M(n)
approximation to theM/G1I/s/r + GI model; i.e.,
gM =1 — 1 for % the solution to (16). Our goal now is
to compare;M to ¢F in (20) above. Let other quanti-
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M/M/s/r + M(n) approximation is likely to be. To
establish more general connections, we first change
notation, writinge = p — 1, so that we can focus on
the comparison fop close to 1, which corresponds
to smalle. We then make an additional simplifying
assumption for the Markovian model: We assume for
the M/M/s/r + M model that all abandonments are
from the front of the queue (by the customers who
have been there the longest). Up to now, it has not
mattered which customers abandon in the Markovian
models. With that assumption, the waiting time of all
customers, served or not, is the same, and by Little’s
law (L = AW) must bew™ = ¢M /p. Thus Combining
this with (16), we obtain the equation
FwMy=1-e 0 D/r =1 g#/0F0, (22)

Eq. (22) is convenient, because it is easy to compare to
Eqg. (19), which with the change of notation becomes

FwF) =

1+¢ (23)
First, from Egs. (22) and (23), we easily see that in
all casesw™ # wM, evenintheM /M /s/r+M model,
where gF = ¢M, as shown in Remark 5.1. (That is
not surprising, since we are treating the abandonments
differently.) However, if we expand the exponential in
(22), then we obtain
1_e/M+o — & _ & T
1+e 21+¢)?
+0(e* ase 0.

&3

6(1+ ¢)°
(24)

To relate the quantities’™ and wM, assume that the
abandon-time cdF has a positive density Then the
cdf F is continuous and strictly increasing, so that it
has an inverse, say = F~1. Thenw" = g(1/(1 +

¢)) andwM = g(1 — e /(19 Using a Taylor series
expansion, we get

2

M

wM ~ wF —g'(e/(1+ ) 5 (25)

&
(1+¢6)?

From formulas (22) and (23), we also have the in-

ties associated with the two models be designated by equalitiesw™ <¢" <wF(1 + ¢), while

superscripts M and F.

We have already observed that in generdl does
not coincide withg". In any contemplated scenario,
we can calculatg™ and4F to judge how close the

2

2(1+¢)
A qM = wM(1+8)<wF(l+8).

wF(l+e) — ¢'(e/(1+e)

(26)
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We then have the bounds

lgm —wF @+ ) <ew®,
2

M _ F <o e
lq w(1+8)|\g(8/(1+8))2(1+8)2,

g™ — ¢

/ 82
< max{sw':, g (e/(1+ e))m} . (27)

Example 6.1. The case of a uniform abandon-time
distribution Suppose that the abandon-time distribu-
tion is uniformly distributed on the interv0, 1], so
that the abandon-time cdf i8(x) =x, 0<x < 1. From
(19) and (20), we see that in this cage=¢—2/2(1+

¢), while, from (16),

M =1+ - e/

82 3
=&— + + 0%, 28
21+¢)  6(1+e)? ) (28)
so that
M_gFo P ow (29)
— = E7).
1 1 6(1+ ¢)?

For example, it = 0.1 (p = 1.1), theng™ = 0.09545,
while ¢M =0.09559 and;M — 4F ~ 0.0001377. There
is a difference of only about 0%. That is much closer
than predicted by the bounds in (27), becaw$¢l +
g) =e=0.1, ewF = ¢2/(1 +¢) =0.0091,¢'(x) =1,
O<x <1, andg’(¢/(1+ €)&2/2(1 + &) = £2/2(1 +
)% = 991 = 0.0041.
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