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Abstract

Many service systems have demand that varies signi cantly by time of day, making it
costly to provide su cient capacity to be able to respond very quickly to ead service re-
qguest. Fortunately, howewer, di erent servicerequestsoften have very di erent response-time
requiremerts. Someservicerequestsmay needimmediate response,while others can tolerate
substartial delays. Thus it is often possibleto smooth demand by partitioning the service
requestsinto separatepriority classesaccording to their response-timerequiremerts. Classes
with more stringent performance requiremerts are given higher priority for service. Lower
capacity may be required if lower-priority-class demand can be met during o -p eak periods.
We shawv how the priority classescan be de ned and the resulting required xed capacity can
be determined, directly accourting for the time-dependen behavior. For this purpose,we ex-
ploit relatively simple analytical models,in particular, M{=G=1L and deterministic o ered-load
models. The analysis also provides an estimate of the capacity savings that can be obtained

from partitioning time-varying demand into priority classes.

Keywords. time-varying demand, smoothing time-varying demand, priority queues,nonsta-

tionary queues,deterministic uid models, in nite-serv er queues,o ered-load models



1. Intro duction

In many servicesystems,demand varies signi cantly by time of day; e.g.,seeHall [5]. If a
xed capacity is usedto meetall demand, then it is natural to focus on peak demandand use
busy-hour engineering or something similar in order to determine the appropriate capacity.
We then may do steady-state analysis over the busy hour; see Masseyand Whitt [10] and
referencescited there. Alternativ ely, if capacity too can be made time-dependert, as with
serviceagerts in telephonecall certers, then it is natural to do time-dependert sta ng, asin
Jennings, Massey Mandelbaum and Whitt [8] and referencescited there.

Whether or not capacity can be made time-dependert, having signi cant variation of de-
mand over time can be costly. If the capacity must be xed, then a much higher capacity may
be neededto meet peak demand than averagedemand. Even if capacity can be adjusted, it
is often quite costly to do so. For example, it may not be easyto rapidly changethe number
of serviceagerts in telephonecall certers, becausethe serviceagerns may be required to have
minimum-length shifts. The expenseof adjusting the work force and other aspects of produc-
tion capacity is well establishedin the literature; e.g., seeHolt, Modigliani, Muth and Simon
[6].

Hence, it is natural to considerways to alter the time-varying demand. A familiar method
is time-varying pricing, sud as lower telephone rates during o -p eak hours. The demand
over time can often be smaoothed (leveled) by having lower prices during periods of otherwise
low-demand; e.g., seeDaniel [1].

Instead of altering the time of the servicerequest, an alternative way to smooth demand
is to alter the time that servicemust be provided. The service provider might o er dierent
responsetimes for di erent prices. Even without pricing, customersmay have very di erent
response-time requiremerts. For example, somecalls to police require immediate response,
while others do not. Thus, it is natural to partition the demand accordingto the response-
time requiremernt. If sud partitioning is not initially evider, then it may be possibleto induce
it by an appropriate pricing policy.

Concrete applications are copying and message(e.g., fax) communication services. The
serviceproviders might o er immediate service (e.g., within 10 minutes, in part depending on
the job length), two-hour serviceand next-day service,ead at successiely lower prices. The

options are somewhatlike regular mail and expressmail, but in our cortext a major motivation



for introducing the di erent response-timeguaranteesis to smooth out daily demand.

The serviceprovider may well have su cien t capacity to meetdaily demandbut insu cien t
capacity to provide immediate serviceto all servicerequests. The service provider could just
sene everybody on a rst-come rst-served basis, but greater benet | both prot to the
service provider and customer satisfaction | is likely when demand is partitioned, because
there should be signi cant di erences amongcustomerresponse-timerequiremerts; i.e., it may
be possibleto provide immediately service when immediate serviceis really important, once
we identify those cases.

We implement our partitioning schemeby assigningpriorities to the di erent classes.Ser-
vice requestsfrom higher-priority classesare met before service requestsfrom lower-priority
classes.We let servicebe on a rst-come rst-serv ed (FCFS) basiswithin ead priority class.
We think of the priority discipline as being preemptive-resume(i.e., upon arrival of a higher-
priority job, the higher-priority job preempts a lower-priority job in service, and later the
lower-priority job resumesservicewhereit left o ), but we do not dwell on that detail. The
appropriate priority schememay depend on the application.

Of course, there already is a large literature on priority queues,e.g., seeJaiswal [7] and
Chapter 3 of Kleinrock [9], no doubt motivated in part by the situations that we consider.
Howewer, this literature, like most of the queueingliterature more generally, does not discuss
models with time-dependert arrival rates. The preseri paper is part of a long-term e ort
to dewelop methods for analyzing queueing models with time-dependert arrival rates. (The
referencesgive other examples.)

In this paper we directly model the time-dependert o ered load. With the time-dependen
o ered load speci ed, we indicate how the di erent service classescan be de ned and how a
constart capacity can be set. We apply ideasin Jenningset al. [8] and in Du eld and Whitt
[2], sowe will be brief here. However, there are interesting new ideas. As before,a main idea
is to simplify the analysis by focusing on o ered load instead of carried load and assaiated
delays and/or lost demand due to blocking. We use a normal approximation to approximate
the distribution of the o ered load. As in Dueld and Whitt [2], we also usea deterministic
approximation, which may bethe time-dependert meano ered load, to approximate the delays
assaiated with having insu cien t capacity. That is, we usedeterministic methods to approx-
imately describe the build up of queues,and the assaiated delays, when demand exceeds
capacity. That part of our approac corresponds to a deterministic uid approximation and

thus follows Newell [11]; also seeHall [5] and Schmidt, Hoe in and Skoog [14]. A deterministic



uid modeltendsto beappropriate whenthe aggregatedemandis madeup of a relatively large
number of small demands,asis likely to occur in a messagecommunication service. A seminal
contribution on deterministic uid approximations was Oliver and Samnuel [12]. Segal[15] has
recerily proposeda mathematical programming approac with a discrete-time deterministic
model to determine a good order of service (queuediscipline) in ead period.

Here is how the rest of this paper is organized: In Section 2 we shov how capacity can
be set to meet peak demand and daily demand. Both methods use a normal approximation
to describe the demand. In Section 3 we considerthe casein which the servicerequestsare
partitioned into two classes,one with a immediate-service requiremert and the other with
a daily-service requiremert. In Section 4 we shav how the analysis in Section 3 should be
modi ed when the two kinds of work are assaiated with a common servicerequest, and thus
cometogether in a single arrival process.

In Section 5 we shav how a deterministic uid model can be usedto treat other classes
with intermediate-response-time requiremerts, in betweenimmediate and daily. Our useof a
deterministic uid model to solve the problem of meeting a response-time constraint is di er-
ent from our previous normal approximations. For models such as M (=M =c with a speci ed
capacity c, the time-dependen queue-lengthdistribution could be computed exactly, e.g., see
Taa e and Ong [16], Ong and Taa e [13] and Jenningset al. [8]. Ong and Taa e [13] also
dewvelop methods for computing the time-dependert waiting-time distribution in this model
with the FCFS discipline. That approac might be extendedto priority classesput it hasnot
yet been. So far, there evidertly have not yet beenany methods deweloped to compute the
time-dependen waiting-time distribution with priorities. Evenwith the deterministic uid ap-
proximation proposedhere,the waiting-time formula assaiated with any speci ed capacity in
(5.15) is somewhatcomplicated (but still computationally feasible). Hencewe also give simple
lower and upper bounds on the maximum waiting time in Section 6. Finally, in Section 7 we

state our conclusions.
2. Peak Demand and Daily Demand

Let A(t) denote the number of arrivals (service requests)in the interval [0;t]. We assume
that the arrival processfA(t) : t Og is a nonhomogeneousPoisson processwith (deter-
ministic) arrival rate (t) at time t. Let S, be the service requiremert of the n™ arriving
customer. We assumethat fS, : n  1g is a sequenceof independert and identically dis-

tributed (i.i.d.) random variableswith a generalcumulativ e distribution function (cdf) G, i.e.,



P(Sn t)= G(1).
There are two natural modelsfor the o ered load. The rst counts the servicerequiremen
the instant it arrives,while the secondcourts the servicerequiremert spreadover time. In the

rst model, the total demand (o ered load) in the interval [0;t] is

&0
D() = Si; t 0; (2.1)
i=1
which has mean ( t)E[S], where S is a generic servicetime and ( t) = Ré (wW)du. We call
the derivative (t)E[S] the oered load at time t. The rst model tends to be appropriate
for a single-sener model, such as might represen a communication link with xed available
bandwidth (output rate) c serving messagesor padets in a rst-come- rst-serv ed (FCFS)
order.

In the secondmodel, the o ered load is the number of busy senersin an M=G=L service
systemwith arrival processA(t) and servicetimes Sy,. The ideais that, with ample capacity, the
nt" servicerequestwould start serviceimmediately upon arrival and bein servicefor a duration
Sy after arrival. This secondmodel is appropriate for the situation in which multiple services
are being performed concurrertly. The capacity c in the actual systemthen is represetted by
the number of seners. We shall work with the secondmodel, but our methods apply to both
models. We shall also usethe rst model later.

With the M{=G=L model for o ered load, the number of busy serers at eat time t has

a Poissondistribution with mean
Z t Z t
m(t) = Gt wu) (Wdu=E (Wdu = E[ (t Se)IE[S]; (2.2)
1 ts
whereG®(t) 1 G(t) isthe complemenary cdf and Se is a random variable with the service-

time stationary-excessdistribution, i.e.,
Ge(t) P(Se t)= —= G°u)du; (2.3)

e.g., seeEick, Masseyand Whitt [3].

We could also extend the model to allow the servicerequiremert of ead customerto be
for a random number of seners for the speci ed holding time, but we do not. With this
extension, the total demand at ead time has a compound Poisson distribution, i.e., it is
distributed asthe random (Poisson)sum of the random-sener requiremerts. With or without
this generalization, we approximate the o ered load distribution at ead time by a normal

distribution, asin Jenningset al. [8]. In the extension,we needto calculate the variance of the
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compound Poissondistribution, which is a standard calculation; e.g., seeChapter 12 of Feller
[4] and (2.6) belon. When the distribution is Poisson,the time-dependert variance equalsthe
mean m(t).

We could also allow non-Poisson (G;) arrival processeqwith time-dependert rates) and
time-dependent service-time cdf's, but we do not. SeeJenningset al. [8] for ways to treat
these extensions.

To selectthe capacity to meet peak demand, we considerthe time of day, say t , wherethe
mean o ered load m(t) in (2.2) is maximum. Following Section 3 of Jenningset al. [8], we let

the number of seners, s, be
p
s=dn(t )+ 05+z m(t)e; (2.4)

where isthe target delay probability (probabilit y of having to wait beforebeginning service),
P(N(;1) z )= with N(0;1) being a standard (mean 0, variance 1) normal random
variable, and dxe is the least integer greater than or equal to x. For re nements to this
estimate to accourt for having only nitely many serers, seeSection 4 of Jenningset al. [8].
Also seeJenningset al. [8] for comparisonswith numerical results and simulations that justify
(2.4).

If instead we electedto usethe model of o ered load in (2.1), then we could still setcapacity
by (2.4), but usingthe modi ed mean (t)E[S], which turns out to bethe pointwise stationary
approximation (PSA) for the in nite-serv er mean; seeEick et al. [3], Masseyand Whitt [10]
and referencestherein.

In order to seethe potential bene ts of smoothing demand over the day, we next consider
the capacity required to meetdaily demand(any time over the day), and comparethat capacity
requiremert with the greater capacity required to meetpeakdemand. Supposethat we measure
time in minutes and that a day consistsof a full 24 hours = T minutes, where T = 1440. We
also assumethat the starting point of the day can be wherever we choose,in order to avoid
end e ects. Then the total number of arrivals during a day, A(T), has a Poissondistribution
with mean zZ.

e (t)dt : (2.5)
0

Ignoring end e ects, the total demand over a day is the random sum D (T) for D(t) in (2.1).
That is, when we considerdemand over a full day, we may court the servicerequiremert the

instant it arrives. Let a genericservicetime S have meanm and variance 2. Then D(T) has



a compound Poissondistribution with mean and variance
ED(T)= tm and VarD(T)= +1( >+ m? (2.6)

for 1 in (2.5). Likethe time-dependert meanm(t) in (2.2), but unlike the stationary demand
where (t) has beenreplaced by the average demand T=T, the variance of the total
demandin (2.6) dependson the service-time cdf G beyond its meanm.

Now we consider the number of seners, say st, neededto meet all demand over a day.
(Again weignoreende ects.) The total capacity over aday canberegardedasT s, the length
of the day multiplied by the number of serners. As before, we use a normal approximation.

Thus, paralleling (2.4), we let
p_
Tsr ED(T)+ z~ VarD(T)+ 05; (2.7)

where " is the target probability of meeting the daily demandand P(N (0;1) z.) = ~ or,
more precisely & D '
ED(T)+ z~ VarD(T)+ 05

T

(2.8)

We might be more demandingin a daily requiremert than a peak requiremert, sothat we
could have ~ substartially lessthan , but still we may have st substartially lessthan s in
(2.4). A rough estimate (lower bound) for st isE[D(T)]=T. Whenm(t ) >> E[D(T)]=T, there
is potential for substartial gain by replacing a peak-demandconstraint with a daily-demand

constraint.
3. Partitioning Demand Into Two Classes

We now supposethat the total demand can be partitioned into two independert classes,
part of which must be met immediately and part of which must be met on a daily basis. Thus
the total Poisson arrival processcan be decomposed into two independert Poisson arrival
processesand the total arrival rate (t) is divided into two componerts: an immediate-service

demand (t) and a daily-servicedemand ¢(t), i.e.,

(= i+ q); t O (3.1)

This partitioning may be adcieved by introducing two di erent prices. Thesetwo prices
might even be time-dependert. Before the prices are intro duced, there may be considerable

uncertainty about the resulting partitioning. Indeed, the sum of the rates after intro ducing the



new prices neednot equalthe rate beforethe pricesare set. We do not addressthe forecasting
issue here and we do not study the e ect of price upon demand. We assumethat the two
demandrates (t) and 4(t) are known. The service-time distributions may depend on the
classestoo. Hencewe assumethat service-time random variables S; and Sy with assaiated
cdf's G; and Gq are available.

We can now determine the capacity required to meet peak demand. It is the capacity
in (2.4), using an appropriate target , where m(t) in (2.2) is calculated using ;(t) and G;j
instead of (t) and G. If the o ered load modelis (2.1), then instead of (2.4) we would replace
m(t) by (t)E[S]. As noted earlier, this is a corveniert simple approximation for (2.4) aswell.

We call the capacity required to meet immediate demand s;. Note that the daily demand
requiremert 4(t) and Sq play norole in setting s;. We must also specify the target probability
of experiencingdelay for the immediate-delivery class. We should have (t) substartially less
than (t), sothat s; should be substartially lessthan s, yielding the benet of the approad.

We now turn to the capacity neededto meet daily requiremerts. We now consider the
total daily demand for both classes,Di(T) and Dy(T), respectively. We compute eah asin
(2.1), using the de ning variablesfor that class. Then, assumingthat the two kinds of demand
are independert, we add the meansand variancesto get the total meanand variance;i.e., by

(2.6), the mean and variance of the total daily demand are
ED(T)= imi+ grmg (3.2)

and
VarD(T)= g ( Z+ md)+ gr( 5+ md): 3.3)

We then let the capacity required to meetdaily demandbe st asin (2.8) using an appropriate
target delay probability ~ and (3.2) and (3.3). We call this capacity sq. Finally, we let the
overall capacity be the maximum of the two capacitiess; and sg.

If there is a signi cant di erence betweens; and sq, then there will be excesscapacity for
one class. With prices, it is natural to considerprice adjustments to make the two capacities
s;j and sq nearly equal. Alternativ ely, prices could be set sothat revenue is maximized subject
to the constraints that both kinds of demand are met. For that, though, we needto know how
the demand rates depend on the prices. We have provided a framework wherein that can be

studied.



4. A Common Arriv al Pro cess

In the previous section we consideredthe casein which the two kinds of servicerequests
arrive in separateindependert streams. Now we considerthe casein which the two kinds of
work are assaiated with a single servicerequest, arriving together in a single arrival process
with rate (t). The idea now is that part of the required work should be done immediately,
while part can be delayed. For example,taking an order from a customermay needto be done
immediately, but it may be possibleto procesgshe order afterwards. In general,interacting with
the customer and providing immediately neededservicetypically must be done immediately,
but writing reports can be delayed.

When the two kinds of work arrive in a common arrival process,there is no changein the
analysis of high-priority work. Howewer, there is a changein the analysis of the requiremert
to meet daily demand. Assumingthat (t) = 4(t), the previously calculated meanin (2.5)
and (3.2) is all right, but the variancein (3.3) should be calculated di erently.

For the daily demand, it is natural to have a single arrival processwith arrival rate (t).
Then the daily demand has mean and variance just asin (2.6), using the total mean 1 in

(2.5), where the meanm and variance 2 of the servicetime apply to both kinds of work, i.e.,
m = E(Si + Sd) (4.1)

and

2= Var(Si+ Sy) ; 4.2)

where S; and Sy are the servicetimes assaiated with the two kinds of work. Now we allow

the two componerts of work to be correlated, so that
2= 2+ §+2Cov(Si;Su); (4.3)

where Cov(S;; Sy) is the covariance. Even if the two componerts of work are uncorrelated, the

variance formula is di erent from (3.3). Now the meanis tm and the varianceis
VarD(T)= 1( 2+ m?) = 1( 2+ 3+ 2Cov(S;;Sy) + m?+ m3+ 2mimg) :  (4.4)

With the revisedvariance formula (4.4), we can choosethe capacity using (2.7) and (2.8), just

as before.



5. Other Demand Classes with Response-Time Limits

We now consider how we can intro duce other classeswith response-time requiremerts in
betweenimmediate serviceand daily service. For example, we might want to have a classfor
which serviceshould be provided within two hours of any request.

For simplicity, we only considerthree classesbut more can be treated in essetially the
sameway. In addition to the immediate and daily demand classeswith arrival rates (t) and

4(t), supposethat we have a classwith response-timeconstraint (e.g., delay lessthan or equal
to r minutes) having arrival-rate function (t). Now, instead of (3.1), we assumethat the

total arrival rate can be partitioned into three componerts, i.e.,
= i+ (+ o), t O: (5.1)

Paralleling Section 3, we also have service-time variables S;, S, and Sg.

To treat the immediate-serviceclasswe do just asin Section 3 (or Section4, if they arrive
in a commonarrival process),consideringonly classi. To treat the response-timerequiremert,
we combine the i and r classes/etting the time-dependert mean m(t) be the sum of the two
separatemeans,ead computed asin (2.2). (The sum of two independert Poissonvariablesis
again Poisson.) We indicate how to determine the required capacity s, below. To treat the
daily requiremert we combine all three classes,in the sameway we combined two classesin
Section 3 (or Section 4, if they arrive in a common arrival process). We let the nal required
capacity be the maximum of the three determined capacitiess;, s; and sg.

To determine the new response-time capacity requiremert s;, we considera single (aggre-
gate) class(containing classes andr). We supposethat the time-dependert meano ered load
m(t) hasbeencomputed. We shav how to determineif any xed capacity is adequateto meet
the new response-timerequest. The required capacity to meet the new responsetime require-
mert, s, isthe minimum xed capacity suc that the response-timeconstraint is met. We now
usea di erent approah. We usea simple deterministic uid model to estimate the response
time (as a function of time), given a speci cation of capacity and demand. For simplicity,
we assumethat capacity is a constart ¢, but the reasoningalso applies to time-dependen
deterministic capacity.

As in Section8 of Du eld and Whitt [2] and in previousdeterministic uid model analyses,
e.g., in Newell [11] and Hall [5], we simplify the delay analysisby assumingthat the demand
(o ered load) is a deterministic function of time (t). The idea behind this approximation is

that the uctuations over time should be more important than the stochastic uctuations. In
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this deterministic model, we assumethat work arrives deterministically and continuously at
rate (t) and is processeddeterministically and cortinuously at rate c. In reality, both input
and output may berandom. Then (t) and c are both deterministic approximations.

The rst natural value for (t) is simply the time-dependert mean m(t), which we have
assumedis available. To be consenative, allowing for stochastic uctuations, we may alterna-

tively let the deterministic demand be in ated by somestandard deviations, i.e.,
p
M)=m@)+z m() (5.2)

for some , whereP(N(0;1)> z )= , asin (2.4), but not necessarilythe same .

If we use the alternative model for o ered load in (2.1) and (2.6), then (5.2) would be

replaced by
(t) = ED(t) + z P Var D(t) (5.3)
where
ED(t) = i(t)mi+ q4(t)mg (5.4)
and
varD(t) = i(t)( F+ md)+ a(t)( §+ mj): (5.5)

Similar changesshould be made in the setting of Section4.

We alsoimposesimplifying technical regularity conditions. We assumethat the determinis-
tic demand (t) is piecewisesmooth, i.e., it is di erentiable exceptfor only nitely many jump
discortinuities. We also assumethat it is right-continuous with left limits. Theserestrictions
evidertly imposeno practical limitations.

We start by determining the queuelength q(t) of work remaining to be processedat time
t. We get queuesand delays because (t) > c for somet. We only considera single day. Over
a longer period, we are thinking of approximately periodic behavior over successie days. Let

the averagedemand over a day be
14T
=T , (t)dt : (5.6)
We assumethat < ¢, sothat demandsdo not build up over successie days. We alsoassume
that (t) > c for somet, sothat there are delays.
Given the deterministic demand (t) and capacity c, we can determine the (deterministic)
time-dependert queuelength g(t). Assuming that the day starts with an empty queue, the

gueuebecomespositive for the rst time at time
ty = minft 0: (t)> cg: (5.7)

10



The queuethen remains positive until time
Z t
to=min t>t;: ((u) ocdu=0 (5.8)
t1

When there is a single period of high demand, asin Figure 1, the queueremains positive until
the time t, at which the areabelow the curve (t) cin the subsequeh period of low demand
(the shadedregionin Figure 1) equalsthe total areaabove the curve during the period of high

demand, which beginsat t; (the striped regionin Figure 1). Indeed,
qt)=0; 0 t t3 (5.9)

and 7
t
qlt) = ((u ©Qdu>0;, ti<t<ty: (5.10)

ta

More generally there may be multiple periods of high demand. (The caseof two high-

demand periods is depicted in Figure 2.) For k 0, recursively de ne the times by setting

to= 0,
tok+1 = minft  to @ (1) > cg (5.11)
and
( zZ, )
toker = MiN t toksr - ((u ©du=0 (5.12)
tok+1
Then
q(t) = 0; tox < t< toksr (5.13)
and z,
q(t) = ((U) ©du>0; toxsg <<t ! (5.14)

tok+1

The next step is to determine an assaiated estimate of delay experiencedby a classf
arrival at time t. It is important to note that this estimate should depend on the priority
structure, becausea classf arrival must wait, not only for all the work that has accunulated
at time t, but alsofor all higher-priority work that arrivesafter time t (beforethe high-priority
piece of work can complete service). The remaining work in the system s just q(t). The
available capacity at time u after time tis[c  j(u)]", where [x]" = maxf0;xg. Here ;(t)
represerts the total time-dependent demandof all classeshaving higher priority than r. (With
only the three classesd, r and d, this is just (t).) Hence,using the uid model, the waiting

time beforea class¥ arrival at time t can begin serviceis
z t+u
wit)=inf u 0:q(t)= [c W] dv : (5.15)
t

11



Graphically, we can calculate q(t) for any t by plotting (u) for u t, and we can calculate
w(t) given q(t), by plotting (u) for u t. In words, w(t) is the time u suc that the area
under the curve [c  j(v)]" over the interval (t;t+ u) rst equalsq(t).

For corvenience, it is natural to use discrete-time approximations to compute both q(t)
and w(t). Then we would assumethat there are demands  at evenly spacedtime points ty;
e.g., we might let Z )

(ti + tysy )=2

K (wWdu : (5.16)
(tk 1+t)=2

The integralsin (5.6), (5.8), (5.10), (5.12), (5.14) and (5.15) would then be replacedby sums.

From (5.15), we can compute the waiting time for a set of represenativ e time points and
determine the maximum waiting time, say Wmnax. We sa that a responsetime limit r is met
by capacity ¢ if Wmax(C) r. We let the minimum capacity ¢ sud that wmax(C) r be
the required capacity s;. We can nd s; by performing a seard over candidate capacities,
employing (5.15) in ead case. The seart is facilitated by the fact that g(t), w(t), and wmax,
are all decreasingin c; e.g., we can use bisection seard.

It is also of interest to seehow sensitive the required capacity s, is to key parameters. We
can seethe e ect of random uctuations by repeating the analysis after changing the target
delay probability in (5.2) and (5.3). We can also consider changesin the other parameters.
By calculating the required capacity s, as a function of the other parameters, we can seethe

sensitivity of s; to the other parameters.
6. Bounds on the Maxim um Delay

Sincethe time-dependert delay in (5.15) is somewhatcomplicated, it may be usefulto have
bounds that can sere as corveniert simple approximations. A lower bound is obtained by
acting asif the delay at time t for classr is just the time required to processthe workload
at time t, asif the FCFS discipline were in e ect for the classesunder consideration. Then
the maximum delay becomesthe maximum queuelength divided by c. For this lower bound,
the waiting times are maximized when the queuelengths are maximized. Clearly, if the lower
bound delay is too large, then sowill be the actual delay in (5.15).

The local maxima of the queuelength processfq(t) :t Og are those points t at which the
demand crossesthe capacity from above, i.e., t for which (t ) cwhile (t) < c. We now

de ne thesetimes. With up = 0, let uy be de ned recursively for k 1 by

Uc=minft:ug 1<t T; (u ) ¢ (ug)<cg; (6.1)
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where K is the number of such time points, which we assumeis nite. Then the maximum
gueuelength, say Omax, is the maximum of g(ux) overk, 1 k K. An example with two
high-demand periods is shavn in Figure 2.

We now specify an upper bound on the delay. For it, we act asif the new arrival at time t
is a small quartity in a separatelowest-priority class. Then we must wait until the rst time
after t at which the queueis empty. This upper bound is attained by consideringthe particles
initiating busy periods. The upper-bound waiting time is the sum of the lower-bound waiting
time assaiated with the last particle in the busy period and the length of the busy period.
For example, in Figure 2, the lower bound is the maximum of t, u; andts Uy, while the
upper bound is the maximum oft, t; andts ts.

These simple bounds enable us to bound the capacitiesthat needto be consideredwhen
we seekthe minimum required capacity s,. The bounds themselhes may sometimessene
as adequate approximations, e.g., when there is considerable uncertainty about the model
parameters. Since both lower and upper bounds are available, their di erence provides a
bound on the error from using these approximations. It is signi cant that the upper (lower)
bound tends to be correct when the proportion of class¥ demandamongall classf or higher
demand, ((t) f(D)=( i(t) + (1)), tends to be consisterily near 0 (1). This is evident
becausethe assumptions underlying the bounds are then satis ed. This limiting behavior
suggestsan approximation basedon both boundswhen (t) r for all t (or only thoset

yielding large congestion), namely;

Wmax rer?wax +(1 F)WrLrJ]ax ; (6.2)

wherewt . and wY

max max are the lower and upper bounds.

7. Conclusions

Our analysis shows how servicerequestscan be partitioned into priority classesaccording
to response-timerequiremerts, and how the capacity neededto meet all requiremerts can be
determined. The highest priorit y classis for immediate response. We usean M {=G=1 model
and a normal approximation, with a target probability that a servicerequestwill have to be
delayed before beginning service,to determine the capacity required for this highest priority
class(Section 2).

The lowest priority is for demandto be met over the courseof a day (or any other chosen

suitably long period). We again use a hormal approximation with another target small prob-
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ability that daily demandwill all be met (Section 2). In Section 3 we showved how all service
requests can be partitioned into two classes,one for immediate response and one for daily
response. The required capacity is then the maximum of the two requiremerts. In Section 4
we shaved how to modify the analysis of daily demand to represen the casein which both
typesof work comein a common arrival process.

In Section5 we showved how to treat other classeswith the requiremert that the response
time for ead request (before beginning service) be lessthan somespeci ed value r. For any
givenresponse-timelimit r, we combine the demandof that classwith all higher priorit y classes
to determine a deterministic approximation for the time-dependert queuelength g(t). Wethen
usea deterministic uid model to determine the capacity required to meet this response-time
requiremert. For the deterministic uid model, the required capacity is the minimum capacity
such that the maximum waiting time over the day is lessthan or equalto r. To compute the
waiting time, we must take account of the priority structure. The nal formula is (5.15).

Thus, there is a required capacity generatedfor ead priorit y class,ead involving all higher
priority classes. As the priority level decreasesthe constraint loosens(becausethe limit r
increases),but also the relevant o ered load increases(becausethe set of service requests
that are included grows), sothat it is not a priori evidert which capacity requiremert will be
dominant. The nal required capacity is the maximum of all the required capacities for the
individual priority classes.

The priorit y classi cation shouldberelatively e cien t whenthe individual requiremerts are
not too di erent. When there are signi cant di erences, then there is excessapacity available
for someof the classesat the overall capacity limit. When there are signi cant di erences,
it is natural to considermadi cations in the priorit y-classde nitions to balancethe capacity
requiremerts.

Finally, we can compare alternative priority schemesby comparing their total capacity
requiremerts. We can seehow much more capacity is required if all requestsare given im-
mediate service (often a big di erence). We can seehow much lesscapacity is required if all
requestsare given only daily service (often a little di erence). The analytical models provide
a corveniert quick rough-cut analysis. The proposedresults can be con rmed and re ned by

computer simulations and, after deployment, by system measuremets.
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