by

and

ABSTRACT

estimators.

L W parameter α, (a α by a, experiment Y, C) ≡ {[Y(t C(t t ≥ t_0 }, t_0 ≥ t not Y(t timeof α and C(t (t), , , T(c) = sup ≥ C(t) ≤ , (T(c (c) = EL(Y(T(c (c) = 1 (c).

α α

L α as a α L L(α ) = L(a) = (a )^2

L process C L or C

Y(t C(t Y(t and C(t Y Z Y(t) = t^{− 1}_0∫ t Z(s) ds for t > C(t)

C t of Y and C,

t t

T(c c Y(T(c t (for t integer) C(t Y(T(c number T(c c. T(c

T(c EC(t cost C(t EL(Y(t C(t

efficiency c R(c c

c

Y C matter;

c lim c^rR(c) = v^{− 1} (2)

r and v r, v r the and v the (r_1 , v_1 r_2 , v_2

r_1 > r_2 r_1 = r_2 and v_1 > v_2 r_1 > r_2 more r_1 = r_2 v_{1 2}.

c.

L, Y, C r and v theorem.

Y(T(c Y, C L. Y D ≡ D ∞ R ∞ J_1

t^{− 1} ∫_0^tZ(s)ds 0, let =_ε ≡ {=_ε (t t > 0} D =_ε (t) [Y( ε) t > γ Y D =_ε = in D as = ε [Y( ε) ] = (t D as 0 . (4)

R t t =

Y(t) → p α as t → p

1/ = (t σ t^{− 1} B(t B(t = σ^2 C C C t C(t) t where β

Yand C. Y and C Y(T(c =d Y(t = (t) t t C(t Y(T(c c^{γ/β} [Y(T(ct) ] = (λ t^{1/β} D as c

c^{γ/β} [Y(T(c ] = (λ ) =d λ = R as c

Y(T(c → p α . (8)

C(t T(c)

1. Let λ and β t C(t) t if c^{− 1/β} T(c) c . T(c)

If c^{− 1/β} T(c) c^{− 1/β} T(ct) t^{1/β} D ∞ R 0≤t≤T sup {c^{− 1/β} T(ct) t^{1/β}} → c T.

= (t σ t^{− 1} B(t B(t = be B

= =d σ N = σ^2

Y(T(c ∼ c^{γ/β} λ σ N (9)

γ/β minimize λ σ Y(T(c Y(T(c ]^+ and [Y(T(c ]^− x^+ = max } and x^− min }

=_i = d σ_i Z Z. c 1 for n

= = d σ N

L has L′(α ) = L (α ) >^{2γ/β} L(Y(T(c c > 1} is

c lim c^{2γ/β} R(c) = 2^{− 1} L (α )λ^{− 2γ}E[=^2 r = β 2γ and v = L (α ) 2 λ^{− 2γ}E[=^2 ] 1 . (11)

If L α L conditions L′(α )= L (α ) >

(3.6) β and γ 1/ r < 1.

E =_1^2 = E =_2^2 / λ_1^{− 1} = 2λ_2^{− 1}),

1− 2γ 1/

1/2.

L r and v L (α v

γ_1 /β_{1 2} /β_2 γ_1 /β_{1 2} /β_2 and λ_2^{− 2γ2} E[=_2^2 ]_1^{− 2γ1} E[Y_1^2 ]; L = =^d σ N

L(a) = a ^p for p >^{pγ/β}Y(T(c ^p : c ≥ 1}

c lim c^{pγ/β} R(c)^{− pγ}E[= ^p

r = β pγ and v = λ^{− pγ}E[= ^p ] 1 . (13)

β = =d σ N E[= ^p ]^pE[N ^p ]. C(t r through β 1, γ 1, γ

value.

C(t C(t) =_{i =1}Σ^t τ_i, t ≥ t t τ_i

Let {τ_n : n ≥ 1} Ω,^ ,P {^_n : n ≥ 1} σ ^ τ_n ^_n n^{− b} E(τ_n^_{n − 1} ) → a and n^{− d} τ_n − E(τ_n^_{n − 1} → with b d < 2b +

n^{− b − 1}_{i =1}Σ^n τ_i → + b .

1/2, = (t) =d t^{− 1} σ B(t t where B = =d σ N = σ^2 r =

v = λ^{− 1} σ^2 K for K = L (α ) 2 (14)

and λ^{− 1}

σ^2 λ^{− 1}. λ^{− 1} σ^2 t Var Y(t)^2 as t Y(t) ∼ σ^2 value v Var Y(t)^2 + o(t^{− 1} C(t)^{− 1} t + o(t).

appropriate. α EX for X X a, b α X_n = n^{− 1}_{i =1}Σ^n X_i X_1 , X_2 ,... X

Y(t) = X_t, t ≥ t t).

Let τ_i X_i Y(t) X_i C(t) = i =1Σ t τ_i τ_i applications, τ_i τ_i 2 σ^2 = Var X Y(t 1/ = (t) = t^{− 1} σ B(t B < Eτ_1 C(t

(1988).

Let X ≡ [X X(d R^d EX g(μ) g : R^d → R Y(t) = g(X_t), t ≥ X_n X. then d = 2, g(x_1 , x_2 ) = x_{1 2} and EX to Z X of Z X i^{th} τ_i C(t

τ_i =d ξX ξ,

X_i

0, R^d and ε [ψ_ε (t) ] (t D as where ψ_ε and ψ D g : R^d → R^1 μ ε [g(ψ_ε (t − g(μ g(μ)ψ (t D as 0 .

E X^2 . R^d

n^{− 1/2} (_{i =1}Σ^{nt} X_i )^{1/2} B(t D as n , where B R^d (with d Γ X Γ^{1/2} Γ

ε^{− 1/2} 1 i =1Σ X_i

1/2 B(t) in D as 0 .

g μ =_ε = in D where = (t) g(μ)Γ^{1/2} B(t)

1/2, 1, λ^{− 1} = Eτ_1, = =d σ N σ^2 g(μ) g(μ)^t . (15)

α X ≡ (t t ≥ 0} α Y(t) = X(t) = t^{− 1} ∫_0^tX(s)ds, t > X ε^{1/2} [∫_0^ε X(s)ds ε] B(t D as

=_ε = as = (t) B(t) X X X X

X(t) X(∞ t not σ^2 = Var X(∞ σ σ^2 time-average of X X X

σ^2 = 2∫_0^∞ X X(t (17)

σ^2 when X σ^2

C(t

X X(t) = f(Z(t f X Z C(t) = ∫_0^th(Z(s ds h Z

Z(t h(Z(t Eh(Z(t λ

g(μ μ R^d X Y(t) = g(X(t X(t

P(X(t) ∈ AX(t) ∈ B) = P(X(t) ∈ AB) (X(t) ∈ B) g g(x_1 , x_2 ) = x_{1 2} d =_ε = as = g(μ)Γ^{1/2} B(t) σ^2 Γ X(∞ ). Γ ∫_0^∞ E(X )^t (X(s) )ds + ∫_0^∞ E(X(s) )^t (X ) Γ

* β(θ Z(θ β′(θ) = EZ(θ θ^* θ_{n +1 n} − c_n X_{n +1}, n ≥_n : n ≥ 0} X_{n +1} θ_n P(X_{n +1} ∈ Aθ_0 ,X_0 θ_n ,X_n ) = P(Z(θ_n ) ∈ A) . Y(t)_t, t ≥ τ_{n +1} θ_{n +1} from θ_n

P(τ_{n +1} ≤ tτ_0 ,θ_0 τ_n ,θ_n ) = F_{θn} (t)

F_θ (t θ C(t) =_{i =1}Σ^t τ_i, t ≥ 0.

c_n = for c > β cβ′(θ^* ) > 1/ =_ε = as 1/ = (t) t^{− (D +} B(t^{2D +1} ) = d σ t^{− 1} B(t where D = cβ′(θ^* ) − 1, σ^2 = c^2 κ^2 D +^{− 1} and κ^2 = Var Z(θ^*

λ^{− 1} (θ) = ∫_0^∞ tdF_θ (t σ^2 (θ) = ∫_0^∞ [t^{− 1} (θ^2 dF_θ (t) . (19)

{σ^2 (θ and λ^{− 1} θ^* b = d = θ_n^* t^{− 1} C(t)^{− 1} t .

1/ λ^{− 1} v

* β(θ β(θ β(θ) = EZ(θ θ^* are θ_{n +1 n} − c_n X_{n +1} where_n : n ≥ 0}

X_{n +1} θ_n

P(X_{n +1} ∈ Aθ_0 ,X_0 θ_n ,X_n ) = P 2h^{n +1}

Z(θ_n +h_{n +1} ) − Z(θ_n − h_{n +1} ) ∈ A

where Z(θ_n + h_{n +1} Z(θ_n − h_{n +1} Y(t)_t, t ≥ c_n and h_n c_n = cn^{− 1} and h_n = hn^{− 1/3} for c > h > β R θ^* β′(θ) = c satisfy cβ (θ^* ) > 1/

n^{1/3} (Y(nt) ) t^{− b} B(t^{2A+1} D as n where b = cβ (θ^* ), A = b − 5/6, σ^2 = c^2 κ^2 / A + h^2 ), κ^2 = Z(θ^* B is

C(t

c^{1/3} (Y(T(c )^{− b}B(λ^{2A+1} ) =d^{− 1/3} N . (21)

r = 2/ v to λ^{− 2/3} σ^2 λ^{− 1} in v 1.

′(θ_0 β(θ θ β(θ) = EZ(θ) θ θ_0 α X_n = n^{− 1}_{k=1}Σ^n X_k X_k X_k difference X_k = [Z_k(θ_0 + h_k) − Z_k(θ_{0 k} , k ≥ and Z_k(θ_0 + h_k Z_k(θ_0 Y(t) = X_t, t ≥ n^{− 1}_{k=1}Σ^n X_{k,n} where X_{k,n} = [Z_k(θ_0 + h_n ) − Z_k(θ_{0 n} X_{n +1} from X_n

X_{n +1} = (nX_n + X_{n +1} )/(n + X_k

τ (θ Z(θ ϕ_k X_k from Z_k(θ_0 + h_k Z_k(θ_0

C(t) =

k=1Σ^{t (τ} k^{(θ}0^{+ h}k^) k^{(θ}0^) k^{t ≥}

τ_k(θ_0 + h_k τ_k(θ_0 1.

Y not centered.

Z(θ) Z(θ_{0 0} (θ)^2 : θ_{0 0} } β θ_0 , θ_0 h_k = hk^{− 1/4} with h > ε^{− 1/4} (Y( ε) ) t κB(t^{3/2} ) + t^{1/4} η in D as

where κ^2 = Z(θ_0 )/3h^2, 2β (θ_0 ) B(t

c^{1/4} (Y(T(c ) λ κB(λ^{3/2} ) + λ^{1/4} η = d λ^{− 1/4} N(η,κ^2 R as c

c lim c^{1/2} R(c) = 2 L (α ) λ_{− 1/2} (κ_{2 2} ) . (22)

r = 1/ r =

λ^{− 1} v λ^{− 1/2} λ^{− 1}

h h_k =^{− 1/4} k^{th} X_k

distribution,

κ^{2 2} = 3 h^2

Z(θ_0 ) ___________ + 9 4β (θ_0 )^2 h^2 . (23)

h

h^* =

β (θ_0 )^2

Z(θ_0 ) ___________ . (24)

L(a) = a ^p for p ≠ p value h^* =

α EX_n

n : n ≥ 1} X_n

X_i

Y(t) = X_t, t ≥ 1.

X̂_k = X_k − EX_k

EX̂_n^2 and EX_n as n

2 1 X̂_n^2 : n ≥ 1} n^{2 1} EX̂_n^{2 2} as

n 1/ n^η (EX_n ) → b as n 1.

ε (Y( ε) ) 2− 2γ σ^2 1/2 t B(t^{2− 2γ}) in D as 0 .

ε (Y( ε) ) 2− 2γ σ^2 1/2 t B(t^{2− 2γ}) + 1 bt in D as 0 .

ε (Y( ε) ) → p 1 bt^1

in D as 0 .

Corollary. X_n

is τ_n where {τ_n } n Eτ_n → a and n Var τ_n → d where

1, a > 0, 2

n^1_{i =1}Σ^n τ_i → 1 a n .

c^{γ/ )} (Y(T(c ) 2− 2γ σ^2 1/2 1 a γ/ )

N R as c .

c^{γ/ )} (Y(T(c ) 2− 2γ σ^2 1/2 1 a γ/ ) N

+ 1 a γ/ ) 1 b in R as c .

c^{η/ )} (Y(T(c ) 1 a η/ ) 1 b in R as c .

Typically 1/ γ/ ) < 1/ Y(t

Y(T(c

1/ 0.

τ_k

X 1/

1 d

∫_0^1 f(x)dx.

Ef(U U U ⊕ x x ⊕ unbiased Y(t) = Y_t

Y_n = n(n + 2 k=1Σ^{n X}k^{, n ≥} and

X_k =_{j=0}Σ^{k− 1} f

U_k ⊕ k j , k ≥ 1 . (26)

procedures.

X_k k

f′ of f

Then

(X_k − kα ) ( f − f U − 2 1 R as k

and {X_k − kα^p : k ≥ 1} p >

E(X_k − kα^p ) → f − f ^p E[U − 2 1 p k . (27)

Y x x. xinteger, x xand x x + 1.)

X_k

n^{− 1/2} k^{=1}Σ nt X_k nt nt 2 α 2 3 f − f B(t D ∞ R n , ε^{− 3/2} (Y( ε) ) 3 f − f t^2

B(t) in D ∞ R 0 .

Let τ_k X_k k

X_k Eτ_k = ak + b τ_k = dk + e for

a, b, d and e d and e

n^{− 2}_{k=1}Σ^n τ_k → a n . (28)

Corollary. Y

c^{3/4} (Y(T(ct ) 3 f − f B( ) in D as c ,

c^{3/4} (Y(T(c ) 3 a^{3/4}f − f N R as c

c^{3/2} R(c) → 3 a^{3/2} [ f − f^2 2 L (α ) as c .

k-tuple {(Y^i , C^i ≤ i ≤ of

C(t) = C^1 (t) +...+ C^k(t

Y(t) = [Y^1 (t) +...+ Y^k(t .

k t k^{− 1} Y(T(c = [Y^1 (T(c +...+ Y^k(T(c (29) where T(c

γ/ 1/ i ε (Y_ε (t) ) k^{− 1} [=^1 (t) +...+ =^k(t D as 0 . i t C(t) → kλ t ,

c^{− 1/β} T(c) → k^{− 1/β} λ c , c^{γ/β} [Y(T(ct ] k^{− 1} [=^1 (k^{− 1/β} λ t^{1/β} ) +...+ =^k(k^{− 1/β} λ t^{1/β} D as c and c^{γ/β} [Y(T(c ] k^{(γ/β)− 1} λ (=^1 +...+ =^k R as c . =^i =d N(μ,σ^2 =^1 +...+ =^k =d N(kμ,kσ^2

c^{γ/β} [Y(T(c ] k β γ − 2 1__ λ N in R as c .

γ/ 1/2, γ/ 1/ γ/ 1/

r = β 2γ and v = L (α ) 2 λ^{2γ}σ^{− 2} k^{− γ/β)−} . (30)

r k independent γ/ 1/2, γ/ 1/ γ/ 1/

1/ γ/ 1/2.)

t C(t) t T(c) c C(T(c) − ≤ c ≤ C(T(c c T(c)^β c c^{− 1} T(c)^{β β} as c .

β^{th} c^{− 1/β} T(c) c T(C(t) − ≤ t ≤ T(C(t t

Let X(t D ∞ R t X(t) t for some T > 0

0 ≤ t ≤ T

sup {ε^β X( ε) t^β} → 0 .

Proof. t_0 t X(t) t > t_0 εt_0 ] εt_0 , T

0 ≤ t ≤ T

sup {ε^β X( ε) t^β}^β_{0 ≤ t ≤ t0}sup {X(t)} (εt_0 )^β +_{εt0 ≤ t ≤ T} sup^β ( ε)^β

T( ε) } β 0 ≤ t ≤ t_0

sup {X(t)} (εt_0 )^β + T^β δ .

Since X D,_{0≤t≤t0}sup {X(t)}

C(t T(c).

(c^{γ/β} [Y(c^{1/β} t) c^{− 1/β} T(ct (= (t λ t^{1/β} in D ∞ R) × D ∞ R c λ t^{1/β} is

c^{− 1/β} T(ct c^{γ/β} [Y(c^{1/β} t) D ∞ R D t_1 ,∞ R) t_1 > t_1 t_0 λ t_1^{/β} > t_0, c^{− 1/β} T(ct) > t_0 for t ≥ t_1 c = is t t D t_0 ,∞ ) × D t_1 ,∞ c^{− 1/β} T(ct_0 ,c^{1/β} T(ct)} t_1 ,∞ D t_0 ,∞ R) × D t_1 , ∞ R).

D t_1 , ∞ R t_1 D ∞ R

= (λ ) = d λ = =_{ε/λ} (t)^γ=_ε (λ t 0. L[Y(T(c α L[Y(T(c = 2^{− 1} L (ξ_c Y(T(c ]^2 , where ξ_c Y(T(c α ξ_c → p a as c L (ξ_c ) → p L (α L c^{2γ/β} L(Y(T(c = (λ t^{1/β} )^2 in D as c Since L[Y(T(c = Y(T(c ^p , c^{pγ/β} L[Y(T(c^{− pγ}= ^p in R as c

n^{− b − 1}_{i =1}Σ^n [τ_i − E(τ_i^_{i − 1} → n

and

n^{− b − 1}_{i =1}Σ^n E(τ_i^_{i − 1} ) → + b n .

n =1Σ ∞ n^{− b +} τ_n − E(τ_n^_{n − 1} .

If_k : k ≥ 1} k^{− b}a_k → a as k for b

n lim n^{− 1− b}_{k=1}Σ^n a_k = + b) .

Proof. a > a = a < k_0 a )k^b ≤ a_k ≤ a )k^b k ≥ k_0 n ≥ k_0,

− n^{− 1− b}_{j=1}Σ

k_0

a_j +^b

+ a )n^{− 1− b}_{j=1}Σ^n j^b

≤ n^{− 1− b}_{j=1}Σ^n a_j ≤ n^{− 1− b}_{j=1}Σ

k_0

a j + a )n^{− 1− b}_{j=1}Σ n j^b .

Since n^{− 1− b}_{j=1}Σ^n j^b = n^{− 1}_{j=1}Σ^n ( )^b

∫_0^1 x^b dx = + b)^{− 1} n

ε [ψ_ε (λ_ε (t ] (t λ_ε (t) → t a, b λ_ε ∞ ) J_1 g to expand g(ψ_ε (λ_ε (t ε [g(ψ_ε (λ_ε (t − g(μ g(v_ε (t ε [ψ_ε (λ_ε (t where v_ε (t ψ_ε (λ_ε (t μ, a ≤ t ≤ b conclusion. 1/4.

t(Y( ε) ε)/

ε_{i =1}Σ X_i t_{i =1}Σ X̂_{i i =1}Σ (EX_i ) + ( t)α . (33)

M_ε (t)^1_{i =1}Σ X̂_i , t ≥

A_ε (t)^{2− 2γ}_{i =1}Σ EX̂_i^2 , t ≥ 0 .

n^{2 1} EX̂_n^{2 2} 1 1,

A_ε (t) → 2− 2γ σ^2 t^{2− 2γ} as 0 .

0, Δ_ε (T) ≡ E[_{0≤t≤T}sup M_ε (t) − M_ε (t − )^2 ]^{2− 2γ}E[_{1≤i≤ ε}max X̂_i^2 ] 2− 2γ i =1Σ EX̂_i^2

i =1Σ ε^{2− 2γ} E[X̂_i^2 ; X̂_i^{2 2 2} ]

k=1Σ^{( )2 1 E[X̂}k^{2 ; X̂}k^{2 ( )1− 2γε− 1}

2 1 X̂_n^2 } k^{2 1} E[X̂_k^2 ; X̂_k^2 ( )^{1− 2γ}ε^{− 1} ] → 0 kas δ Δ_ε (T) → M_ε (t) [σ^2 / − 2γ^{1/2} B(t^{2− 2γ} D as 0 . (34)

(ε )^1_{i =1}Σ (EX_i ) → 1 b .

ε^1_{i =1}Σ (EX_i ) → 1 bt^1 in D as

C(t) = n^1_{i =1}Σ^t t_i

1 and λ =

If f = f f(x ⊕ c c X_n − nα ) → 0

f f f = f

U. f(x) = ax ≤ x ≤

n^{− 1} X_n = d 2 a + n a U − 2 1 .

Proof.

n^{− 1} X_n =d_{k=0}Σ^{n − 1} a n k + n U n 1 = 2 a + n a (U − 2 1 ) .

k}_k : k ≥ 1}

EX_k = kα

X̂_k = X_k − kα,

M_n (t) = 2 n +1 n^{1/2}

k=1Σ^{nt X̂}k

A_n (t) = (n +^2 4n k=1Σ^{nt Var X̂}k^→_3^{( f − f 2 t as n ,} 0,

E[_{0 ≤ t ≤ T}sup M_n (t) − M_n (t − )^2 ]_{k=1}Σ^{nt} 4 (n +^2 n ^_k2 ; X̂_k^2 (n +^2 n^{− 1}

n E[_{0≤t≤T}sup M_n (t) − M_n (t − )^2 ] =

M_n

2 (nt nt) (Y(t) ) = k^{=1}Σ nt X_k nt nt 2 α ,

Y elementary.

Acknowledgments.

REFERENCES

sampling.

Processes

26, 964-971. 35, 1297-1315. Prob.

simulation.

.

L W. , L W. Math.

L W.

London.

function.

36,

Francisco.

increments.

85.