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Abstract

This paper studies alternative ways to managea multi-server system such as a telephone call

center. Three alternativescan be described succinctly by: (i) blocking, (ii) renegingand (iii) balk-

ing. The �rst alternative { blocking { is to have no provision for waiting. The secondalternative

is to allow waiting, but neither inform customersabout anticipated delays nor provide state infor-

mation to allow arriving customersto predict delays. The secondalternative tends to yield higher

server utilizations. The �rst alternative tends to reduceto the second,without the �rst-come �rst-

served servicediscipline, when customerscan easily retry, as with automatic redialers in telephone

access. The third alternative is to both allow waiting and inform customers about anticipated

delays. The third alternative tends to causebalking when all servers are busy (abandonment upon

arrival) instead of reneging(abandonment after waiting). Birth-and-death processmodels are pro-

posedto describe the performancewith each alternative. Algorithms are developed to compute the

conditional distributions of the time to receive serviceand the time to renegegiven each outcome.

Algorithms are also developed to help the serviceprovider predict customer waiting times before

beginning service, given estimated service-time distributions and the elapsedservice times of the

customers in service. Better predictions may be obtained by classifying customers and thereby

obtaining better estimatesof their service-time distributions.

Keywords: servicesystems,telephonecall centers, blocking, balking, reneging,retrials,

abandonments, birth-and-death processes,predicting delays, communicating anticipated delays



1. In tro duction

[sec1] In this paper we investigate alternative ways to managea servicesystem. We have in

mind a telephone call center sta�ed by a group of operators, but there are other possibleappli-

cations, e.g., internet access.We introduce birth-and-death (BD) stochastic processmodels that

can be used to demonstrate the advantage of: (1) allowing waiting before beginning service and

(2) communicating anticipated delays to customersupon arrival (or providing state information to

allow customers to predict delays). However, if the service provider decidesto inform customers

about anticipated delays, then it is important for the service provider to be able to accurately

predict the delays. Hence, we also proposemethods for the service provider to estimate the de-

lay distribution and its mean, exploiting estimated service-time distributions (which need not be

exponential) and the elapsedservicetimes of customersin service.

The frame of referenceis the classical loss system, in which there are s servers working in

parallel and no extra waiting space. Assuming that blocked customers depart without a�ecting

future arrivals, allowing waiting helps to avoid blocking and thus serve more customers. However,

in many losssystemswith telephoneaccess,blocked customerscan easily retry rapidly becauseof

automatic redialers. When customerscan easily retry, the system without a provision for waiting

tends to behave like the systemwith a provision for waiting. However, we contend that it is usually

better to directly allow for waiting. An advantage of customersretrying is that more customers

receive service,while the serviceprovider avoids the cost of maintaining a queue. However, retrying

typically imposescostson both the customersand the serviceprovider. First, the customer must

expend time and e�ort retrying. Second,even unsuccessfulattempts often consumeresourcesof the

serviceprovider. Typically, someresourcesare required to processeach requestfor service,whether

or not it is successful.Thus, the serviceprovider's processingcapacity may be reducedby having

to handle many unsuccessfulattempts. Moreover, with retrials, the �rst-come �rst-serv ed (FCFS)

servicediscipline is lost. The FCFS discipline is often strongly preferred by customersbecauseof

its inherent fairness. The random order of serviceassociated with retrials also makes the waiting

time beforebeginning servicemore variable, which tends to be detrimental. Thus, there are several

reasonsmotivating serviceproviders to directly allow for waiting.

Given that the service provider allows for waiting, there are two alternatives. The service

provider may either communicate anticipated delays to customersupon arrival or not. We contend

that, oncethe serviceprovider has decidedto allow for waiting, it is usually much better to inform
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customersabout anticipated delays, assumingthat there is the capability of doing so,which is more

and morebecomingthe case;e.g.,seeRappaport [21]. The most convincing argument perhapscome

from our feelingsabout our own experienceas a customer.

If the serviceprovider doescommunicate anticipated delays, then the customersare more likely

to balk when all servers are busy (leave immediately upon arrival) than renege(leave after waiting

for sometime). We develop BD models to describe and comparethesealternatives. It is common

practice to restrict attention to the special caseof the M/M/s/r model, which has s servers and r

extra waiting spaces. Indeed, it is common to use only the Erlang B (loss) model (r = 0) or the

Erlang C (delay) model (r = 1 ), but none of these alternatives account for balking or reneging.

However, it is actually not di�cult to account for balking and reneging in a BD model, and it

is often very important to do so. By having a BD model that incorporates all the possibilities,

it is easy to evaluate the alternatives. The way to calculate the steady-state distribution of a

generalBD processis quite well known. We go beyond that initial step by showing how to compute

the probabilit y that a customer receives service, the probabilit y that a customer reneges,and the

distributions and �rst two moments of the conditional responsetime given that serviceis completed

and the conditional time to renegegiven that the customer reneges.Thesedescriptions are helpful

becausethe conditioning can have a big impact.

ThesegeneralBD modelsalsocan be usedto study complex networksof servicefacilities. As in

Whitt [28], Kelly [18] and Ross[23], the BD model can serve asthe fundamental building block for a

reduced-loadapproximation for a network of servicefacilities. Then the over
o ws from one facilit y

due to blocking, reneging or balking can becomepart of the arrival rate to other facilities. The

overall performancecan be determined by iterativ ely solving a systemof nonlinear equations. The

computational method is essentially the sameas for the previously studied pure-blocking systems,

but now the approach can be used for systemswith balking and renegingas well as blocking. We

intend to discusssuch reduced-loadapproximations in a subsequent paper.

The BD modelsare intended to help understand systemperformance. The BD model simplicit y

makes it possibleto describe performancein detail using an elementary algorithm, but the model

requires Markov assumptionssuch as exponential service-time distributions that may well be se-

riously violated in practice. The analytical BD model neverthelesscan provide important insight.

However, to actually predict customer delays in system operation, we contend that it should usu-

ally be better not to usethe BD model. To predict expected delays and the full delay distribution

of arriving customers,we suggestexploiting the actual service-time distributions and the elapsed
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service times of customers in service. We also suggestexploiting other information enabling the

service provider to classify customers. For example, there may be a few known and easily iden-

ti�able classesof customers,each with its own service-time distribution. We focus on accurately

predicting the delay distribution, but not on precisely what should be told to customers. SeeHui

and Tse [16], Katz, Larson and Larson [17] and Taylor [26] for discussionsof that issue. In some

settings (with sophisticated customers), full disclosuremay be preferable, i.e., communicating the

full delay distribution and possibly other state information.

Given that delays before beginning service can be predicted reasonably well, it is natural to

consider not having the customer retry or wait. Instead, the service provider can call back at a

later time. To do so, the serviceprovider recordsthe calling number when the customer �rst calls

and announcesthe anticipated future time of the return call, e.g., in about 2 minutes or between10

and 15 minutes. The accurate delay prediction then helps the serviceprovider accurately predict

when the return call can be made.

We now indicate how the rest of this paper is organized. In Section 2 we present what we

regard as the traditional BD model to describe performancewhen somearrivals balk and waiting

customersrenegeafter an exponential time. This model can represent both the loss model with

rapid retrials and the delay model for the casein which the serviceprovider allows waiting. With

retrials, we do not try to directly represent the retrials as in Chapter 7 of Wol� [31]. Instead,

assuming that relatively rapid retries are possible, we consider retrying customers to be waiting

customers. However, we assumethe FCFS servicediscipline, so that our analysis in Section2 does

not capture the random order of serviceassociated with retrials.

In Section 3 we introduce an alternative BD model to describe the performance when the

service provider informs customersabout anticipated delays before beginning service or provides

state information so that the arriving customers can make this prediction. We relate the state-

dependent balking in this setting to the reneging rate in Section 2. The principal change from

Section 2 to Section 3 is to replacerenegingwith balking, but we also allow renegingin Section 3.

Thus the model in Section 2 is a special caseof the model in Section 3.

In Section 4 we make stochastic comparisonsbetweenthe models in Sections2 and 3, showing

that state-dependent balking instead of reneging (at comparable rates) leads to fewer customers

in the system in steady state. In Section 5 we present somenumerical examplesgiving explicit

comparisons. We obtain our numerical results by numerically solving for the performance mea-

suresin the BD models. Theseexamplesshow that the performancein the two scenariosis often
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remarkably similar. The major di�erence is that, with balking instead of reneging,customerswho

do not receive service do not waste time waiting. We also use the numerical examples to show

the economiesof scale(having fewer groups of larger numbers of servers instead of more groups of

smaller numbers of servers).

In Section 6 we present methods for service providers to use to predict the distribution of a

customer's delay before beginning service. We present predictions basedon the BD models, but

also predictions exploiting estimated (non-exponential) service-time distributions and elapsedser-

vice times of customers in service. By the classical lack of memory property of the exponential

distribution, an elapsedservicetime doesnot a�ect the prediction when the service-timedistribu-

tion is exponential, but it can have a great impact when the service-time distribution is far from

exponential, as when it is a heavy-tail distribution such as the Pareto distribution.

In Sections7 and 8 we discussways to estimate model parametersand validate the BD models.

In Section9 we discussways to approximately capture the performanceimpact of occasionalextra

long servicetimes. Finally, in Section10 we brie
y discussother possibledeviations from the model

assumptionsand ways to approximately cope with them. We refer to Boxma and de Waal [4] and

Falin [9] for accounts of the literature on queueswith renegingand retrials.

2. When Customers Do Not Kno w the System State

[sec2] In this section we review a reasonablywell known birth-and-death (BD) processmodel

for the casein which the systemstate is not communicated to arriving customers;e.g.,seeChapter 2

of Gross and Harris [13] and Chapter 4 of Heyman and Sobel [15]. If a server is not immediately

available, then the arriving customer balks (leaves immediately) with probabilit y � and waits with

probabilit y 1 � � . If a server is not immediately available and the customer does not balk, then

he reneges (abandons later) after an exponential time with mean � � 1, if he has not yet begun

service. We assumethat the systemstate is not known by customers,so that the parameters� and

� cannot depend directly on the number of customersin the system (beyond whether the servers

are all busy or not). Once a customer starts service,he stays until serviceis completed. (It is easy

to modify the BD model if this assumption is not reasonable.)

Let the arrival processbe a Poissonprocesswith rate � . Let there be s servers, a waiting room

of size r and the �rst-come �rst-serv ed service (FCFS) discipline. (The total system capacity is

thus s + r . An arrival �nding s + r customerspresent is blocked (lost). Let the service times be

i.i.d. exponential random variableswith mean1=� . Then the birth (arrival) and death (departure)
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rates are, respectively,

[eq201] � k =

8
><

>:

� ; 0 � k � s � 1

� (1 � � ) ; s � k � s + r � 1 ;
(2.1)

and

[eq202] � k =

8
><

>:

k� ; 1 � k � s � 1

s� + (k � s)� ; s � k � s + r :
(2.2)

When k > s, somedepartures are servicecompletions, while others are abandonments (reneging)

and blocked arrivals. The arrival rate � must bethe sum of the ratesof servicecompletion, blocking,

balking and reneging. We do not discusshow to analyzethis BD model here becauseit is a special

caseof the model introduced in the next section, which we do analyze.

3. When Customers Kno w the System State

In this section we consider the casein which customers learn the system state upon arrival.

The customersmay also receive updates while they are waiting. The customersmight be told the

number of customersaheadof them in line at all times (e.g., by displays on a monitor with access

through a personal computer) and/or they might receive periodic predictions of their remaining

time to wait before beginning service (e.g., by telephone announcements with accessthrough a

telephone).

Assuming that customersknow their preferences,it is natural that customerswould respond

to this additional information when all servers are busy by replacing reneging after waiting with

state-dependent balking; i.e., customersshould be able to decideimmediately upon arrival whether

or not they are willing to join the queue and wait to receive service. Having joined the queue,

customersshould be much more likely to remain until they begin service. Reneging is even less

likely if the customer can seethat the remaining time to wait is steadily declining.

Hencein this sectionwe consideran alternative BD model to represent state-dependent balking

instead of time-dependent reneging. Since there may still be somereneging in this new situation

with additional state information (e.g., becausecustomerschangetheir minds or becauseprogress

in the line is slower than anticipated), we also include reneging in the model. However, we are

especially interested in the comparisonbetweenthe model in Section 2 with renegingand the new

model in this section in which the reneging is replaced entirely by state-dependent balking. We

make a stochastic comparison in Section 4.
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As before, there is a Poissonarrival processwith rate � and s servers, each with exponential

servicetimes having mean � � 1. There is a waiting room of sizer and the FCFS servicediscipline.

An arrival encountering a full system is blocked. Paralleling Section 2, the customersare assumed

to be willing to wait until starting service a random time that is exponentially distributed with

mean1=� . Thesetimes for di�eren t customersare assumedto be mutually independent. However,

now the customer learns the system state upon arrival and decideswhether or not to balk. If the

number seenby the arrival (not including the arrival) is lessthan or equal to s � 1, then the new

arrival enters service immediately. If the number seenby the arrival is s + k for 0 � k � r � 1,

then the arrival may elect to balk (leave immediately) or join the queue. Paralleling Section2, each

customer �nding all servers busy balks with probabilit y � . However, the customer may also elect

to balk depending on the system state. We stipulate that the customer joins with the probabilit y

that a server becomesfree beforehe would abandon. Let Sk be the time required from arrival until

a server �rst becomesavailable for this customer, as a function of k, assuming that departures

occur only by service completions (not considering reneging by customers in queue ahead of the

current customer), and let T be the time that this customer would have renegedin Section 2. (We

assumethat the actual servicetimes are not known.) Then the arrival �nding s + k customersin

the systemupon arrival (not counting himself) joins with probabilit y

[eq301] qk � P(T > Sk ) ; 0 � k � r � 1 : (3.1)

SinceSk has the distribution of the sum of k + 1 exponentials each with mean 1=s� and T has an

exponential distribution with mean1=� , wecanexploit Laplacetransforms to calculateqk explicitly .

In particular,

[eq302] qk =
Z 1

0
e� �t P(Sk = dt) =

�
s�

s� + �

� k+1

: (3.2)

We also indicate several alternatives to (3.1) and (3.2). The �rst alternative is intended to

represent the casein which the serviceprovider communicates the expected delay when there are

s + k customersin the system. Then we would replaceSk in (3.1) by its mean, i.e., we would use

[eq303] �qk � P(T > ESk ) = e� � (k+1) =s� ; k � 0 : (3.3)

Note that when k is large, Sk will tend to be relatively closeto ESk by the law of large numbers.

Directly, we can seethat, if k and s are suitably large, then (3.2) will be closeto (3.3), i.e.,
�

s�
s� + �

� k+1

=
�

1 �
�

s� + �

� k+1

[eq303a] =
�

1 �
(k + 1)�

(k + 1)(s� + � )

� k+1

� e� (k+1) �= (s� + � ) � e� (k+1) �=s� : (3.4)
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In general, �qk � qk .

The analysis leading to (3.2) and (3.3) suggeststhat the probabilit y a customer joins the queue

(does not balk) when he �nds s + k in system should be of the general form � � � k for parameters

� and � with 0 � � � 1 and 0 � � � 1. In practice the balking probabilit y as a function of k

needsto be estimated. This blocking probabilit y should depend on the information supplied to the

customer.

We now de�ne a BD model representing state-dependent balking. Sincethere may still be some

reneging, we include state-dependent renegingas well. The birth (arrival) and death (departure)

rates are, respectively,

[eq304] � k =

8
><

>:

� ; 0 � k � s � 1

� (1 � � )qk� s ; s � k � s + r � 1
(3.5)

and

[eq305] � k =

8
><

>:

k� ; 1 � k � s � 1

s� + (k � s)� k� s ; s � k � s + r :
(3.6)

In (3.6) we have allowed generalstate-dependent reneging rate for each waiting customer, � k , but

we will usually consider the special casein which � k = � . The model in Section 2 corresponds to

that special casewith the parameter pair (�; � ) here set equal to (0; � ).

We now indicate how to numerically solve for the steady-stateprobabilities pk . Sincethe larger

probabilities should be near s (assumingthat s is reasonablywell chosen), it is convenient to solve

for the steady-statedistribution recursively starting at s. Let x s = 1,

[eq203] xs+ k+1 =
� s+ kxs+ k

� s+ k+1
=

� (1 � � )qkxs+ k

s� + (k + 1)� k+1
; 0 � k � r � 1 ; (3.7)

and

[eq204] xk� 1 =
� kxk

� k� 1
=

k�x k

�
; 1 � k � s : (3.8)

Then, let

[eq205] y =
s+ rX

k=0

xk (3.9)

and

[eq206] pk = xk=y ; 0 � k � s + r : (3.10)

So far the results have been quite standard, but now we go on to compute the probabilit y of

completing service and the mean, variance and full distribution of the conditional responsetime

(time to complete service) given that service is completed. We also compute the probabilit y that
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a customer renegesand the mean, variance and full distribution of the conditional time to renege

given that the customer reneges.

Sincethe arrival processis Poisson,the state seenby arrivals is the sameasat an arbitrary time

by the Poisson-Arrivals-See-Time-Average (PASTA) property; seeSection 5.16 of Wol� [31]. Let


 k be the probabilit y that the k th customer in line abandonsin the next departure event (assuming

each customer is equally likely to abandon) and let mk be the mean time to the next departure

event, in both casesconsideringonly the �rst s + k customersin the system; i.e.,

[eqQ2] 
 k =
� k

s� + k� k
and mk =

1
s� + k� k

: (3.11)

Then the probabilit y that customer s + k eventually receivesserviceis

[eqQ3] � k = (1 � 
 k )(1 � 
 k� 1) : : : (1 � 
 1) (3.12)

for 
 k in (3.11). Then the probabilit y that a new arrival eventually completesservice,is

[eq306] P(S) =

 s� 1X

k=0

pk

!

+
r � 1X

k=0

ps+ k(1 � � )qk � k+1 : (3.13)

Let C be the response time. (We let C be 0 when service is not completed.) Then, using

properties of the exponential distribution, we obtain

[eq307] EC =

 s� 1X

k=0

pk

!
1
�

+
r � 1X

k=0

ps+ k(1 � � )qk � k+1

0

@1
�

+
k+1X

j =1

mj

1

A (3.14)

and

[eq308] EC2 =

 s� 1X

k=0

pk

!
2
� 2 +

r � 1X

k=0

ps+ k(1 � � )qk � k+1 (Vk+1 + M 2
k+1 ) (3.15)

where

[eqQ4] Vk+1 =
1
� 2 +

k+1X

j =1

m2
j (3.16)

and

[eqQ5]M k+1 =
1
�

+
k+1X

j =1

mj : (3.17)

Then the �rst and secondmoments of the conditional time to complete servicegiven that service

is completed are

[eq309] E(CjS) = EC=P(S) and E(C2jS) = EC2=P(S) : (3.18)

The conditional variance and standard deviation are then

[eq311] Var (CjS) = E(C2jS) � (E(CjS))2 (3.19)

8



and

[eq312] SD(CjS) =
q

V ar (CjS) : (3.20)

Now let ĉ(s) � Ee� sC be the Laplace transform of C. Paralleling (3.14), we have

[eqE1] ĉ(s) =

 s� 1X

k=0

pk

! �
�

� + s

�
+

r � 1X

k=0

ps+ k(1 � � )qk � k+1 d̂k+1 (s) ; (3.21)

where

[eqE2] d̂k+1 (s) =
�

�
� + s

�
� k+1

j =1

 
mj

mj + s

!

: (3.22)

We can now easily calculate P(X > t) for any desired t by numerically inverting its Laplace

transform (1 � ĉ(s))=s, e.g., by using the Fourier-seriesmethod described in Abate and Whitt [1].

The associated conditional response-timedistribution is

[eqE3] P(C > tjS) = P(C > t)=P(S) : (3.23)

Let R be the event that an arrival eventually renegesand let A be the time to renege. Then,

by essentially the samereasoning,

[eqQ6]P(R) =
r � 1X

k=0

ps+ k(1 � � )qk (1 � � k+1 ) ; (3.24)

[eqQ7]EA =
rX

k=1

ps+ k� 1(1 � � )qk� 1EA(k) (3.25)

and

[eqQ8]EA2 =
rX

k=1

ps+ k� 1(1 � � )qk� 1EA(k)2 ; (3.26)

where

EA(k) = 
 kmk + (1 � 
 k )
 k� 1(mk + mk� 1) + (1 � 
 k )(1 � 
 k� 1)
 k� 2(mk + mk� 1 + mk� 2)

[eq216] + : : : + (1 � 
 k ) : : : (1 � 
 2)
 1(mk + : : : + m1) (3.27)

and

EA(k)2 = 
 k2m2
k + (1 � 
 k )
 k� 1(m2

k + m2
k� 1 + (mk + mk� 1)2)

[eq217] + : : : + (1 � 
 k )(1 � 
 k� 1) : : : (1 � 
 2)
 1(m2
k : : : + m2

1 + (mk + : : : + m1)2) :(3.28)

The associated conditional moments are

[eq220] E(AjR) = EA=P(R) and E(A2jR) = EA2=P(R) ; (3.29)
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for P(R) in (3.24). Finally, the conditional variance and standard deviation are

[eq222] Var (AjR) = E(A2jR) � (E(AjR))2 (3.30)

and

[eq223] SD(AjR) =
q

V ar (AjR) : (3.31)

Now let â(s) � e� sA be the Laplace transform of A. Paralleling (3.25), we have

[eqE4] â(s) =
r � 1X

k=0

ps+ k(1 � � )qk(1 � � k+1 )âk (s) ; (3.32)

where

[eqE5] âk (s) =
�

mk

mk + s

� k� 1X

j =0


 k� j �
j
`=1

�
(1 � 
 k� `+1 )

�
mk� `

mk� ` + s

��
: (3.33)

Paralleling P(C > t) above, we can compute P(A > t) by numerically inverting its Laplace trans-

form (1 � â(s))=s. Then the conditional distribution of the time to renegegiven renegingis

[eqE6] P(A > tjR) = P(A > t)=P(R) : (3.34)

Finally, the probabilit y of blocking is ps+ r , so that the probabilit y of balking is

[eqQ9] P(balking) = 1 � P(S) � P(R) � ps+ r : (3.35)

4. Sto chastic Comparisons

[sec4] The consequencesof informing customersabout anticipated delays arenot entirely clear.

It seemsthat customersshould prefer this additional information and that the greatestbene�t will

stem from improved customer satisfaction. However, the impact on congestionis lessclear. First,

the rate of customer serviceand the steady-state number of customersin the system might both

increasebecausethe �xed balking rate � might decreaseand the arrival rate � might increase. It

thus might be necessaryto increasethe number of servers s, i.e., better servicemight mean more

business.

In this section we make comparisonsassumingthat the parameters remain unchanged. Intu-

itiv ely, it seemsthat balking upon arrival instead of joining the queueand later reneging should

lead to fewer customers in the system, provided that the chance of balking relates appropriately

to the chance of reneging, as in the construction in Section 3, in particular, assuming(3.2). We
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now show that a strong comparison is possible. In particular, we establish likelihood ratio (MLR)

ordering. SeeChapter 1 of Shaked and Shanthikumar [24] for background on stochastic orderings.

Consider two random variables X 1 and X 2 with valuesin the state spacef 0; 1; : : : ; sg, 1 � s �

1 , that have probabilit y massfunctions (pmf 's) that are positive for all states. We say that X 1 is

lessthan or equal to X 2 in the likelihood ratio (LR) ordering and write X 1 � l r � X 2 if

[eq401]
P(X 1 = k + 1)

P(X 1 = k)
�

P(X 2 = k + 1)
P(X 2 = k)

; 0 � k � s � 1 : (4.1)

We say that X 1 is stochastically lessthan or equal to X 2 and write X 1 � st X 2 if

[eq402] P(X 1 � k) � P(X 2 � k) ; 0 � k � s : (4.2)

The LR order implies stochastic order. Indeed, the LR order is equivalent to stochastic order

holding under conditioning for all intervals; i.e., X 1 � l r X 2 if and only if

[eq403] (X 1ja � X 1 � b) � st (X 2ja � X 2 � b) (4.3)

for all a and b with a < b; seep. 29 of Shaked and Shanthikumar.

We now present a su�cien t condition for the steady-state distributions of BD processesto be

ordered in the LR ordering. This result is a special caseof Theorem 5 of Smith and Whitt [25]

(which applies to more generalprocesses).

Theorem 4.1 [thm401] Consider two BD processeswith common state space f 0; 1; : : : ; sg, birth

rates � (i )
k , death rates � (i )

k and steady-state random variables N i , i = 1; 2. If

[eq404]
� (1)

k

� (1)
k+1

�
� (2)

k

� (2)
k+1

for 0 � k � s � 1 ; (4.4)

then

N1 � l r N2 :

Wenow comparethe processesin Sections2 and 3, wherethe model in Section3 hasno reneging.

Theorem 4.2 [thm402] Consider the BD processesintr oduced in Sections 2 and 3, using (3.2),

with common parameters �; �; �; � ; s and r and no reneging for the model in Section 3, i.e., with

� k = 0. Let the model with reneging in Section 2 be indexed by superscript 1 and the other model

by superscript 2. Let � (i )
k ; � (i )

k and N i denote the birth rates, death rates and steady-state number

of customerspresent in model i . Then

N1 � l r N2 :
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Pro of. By Theorem 4.1, it su�ces to establish (4.4). For s + k � 0, � (1)
k = � (2)

k = � and

� (1)
k+1 = � (2)

k+1 = (k + 1)� . For k � 0,

� (1)
s+ k

� (1)
s+ k+1

=
� (1 � � )

s� + (k + 1)�
;

� (2)
s+ k

� (2)
s+ k+1

=
� (1 � � )qk

s�
;

so that it su�ces to show that

[eq405]
� (2)

s+ k

� (1)
s+ k

= qk �
�

s�
s� + �

� k+1

�
s�

s� + (k + 1)�
=

� (2)
s+ k+1

� (1)
s+ k+1

(4.5)

for 0 � k � r � 1. However, (4.5) holds because,by the binomial theorem, (1 + x) k � 1 + kx for

all x > 0 and all positive integersk.

The stochastic comparisonwe have made betweenthe two modesof operation in Theorem 4.2

assumesthat the basic parameter tuple (�; �; �; � ; s; r ) is the samefor both systems. However, if

we change the way the system operates, then these parameters may change too, leading to more

complex comparisons. We can describe how each system separately responds to changesin the

parameters, though. For simplicit y, let � k = � in Section 3, then the model there dependson the

parameter tuple (�; �; �; � ; � ; s; r ).

Theorem 4.3 [thm403] Consider one of the systemsin Section 2 or 3. Let N i be the steady-state

number of customers in system i with parameter tuple (� (i ) ; � (i ) ; � (i ) ; � (i ) ; � (i ) ; s; r ), i = 1; 2. If

� (1) � � (2) , � (1) � � (2) ; � (1) � � (2) , � (1) � � (2) and � (i ) � � (2) , then then

N1 � l r N2 :

Pro of. It is easyto seethat � (1)
k � � (2)

k and � (1)
k+1 � � (2)

k+1 for all k, 0 � k � s + r � 1, so that (4.4)

holds. Hence,we can apply Theorem 4.1.

From Theorem 4.3 it is not evident how the long-run balking and reneging rates respond to

increasesin the parameters� , � and � . It is intuitiv ely clear that the long-run rates should increase,

but if we increase� , then the steady-state distribution decreases,so that there is lessopportunit y

for balking. Nevertheless, we can establish the desired comparison by exploiting a sample-path

comparison.

Theorem 4.4 [thm404] Consider one of the systemsin Section 2 or 3.

(a) If � increases, then the long-run reneging rate (Section 2) or balking rate (Section 3) in-

creases.
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(b) If � increases,then the long-run balking rate increases.

(c) If � , � and � increase, then the long-run rate of service completions decreases.

Pro of. We only considerpart (a) for the systemin Section2, becausethe reasoningis the samein

the other cases.As in Whitt [27], it is possibleto construct the two systemson the samesample

spaceso that the sample paths are ordered (a coupling). Let the two systemsbe indexed by i ,

where � (1) < � (2) . Let N i (t) be the number of customers in system i as a function of time. Let

the two systemsboth start out empty. We can generateall events from a common Poissonprocess

with a constant rate 
 � � + s� + r � . Then we determine the nature of the events according to the

birth and death rates. For example, with probabilit y �=
 , the event is an external arrival. If the

state is k < s, then with probabilit y k�=
 , the event is a servicecompletion, while with probabilit y

(
 � � � k� )=
 the event is a �ctitious event, leading to no state change. Whenever the two sample

paths coincide with s + k customerspresent for k � 1, let servicecompletions be the samein both

systemsand let there be reneging in the system with parameter � (2) , where � (2) > � (1) , whenever

there is reneging in the system with parameter � (1) . However, there may be additional reneging

in system 2, making N (2) (t) � N (1) (t). Whenever N (2) (t) � N (1) (t), the servicecompletion rates

and are greater for system1. Hence,let there be a servicecompletion in system 1 whenever there

is one in system 2. This allows extra servicecompletions in system 1. Also, let there be a balking

event in system1 whenever there is one in system2, which allows extra balking events in system1.

With this construction, a gap N (1) (t) � N (2) (t) can only be createdand grow by excessrenegingin

system2. This gap may be reducedin several ways, including by subsequent renegingin system1,

but the cumulativ e number of customersrenegingalways stays aheadfor system 2.

Remark. For the model in Section 2, the proof of Theorem 4.4 shows that the long-run service

completion and balking rates both decreasewhen � increases. When � and � both increase,we

can deducethat the long-run servicecompletion rate decreases,but not how the long-run reneging

and balking rates are a�ected.

5. Numerical Examples

[sec5] We now illustrate how the BD modelscan be usedby consideringa few numerical exam-

ples. In Theorem 4.2, we establishedan ordering betweenthe two systemswith commonparameter

tuples (�; �; �; � ; s; r ). However in numerical exampleswe have found that in many respects the

two systemswith commonparameter tuples behave very similarly. The main di�erence is that, for
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the system in Section 2, somecustomerswho do not eventually receive servicespend time waiting

before reneging. This wasted customer e�ort is eliminated by predicting delays, if the prediction

leadsto the model in Section 3. Throughout this section we usede�nition (3.2).

Example 5.1. Economies of Scale

In addition to comparing the two systemswith common parameter tuples, our �rst example

illustrates the economiesof scale. In particular, we consider both systems (with and without

reneging,as in Sections2 and 3) with s = 4 � 10k for k = 0; 1; 2 and 3. In each case,we let � = s,

� = 1:0; � = 1:0 and � = 0:2. We chooser to be su�cien tly large so that blocking is negligible.

With this parameter choice, the system with s = 4 � 10k corresponds to the combination of 10

identical systemswith s = 4 � 10k� 1. We have resourcesharing in the senseof Smith and Whitt

[25].

Numerical results for thesecasesare presented in Table 1. Since(x)+ = maxf x; 0g, E(N � s)+

there is the expected number of customerswaiting. Table 1 shows that the two systemsdo not

di�er much, with the di�erence decreasingas s increases. In all cases,the probabilit y that an

arrival is eventually served are very closefor the two systems.Table 1 alsoshows that all measures

of performanceimprove as s increases,thus quantifying the economiesof scale.

It is interesting to contrast the balking and renegingexampleswith the pure-lossmodel, which

otherwise has the sameparameters. The probabilit y of eventually being served in the associated

M/M/s/0 loss model is 0.639, 0.884, 0.961and 0.9875for s = 4 � 10k and k = 0; 1; 2 and 3. The

di�erence is substantial for smaller s, but negligible for larger s. For larger s, the balking acts like

blocking. When � = 4000 and � = 0:2, the arrival rate drops to 3200 when all servers are busy.

In that case,s acts much like an upper barrier. Indeed, in that case,the conditional mean queue

length given all servers are busy is only E(N � s)+ =P(N � s) = 3:95.
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performance s = 4 s = 40
measures reneging only balking reneging only balking
P(N � s) 0.501 0.493 0.335 0.333
E(N � s)+ 0.498 0.445 0.816 0.796
EN 3.60 3.53 37.3 37.3
SD(N ) 1.74 1.67 4.86 4.83
P(r enege) 0.124 0 0.020 0
P(served) 0.775 0.772 0.913 0.912
E(CjS) 1.115 1.144 1.021 1.022
SD(CjS) 1.026 1.046 1.001 1.001
E(AjR) 0.282 -- 0.069 --

s = 400 s = 4000
reneging only balking reneging only balking

P(N � s) 0.162 0.162 0.0593 0.0593
E(N � s)+ 0.589 0.589 0.234 0.234
EN 387.0 387.0 3953. 3953.
SD(N ) 13.1 13.1 38.9 38.9
P(r enege) 0.0015 0 0.00006 0
P(served) 0.966 0.966 0.9881 0.9881
E(CjS) 1.0015 1.0015 1.0000 1.0000
SD(CjS) 1.0000 1.0000 1.0000 1.0000
E(AjR) 0.110 -- 0.0012 --

Table 1. A comparison of the two service schemesas a function of system size, s = 4 � 10k for

k = 1; 2; 3 and 4. In all cases� = s, � = � = 1 and � = 0:2. The variable N is the steady-state

number of customersin the system,C is the time to completeserviceand A is the time to abandon.

Example 5.2. Heavy Loads

The systemsin Sections2 and 3 do not di�er when all serversare not busy. Thus, the di�erence

should increaseas the load increases. We next illustrate the larger di�erences that are possible

with higher loads. For this example,we let s = 10, � = 1:0, � = 1:0 and r = 50. We consider two

cases:In the �rst case,we let � = 20 and � = 0:2; in the secondcasewe let � = 40 and � = 0:5.

With the conventional de�nition of tra�c intensity � � �=s� , � = 2:0 and 4.0 in the two cases.

Numerical results for thesetwo casesare displayed in Table 2.

In Table 2 the di�erences between the two systemsare greater than in Table 1, but still not

large. The probabilit y of being eventually served and the mean and standard deviation of the

conditional time to be served are very close. The greatest di�erences are in EN and SD(N ), the

mean and standard deviation of the steady-state number of customersin the system.
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� = 20, � = 1:0, � = 1:0, � = 40, � = 1:0, � = 1:0,
performance � = 0:2, s = 10, r = 50 � = 0:5, s = 10, r = 50
measures reneging only balking reneging only balking
P(N � s) 0.970 0.958 0.9981 0.9955
E(N � s)+ 6.17 4.66 10.04 6.84
EN 16.1 14.6 20.0 16.8
SD(N ) 3.90 3.09 4.43 3.16
P(r enege) 0.308 0 0.251 0
P(served) 0.498 0.497 0.250 0.250
E(CjS) 1.44 1.47 1.65 1.68
SD(CjS) 1.04 1.065 1.045 1.080
E(AjR) 0.293 -- 0.356 --

Table 2. A comparisonof the two serviceschemesin Sections2 and 3 under heavy loadings.

Note that the most seriousdetrimental e�ect of the heavy loads is the low proportion of customers

served. The delays experiencedby those customersserved are not especially large. These results

show that a focuson the delays experiencedby served customers,while ignoring the customerslost

to balking or reneging,can seriouslyoverestimate the quality of serviceprovided.

Also note that the performanceis quite di�eren t from the M/M/s/r model without balking or

reneging. Then the steady-state number N is closeto s + r , which in Table 2 would be 60. The

probabilit y of being served is about the same,however. In the setting of Table 2 the blocking is

negligible. The high blocking in M/M/s/r is replacedby balking and renegingin thesecases.

At �rst glance, it might be thought that in the setting of Section 2 the reneging rate � might

be reasonably well estimated by the reciprocal E(AjR), the expected time to renegegiven that

renegingoccurs. However, it can be much less. Note that we consistently have

[eqR1] E(AjR) � 1=� : (5.1)

This must occur becausethe sequenceof reneging times is censored. (Many customersare served

before they have a chanceto renege.)

6. Predicting Future Dela ys

[sec6] In order for the serviceprovider to accurately predict delays before arrivals can begin

service,the serviceprovider needsto be able to accurately estimate future delays given the system

state. Given the model in Section 3, it is relatively easyto accurately estimate delays. Sincethere
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should be negligible reneging, the waiting time before starting servicefor an arrival �nding s + k

customers in the system is the sum of k + 1 i.i.d. exponential random variables each with mean

1=s� . Hence, the mean and standard deviation of the steady-state waiting time before starting

service,W are

[eq601] EW =
k + 1

s�
and SD(W ) =

p
k + 1
s�

: (6.1)

It is reasonableto normalize by the mean service time, so that waiting times are viewed in

relation to mean servicetimes. This is equivalent to setting � = 1. Then

[eq602] EW =
k + 1

s
and SD(W ) =

p
k + 1
s

: (6.2)

The formulas in (6.2) show the advantage of large scale. When s is big, either EW and SD(W )

are both small (when k is small) or the ratio SD(W )=EW is small (when k is large). Moreover,

when k is not too small, we can apply the central limit theorem to deducethat W is approximately

normally distributed with the mean and standard deviation just determined.

We have suggestedthat the model in Section 2 should be replaced by the model in Section 3

with negligible renegingwhen the serviceprovider predicts delays. However, it is also possibleto

predict delays when there is signi�cant reneging. In the setting of Section2, when a customer �nds

s + k customersin the system, the delay can again be represented as the sum of k + 1 independent

exponential random variables,but now they arenot identically distributed. The meanand standard

deviation become

[eq603] EW =
kX

j =0

1
s� + j �

and SD(W ) =

2

4
kX

j =0

1
(s� + j � )2

3

5

1=2

: (6.3)

The modi�cation (6.3) can be important if there is somereneging,even though the serviceprovider

predicts delays. If we ignore reneging,then the delay predictions will be somewhatpessimistic.

However, the accuracyof the delay prediction abovedependsstrongly on the exponential service-

time assumption. For other service-time distributions, the remaining servicetime dependson the

elapsedservicetime. Thus, for non-exponential service-timedistributions, we can more accurately

predict the delay of a new arrival if we exploit the elapsedservicetimes (ages)of the customersin

service. Moreover, it may be possibleto classifycustomersinto di�eren t types,whereeach type has

a very di�eren t service-time distribution. This classi�cation may be done before or after service

has begun.

Henceforth, assumethat the classi�cation hasbeendonebeforeservicebegins,sothat customer

i before starting servicehas service-time cdf Gi . The actual service-time cdf Gi should be easily
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estimated directly from the observed servicetimes, assumingthat there is no renegingafter service

has begun and that servicetimes in progressare not altered by systemstate. In practice, this last

possibility shouldbechecked. It can bechecked by estimating service-timedistributions conditional

on the number in systemwhen servicestarts. With signi�cant reneging,the estimation procedures

should account for censoring.

Let Gi (t jx) be the cdf of the conditional remaining service time, conditional on an elapsed

servicetime (age) of x. Clearly,

[eq604] Gi (t jx) =
Gi (t + x)
1 � Gi (x)

; t � 0 : (6.4)

Supposethat the service provider keepstract of the starting time for each service in process,so

that at the time of a new arrival, the agesof the servicetimes of all customersin serviceare known.

If additional prediction is done after servicehas started (using service time), then G i (t jx i ) could

be estimated directly instead of by (6.4).

At this point, one approach is to usean in�nite-serv er approximation, as in Du�eld and Whitt

[8]. Let D (t) be the number of departures by time t. With an in�nite-serv er approximation, we

optimistically act as if all customersin the systemare in service. This leadsto the approximation

[eq612] ED(t) �
sX

i =1

Gi (t jx i ) +
s+ kX

i = s+1

Gi (t) (6.5)

Similarly, we can approximate the variance by

[eqB1] VarD(t) �
sX

i =1

Gi (t jx i )(1 � Gi (t jx i )) +
s+ kX

i = s+1

Gi (t)(1 � Gi (t)) ; (6.6)

assuming that these are independent (non-identically distributed) trials. Then we estimate the

mean waiting time before the new arrival can start serviceas

[eq609] EW � minf t > 0 : ED(t) = k + 1g : (6.7)

We emphasizethat (6.7) is an approximation. The actual waiting time is

[eqA2] W = minf t � 0 : D (t) = k + 1g ; (6.8)

We cannot actually obtain the mean of W in (6.8) by replacing D(t) in (6.8) by its mean, but this

is the candidate approximation proposedby Du�eld and Whitt [8].

However, it may be somewhat too optimistic to act as if waiting customersstart service im-

mediately. Hence,we now introduce a re�nement in which waiting customersare allowed to start
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servicein the future. For this purpose,let D s(t) be the number of the current s customersin service

that will have departed t time units later. Then, given the s agesx 1; : : : ; xs, its expected value is

[eq605] ED s(t) =
sX

i =1

Gi (t jx i ) : (6.9)

To estimate when the waiting customersstart service,let

[eq606] t j = minf t � 0 : ED s(t) = j g : (6.10)

Note that, like (6.7), (6.10) is an approximation becauseit is a �rst passagetime for the mean

instead of the �rst passagetime for the processitself. Equation (6.10) is exact in the caseof

deterministic (possibly di�eren t) servicetimes, though.

Again let D (t) be the total number of departures by time t. Then we can estimate its mean by

[eq607] ED(t) �
sX

i =1

G(tjx i ) +
s+ kX

j = s+1

Gj (t � t j � s) (6.11)

for t j in (6.10). Paralleling (6.6), we estimate the variance of D (t) by

[eq608] VarD(t) �
sX

i =1

Gi (t jx i )(1 � Gi (t jx i ) +
s+ kX

j = s+1

Gj (t � t j � s)(1 � Gj (t � t j � s)) : (6.12)

Note that (6.11) and (6.12) do not account for departures from waiting customersafter the �rst k

beforesomeof the accounted for departures, but this discrepancyshould be relatively small if k is

not large comparedto s.

Given (6.10) and (6.11), we can estimate the full waiting-time distribution (approximately).

We start by the observation that D (t), being a sum of independent random variables, should

be approximately normally distributed, by virtue of the central limit theorem for non-identically

distributed random variables; seep. 262 of Feller [10]. Let N (0; 1) denote a standard (mean 0,

variance 1) normal random variable and let � be its cdf.

Let

[eqA1] wx = minf t � 0 : ED(t) + xSD(D(t)) = k + 1g ; (6.13)

where SD is the standard deviation. Since the random waiting time W is de�ned by (6.8), it is

natural to usethe approximation

[eqA3] P(W � wx ) � P(D (t) � ED(t) + xSD(D(t)) � P(N (0; 1) � x) � �( x) : (6.14)

Now, for 0 < � < 1, let x � = � � 1(� ), i.e.; choose x � so that �( x � ) = � . Then wx � is the

approximate (1 � � )-percentile of the distribution of W , i.e.,

[eqA4] P(W � wx � ) = � : (6.15)
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From (6.15), we can obtain the complementary cdf P(W > w) and then compute any desired

summary characteristic. For example, the mean is

[eqA5] EW =
Z 1

0
P(W > w)dw : (6.16)

We also suggestusing the median, either directly or as an estimate of the mean, which leads to

(6.7) with ED(t) in (6.11) instead of (6.5). If we want to be conservative, then we can include the

standard deviation in the mean waiting-time approximation, e.g., by replacing (6.7) with

[eq610] EW � minf t � 0 : E(D(t)) � cSD(D(t)) = k + 1g (6.17)

for someconstant c, e.g.,c = 1. From above, we seethat (6.17) is tantamount to using the estimate

of the (1 � � )-percentile of the distribution for x � = � c.

We calculate (6.7), (6.13) or (6.17) by �rst calculating (6.9) for a set T of time points t, using

(6.4). We then approximate the times t j in (6.10) from among the time points in T consideredin

(6.9). Then, given the times t j in (6.10), we compute the secondterms of (6.11) and (6.12) for all

times t in T . We approximate EW in (6.7), (6.13) and (6.17) by again only considering the time

points in T . Assuming that s is relatively large, the approximation (6.7) can be justi�ed by the

law of large numbers, as in Du�eld and Whitt [8].

Example 6.1. Validation of the Dela y Prediction

We can quickly validate the main approximation above by making comparisonto exact results

for the BD model. For example, supposethat s = 100 and � = 1. Let the initial number in the

systembe 130. By (6.2), the waiting time beforea new arrival can begin servicehasmean0.31,and

standard deviation 0.056. In contrast, the in�nite-serv er approximation for the mean is that value

of t for which 130e� t = 99 or t = � log(99=130) = 0:27 which is optimistic, as indicated before.

The re�ned approximation in (6.10) has start times t j = � log(1 � (j =100)), 1 � j � 30. Then,

using (6.11) and (6.7), we get the approximation EW � 0:313. However, the big advantagesof the

approximation procedureare with non-identical or non-exponential service-timedistributions. The

approximation in such casescan be validated by simulation.

In some applications we may be especially interested in the waiting times of the �rst few

customersin queue. In that case,it is feasibleto calculate the exact waiting-time distribution. Let

Wk be the waiting time of the k th customer in line. Then the complementary cdf of the waiting
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time of the �rst customer in queueis

[eqC1] P(W1 > t) = � s
i=1 (1 � Gi (t jx i )) ; (6.18)

which is easily calculated via

[eqC2] logP(W1 > t) =
sX

i =1

log(1 � Gi (t jx i )) : (6.19)

We can further approximate W1 by an exponential distribution

[eqC3] P(W1 > t) � e� � 1 t ; t � 0 ; (6.20)

where � 1 is obtained from (6.19) via

[eqC4] � 1 �
logP(W1 > t0)

t0
(6.21)

for some appropriate t0. This approximation is supported by extreme-value limits in the i.i.d.

case, seeLeadbetter, Lindgren and Rootz�en [19] and Resnick [22]. As a supporting regularity

condition, we assumethat Gi (t) and thus Gi (t jx i ) hasa positive density on the entire half line. We

can then think of the initial departure processas a Poissonprocesswith rate � 1, so that Wk has

approximately a gamma distribution with

[eqC5] EWk =
k
� 1

and VarWk =
k
� 2

1
: (6.22)

Approximation (6.22) is alsonatural to usewhen we are only given the meanremaining service

times of all s customersin service,say m i , 1 � i � s. Then we can let the rate � 1 in (6.21) be

[eqC6] � 1 =
sX

i =1

(1=mi ) : (6.23)

If we assumethat the service-time cdf's Gi (t jx i ) are actually exponential with mean m i , then the

exact formula (6.19) reducesto (6.23).

The delay prediction analysis above is intended for the caseof relatively large s and relatively

small k, e.g.,s = 100and k = 30 (number in systems+ k = 130). For the reversesituation (smaller

s and larger k), di�eren t methods becomemore appropriate. Then the customersinitially in service

tend to play a smaller role. When k � s, it is natural to usea simple modi�cation of (6.1) to take

account of the non-identically distributed generalcdf's G i with meansm i and variances� 2
i ; i.e.,

[eqW1]EW �
1
s

k+1X

i =1

mi and V arW �
1
s2

k+1X

i =1

� 2
i ; (6.24)
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where the s customers in queue are indexed �rst, followed by the �rst s � k + 1 customers in

service. We obtain (6.24) by approximately W by the sum of the �rst k + 1 servicetimes divided

by s. In the i.i.d. case, the waiting time is the (k + 1)st arrival time in the superposition of s

i.i.d. renewal processes.Asymptotically ask increases,the meanand varianceare as in (6.24); e.g.,

apply Theorem 6 of Glynn and Whitt [11].

Even if the elapsedservicetimes are not available, we can do better than (6.1){(6.3) for non-

exponential distributions. Then, instead of (6.4), we would use the service-time stationary-excess

cdf

[eq613] Gie (t) =
1
m

Z t

0
[1 � Gi (u)]du ; t � 0 : (6.25)

As noted in Du�eld and Whitt [8], in the in�nite-serv er model the residualservicetimes, conditional

on the number of busy servers, are distributed exactly as (6.25), so there is a theoretical basis for

(6.25).

The importance of thesealternativesto the exponential formulas in (6.1){(6.3) clearly increases

as the service-time distribution di�ers more from an exponential distribution. The di�erence is

dramatic when the service-timedistribution is a long-tail distribution such as the Pareto distribu-

tion. Indeed, supposethat Y (a;b) has the Pareto cdf G(t) = 1 � (1 + bt) � a ; t � 0. Let Yx (a;b)

have the conditional cdf G(tjx). Then, by Theorem 8 of [8], Yx (a;b) is distributed the same as

(1 + bx)Y (a;b). Hence the mean residual residual life is approximately proportional to the age.

Hence,in this setting the agecan greatly help in predicting the residual life.

It is signi�cant that the delay prediction method in (6.4){(6.17) doesnot depend much on the

BD model structure. For example, it can be used for non-Poissonand non-homogeneousarrival

processes.The most critical assumption is that service times are independent of the remaining

system state. However, experienceshows that dependencecan occur between service times and

system state. Human servers may speed up or slow down under heavier loads. Even computer

serversmay behave in this way, e.g.,servicetimes in databasesystemstend to increaseunder higher

loads. To investigate this phenomenon,when estimating the service-timecdf, the service-timedata

can be grouped according to the number in system when service starts. With no system-state

in
uence, this extra variable should not alter the estimation. However, if it does, then the service-

time cdf Gi in (6.4){(6.12) can be made to depend on the state s + k seenby the arrival whose

delay we are trying to predict. It is often signi�cant just to distinguish two cases:when all servers

are busy and when they are not.

We have focused on the delay before beginning service, but interest may instead be focused

22



on delay until completing service. Assuming that the service time of each customer in queue is

independent of his waiting time to begin service, the distribution of the time to complete service

is naturally estimated by the convolution of the two estimated component distributions. Similarly,

the estimated mean is simply the sum of the component estimated means.

7. Estimating the Balking Parameters

[sec7] In this sectionwe considerhow to estimate the balking parameters� and � in Section3

and how to validate the model. For background on standard proceduresfor estimating parameters

in BD models, seeBasawa and PrakasaRao [3] and referencescited there.

For 0 � k � r � 1, let Ak(t) be the number of arrivals �nding s + k customersin the system

upon arrival and let Jk (t) be the number of thesearrivals to join the queuein an operation of the

system over a time interval [0; t]. (The number balking is thus A k (t) � Jk (t).) Under the model

assumptions,as t ! 1 , the ratio will convergeas the sampling period grows, i.e.,

[eq701] Rk(t) �
Jk (t)
Ak (t)

! � � (1 � � )
�

s�
s� + �

� k+1

as t ! 1 ; (7.1)

so that

[eq702] � logRk� 1(t) ! � log(1 � � ) � k log
�

s�
s� + �

�
as t ! 1 : (7.2)

Moreover, under the model assumptions, conditional on A k(t), Jk (t) has a binomial distribution

with parameters n = Ak (t) and p = � in (7.1). Hence,we proposeestimating the parameters �

and � by performing a linear regressionwith the variables � logRk� 1(t), k � 1, i.e., we �nd the

best linear �t

[eq703] � logRk� 1(t) = â1 + â2k : (7.3)

We then estimate � and � by �̂ and �̂ , where

[eq704] � log(1 � �̂ ) = â1 and � log
�

s�
s� + �

�
= â2 ; (7.4)

so that

[eq705] �̂ = 1 � e� â1 (7.5)

and

[eq706] �̂ = s� (eâ2 � 1) : (7.6)

By (7.2), theseestimators of � and � are consistent (converge as t ! 1 ). The degreeto which a

linear �t in (7.3) is appropriate also indicates the quality of the model �t.
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When the �t is not good, we should questionwhether T hasan exponential cdf. More generally,

we could directly estimate the probabilit y q�
k � P(T > ESk) � 1 � H (ESk ) by

[eq707] q̂�
k = Rk (t) ; 0 � k � r � 1 : (7.7)

A disadvantageof (7.7) for prediction is that it yields r parametersinsteadof only 2. However, from

(7.7) we obtain an estimate of the cdf H at r points, becauseq�
k = H ((k + 1)=s� ) ; 0 � k � r � 1.

More generally, with data, it is natural to consider other two-parameter or three-parameter

models for non-balking. For example, instead of (1 � � )
 k+1 in (7.1), we might consider (1 �

� )(k + 1)� 
 . If we do estimate the balking probabilities in state s + k for each k, then it is natural

to imposea monotonicity condition, exploiting the condition that the balking probabilit y should

be increasing in k. SeeBarlow, Bartholomew, Bremner and Brunk [2] for appropriate statistical

methods.

8. Estimating the Reneging Rate

[sec8] In this section we consider how to estimate the reneging rate � in Section 2 or �

(assuming � k = � ) in Section 3. As noted at the end of Section 5, the averageconditional time to

abandon E(AjR) for the model in Section 2 is often substantially lessthan 1=� , the reciprocal of

the renegingrate. As an estimator �̂ for � , we proposethat value of � , with the other elements of

the parameter tuple (�; �; �; � ; s; r ) that yields the observed estimate for the meanE(AjR); i.e., we

directly estimate E(AjR) by looking at the samplemean of the renegingtimes and then we apply

the BD model to �nd that value of � that yields the estimate. The most important point is not to

confuseE(AjR) with 1=� .

Alternativ ely, we could estimate the long-run reneging rate by its sample mean, and then

estimate � by the value that yields the observed sample averagereneging rate. By Theorem 4.4,

the long-run renegingrate is always increasing in � , so that the search is not di�cult to perform,

e.g., by bisection search. This estimation procedurecan also be usedwhen there is renegingeven

when delays are predicted.

When the serviceprovider announcesdelay predictions to each arrival, it is possiblethat the

renegingbehavior dependson the initial state. To con�rm the delay predictions and to understand

the renegingbehavior, it is good to monitor the outcomesstarting with each initial state s+ k for k �

0. Renegingevents well beforethe anticipated waiting time (k+ 1)=s� represent an unwillingnessto

wait for the predicted time. Renegingevents after the anticipated waiting time (k + 1)=s� represent
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a failure to accurately predict the delay and associated customer dissatisfaction.

9. Occasional Extra Long Service Times

[sec9] In this section we proposesomesimple methods to describe the impact of occasional

extra long servicetimes. The delay prediction methods in Section 6 should already cover this case

adequately. Now weareprimarily concernedwith modi�cations to the model in Section3 to produce

appropriate approximate modi�ed performance predictions. Our idea is to represent the special

service times as server vacations or server interruptions. Since these service times are unusually

long, they occur in a longer time scale. Thus, it is natural to represent theseservicetimes asspecial

high-priorit y customersthat occasionally require servers. Moreover, sincethe special servicetimes

are unusually long, it should be reasonableto treat the remaining customers by averaging the

steady-state distributions associated with the various possiblenumbers of available servers.

Hence,we �rst model the long servicetimes by an M/G/ 1 model. The steady-statenumber of

servers occupied with these special customersthus has a Poissondistribution with mean equal to

mL � � L =� L , where � L is the arrival rate and � � 1
L is the mean of thesespecial long servicetimes.

We are assumingthat the total o�ered load of thesespecial customers,mL , is su�cien tly small that

the chancethat all servers are busy serving only them is negligible. Becauseof the insensitivity of

the M/G/ 1 model, the service-time distribution beyond the mean plays no role at this point.

We can then considerthe original model, where the number of servers is random (but �xed for

all time) having the value s � NL , whereNL hasa Poissondistribution with meanmL . That is, we

consider the BD model in Section 3, where the number of servers is s � k. The arrival rate � and

mean servicetime � � 1 must be appropriately reducedto account for the removal of the especially

long service times. For each k � m + r
p

m, say, we compute the steady-state distributions for

the BD model with s � k servers. The performancemeasuresfor the models with s � k servers

can then be averagedwith regard to the Poissonprobabilities of k servers being busy serving the

long servicetimes, but it may be more revealing to look at the conditional performancemeasures

for �xed k, given those k whose likelihood is consideredsu�cien tly large. Tables and plots of

both the probabilit y of k servers being usedby the long-service-timecustomersand the conditional

performancemeasuresfor the remaining customersgiven s � k servers, as a function of k, should

provide useful insight.
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10. Coping With Other Mo del Deviations

[sec10] We concludeby brie
y discussingother possibledeviations from the basic BD model

and how they might be coped with. Seriousinvestigations of theseproceduresrepresent topics for

future research.

Time Dep endence. Perhaps the most common di�cult y is that the arrival processcan be

nonstationary. In many applications a reasonablemodel for the arrival processis a nonhomogeneous

Poissonprocesswith deterministic arrival-rate function � (t) that variesover time; e.g.,seeChapter 6

of Hall [14]. The service-time distribution may be time-dependent as well. One approach to this

complication is to apply numerical methods to solve the time-dependent BD process,obtained by

working with � (t) and � (t) instead of � and � . A speci�c algorithm based on a discrete-time

approximation is given in Davis, Masseyand Whitt [6]. Referencesare also cited there to sources

applying the related Runge-Kutta methods to numerically solve the ordinary di�eren tial equations.

A simple approximation for the time-dependent distribution of the time-dependent BD process

is the pointwise stationary approximation (PSA), which is the steady-state distribution of the BD

processcalculated in terms of the arrival-rate and service-ratefunctions � (t) and � (t) asa function

of time t. If � (t) varies signi�cantly over time, then the PSA is often a far better description than

the BD model with the long-run averagearrival and servicerates; e.g., seeGreen and Kolesar [12].

The PSA is also asymptotically correct as the arrival and servicerates increasewhich corresponds

to the rates changing more slowly; seeWhitt [29]. In other words, the steady-stateanalysishere is

directly applicable as a reasonableapproximation when the arrival and servicerates 
uctuate if it

is applied over suitable subintervals over which thesefunctions do not changemuch. The estimated

rates are then averagesover thesesubintervals.

A complication where time-dependenceis recognizedis that it becomesnecessaryto estimate

the functions � (t) and � (t) instead of the single parameters� and � . Appropriate data smoothing

is thus often required.

Non-Exp onential Service-Time Distributions. We have considered how to exploit non-

exponential service-time distributions to predict delays in Section 6. However, non-exponential

service-timedistributions also will tend to invalidate the BD model predictions. The congestionis

likely to be greater (less) if the service-time distribution is more (less) variable than exponential.

The impact of a non-exponential service-timedistribution can be at least roughly estimated by ex-

amining its impact on the related M/G/s/ 1 pure-delay model; e.g., seeWhitt [30] and references
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cited there for simple approximations.

The impact of a non-exponential service-time distribution should be negligible if the arrival

processis Poissonand the probabilit y that all servers are busy is small, becausethe M/G/s/0 and

M/G/ 1 modelshave the insensitivity property. However, the steady-statebehavior conditional on

all servers being busy should be signi�cantly a�ected by the service-time distribution beyond its

mean.

In Section 8 we proposeda way to study the impact of a few exceptionally long servicetimes.

If the service-time distribution can be regardedas approximately exponential after removing such

exceptionally long servicetimes, then the modi�ed BD analysis in Section 8 should be successful.

Similarly, if there is an excessof customerswith very short service times, then they could be

ignored. The resulting lower arrival rate and higher mean servicetime of the remaining customers

may yield more accuratedescriptions,assuminga BD model basedon the approximate exponential

distribution.

Non-P oisson Arriv al Pro cesses. In many settings, the Poissonarrival process(possibly non-

homogeneous)is natural, representing the result of many di�eren t customersmaking independent

decisions.However, if the Poissonproperty is not nearly realistic, then the BD predictions can be

far o�. Non-Poissonprocessesarise naturally when the arrival processis itself an over
o w process

from another group of servers.

One way to approximately cope with non-Poissonstationary arrival processesis to substitute

time-dependenceor state-dependencefor the stochastic dependencein the actual arrival process.

The use of time-dependenceis to reverse the approximation procedure discussedin Massey and

Whitt [20]. In our setting with balking and reneging, the time-dependent birth-and-death process

may besubstantially easierto analyzethan the stationary model with a non-Poissonarrival process.

Alternativ ely, we can try to approximately represent stochastic variabilit y by a state-dependent

arrival rate. In particular, we could use the Bernoulli-Poisson-Pascal (BPP) model in which the

arrival rate � is replaced by the linear function � k = � + � k for k � 0; seeDelbrouck [7] and

Choudhury, Leung and Whitt [5]. The lessbursty binomial casecorresponds to � < 0, while the

more busty Pascalcasecorresponds to � > 0.

All theseanalytical approximations can be substantiated by computer simulation.

Ac kno wledgmen t. I thank Avishai Mandelbaum of the Technion for helpful pointers to the

literature.
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