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Abstract

To better understand what stochastic model might be appropriate in applications with sys-
tem data, we study the consequences of fitting a stationary birth-and-death (BD) process to the
sample path of a periodic M;/GI /oo model. The fitted BD process will necessarily have the
correct steady-state distribution (appropriately defined), but will not have the correct transient
behavior. Nevertheless, the fitted birth-rate and death-rate functions have structure determined
by the M;/GI /oo model that should be seen with data if the M;/GI /oo model is appropriate.
In this paper, we establish heavy-traffic fluid limits that yield explicit approximation formulas
for the fitted birth-rate and death-rate functions that can help evaluate whether a periodic
M;/GI /oo model is appropriate. We also establish many-server heavy-traffic fluid limits for the
steady-state distribution in the periodic M;/GI /oo model. For the special case of sinusoidal
arrival rates, the limiting steady-state distribution has an arcsine law.

Keywords: stochastic grey-box queueing models, periodic queues, periodic arrival rates, periodic
steady state, birth-and-death processes, fitting birth-and-death processes to data, many-server
heavy-traffic limits.



1 Introduction

This paper is a sequel to [5, 6] in which we began to investigate grey-box modeling of queueing
systems. Specifically, we investigated if we can diagnose what stochastic queueing models might be
appropriate in an application by fitting a stationary state-dependent birth-and-death (BD) process
to system data. In doing so, we assume that the data can be regarded as a segment of the sample
path from a stochastic process {Q(t) : t > 0} that takes values on the nonnegative integers and
makes all its transitions in unit steps, but may not itself be a BD process.

In [5, 6] we studied this BD fitting applied to the general GI/GI/s and periodic M;/GI/s
models, respectively, and found that the fitted birth-rate and death-rate functions have structure
that can help us diagnose when those models are appropriate. In [5] we also established heavy-
traffic limits that added insight. Our purpose here is to do the same for periodic M;/GI /oo models.
In particular, here we develop heavy-traffic fluid approximations for the fitted birth-rate and death-
rate functions by establishing heavy-traffic fluid limits. These fluid rate approximations characterize
the structure of the birth-rate and death-rate functions in the periodic M;/GI /oo model. We also
establish fluid limits for the steady-state distribution of periodic M;/GI/oo queues, extending a
result for the M;/M /oo special case in [27].

1.1 Estimating Steady-State Distributions via BD Rates

Suppose that Q(t) has a proper limiting steady-state probability mass function (pmf) « as t — oo;
ie., P(Q(t) = k) — oy as t — oo for each k > 0, where Y~ as = 1. Given system data, i.e.,
a segment {Q(s) : 0 < s < t} of the sample path, a standard way to estimate the pmf « is to
calculate the proportion of time spent in each state; i.e., if Ti(¢) is the total time spent in state k
during [0,¢], then we estimate ay, by

k>0, (1)

where = denotes equality by definition.

Given that all transitions of the stochastic process {Q(t) : t > 0} are unit transitions, then there
is an alternative way to estimate o that may be attractive. Let Ag(t) and Dy(t) be the number
of arrivals and departures, respectively, observed in state k over [0,¢]. State-dependent birth and
death rates can be estimated by
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We then estimate the steady-state distribution by solving the local-balance equations for a BD
process; i.e., we let a°(t) = {aj,(t) : K > 0} be the solution to the equation

ag()Ak(t) = af (D), k=0, (3)

with the additional property that > 7 a¢(t) = 1. We use the superscript e to denote that the
vector &y (t) is obtained from the estimated BD rates in (2) via (3).

If the stochastic process {Q(t) : t > 0} is actually a BD process, then (2) is the natural model-
fitting procedure [2, 14, 29]. In fact, these are the maximum likelihood estimators for these rates.
Then (3) is the standard way to find the steady-state pmf «. However, we are not restricting
attention to BD processes.

It is remarkable that, without making any stochastic assumptions, the two empirical steady-
state probability vectors @(t) in (1) and a°(¢) in (3) are intimately related: If Q(0) = Q(t), then the



two probability vectors a(t) and a(t) constructed from the sample path over [0,t] are identical.
More generally, they are stochastically ordered; see Theorem 1 of [26]. Moreover, under minor
regularity conditions, af(t) and &y(t) are both consistent estimators of ay, i.e.,
=1 e = | = = 1 ~E M

ap = lim ay(t) = lim P(Q(t) = k) = lim aj(t); (4)
see Chapter 4 of [9] and Corollary 4.1 of [26]. (These properties can be regarded as consequences
of rate-conservation, like Little’s law, i.e., the fundamental queueing relation L = AW, e.g., see
[9, 15] and references therein.) In this paper we will be concerned with the limiting rates, as is

relevant if we have large samples. When we refer to estimates such as \;, without a time argument,
we understand that it represents the limit as ¢ — oc.

1.2 The Indirect Estimation Procedure for Periodic M;/GI/s Queues

The indirect estimation procedure was investigated for periodic M;/GI/s models in [6]. Of course,
P(Q(t) = k) does not converge as t — oo in the periodic M;/GI/s model, so we need to explain.

Suppose that the arrival-rate function is periodic with period c¢. The stochastic process {Q(t) :
t > 0} has a dynamic steady-state pmf a(t), 0 < ¢ < ¢ (a family of pmf’s indexed by ¢), and an
overall steady-state pmf o€ if the following limits are well defined probability vectors:

1 n
ag(t) = nh_)ngo P(Q(nc+t)=k) = nli)ngo - Z LQ(jett)=k}, 0=<t<ec, and
j=1
. 1y 1t
o = E : ak(t) dt = tliglo ; . 1{Q(s):k} dS, k > 0. (5)

Moreover, a¢ can be directly regarded as a limiting steady-state pmf (a special case of the pmf «
defined above) if we randomize the initial time uniformly over the interval [0,c|. It is the steady-
state pmf a¢ that we consider for periodic queues. The overall steady-state pmf o is of practical
interest, e.g., for a hospital emergency room, because it reveals the long-run frequency of different
occupancy levels and thus the average congestion and the average use of resources.

The numerical examples in [6] were for the sinusoidal arrival rate function

A(t) = A\ (t), where M (t) =1+ Bsin(yt), (6)

which has cycle length ¢ = 27 /7. There are three parameters: (i) the average arrival rate A, (ii) the
relative amplitude 5 and (iii) the time scaling factor v or, equivalently, the cycle length ¢ = 27 /7.

In §5 of [6] it was shown for that it was possible to fit the rather complex stationary state-
dependent birth-rate function associated with the M;/GI/s model having the arrival-rate function
in (6) using a parametric function with only two parameters, in particular,

N = aarctanb(k — ¢) + d, (7)

which is nondecreasing in k with finite limits as k increases and decreases, and has the parameter
four-tuple (a, b, ¢, d). For the arrival-rate function in (6), we found that it suffices to let ¢ = d = A, so
that leaves only the two parameters a and b. Consistent with expectations, the indirect estimation
procedure was especially effective in obtaining a reasonable estimate of o with relatively small
sample sizes, especially in the tails where there are only a few data points.



1.3 Application of the Fitted BD Process

We have found that the fitted BD process can be effective as a direct approximation for the stochas-
tic process representing the number of customers in the system in the non-Markov stationary many-
server M /GI/s + GI queueing model with customer abandonment (the +GJI), which has i.i.d.
service times and patience times with general distributions. In [24] we found that this complex
non-Markov model could be well approximated by the associated M/M/s+ M) BD model, where
My denotes a state-dependent abandonment rate. The approximating BD model was constructed
directly (analytically) in [24], but we also have observed that the statistical fitting approach tends
to produce a very similar BD model to that analytical approximation. For the M/GI/s + GI
queueing model in [24], the fitted BD process can be effective as a direct approximation for the
stochastic process representing the number in system.

However, as in [5, 6], we have a different objective here. We are not seeking a direct approx-
imation. Instead, we want to develop a diagnostic tool to test whether the M;/GI /oo model is
appropriate; we do not intend that the BD process be used as a direct approximation, although it
necessarily has the correct steady-state distribution. In [5] we did find that the fitted BD process
can be used as a direct approximation for the transient behavior of the GI/GI/s model if we in-
clude an additional time transformation. However, for the periodic M;/GI/s models considered in
[6] and here, the stationary fitted BD process cannot capture the periodic transient behavior of the
original model. The fitted BD process can be a convenient way to calculate the steady-state distri-
bution of the periodic model, as illustrated by §5 of [6], but mostly we want to identify structure
in the fitted birth-rate and death-rate functions that will allow us to determine whether data are
consistent with the periodic model, as we illustrate in §1.4 below.

1.4 A Diagnostic Tool for Model Fitting

Our study of the GI/GI/s models in [5] and M;/GI/s models in [6] show that the fitted rates in
these models tend to have consistent structure that helps determine if such a model is appropriate.
From these studies of the GI/GI /s and M;/G1I /s models, we find that these models have signatures.
If these features are not seen in data analysis, then the candidate model is likely to be inappropriate.
For example, when s is not too small, for a wide class of these models (i.e., for different arrival and
service processes) the fitted death rates tend to have the approximate form

e ~ (kA s)p, k=0, (8)

when the mean service time is E[S] = 1/u, where a A b = min{a,b} and = denotes equality
by definition. (This holds exactly for exponential service distributions.) The fitting can detect
systematic deviations from these s-server models, e.g., caused by time-varying staffing or agent
absenteeism, as discussed in [12, 25].

Figure 1 (a variant of Figure 23 of [6]) illustrates by showing the fitted BD rates obtained from
25 weeks of data from an Israeli emergency department studied in [1, 28].

It is well known that the arrivals to an ED vary strongly over time, just as in most service
systems. Thus, a natural candidate rough aggregate model for an ED is the M;/GI/oo queue,
which has a nonhomogeneous Poisson process (NHPP) as its arrival process, i.i.d. service (length-
of-stay, LoS) times with some general (non-exponential, perhaps lognormal) distribution, s servers,
unlimited waiting space and service in order of arrival. The assumption that the length-of-stay
random variables are i.i.d. might be postulated under the assumption that the length of stay
should only depend on the patient’s medical condition, and usually the medical conditions of
different patients can be regarded as being mutually independent.
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Figure 1: The fitted state-dependent birth rate A, (left) and death rate jig (right) obtained from
arrival and departure data in an Israeli emergency department over 25 weeks, taken from [28]

Given an understanding of what the fitted BD rates look like in M;/GI /oo models, the fitted
rates for the ED in Figure 1 are very revealing. As anticipated, the fitted birth rates are roughly
consistent with an NHPP (M) arrival process having a periodic arrival rate function, but the fitted
death rates are inconsistent with the IS model having i.i.d. service times; e.g. see Figures 1, 4,
5 and 8 in [6]. The fitted death rates are approximately piecewise-linear with the slope changing
at about k = 40, but the death-rate function does not look like (8) for either s = 40 or s = oc.
These tentative conclusions about the ED based on the analysis of M;/GI/s queues are strongly
supported by further data analysis in [28]. The data analysis in [28] supports an M;/G; /oo, where
there is strong time-dependence in the LoS distribution (the G¢) as well as the arrival rate function.
That conclusion in turn is consistent with other observations, e.g., see [1, 23] and references there.
The fitted BD is convenient because it quickly exposes the difficulty with the candidate M;/G1I /oo
model using i.i.d. service times, but we must know what would occur with the M;/GI /oo model
in order to interpret plots based on data, such as Figure 1.

1.5 New Asymptotic Formulas

The study [6] exposed important properties of the fitted BD rates for the periodic M;/G1I/s model,
but it did not generate explicit formulas for the fitted BD rates, except in the special cases in
which the fitted BD rates are obviously simple because of Markovian structure. For example, the
limiting fitted death-rate function in M;/M /s models (where the service times are independent of
the arrival process) is always given by (8).

The present paper contributes by establishing many-server heavy-traffic (MSHT) limits that
yield explicit first-order fluid approximations for the fitted BD rates in the time-varying M;/GI /oo
infinite-server (IS) model. These limiting rates show what the fitted rates should look like in large-
scale many-server models. Thus the results here facilitate model diagnosis, as illustrated for the
ED example in §1.4.

We also establish new limits for the steady-state distribution of the periodic M;/GI /oo, clari-



fying and extending results for the M;/M /oo model with a sinusoidal arrival-rate function in [27].
We show that for all models with sinusoidal arrival rate, the limiting steady-state distribution is
the arcsine law on an interval with end points depending on the model parameters. Theorem 3.3
provides a simple explanation through a new representation for the mean function.

Here is how the paper is organized: We start in §2 by providing background on the time-varying
M, /GI /oo IS model. In §3 we propose explicit approximations for the steady-state distribution and
the BD rates. Then in §4 we establish MSHT limits that show the approximations are asymptoti-
cally correct. In §4.2 we also establish limits for state occupation times in more general time-varying
IS models.

In §5 we establish additional results for the case of sinusoidal arrival rates, which are often
used in studies of queues with time-varying arrival rates, e.g., [13]. In §6 we carefully examine
the case of deterministic service times. We show that the fitted rates can be decreasing functions
of the state with long deterministic service times. We give detailed formulas for exponential and
hyperexponential service times in §7. In §8 we show that the local-balance method for getting the
steady-state distribution from the fitted BD rates described in §1.1 does not extend directly to the
fluid limit. Finally, we draw conclusions in §9.

2 Background
2.1 The M,/GI/cc Queueing Model

The stochastic queueing models considered in this paper are M;/GI /oo infinite-server (IS) queueing
models, having a nonhomogeneous Poisson process (NHPP, the M;) as an arrival process with a
time-varying arrival-rate function A(¢). For simplicity, we assume that the arrival-rate function is
differentiable and bounded above and below, i.e., we assume that there are constants Ar and Ay
such that

0< AL <A() <Ay <oo forall t. 9)

The service times of successive customers are assumed to be independent and identically distributed
(ii.d.) random variables, each distributed as a random variable S with a general cumulative
distribution function (cdf) G having finite mean FE[S] = 1/u. There are infinitely many servers, so
that each customer enters service immediately upon arrival. We assume that the arrival process is
independent of the service times. We assume that the system started empty in the distant past,
but that condition can be relaxed by letting A(t) = 0 before some starting time ¢.

By Theorem 1 of [8], the number in system at time ¢, denoted by Q(t), has a Poisson distribution
for each t with mean function

m(t) = E[Q(t)] = E\t— S.)]E[S] = E[S] /0 Tt = $)dGu(s), t>0, (10)

where S, is a random variable with the stationary-excess cdf G, associated with the service-time
cdf G, i.e.,
1

Go(t) = P(S, < t) = m/0 (1—G(s))ds, t>0. (11)

Moreover, the departure process in the M;/GI /oo model is an NHPP with departure rate function

5(t) = Bt — §)] = /O Tt — $)dG(s), t>0. (12)



In the special case of exponential (M) service, we have S, ds , where 4 means “equal in distribu-
tion,” so that, by combining (10) and (12), we obtain the familiar conclusion

o(t) = =gy = m(t)p- (13)

2.2 The M,;/GI/oc Queueing Models with Periodic Arrival Rates

We will focus on the special case of the M;/GI /oo IS model in which the arrival-rate function A
is periodic with periodic ¢ and average arrival rate A. The mean m(t) in (10) and the departure
rate §(t) in (12) become periodic functions when the arrival-rate function is periodic. If the system
starts empty at time 0, then m(t) and 0(t) converge (in a nondecreasing way) to those periodic
expressions, as shown in §2.2 of [6].

For the IS model we have the following stronger result.

Theorem 2.1 (regenerative structure) For the My/GI /oo model with periodic arrival-rate function
having period ¢ that starts empty at time 0, the stochastic process {Q(nc+t) : n > 1} is a regenera-
tive process for each t, 0 < t < ¢, with the epochs n at which Q(nc+t) =0 serving as regeneration
epochs. Moreover, the mean time between successive regenerations is 1/P(X(m(t)) = 0) < oo,
where X (m) is a random variable with the Poisson distribution having mean m and m(t) is the
periodic mean function. Thus, the limits in (5) are valid. Moreover, a° can be regarded as a special
case of the direct steady-state pmf o in §1.1 if we randomize the initial time uniformly over the
interval [0, c].

Proof. From the convergence of m(t) to the periodic limit, we have Q(nc+t) = X (m(t)) as
n — 0o, where = denotes convergence in distribution. Thus, P(Q(nc+1t) = 0) — P(X(m(t)) = 0)
as n — oo, where m(t) > 0 by virtue of (9). We then note that the sum on the right in the
expression for ag(t) in (5) when k = 0 is the averaged discrete-time renewal counting function,
so that the stated limit follows from the law of large numbers (LLN) for renewal processes, which
implies that the limit must coincide with the mean time between successive regenerations. The
regenerative structure then makes all the processes cumulative processes, e.g., as in [10]. The
associated expressions for a¢ in (5) are elementary consequences. m

For the special case of a sinusoidal arrival rate function, many structural properties were es-
tablished in [7]. In particular, for the arrival function in (6) (and starting empty in the distant

past),
m(t) = AE[S]m1(t), where mi(t) =1+ B(Csin(yt) — Scos(1t)), (14)

with S, distributed according to G, as in (11) and
C = Elcos (vS.)] and S = El[sin (vSe)]. (15)

For M service, C = 1/(1 ++?) and S = v/(1 +~?). From (14), (10) and (12), we see that the
corresponding formula for the departure rate is

6(t) = A61(t), where 01(t) =1+ B (C'sin (yt) — &' cos (vt)) (16)

and
C' = Elcos (vS)] and &' = Elsin (79)]. (17)



2.3 The MSHT Fluid Approximation for Large Scale

We will be interested in the fluid approximation of the periodic M;/GI/oo IS model, obtained
by letting the scale parameter (the average arrival rate) A get large. Following common practice,
we will consider a sequence of M;/GI /oo models indexed by n, where A\, = n, n > 1. We let the
service-time cdf G be held fixed independent of n and let the arrival rate function be A, (t) = nAi(t).

Let Q,(t) be the number in system as a function of n. Let A, (t) and D,,(t) count the number
of arrivals and departures over the interval [0,¢], ¢ > 0, respectively, again as a function of n. Let
(my(t), A\n(t), 0, (t)) be the triple (m(t), A(t),d(t)) in §2.1 as a function of the scale parameter n.
Because of the linearity of the model, we have the scaling property

" mp (8), A (t), 60 (1)) = (m1(t), \1(2),01(t)) forall n>1, (18)

where (mq(t), A1(t),d1(t)) is understood to be (my,(t), An(t), 6, (t)) when n = 1; see §4 of [17]. As a
regularity condition, we assume that (9) holds for A;(¢), which implies that 0 < mq(t) < oo for all
t as well.

Moreover, by the weak LLN (WLLN) for the Poisson distribution,

n"HQn(t), An(t), Dp(t)) = (my(t), \(t),01(t)) as n — oo foreach ¢ > 0. (19)
The WLLN provides support for the simple fluid approximation
(Qn(t), An(t), Dy (t)) = (nmy(t),nA1(t),nd1(t)). (20)

See [18], Theorem 3.1 of [22] and references therein for more general functional LLN (FWLLN),
yielding uniform convergence over bounded intervals.

3 Simple Fluid Approximations

In this section we propose simple fluid approximations for the steady-state distribution and the
fitted BD rates in the periodic M;/GI /oo IS model with large scale based on the asymptotics in
§2.3.

3.1 The Overall Steady-State Distribution

We now develop an approximation for the steady-state distribution a¢ in (5). For simplicity, we
focus on the associated cumulative distribution function (cdf). Let Z, be a random variable with the
steady-state cdf of the scaled queue length Q,,(t) = n~1Q,(t), using the scaling in §2.3. Assuming
that the system started empty in the distant past, so that the process {Q,(t) : t > 0} is in dynamic
steady state, with overall average value 1 and period ¢. Then

P(Za<1+0)= ¢ [ P@ult) < 1+0)d (21)
¢ Jo

Moreover, from the FWLLN version of (19) in Theorem 3.1 of [22] and the continuous mapping
theorem, it follows that Z, = Z as n — oo, where Z gives the fluid model steady-state cdf, i.e.,

1 /¢
P(Z <1+ 1‘) = E/O 1{m1(t)§1+x} dt, (22)

provided that mi(t) = 1 + z for only finitely many ¢. We propose (22) as a relatively simple
approximation for (21).

We illustrate with an explicit formula for the cdf of Z with the sinusoidal arrival rate function
in (6) that we will prove in §5.2.



Theorem 3.1 (fluid steady-state cdf for sinusoidal arrival rates) Consider the fluid model asso-
ciated with the My/GI /oo model with the sinusoidal arrival-rate function in (6) having parameter
triple (X, B8,7) with A = 1. Then

1 1
PZ>1—-x)=P(Z<1l+z)= 5t %arcsin (x/BSu), 0<z<pfsy, (23)

where sy is given in (26); i.e., Z —1 has the arcsine cdf on [—Bsy, Bsy]. Thus, the variance of Z is
5232[]/2. For the special case of an exponential service distribution, sy = 1/4/1+ 2, as indicated
in Corollary 7.1 in §7.

Theorem 3.1 improves Theorem 3.1 of [27] for the M;/M /oo special case and extends it to general
service-time distributions. (The notation is slightly different here; the results above agree with
[27].) We also establish a local version of Theorem 3.1 in §5.2.

Theorem 3.2 (local limit for sinusoidal arrival rates) In the setting of Theorem 3.1,

1t 2m/y
n /0 L Qu(s)=In(1+2)]} d5 = % /0 P(Qn(s) = [n(1+2)])ds (24)
as t — oo and
v - d 2
%/0 (Qn(s) =|n(1+x)|)ds — Py o as n — oo. (25)

The limit in (25) is the arcsine pdf on the interval |—Bsy, Bsy].

3.2 Simplified Formulas for Sinusoidal Arrival Rates

The relatively clean mathematical results in Theorems 3.1 and 3.2 primarily follow from a simple
representation of the mean function m(t) in the My /GI /oo model with sinusoidal arrival rate, which
is primarily based on [7]. The representation in [7] is as the linear function of two trigonometric
functions in (14). The alternative representation is in terms of a single trigonometric function
centered at the times t* where the extreme values occur. In particular, in §5 we prove the following
extension of [7]. A previous simplification was given in Theorem 6.3 of [20]. The following is
essentially equivalent to Corollary 7.1 of [19].

Theorem 3.3 (the mean function with GI service) Consider the My/GI /oo model with mean
service time E[S] = 1 and sinusoidal arrival rate function in (6), starting empty in the distant
past. Assume that neither S nor C in (15) is 0. Then all extreme points of s(t) = (m1(t) — 1)/8
and thus my(t) and m(t) in (14) are attained at the points t* + (kw/vy) for integer k, where

1
t"=t"(v) = T 4~ tan™? (8/C) and sy = sup(s(t)) = [S%+ %]V (26)
2y v >0
In addition,
s(t*+t) = s(t*) cos (yt) = s(t* —t) for all t, (27)

where
S(t) = cos (tan~! (SéC))(S2 +C?) —tep, (28)

If § >0 and C > 0, then s(t*) = +sp.




Comparing (16) to (14), we see that the departure rate from an M;/GI/oco queue with a
sinusoidal arrival rate function also can be represented in terms of a single trigonometric function,
which facilitates analysis of networks of IS queues with sinusoidal arrival rates, as in [20].

Corollary 3.1 (the departure-rate function with GI service) Consider the M;/GI /oo model with
sinusoidal arrival rate function in (6), starting empty in the distant past. Assume that neither S’
nor C' in (17) is 0. All extreme points of 6(t) in (16) are attained at the points t** + (km/v) for
integer k, where

£ = ¢ (y) = %%tan-l(s’/w anddy = sup (0(1)) = (S + €2 (29

Then
(™ 4+1t) =0(t")cos (yt) =o0(t™ —t) for all t, (30)
where
cos (tan=1 (S7/C"))((S')? + (C")?)
C/

If &' >0 and C' > 0, then §(t**) = +dy.

= 44y, (31)

3.3 The Proposed Fluid Approximation for the Fitted BD Rates

We now define a state-dependent fitted fluid input rate function A/ and a state-dependent fitted
fluid output rate function uf, as functions of the basic fluid model triple (mq, A1, d1) in (18)-(20),
analogous to the fitted birth and death rates for stochastic models introduced and studied in [5, 6].
The general idea is that the fitted input rate A/ (z) in state = should be the average time-dependent
input rate \;(t) over all times ¢ at which m1(t) = x. Similarly, the fitted output rate u/ () in state
x should be the average time-dependent output rate d;(t) over all times ¢ at which m;(t) = x.

The present fluid model setting is more elementary because there is no randomness; the functions
are all deterministic. However, there is some question about how the average should be computed.
We make some assumptions on the states x that we consider. First, we consider x for which the
inverse m;!(z) = {t € [0,¢] : mi(t) = x} is a finite set. That might hold for all 2, but we
only require it for the z we consider. We contend that the average should be a weighted average,
depending on the derivative mq(t), denoted by 721(t). We shall want to apply the inverse function
theorem, so we assume that the derivative 7 (t) is well defined and positive at all times ¢ such that
my(t) = x for each state x we consider. Let n,,(z) be the number of points in the set m; () and
let ¢'(x) be the 4™ such point ordered within [0,¢). Then we let

N () N ()
M (z) = PP\t (x) and @l (x) = > pf(@)6 (t] (2)), (32)
j=1 j=1
where m(z) .
pj(r) = W and a}'(z) = m (33)

Our second assumption implies that 0 < ag-”(x) < oo for the x we consider. Paralleling (20), we
propose the following fluid approximations for the fitted BD rates in model n:

S\n,meJ (OO) ~ n>‘f($) and ﬂn,[nm] (OO) ~ nluf(;p) (34)

for all states = such that mq(z) > 0.
We next provide support for our formulation with the weights p*(z) in (32) and (33) by estab-
lishing a heavy-traffic limit for the fitted birth rates in the M;/GI /oo IS model.

10



4 The Many-Server Heavy-Traffic Limit for the Fitted Rates
4.1 MSHT Limit for the Fitted BD Rates

We consider the sequence of periodic My/GI /oo IS queueing models indexed by the average arrival
rate, A, = n, introduced in §2.3, but now we focus on a periodic arrival-rate function, assuming
that the system started empty in the distant past.

We now state our main result. For that purpose, let |z] be the greatest integer less than or
equal to x.

Theorem 4.1 (heavy-traffic limit of the fitted rates) Consider the sequence of My/GI /oo models
indexed by n starting empty in the distant past, where \i(t) is a bounded differentiable periodic
function. Consider a state x such that my'(z) is a finite set and the derivative 1h(t) is well
defined and positive at all times t such that my(t) = x. Then, the fitted birth and death rates satisfy

. Iy Yons=kAn(s)ds [ P(Qn(s) = k)A\u(s)ds

Mi(t) = i -y J 4
7k( ) f()t 1{Qn(s)=k} ds fO P(Qn(s) — k) ds ,k(oo) an ( )
[ Jo HQu(=yk(B1(s)/ma(s)) ds [ P(Qu(s) = k)k(01(s)/mi(s) ds _
nkll) = S o
et Jo Li@u(s)=ty ds - JP(Qu(s) = k) ds Fin (o)
as t — oo. Moreover,
n_an,LnxJ(oo) — Af(ﬂ:) and n_lﬂn,th(OO) - ,uf(:n) 45 T — o0, (36)

for all x such that mi(z) > 0, where M (z) and pf(z) are defined in (32) with pt(z) defined in
(33). In addition,
N ()
W)= S ) @) fm (5 @))). (37)

j=1

Proof. The first expression for A, x(t) in (35) is elementary because the arrival rate depends on
time, but not on the state. The first expression fi, ,(t) in (35) follows from Theorem 2.6 of [6],
which states that, conditional on Q(t) = k, the departure rate at time ¢ is

_ kpEAt—S)] k(1)

Ok (t) = kgrt(0) = FE—50] ~ mD) (38)

The limits in (35) follow from Theorem 2.1, treating the numerators and denominators separately.
For the scaling limits in (36), the main new part of Theorem 4.1, we exploit the fact the @, (¢) has
a Poisson distribution with mean nm;(t) for each ¢t and n > 1, which is asymptotically Gaussian
with that mean and variance. We prove the remaining limit in (36) by establishing limits for the
numerators and denominators on the right in (35) separately. The factor n~! on the left in (36) is
removed by writing A\, (t) = nA;(t) and k = n(k/n) for k = [nz] in the expression for fi, (t). The
denominators are interesting in their own right because they are directly limits for occupation times.
Thus, we establish a MSHT limit for occupation times in a general sequence of M;/GI /oo models
scaled as above in §4.2 below. Given the continuity of the rate functions A;(t) and 61(¢)/m(t),
it suffices to apply the same arguments to the numerator and denominator, so the full proof is
completed in §4.2 below. This logic for the fitted death rates directly leads to the expression (37),
but the two formulas for u/ (z) in (32) and (37) are actually equivalent, because at the times th(z),
we have my (t7*(x)) = x, which makes 61 (t]"(z))/m1(t]"(z)) = 61 (] (x)). =
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4.2 A MSHT Limit for Occupation Times

We now complete the proof of Theorem 4.1 by establishing MSHT limits for the denominators in
(35). The denominators are directly limits for occupation times, for which there is a substantial
literature, e.g., [3], but evidently nothing previously for time-varying models. Thus, we establish
a MSHT limit for occupation times in a general sequence of M;/GI /oo models scaled as above,
without requiring that the arrival-rate function be periodic.

Theorem 4.2 (MSHT occupation time limits) Consider a general sequence of My/GI /oo IS models
with scaling as in §2.3. If my is differentiable at to with mi(ty) = = and 1 (tg) # 0, then for each
u, —o0o < u < +00,

¢ (urna (to)/V'x)

VP (@n(to + (u/v/n)) = [nz]) — NG as  n — oo. (39)

Moreover, there are times t1 and ta such that t; < tg < to with my(t) = x for t € [t1,t2] only at ty.
For any such times,

as mn — 00. (40)

n/ " P(Qu(s) = |nz])ds —

t 1 (to)

We first establish three lemmas used in the proof of Theorem 4.2.

Lemma 4.1 For all real x,

eV (1 + (z/vn))™" = e*  as n— oco. (41)

Proof. Use natural logarithms and the expansion log (1 + z) = z — (22/2) + O(23) as = — 0 to
get

log (V™ (14 (x/v/n)™") = Vnz—nlog(1+ (x/vn))
2 2
= \/ﬁx—\/ﬁ$+%—0(x3/3\/ﬁ) — % as n—oo. m (42)

We use Lemma 4.1 to establish two limits for the Poisson distribution. Let ¢ be the pdf of a
standard N (0,1) Gaussian random variable. Let f(n) ~ g(n) as n — oo mean that f(n)/g(n) — 1
as n — oo. Let X (n) have a Poisson distribution with mean n.

Lemma 4.2 (first Poisson limit) Let X (n) have a Poisson distribution with mean n. For all real
':U)

VnP(X(n) = |n+ayvn]) = é(x) as n— oco. (43)

Proof. Using Stirling’s formula in line 2 and Lemma 4.1 in line 5, we have as n — oo
V2mne "l
([n+avn))!
V2mne Ve
(n + ay/n)rtevie=(ntevn)\ /or(n + xy/n)
V(L ()
~ @V (2/v/n) M1+ () n) T

/2 a5 n o o0, (44)

2mnP(X(n) = |n+xvn]) =

2 .2
e = ¢

which is equivalent to what is claimed. =
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Lemma 4.3 (second Poisson limit) Let X (n) have a Poisson distribution with mean n. For all
real x,

VnP(X(n+zvn)=n) = ¢(x) as n— oo. (45)

Proof. Using Stirling’s formula in line 2 and Lemma 4.1 in line 4, we have as n — oo

V2rne~ V) (n 4 gy /)"
n!
V2rne e ™V (n + x/n)"
e "nh\/2n
~ eV 4 (1/azy/n)" ~ e /2 as n— oo, (46)

which is equivalent to what is claimed. =

V2rnP(X(n +zyn) =n) =

Remark 4.1 (local limit theorem) Lemma 4.2 can also be regarded as a consequence of the local
central limit theorem, because the Poisson random variable X (n) can be represented as the sum of
n ii.d. random variables distributed as X (1); e.g., see [4, 11, 21].

We now complete the proof of Theorem 4.2.

Proof of Theorem 4.2. Let m = nxz. We apply a Taylor expansion of m; about ty, writing
mi(to + (u/v/n)) = mi(to) + urni(to)//n+o(1/y/n) as n — oo. Then, applying Lemma 4.3 in the
last step, we have

ViP(@n(to + (u/v/n)) = [nz]) = VnP(X(n(ma(to) + um\}(_to) +o(1/v/n)) = [nz))

n

P(X(nx + w + o(v/nz)) = |nx])

POx(m -+ Y o) = )
¢ (urny (to)/V/x)

— as m — oo (47)

NE%

and so also as n — oo, justifying (39). For (40), we apply (39). First, we observe that

BH

EE

to to+a//n
n / P(Qu(s) = [nz|)ds = lim n /t P(Qu(s) = |nz]) ds. (48)

t1 a—r 00 o—a/\/ﬁ
Then, by successively making the change of variables s = tg + u/y/n so that ds = du/\/n, v =
umiy (to)/+/z and m = nzx, we obtain

tota/v/n +a
n/t_ o P(Qn(s) = |nx])ds = +/n : P(X (nz + v/nxurmi(to) /v + o(v/n)) = |nx]) du

_ mﬁ) /_:aP(X(nx+mu+o(m)) — [nz]) dv

= [ Pt i+ o) = L)

5 mll(to) _:aqﬁ(v)dv as m—yo0 or m— oo

N m11<t0) as a— oo m (49)



4.3 Aggregate Estimator for Large Scale

Good estimates of the fitted rates j‘n,k and fip 1 from data tends to require a very large amount
of data as the scale n increases. Notice that the probability P(Q,(t) = k) appearing in (35) is at
most of order O(1/4/n) because @, (t) has a Poisson distribution with mean nm;(t) = O(n); see
Theorem 4.2. Thus large samples may be needed to obtain accurate estimations, even for the most
relevant states k, when n is very large.

To address this problem, we propose aggregate estimators of the birth and death rates, and
show that they are asymptotically equivalent to the direct estimators. We do so by showing that
they too converge to the fluid rate functions A/ and pf after scaling. In particular, for large n, we
propose estimating the birth rate by Xn,k ~ )\Zg (mc;n,€) for suitably large m and suitably small e,
where

Jo Y na) <Qut)<nare)} Mn(t) dt

)\ g mc
Jo Yina) <@u)<na+e ) dt

[nz]

(me;n, €) (50)
foreach n > 1, m > 1 and ¢ > 0.

The corresponding aggregate estimator for the death rate is somewhat more complicated. We
would first write

g Joe o mr::J_H L@, =k} k(01 (t)/ma(t)) dt
’u|_n:cJ (mc; n, E) - fmc 1 dt
0 Hlnz]<Qn)<[n(z+e]}

; (51)

which is not so convenient. However, we can bound ﬂ‘[zm | (mc;n,€) above and below by more
convenient estimators, i.e.,

ﬂ‘meLJ (me;n,e) < ﬂffmj (me;nye) < /jme (me;n,e), (52)
where
Jo Yina)z@u<in(ro]y [nz] (01() /ma (t)) dt
Jo Yina)<@u<intere)y dt
Js Ynz)<@n®<ntere) )y Ln(x + €)1 (81(t)/m (1)) dt
Jo Yinal<@uw<intreo)y dt

because |nx] < k < |n(x + €)] in the numerator of (50)

If we let n T oo and then € | 0, then we get the same limits for /Z'Ez’ ] (me;n, €) and ’UL J(mc n,€)
and so for all three. It would be natural to use the two bounds as direct estimators, knowing that
the more precise formulation falls in between.

As before, from Theorem 2.1, we have

,u‘LleLJ (me;n,e) =

and

,u‘[Z;g(mc n,e) =

: (53)

)‘ngJ (me;n,e) — )\szJ(oo;n, €) and ume (me;n,e) — uth(oo;n, €) (54)
as m — oo, where

~ JyP(lna) < Qn(t) < [n(x + €)M (t) dt

49 ooin, € =
A (0511:) fo P[] < Qu(t) < Iz + ) e )
and
P Z,E"(f:;jilm nt) = B) (61 (8) /(1)) dt
M) = e b e 2 GuD 2 e+ Ol (56)

and similarly for the two bounds in (53).
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Theorem 4.3 (MSHT asymptotics for the aggregate estimators) Consider the sequence of periodic
M;/GI /oo models starting empty in the distant past. Consider a state x such that my'(x) is a
finite set and the derivative 1y (t) is well defined and positive at all times t such that m(t) = x.
If first n — oo and then € | 0, then

n_lj\ﬁzﬂ (me;n,e) = M (x)  and n_lﬂﬁzﬂ (me;n,e) — p! (x) (57)
for each m > 1, where M (x) and pf(x) are defined in (32) with pj(z) defined in (33). The same
limit holds for the two bounding death rates in (53).

Proof. We apply Theorem 3.1 of [22] to get the functional weak LLN (FWLLN)

sup {!n_lQn(t) —mi(t)[} =0 as n—oo foreach T, 0<T < cc. (58)
0<t<T

We observe that the floor function is asymptotically negligible as n — oo, so that it can be ignored
in the limit. We then apply the continuous mapping theorem with the integral functional to get the
first limit on n. We use the assumption that the inverse of mq, ml_l(x), is a finite set for each x to
have the set of discontinuities of the indicator function be a finite set. For each t7'(z) € m~1(x), the
limit of [m~'(z +¢) —m~!(z)]/e as € — 0 is the absolute value of the derivative of m~!(x), which is
1/ (] (x))], by virtue of the inverse function theorem. The argument for the two founding fitted
death rates is essentially the same. The limit for ,HCL”Z:C | (mc;n,€) then follows by a sandwiching
argument. m
As usual, let f(n) = o(n) as n — oo mean that f(n)/n — 0 as n — oc.

Corollary 4.1 Under the conditions of Theorems 4.1 and 4.3,

An,nz ) (00) — A9 (|nz|;n,e) =o(n) as n—oo and €lO0. (59)

Remark 4.2 (differentiability) By (10) and (12), a natural sufficient condition to have the func-
tions A1, mq and d; all be bounded and differentiable is simply to have that condition imposed on
A1

Remark 4.3 (conjectured joint limit) The iterated limit in which first n — oo and then € — 0 in
Theorem 4.1 provides theoretical support for the approximation

DT n\ () and U np!(z) when z=k,/n (60)

and n is not too small. We conjecture that there is direct convergence as well when n — oo with
k,/n — x under regularity conditions, but that remains to be shown.

Remark 4.4 (ezponential service) If the service-time distributon is exponential, then we have
pg(x) = px, as we should because 01(t)/mq(t) = p for all ¢.

5 The M;/GI/occ Fluid Model with Sinusoidal Arrival Rate

We start by proving the results in §3.1 and §3.2, in reverse order. We then discuss the relation of
these results to previous results for the M;/M /oo model in [27]. Afterward, we turn to the fitted
fluid input and output rate functions.
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5.1 Proof of the Theorem in §3.2

We use a basic trigonometric identity.

Lemma 5.1 (trigonometric identity) For strictly positive real numbers x and vy,

tan~" (z/y) = cos ™" (y/[z* + y*]71/?) (61)

and
cos (tan~! (z/y)) = S (62)

For more general real numbers x and y that are not both 0, (61) and (62) hold, except for an
ambiguity about the sign.

Proof of Theorem 3.3. First, the formulas in (26) are Theorem 4.1 and Corollary 4.2 of [7],
which are conveniently proved using the complex variables, starting with sin (6) = [¢? — e=%]/2i
and cos (f) = [e" + e7]/2. Then (27) is an elaboration of Theorem 4.3 of [7], which is proved
using the sine and cosine addition formulas. In particular, from (26), using the addition formulas
in lines three and four, along with Lemma 5.1 in line six,

s(t"+t) = Csin(y[t" +t]) — Scos (y[t* +1)]
= C(Csin ;T +tan~! (S/C) + 7t> — Scos (g +tan~! (S/C) + 7t>
= Ccos(tan™! (S/C) + 4t) + S cos (tan~* (S/C) 4 ~t)
= Ccos(tan™!(8/C))cos (vt) — Csin (tan~1 (S/C)) sin (y1)
+Ssin (tan™! (S/C)) cos (yt) + S cos (tan™' (S/C)) sin (1)

COS an_l 2 2
- kol SN

= s(t") cos (yt) = sy cos (1), (63)

where s(t*) = 4+sy if S > 0 and C > 0, as claimed in (27) and (28). =

Remark 5.1 (the sign of C and the location of the first extreme point) If C > 0, then s(t*) > 0
and /2y < t* < mw/~, i.e., the first extreme point occurs in the second quarter cycle. However, if
C < 0, the then the sign of s(t*) is ambiguous, which can be attributed to the location of the first
extreme point after w/2y. For many examples, such as exponential and hyperexponential service
distributions, this anomaly cannot occur, but it can occur, as we illustrate with the deterministic
service distribution in §6.

5.2 Proofs of the Theorems in §3.1
Proof of Theorem 3.1. From Theorem 3.3, (14) and (27), for 2 > 0,

1 C
P(Z<1l42) = —/0 Lisw<(@/py dt

C
v 2/
= 3 Yeos(yt) <(a/Bs0)} at

L v

27 [y
= 5 + %/0 1{005(“/15) <(z/Bsu)} dt
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1 v [w arccos (m/ﬁsU)]
= 4| —
2 w2y Y
= l+l {z—arccos(a:/ﬂs )}
- 27 xl2 v
1 1 .
= 3 +;arcs1n (x/Bsu), (64)

as claimed.

Proof of Theorem 3.2. The limit in (24) follows from Theorem 2.1. The limit in (25) follows
from the limit (40) in Theorem 4.2. That yields

. 2
2mn/v)eq nata)) — NGRS as n — 0o, (65)
where 1 (t) = 5(t), so that
[ (£ +1)] = [B5(¢" +1)| = Bysulsin(vt)] (66)

for t* and sy in (26). because mq(t* + t) = Bsy cos(yt),
7 (14 z) =t"(1 +x) — t* = arccos (x/Bsy)7. (67)

Because sin (arccos (z)) = 1 — 22 for 0 < x < 1 (as can be seen by letting y = arccos (x) and
applying the identity sin? (y) + cos? (y) = 1),
2 2

N e Rl iy vy oy om EABLUSLACE

which is the arcsine pdf on the interval [—(sy, Bsy]. =

(68)

5.3 The M;/M/x Steady-State Distribution with Large Scale

Figures 1 and 2 of [27] show the steady-state pmf and cdf in the periodic M;/M /oo model with the
sinusoidal arrival rate function in (6) for 3 = 10/35 = 0.286, v = 1 and four values of n = X = 10,
35, 100 and 1000. We are especially interested in the large-scale case with n = A = 1000.

Figure 2 here repeats part of Figure 1 of [27] showing the pmf for n = A = 1000 and three values
of vy =1/8, 1 and 8. For 7 = 8, we see the approximately Gaussian form characteristic of small
scale, but as v decreases we see the arcsine form. The high values of the density at the extremes
can be understood by observing that they occur where the derivative of m(t) is 0, and so changes
relatively slowly.

In contrast, Figure 2 of [27] shows that the cdf is actually quite close to piecewise-linear, if not
exactly piecewise-linear. That apparent inconsistency can be resolved by increasing the horizontal
scale, as we do below in Figure 3. Figure 3 shows that the limiting cdf is not actually linear
for A = 1000. Nevertheless, we see that the cdf view in Figure 3 shows that it is reasonable
to regard the steady-state distribution of mq () as being approximately uniform over the interval

[1 — ,BSU, 1 + BSU].
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Figure 2: The steady-state pmf in the M;/M /oo model with the sinusoidal arrival rate function in
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(6) for A = 1000 B = 10/35 = 0.286 and three values of y: 1/8, 1 and 8.
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Figure 3: The cdf of the scaled steady-state random variable Z,, in the M;/M /oo model with the
sinusoidal arrival rate function in (6) for 8 = 10/35 = 0.286, v = 1 and four values of n = A = 10,
35, 100 and 1000.

5.4 The Fitted Fluid Input and Output Rate Functions

Let A and pf be the associated fitted fluid input and output rate functions. Paralleling our use
of s(t) in §3.2 to study the mean function m(t), we introduce associated scaled fluid input rate
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function \* and p*, defined by

Ny) =N (1+8y) —1]/8 for —sy<y<sy. (69)

By (27), the fluid rate function satisfies

Mma(t* +1) = Mt +1) + M —1)]/2 (70)
Hence, we have
A (s(t" + 1)) = [sin (y(t* +t)) + sin (y(t* —t))]/2 (71)
for s(t) in §3.2 and
M(my(t* +1) =1+ BN(s(t* +1)) forall t. (72)

We define the associated scaled fluid output rate p® based on pf, defined as in (69), where p/ is
defined just as A/ in (70) using & () = E[A1(t — S)] in (12) instead of \y; i.e.,

pi(s(t™ +t)) = Efsin (y(t* =S +1t)) +sin (y(t* — 5 —1))]/2. (73)

The extra expectation in (73) makes the algebra more complicated.

To work with the death rates, we need to relate the trigonometric integrals Elsin (7.S)] and
E[cos (vS)] to their counterparts S and C with S replaced by S.. We use an elementary trigono-
metric identity connecting S and S,.

Lemma 5.2 (trigonometric identity for S and S.) For any nonnegative random variable S with
mean E[S] =1 and any real number ~ > 0,

El[sin (7S)] = vE[cos (vSe)] =79C and Elcos (yS)] =1—~S. (74)

Hence, if E[cos (vS)] # 1, then S > 0.
Proof. Apply integration by parts, e.g.,
Plin(15)] = [ sin(10)g(o) do
= snOC@FE - [ @) esbadr=sc. w (1)

Theorem 5.1 (the scaled fitted fluid rates) Consider the M;/GI /oo fluid model with E[S] = 1
and the sinusoidal arrival rate function Ay in (6), where we start empty in the distant past. As in
Theorem 3.3, assume that neither S nor C is 0. That implies that s(t) is not identically 0 and that
the mean function m(t) is not a constant function. For t* in (26), the associated scaled fitted fluid
mput and output rates satisfy

N (s(t* + 1)) = p®(s(t* +1)) = cos (tan™! (S/C)) cos (yt) = <\/%4—C2> cos (7t), (76)
so that
N (s(t" +1) = p’(s(t™ +1) = p’(s(t" —t)) = A(s(t* —t)) forall t. (77)
As a consequence, M (x) = pf (x) is a linear function of x, i.e.,
M@)=pl(@)=1+C@—1) for 1—fsy <z<1+Psu (78)
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for sy = V8% +C? as in (26), where
cos (tan~' (§/C))  C

Sy n 82 + C2 '
In general, the signs of s(t*) = cos (tan™!(S/C)) in (76) and C(v) in (79) are ambiguous, but
if § > 0 and C > 0, then both are positive, so that \*(s(t* +t)) and \*(s(t* —t)) are decreasing
functions of t in the interval [0,7 /7], and X (x) is an increasing function of x over [1—Bsy, 1+ Bsy].

C(v)

(79)

Proof. We apply the symmetry of the function s(¢) about t* as shown in (27). For (76), we apply
(71), using the trigonometric sum and difference formulas in the third and fourth lines, to get

NS ) = [sin (1t + 1) +sin ({2 — 1))]/2
= [sin((7/2) +tan"' (S/C) + ~t) +sin ((7/2) + tan~* (S/C) — ~t)]/2
= [cos (tan~! (S/C) + ~t) + cos (tan™* (S/C) — ~t)] /2
= cos (tan"' (S/C)) cos (yt), (80)
where cos (tan~! (§/C)) is given in (62). Similarly, using (12),
pi(s(t" +t)) = Elsin(y(t*—S+t))+sin(y(t*—S5—1t))]/2
= E[sin((7/2) +tan™" (S/C) — vS + 4t) + sin ((7/2) + tan~' (S/C) — ~vS — 41)]/2
= E[cos (tan~! (§/C) — S 4 ~t) + cos (tan! (S/C) — S — ~t)] /2
= E[cos (tan™! (§/C)) — 7S] cos (7t), (81)
where, by applying Lemma 5.2 in the last step,
p¥(s(t")) = Elcos(tan™" (S/C)) — 5]
= cos (tan~! (S/C))E[cos(yS)] + sin (tan! (S/C)) Esin (vS)]
= cos (tan~! (S/C))E[cos(yS)] + (S/C)E[sin(yS)]
(
(

)
) (Bleostrs) + (5) EtsinG9))
S/C)). = (82)

1

(
= cos (tan~
( 1

)
S§/C)
= cos (tan™ )

6 Fluid Model for the M;/D /oo Model

To illustrate the ambiguities about the sign of S and C in (76) and (79) and in the trigonometric
function in Lemma 5.1, we carefully treat the special case of a deterministic (D) service-time
distribution, amplifying §6 of [7]. In the process, we show that the bounds in Corollary 4.1 of [6]
are attained asymptotically. We also show that the fitted fluid input and output rate functions can
be decreasing functions of the state. (We have verified that this property occurs in simulations of
M;/D /oo queues.)

Let the cumulative arrival rate function associated with a general arrival rate function be A(¢),
starting from time 0, be

A(t)z/o A(s) ds. (83)

With D service times having value 1,
t

m(t)=A{t) —At—1)= | As)ds. (34)

t—1



Let D(t) be the cumulative output by time ¢, starting from time 0, and let §(¢) be the departure
rate function. Clearly,
D(t)=A(t—1) and 0(t) =\t —1). (85)

In the special case of sinusoidal arrival rate function in (6), starting out empty in the distant
past, we can carry out the integration in (83) and (84) to get

A(t) = A(t+ (B/7)(1 = cos (11))) (86)
and
m(t) = A (1+ (8/7)(cos (v(t — 1)) — cos (1)) . (87)
Let B
s(t) = (m(t) — A)/B. (88)

Theorem 6.1 (the mean function with D service) Consider the My/D /oo model with sinusoidal
arrival rate function in (6), starting empty in the distant past, where the service times are of length
1. Let

t*

t*(7) = (n/27) +1/2 and sy = sy(y) = (2/7)(sin(v/2)). (89)
Then
s(t* £ t) = sy cos (7). (90)

Hence, all extreme points of m(t) are attained at the points t*+ (km/v) for integers k and the values
of these extreme points are m(t*) = X (1 + Bsy).

Proof. It suffices to apply (87) and (88) to directly calculate (90). We use the standard trigono-
metric sum and difference formulas in the second and third lines to write

s(t"+1t) = (1/y)[cos (v((7/27) — (1/2) + 1)) — cos (v((7/27) + (1/2) +1))]
(1/7)[sin ((v/2) = 1)) +sin ((v/2) +1))]
= (2/7)sin (v/2) cos (yt) = sy cos (7). (91)

Since cos is an even function, bounded above by 1, with the maximum attained at time 0, the
stated properties of m(t) as a function of ¢ follow.

We remark that it is also possible to apply Corollary 4.2 of [7]. To do so, we first observe
that E[cos (vSe)] = sin(v)/v and E[sin (ySe)] = (1 — cos(7))/v. Then we observe that sin () =
2sin (7/2) cos (v/2) and 1 — cos () = 2(1 — cos (v/2)?) = 2sin (y/2)®. Combining these, we see
that E[sin (7Se)]/E[cos (7Se)] = tan (7/2), so that t* = t) + 1/2, as can be calculated directly in
this case with D service. We can also apply the same trigonometric relations with Corollary 4.2 of
[7] to show that (E[cos (vS.)]? + E[sin (vS.)]?)"/? = 2sin (v/2) /7. =

Corollary 6.1 (more for the mean function with D service) Consider the setting of Theorem 6.1.
For 0 < v < 2w, m(t* £t) is a strictly decreasing function of t over the interval [0,7/v], so that
m(t) attains its maximum

my = A (14 Bsy) (92)

U
at time t*, where t* and sy are defined in (89), while m(t* £1t) is a strictly increasing function of
t over the interval [w/v,27/v], so that m(t) attains its minimum

myp = 5\ (1 — ,BSU) (93)
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at time t* + (7 /). In addition,
my(y) = A1+ 6) and mp(y) = A1 —-8) as v—0, (94)

while B B
my(y) = A and mp(y) > A as 7y — oc. (95)

However, for 2w < v < 4w, sin(y/2) < 0, so that m(t* £t) is a strictly increasing function
of t over the interval [0, /7], so that m(t) attains its mazimum my in (92) at time t* + (w/7v) =
(3m/7) + 1/2, while m(t* +t) is a strictly decreasing function of t over the interval [w/v,2m/v], so
that m(t) attains its minimum mpy, in (93) at time t* + (27 /7) and at time t*.

Proof. These subsequent results depend on the behavior of sin(y/2) and cos (vt) in (92) and (89).
First, sin (7/2) is nonnegative for 0 < v < 27. Then cos () is a strictly decreasing function of ¢
on [0,7/~]. For the limits in (94), we use the asymptotic expression sin(z)/z — 1 asxz — 0. =

We see anomalous behavior in the mean when the D service time is an integer multiple of a full
cycle.

Corollary 6.2 (full-cycle service times) Consider the setting of Theorem 6.1, where the mean
service time is exactly one full cycle, i.e., 1 = 2mw /v, or an integer multiple. Then

m(t) =my =X\ forall t. (96)

Proof. Apply (87). =
However, if we exclude the case in Corollary 6.2, then m has a well defined inverse on a subin-
terval of the real line.

Corollary 6.3 (inverse of the mean function) Consider the setting of Theorem 6.1, where the mean
service time is not an integer multiple of a full cycle, i.e., we do not have 1 = 2kw /v for some
integer k. Then m is a strictly monotone function on the interval [t* — (7/7),t*] and so has a well
defined inverse m~' on the interval [N(1 — sy), \(1 + sy)], where t* and sy are defined in (89). In
particular,

m Y (z) =t" + %arccos (/X)) = 1)/sy)  for M1 —PBsy) <z <A1+ Bsy). (97)

Proof. Apply (90) to construct the inverse directly. To verify, observe that m='(m(t* +t) =
tH) 1t m

We now turn to the fluid limit. Let A/ and uf be the associated fitted fluid input and output
rate functions. Let )\{] and )\£ be the corresponding maximum and minimum of the fitted fluid
input rate function A and similarly for /.

Theorem 6.2 (the fitted fluid rates) Consider the M;/D /oo model in the setting of Theorem 6.1,
where the mean service time is not an integer multiple of a full cycle 27 /7, so that m(t) is not a
constant function. For t* in (89), the associated fitted fluid input and output rates satisfy

At +1t) + At —1)

N (my(# + ) = ! (ma( + 1)) = =

— 14 Bleos (v/2) cos (1)) (98)
As a consequence,

M@)=pl(z)=14+Cy)(w—1) for 1-Bsy<a<1+Bsy (99)
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for sy in (89), where
C(y) = B(v/2) cot (v/2), (100)

which is a strictly decreasing function of v on [0, 7] satisfying C'(0) = 8 and C(7) = 0. Hence, for
0 <~y <, we have 0 < C(v) < 1, so that M is not the identity function.

Proof. We apply the symmetry of the function m(t) about t*, as shown in Theorem 4.3 of [7] or
directly above in (90). For (98), we apply (27), using the trigonometric sum and difference formulas
in the fourth and fifth lines, to get

Mmi(t*+1) = [ME +1) + Mt —1)]/2
= 1+ (8/2)[sin (v((7/27) + (1/2) + 1)) + sin (y((7/27) + (1/2) = 1))]
= 1+ (8/2)[sin ((7/2) + (v/2) +t)) + sin ((7/2) + (v/2) — 71))]
= 1+ (B/2)[cos ((7/2) +~t) + cos ((7/2) — 71)]
= 14 Blcos (v/2) cos (v1)] (101)
and
p(mi(t*+1) = [t +t)+6(t —8)]/2=[M{t" —1+t) + M\t —1—1)]/2

= 14 (8/2)sin (v((7/27) = (1/2) + 1)) +sin (v((7/2y) — (1/2) = 1))]

= 1+(8/2)[sin ((7/2) = (v/2) +7t)) +sin ((7/2) — (v/2) = 7t))]

= 1+ (B/2)[cos ((=7/2) + 1) + cos ((—7/2) —t)] (102)
= 14 Blcos (—7/2) cos (yt)] = 1 + Blcos (7/2) cos (yt)] = M (my (ty, +1). =
(

Then we apply (98) to observe that A\ () = A (my(t* +t)) when m,(t* 4 t) = z or, equivalently,
when m~!(z) = t* +t, so that t = m~1(z) — t*. Hence, we can apply (97) to get

M(z) = 14 Bleos (v/2) cos (y(m™" (x) — t)))

= 1+ fcos(v/2)(z —1)/sv, (103)
which reduces to (99). =

Corollary 6.4 (more for the fitted fluid rate functions) In the setting of Theorem 6.2, there are
four different cases for 0 < v < 4w, depending on whether v belongs to one of the four subintervals:
(1) (0,7), (i) (m,27), (iii) (27,37) or (iv) (3w, 47), leading to M = p/ being a strictly increasing

(decreasing) function in cases (i) and (iit) ((ii) and (iv)). In particular,
(1) If 0 <y < m, then M (mq (t* +1)) is a strictly decreasing function of t on the interval [0, 7 /7]
attaining its maximum of 1+ B(cos (v/2) at time t = 0, and its minimum of 1 — B(cos (y/2) at time

m/v. Since mi(t* +1) is also a strictly decreasing function of t on the interval [0, /7] in this case,
M = ul is strictly increasing on [mp/\, my /N and

MNo(y) = pdi(7) =M (") =1+ Beos (v/2) and X(v) =1~ Beos (v/2). (104)
Moreover,
M) =pl(v) > 1+ 8 and M(y)=pl(7) > 1-8 as v—0. (105)

(i1) However, if # < v < 2, then M (mq(t* +t)) is a strictly increasing function of t on the
interval [0, /7] attaining its mazimum of 1 — B(cos (v/2) > 1 at time t = 7wy, and its minimum of
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1+ B(cos (v/2) < 1 at time t = 0. Since mq(t* +1) is still a strictly decreasing function of t on the
interval [0, /7], in this case M = pt is strictly decreasing on [mg /X, my /N and

N (1) = i (3) = M (tm) =1 = Beos (v/2) and M (y) =1+ Bcos(y/2).  (106)

(#31) If 21 < v < 3w, then M (mq(t* + 1)) is a strictly increasing function of t on the interval
[0,7/7], but now mq(t*+1t) is also a strictly increasing function of t on the interval [0, 7/~]. Hence,
just as in case (i), M = pf is strictly increasing on [mr /X, my /.

(iv) If 3m < y < 4, then M (mq(t* +t)) is a strictly decreasing function of t on the interval
[0,7/7], just as in case (i), but now mq(t* +1t) is a strictly decreasing function of t on the interval
[0,7/7]. Hence, just as in case (ii), N = pu/ is strictly decreasing on [mr, /X, my /).

Proof. We observe that cos (y/2) > 0 in cases (i) and (ii), whereas cos (y/2) < 0 in cases (ii)
and (iii). The overall complexity occurs because the cases for mq(t* 4 t) and M (mq(t* + t)) are
different. =

Corollary 6.5 (half-cycle service times) Consider the My/D /oo model with sinusoidal arrival rate
function in (6), starting empty in the distant past, where the mean service time is exactly one half
cycle, i.e., 1 =7 /~. Then

M@)=pl(x)=1 forall z. (107)

Proof. Apply (98). =

7 Exponential Service and Relatives

Most results for the case of exponential service are given in §5 of [7]. We see that the fitted fluid
input and output rate functions are especially nice in this case.

Corollary 7.1 (M service) In addition to the assumptions of §5, suppose that the service-time
distribution is exponential (M) with E[S] = 1. Then S, is distributed as S, C = 1/(1++2) > 0 and
S =7/(1+~%) >0 for all v > 0. Thus, sy = 1/\/1+~2 and C(y) = 1, so that N = pu/ is the
identity function, i.e.,

M@y =p/(@)=x foral z, 1—P8sy<z<1+fsy. (108)

Some of the nice structure for M service carries over to Hy service, i.e., a mixture of k expo-
nential cdf’s. Let the mean-1 service time S have an Hj, cdf, so that

k
G(x)=1—-G(x) = Zpie_“””, x>0, (109)
i=1
where
k k
> pi=1 and > pi/pi=E[S]=1. (110)
i=1 i=1
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Corollary 7.2 (Hj service) In addition to the assumptions of §5, suppose that the service-time
distribution is hypexponential (Hy) with E[S] = 1 as in (109) and (110). Then S. has an Hy
distribution with

k k
P(S.>x) = Zqie_‘“m, x>0, where q;=pi/u; and Zqi =1. (111)
i=1 =1

Consequently, for all v > 0,

k k

S g ! (o y
0<C= - < and 0<S8= ; < . 112
ST G/ T T I e e e

Hence, letting sy,qr denoting sy as a function of the mean-1 service-time distribution,

suH, < SUM- (113)

For all non-M Hj, distributions, M is an increasing function, but not equal to the identity function.

Proof. First, (111) follows immediately from (109) and the definition of S.

8 Local Balance with Large Scale

We have developed the fluid limits and associated fluid approximations for the birth-rate and death-
rate functions in periodic M;/GI /oo queues in order to have convenient analytical expressions to
serve as diagnostic tools to see if a periodic M;/G1 /oo model might be appropriate in an application.
The various analytical results here and in [5, 6] contribute to our diagnostic toolkit. They provide
established structure of fitted birth-rate and death-rate functions in classes of models that can serve
as reference points when we look at data, as in the ED example in §1.4.

While we have been successful in this objective, we also see something anomalous in our asymp-
totic results, which might be regarded as another example of a failure for two iterated limits in
different order to be equal, as in the [16]. In particular, from Corollary 7.1, we see that we cannot
apply the local balance equation (3) to obtain the limiting steady-state pmf from the large scale
approximations of the fitted BD rates. For example, the natural approximating fitted birth and
death rates with large scale for the M;/M /oo model based on Theorems 4.1 and 5.1 plus Corollary
7.1 are

/\an = )\n,k =k, n(l — ﬂSU) <k< n(l + 58(])
This BD process on the interval [n(1 — Bsy),n(1 + Bsy)] has steady-state pmf
n(1+8su)
Qnn(1-gsu)rk =Tnk/ D Tng 0<k<2nBsy,
j=n(1-Bsy)
where, by telescoping products,

Hn(l—BsU)—i-k—l

Tk = jTln(lﬁ_B;]-I)f ni _ n(l—fsy) ‘
szn(l—%sU)_H Hn,j n(l—Bsy) +k

We thus, see that 7, ;, decreases from just below 1 at k = n(1— fsy)+1 to (1 —Bsy)/(1+ Bsy) at
kE =n(1l+ Bsy) — 1. Thus o, is decreasing, approximately linearly. Clearly, this distribution is
not the arcsine pdf appearing in Theorem 3.2. Since this was not our objective, we do not consider
this to be a serious defect. Nevertheless, it leaves open the question of whether there is not a more
refined scaling, as for diffusion process limits, that provides a more unified revealing story.
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9 Conclusions

In this paper we established heavy-traffic fluid limits for the periodic M;/GI/oo model, which
provide convenient explicit formulas for the approximate birth-rate and death-rate functions to
help diagnose whether a periodic M;/GI/oo model might be appropriate in an application. We
would make that judgment by comparing the birth-rate and death-rate functions fitted to the
system data to the analytical forms that we have shown are appropriate for the M;/GI /oo model.
The entire process is illustrated by the emergency department example in §1.4. An extensive
examination of the data from that application in [28] presents strong evidence that an M;/GI /oo
model is appropriate except that the service-time distribution is strongly time-dependent. This
paper allows us to anticipate the inadequacy of the M;/GI /oo model in that application.

In this paper we established many-server heavy-traffic fluid limits for the steady-state dis-
tribution and the fitted birth and death rates in periodic M;/GI/oo models. The simple fluid
approximation for the steady-state cdf in §3 should serve as a useful approxiation. Theorems 3.1
and 3.2 expose the simple arcsine limit for sinusoidal arrival rates.

Theorem 4.1 establishes many-server heavy-traffic (MSHT) limits for the fitted birth and death
rates in general periodic M;/GI/oco queueing models. Since the estimation tends to require a
great amount of data when the scale increases, we also proposed alternative aggregate estimators.
Theorem 4.3 shows that these aggregate estimators also converge to the same limits after scaling.

We also obtained stronger explicit results for the special case of sinusoidal arrival-rate functions.
Theorem 6.2 shows that the limiting fitted birth and death rates are equal and linear over a finite
interval, with these being the restriction of the identity function if and only if the service-time
distribution is exponential. Formula (78) shows that the linear functions for different service-time
distributions coincide at the overall average arrival rate. An explicit expression for the slope is
given in (79).

In §7 we gave explicit formulas for the fitted rates with exponential and hyperexponential
service-time distributions. In these cases, the limiting fitted rates are always strictly increasing,
but that is not the case for all service-time distributions. In §6 we carefully analyzed the case of
deterministic service times, exposing unusual behavior; e.g., we showed that the limiting fitted rate
functions are actually decreasing for some cases of long service times.

In §8 we observed that the steady-state distribution of the fitted BD process using the asymp-
totic rates does not necessarily coincide with the many-server heavy-traffic limit of the steady-state
distributions. This limit-interchange problem does not affect the use of the fitted rates as a di-
agnostic tool, but it raises the question of whether there might be additional limits in a more
revealing refined heavy-traffic scaling, as for diffusion process limits. That remains a topic for
future research. There are many other directions for future research, e.g., It remains to establish
corresponding results for the periodic finite-capacity M;/GI/s model and other models.
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