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Abstract

A new algorithm is developed for calculating normalization constants (partition functions)
and moments of product-form steady-state distributions of closed queueing networks and related
models. The essential idea is to numerically invert the generating function of the normalization
constant and related generating functions appearing in expressions for the moments. It is known
that the generating function of the normalization constant often has a remarkably simple form, but
numerical inversion evidently has not been considered before. For p-dimensional transforms, as
occur with queueing networks having p closed chains, the algorithm recursively performs p one-
dimensional inversions. The required computation grows exponentialy in the dimension, but the
dimension can often be reduced by exploiting conditional decomposition based on special
structure. For large populations, the inversion algorithm is made more efficient by computing
large sums using Euler summation. The inversion algorithm also has a very low storage
requirement. A key ingredient in the inversion algorithm is scaling. An effective static scaling is
developed for multichain closed queueing networks with only single-server and (optionally)
infinite-server queues. An important feature of the inversion algorithm is a self-contained

accuracy check, which allows the results to be verified in the absence of aternative algorithms.

Key words and phrases. performance analysis, closed queueing networks, product-form model,
normalization constant, partition function, generating function, numerical transform inversion,

scaling, dimension reduction, Euler summation.



1. Introduction

For over twenty years, closed queueing networks and related product-form models have
played a mgjor role in the performance analysis of computer systems, communication networks
and other complex systems [5,14,19,28,38]. The success of these models has largely been due to
the excdlent algorithms for computing the steady-state performance measures that have been
developed, such as the convolution agorithm [6,35], the mean value analysis (MVA)
algorithm [36], the tree convolution algorithm [27], the recursion by chain algorithm (RECAL)
[12,13], the mean value anaysis by chain (MVAC) algorithm [15] and the distribution analysis

by chain (DAC) agorithm [37]; see[5,14,28] for an overview.

While these algorithms for closed queueing networks have significant differences, they can all
be related by their common recursive approach [14]. These algorithms have been very successful,
but they do encounter difficulties when the model becomes large in one way or another, e.g., have
many chains, many queues or large populations. Thus, specia approaches for analyzing large
closed networks also have been developed, such as the agorithm PANACEA based on
asymptotic expansions of integral representations [30-33]. Other asymptotic methods for large

models have also been developed [4,21,24,25].

In this paper we propose a radically different algorithm for calculating the performance
measures of closed queueing networks and related product-form models, which we believe
usefully complements existing algorithms, because it applies to both large and small models. In
contrast to the recursive approach of the non-asymptotic algorithms above, we directly calculate
the difficult normalization constant or partition function at a desired argument (total population
vector) by numerically inverting the generating function of the normalization constant.
Moreover, we directly calculate mean gqueue lengths by performing only two inversions. One

consequence of this direct approach isavery low storage requirement.



To show that our algorithm can usefully complement existing algorithms, we solve some
challenging examples. For instance, Example 4 has 1000 queues, 4000 jobs and 11 closed chains
with the product of the chain populations being more than 10%°. This example was solved in less
than a minute by our algorithm on a SUN SPARC-2 workstation. Some models of this size can
also be handled nicely by the asymptotic approaches in [21,30], but we do not need to have any
infinite-server queues or be in the normal usage regime as required by [30], and we do not need to
have all chain populations be large asin [21]. Moreover, we do not need to revert back to one of

the other algorithms when the model is small.

We now describe the general class of probability distributions that we consider. Here we do
this abstractly; in Section 4 below we will consider a special class of closed queueing networks.
Now let the state variable be ajob vector n = (nq, ..., ny); n; isthe number of jobs of type I;
n, might be the number of customers of a particular class at a particular queue. Let there be a
specified population vector K = (K, ..., Kp); K; isthe population of chain j, a fixed quantity
specified as part of the model data. The state space is the set of allowable job vectors, which
depends on K and is denoted by S(K). In this setting, the probability distributions that we

consider have theform

p(n) = g(K)™* f(n), (1.1)
where
g(K) = 3 f(n) (1.2)
ndS(K)

and f is a (known) nonnegative real-valued function on the L-fold product of the nonnegative
L
integers. (For example, we might havef(n) = II:I1f|(n|)withf|(n|) = p/".) Thetermg(K)in

(1.1) and (1.2) is called the normalization constant or the partition function. For the closed

gueueing network models we will consider (and many other models), the state space has the



specia form

S(K) ={nm 20, >¥n =K;,1<]j<p} (1.3
10c

for special setsC;, 1 < j < p.

Given a probability distribution as in (1.1), where the function f is relatively tractable, the
major complication is determining the normalization constant g(K). In this setting, the
convolution algorithm calculates g(K) by expressing it in terms of values g(K') where K’ < K
(i.e, Kj < K, foradll and K| < K, for at least onel) [5,14,28]. Other existing non-asymptotic

algorithms proceed in asimilar recursive manner. See[14] for aunified view.

In contrast, we calculate g(K ) by numerically inverting its generating function
0 p K
G(z)= Y ... Y agK)nzg’ 1.4

wherez = (z4, ..., Zp) isavector of complex variables. To quickly see the potentia advantage

of this approach, note that we can calculate g(K) for one vector K without calculating g(K") for

p
al the _I'IlK j nonnegative vectors K" less than or equal to K.
J =

There are two obvious requirements for carrying out our program. First, we need to be able to
compute the generating function values in (1.4) and, second, we need to be able to perform the
numerical inversion. The first requirement often turns out to be surprisingly easy, because the
generating function of a normalization constant often has a remarkably simple form. This has
long been known in statistical mechanics. In that context, the normalization constant is usually
referred to as the partition function and its generating function is referred to as the grand partition
function; e.g., see pp. 213 and 347 of Reif [34]. For the specia case of multi-chain closed
gueueing networks, with only single-server and infinite-server queues, the generating function is

displayed quite compactly in (4.4) below. Generating functions of other queueing network



models (e.g., involving load-dependent servers) are given in Bertozzi and McKenna[3]. They are
not quite so nice as the subclass we consider here, but they tend to be tractable. See [7] for

generating functions of other product-form models.

Generating functions of normalization constants have not been used much to study closed
gueueing networks, but they have been used. Indeed, Reiser and Kobayashi [36] used generating
functions to derive their convolution algorithm for the normalization constants in multi-chain
networks. Another early use of generating functions is by Williams and Bhandiwad [39]. Kelly
[19] also briefly discusses generating functions. More recently, in the tradition of the statistical
mechanics, generating functions have been used to do asymptotics by Birman, Ferguson and
Kogan [4], Kogan [24] and Kogan and Birman [25]. Gordon [16] and Bertozzi and McKenna[3]
have also recently used the generating functions to derive closed-form expressions for the
normalization constant by applying Cauchy’s theorem and the theory of residues. This extends
the classical closed-form expression for the normalization constant in a single-chain network with
only distinct single-server queues due to Koenigsberg [17,22,23]. In addition to deriving
important new expressions for the single-chain case, Bertozzi and McKenna also consider the
relatively complicated multidimensional case (with restrictions). They aso provide a nice

overview of the generating function structure of closed queueing networks.

To numericaly invert the generating function of the normalization constant, we apply a
Fourier-series method [1]. In particular, we recursively apply the lattice-Poisson numerical
inversion algorithm for one-dimensional generating functions in Abate and Whitt [1,2] and
Choudhury, Lucantoni and Whitt [9] p times to treat a p-dimensional generating function. (For a
closed queueing network, the dimension p is equal to the number of closed chains.) Asnoted in
[9], the one-dimensional agorithm applies to complex-valued functions as well as real-valued

functions, so such arecursive procedure is possible.



Unfortunately, however, the numerical inversion here is not routine. The previous numerical
inversion agorithms in [1,2,9] focused on calculating probability distributions. Since
probabilities are bounded between 0 and 1, it is much easier to develop an effective algorithm
(control the numerical errors) to compute probabilities. In sharp contrast, the normalization
constants g(K) depend on the vector argument K in a relatively complicated way and may be
very small or very large. We address this problem here by introducing appropriate scaling, see
(2.10) below. The scaling here parallels the previous use of scaling in the agorithm of
Choudhury and Lucantoni [8] to compute high-order moments of probability distributions and in
the convolution algorithm, see Lam [26] and p. 132 of [28]. However, unlike [8,26], the scaling
here is static rather than dynamic, i.e., determined prior to the main computation. As aresult, the
implementation of our approach can be simpler than that of dynamic scaling. In addition,
computation of the scale parameters is insignificant compared to the remaining computation.
Another difference with [26] is that the scaling there is used to keep the intermediate and final
partition functions within the range of floating point computation. In contrast, our main goal in
scaling is to control the aliasing error in the inversion. (See (2.4) and (2.12) below.) Of course
we also take steps to ensure that no difficulty arises due to numbers getting outside the range of
floating point computation. Typically, small problems can be solved without scaling, but scaling

becomes necessary as the model becomes large.

Our general approach is applicable to alarge class of product-form models, but in this paper
we only develop a detailed scaling algorithm for a subclass of closed queueing networks (i.e.,
ones with only single-server and (optionally) infinite-server queues; see Sections4 and 5). The
procedure here applies directly to this subclass of models and illustrates what can be done by
similar methods for other classes of models. Indeed, in [7] we report on a different scaling
algorithm to calculate normalization constants by numerical inversion in resource-sharing models

asin Kaufman [18] and circuit-switched communication network models asin Kelly [20].



The computational requirement of our algorithm grows exponentialy in the dimension of the
generating function. Since the dimension of the generating function is the number of closed
chains, the computational requirement grows exponentially in the number of closed chains, just as
for the convolution algorithm. (See Section 2.5 for a discussion of computational complexity.)
However, we show that this difficulty can often be circumvented by appropriate dimension
reduction based on model structure. Indeed, acritical step in solving the 11-dimensional example
mentioned at the outset is reducing the dimension from 11 to 2. Given this dimension reduction
to 2, the original dimension could just as well be 100 or even 1000 instead of 11. Our experience
with large models indicates that they often have such special structure, so that dramatic dimension

reduction may be the rule rather than the exception in applications.

It turns out that, conceptually, our dimension reduction scheme parallels the dimension
reduction achieved with the convolution algorithm using the tree convolution agorithm of Lam
and Lien [27], even though the actual algorithms are quite different. The dimension reduction is
perhaps easier to understand with generating functions, because convolution of normalization
constants corresponds simply to multiplication of their generating functions, and multiplication is

inherently a more elementary operation than convolution.

Another important way that we gain computational efficiency is by using Euler summation to
compute large sums, just as is done for Laplace transforms in [1,9]. (Other acceleration
techniques could be used as well [40].) Unlike the inversion formula for Laplace transforms
[1,9], the inversion formula for a generating function is afinite sum [1,2]. Hence, here we do not
face the problem of calculating an infinite series. However, the size of the finite series is directly
proportional to the desired function argument (here a chain population). When this is large, it
may be possible to greatly reduce the computation by employing a summation acceleration
method. For this purpose, we use Euler summation. For example, with acceleration the

computation for a population of 100,000 or more may require a sum of fewer than 100 terms.



Since saving is possible for each dimension (chain), the total saving grows geometrically with the
number of chains. In this way the inversion algorithm is able to exploit the special structure of
large populations, much as the asymptotic methods do. (See Section 2.4 for more details.)
Without using acceleration techniques, the computational complexity of our inversion algorithm
is essentially the same as for the tree convolution algorithm [27], but the acceleration techniques
enable us to do better with large chain populations. There also is a much smaller storage

requirement with the inversion algorithm (see Section 2.5).

In this paper we propose both a genera algorithm for a large class of problems (Sections 2
and 3) and a specific algorithm for an important subclass of problems, the multi-chain closed
gueueing networks with only single-server and (optionally) infinite-server queues (Sections 4-6).
The specific algorithm should usually perform as a black box (give proper answers for any
specified model parameters without any adjustments or ‘‘tuning’’ of algorithm parameters),
whereas the general algorithm requires tuning in the choice of algorithm parameters, e.g., scaling

and the use of Euler summation.

A major part of the inversion algorithm involves error control. There are always two sources
of error: aiasing error and roundoff error. In addition, if Euler summation is used to compute
large sums, a third source of error, truncation error, is also introduced (note that we do not do
pure truncation). Sections2.1, 2.2 and 2.4 below explain these errors and the techniques for
controlling them. We do not have a simple expression for the fina error but we do provide a
good practical procedure for determining it. This is done by performing two different
computations based on different parameters. Since the inversion involves entirely different
contours in the complex plane for different algorithm parameters, the accuracy can usually be
seen from the number of places where these computations agree. We also provide means to

improve the accuracy if it turns out to be inadequate.



Here is how the rest of this paper is organized. In Section 2 we describe the basic numerical
inversion algorithm for computing the normalization constant g(K) in (1.2) given the generating
function G(z) in (1.4). In Section 3 we discuss dimension reduction. In Section 4 we consider
the special class of closed queueing network models with only single-server and (optionally)
infinite-server queues. In Section 5 we develop our scaling algorithm for this class of models. In
Section 6 we indicate how to calculate mean queue lengths and higher moments directly by
performing only two numerical inversions. We give a concise summary of the algorithm in
Section 7. Then we present illustrative numerical examples in Section 8. Finally, we draw
conclusions in Section 9. For an overview of other recent applications of numerical inversion to

performance analysis models, see [11].

2. TheBasic Inversion Algorithm

Let g(K) be the p-dimensiona partition function in (1.2) and let G(z) be its p-dimensional
generating function in (1.4). We can invert G(z) by a direct p-dimensional inversion as in
Choudhury, Lucantoni and Whitt [9] or by recursively performing p one-dimensional inversions.
(In general, a p-dimensional inversion can be done in such a recursive manner [9].) We use the

recursive approach because it seems easier to handle the scaling and dimension reduction with it.
2.1 TheRecursiveAlgorithm

To represent the recursive inversion, we define partial generating functions by

00z Kjn) = 3

00 j
- 3 g(K)[1z" for 0<j<p, (2.1)
K;=0 K;=0 i=1

where zj = (21,25, ...,2;) and K = (K;,Kj4q,...,Kp) for 1<j<p. Let zg and K41 be

null vectors. Clearly, K = K1,z = 2, g® (2, Kp41) = G(2) and g @ (z,K 1) = g(K).

Let I; represent inversion with respect to z;. Then the step-by-step nested inversion approach



90U D(z-1,K)) = 1j[gP(z, Kja1)] . 1< <p, (2.2)

starting with j = p and decreasing j by 1 each step. In the actual program implementation, we
attempt the inversion shown in (2.2) for j = 1. In order to compute the righthand side we need
another inversion with j = 2. This process goes on until at step p the function on the righthand
side becomes the p-dimensional generating function and is explicitly computable. By simply
relabeling the p transform variables, we see that the scheme above can be applied to the p

variablesin any order.

In each step we use the lattice-Poisson inversion algorithm in Abate and Whitt [1,2] with
modifications to improve precision and allow for complex inverse function as in Choudhury,
Lucantoni and Whitt [9]. We show below the inversion formula at the j ! step. For simplicity, we
suppress those arguments which remain constant during this inversion, letting

9;(K;) = gU™Y(z_1,K;) and G;(z) = g (z;,K;.+1). With this notation, the inversion

formulais
. g ok mke Tt (ky +1,K)
J T T K IR
—1)kGi(rie ) — g 2.
P S e e L A
ifT k= 1= =-K;
where i = V-1, |; is a positive integer, r; is a suitably small positive real number and e,

representsthe aliasing error, which is given by

g;(K; + 2nl;Kj)rf™", (2.4)
=1

<
I

n

Note that, forj = 1,9,(K1) = g(K) isrea, sothat G;(z;) = G;(z;1). Thisenablesusto

cut the computation in (2.3) by about one half. Forj = 1, wereplace (2.3) by
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I —Tik,
91(Ka) = W%al(m SACHENEES L
1l =1
O
K,-1
Z G, ET 7 (ky +1,K)/1, K1% e . (2.5)
0

Equations (2.3) and (2.4) can be obtained by applying the discrete Poisson summation
formula [1,2]. The idea is to consider the sequence h(K;) = gj(KJ—)rJ—K" for K; 20 and
h(K;) = 0 otherwise, and then construct a periodic sequence by adding translates of the original
sequence (with successive shifts of multiples of 21;K; ), i.e., by aliasing. The resulting periodic
sequence is (g; (K;) + ej)rJKj for e; in (2.4). The discrete Fourier series representation of this
periodic sequence is the right hand side of (2.3) (without the term —e;) multiplied by ij". Next,

(2.3) is obtained by multiplying both sides by rj_KJ and moving e; to theright side.

An aternative way of obtaining (2.3) without the error term isto simply apply the trapezoidal

rule form of numerical integration to the Cauchy contour integral

1 —(K.
g;(K;) = TI Gi(z)z "V dz (2.6)
i ¢

where Cr, isacircle of radius rj which does not contain any of the singularities of G;(z;). In

this context the error expression g; in (2.4) may also be regarded as the discretization error of the
trapezoidal rule. Note that even though in genera the trapezoidal ruleis arather elementary form
of numerical integration, in the current context it really outperforms more sophisticated numerical
integration procedures. Thisis due to the oscillating nature of the integrand, and is verified by the
tight and easily controllable error expression given by (2.4); i.e., the actua error in (2.4) is
usually much much less than the customary error bound associated with the trapezoidal rule; see

[1] for more discussion and references.
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To control the aliasing error (2.4), we choose

rp =10 2% 2.7)

Inserting (2.7) into (2.4), we get

e = S g (K +2nlK)10™%" . (2.8)
] J J )

n=1

This choice of r; enables us to more easily control the diasing error €; using the parameter ;.
For instance, if g; were bounded above by 1, as is the case with probabilities, then the aliasing

error would be bounded above by 10™¥1/(1-107%) B 107",

As is clear from (2.8), a bigger y; decreases the aliasing error. However, since
rj_K’ = 10" the factor rj_K' in (2.3) increases sharply with y; and thus can cause roundoff
error problems.  Since the parameter |; does not appear in the diasing error term (2.8), it can be
used to control the growth of rj_K’ without altering the aliasing error. Bigger values of |; yield

less roundoff error, but more computation because the number of termsin (2.3) is proportional to

l;. (See[9, 10] for more discussion.)

An inner loop of the inversion requires more accuracy than an outer loop since the inverted
values in an inner loop are used as transform values in an outer loop. With agoal of about eight
significant digit accuracy, the following sets of I; and y; typicaly are adequate:
iyl =1,y, = 11, iyl, =13 =2, Yo = y3 = 13, ii)ly =1 =1g = 3,
Ya = V5 = Ye = 15, assuming that computations are done using double-precision arithmetic. It
is usually not a good idea to use the same | for al j, because then more computation is done to

achieve the same accuracy.

In [1,2,9] the inverse function was mainly assumed to be a probability, so that the aliasing

error g; in (2.8) could be easily bounded. In contrast, here the normalization constants may be
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arbitrarily large and therefore the aliasing error €; in (2.8) may aso be arbitrarily large. Thus, in
order to control errors, we scale the generating function in each step by defining a scaled

generating function as

GJ(ZJ) = C(ojGj(C(ij) ) (29)
where ag; and a; are positive real numbers. We invert this scaled generating function after
choosing ao; and o so that the errors are suitably controlled. (See Section 2.2 below.)

Let g; (K;) represent the inverse function of Gj(z;). The desired inverse function g; (K;)

may then be recovered from g (K; ) by

g;(K;) = agta; “gi(K;) . (2.10)

2.2 Choosing Scaling Parameters

Note that the inversion procedure in (2.2) is a nested procedure, so that scaling done at one
step will also modify the functions in subsequent steps. By (2.8), the aliasing error term for

computing g; (K;) from the scaled generating function G; (z;) in (2.9) is

g = 3 gj(K; + 2n;K;)107%" . (211)

n=1

Since the quantities needed in product-form models typically involve ratios of normalization
constants, we really care about the relative error and not the absolute error. The relative error is

given by

gi(K;) n=1 g; (K;)

g = o, (2.12)

s0 that it can be bounded via
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O O
e O % ng(Kj + 2nl;Kj) Blo—yjn . (2.13)
: =10 g; (K;)
O O
Let
DD /n
Ohgi (K; + 2nliK;
C; = Max Dggl( ’ i) (2.14)
n BD g; (Kj)
Then
o _ Ci107 " .
wos Yo s ——Hejoh (2.15)
n=1 1-C;10

Hence, to limit the aliasing error, we want oF in (2.14) to be not too large, i.e.,
C; << 10" . (2.16)

Our main purpose in scaling is to satisfy (2.16), which in turn controls the relative aliasing error.
However, note that only the scale parameter a; is useful for this purpose since C; is independent
of the other scale parameter a ;. We can use the other scale parameter o ; to make it more likely
that gj (K;) does not exceed the range of floating point computation, but we also use another
measure to avoid floating point range exception. We compute and store only the logarithms of
large quantities or the ratios of large quantities. In that context, we also treat sums(a; +...+a,)

where a, isthelargest term as products of theform a4, (1 + as/a; +...+a,/aq).

An obvious problem with condition (2.16) is that we do not know g;(K;) explicitly.
However, since 10 is very large, it should be possible to satisfy (2.16) by roughly controlling
the growth rate of g;(K;) as K; gets large based on the structure of the generating function.

Specifically, in many casesit is possible to express g; (K ) as
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6/(K) = 3 AB(K)) . (2.17)
i=1

where the A;’s are usually unknown constants, but the B;’s are known functions of K;. Indeed,
we show that this structure holds for the closed queueing networks in Section 5. Then our

strategy isto identify the fastest growing function B; (K;), and introduce a scaled version

Bi(K;) = apja}'Bi(K)) (2.18)
asin (2.10), so that
DD /n
DDEi(Kj + 2nIJKJ)
Max L <B, (2.19)
" O Bi (K;)
[l

where 3 is of the order of 1. Indeed, we identify the fastest growing function by requiring that
(2.19) hold for all i. For the scaling of closed queueing networks in Section 5, we find that it
suffices to consider only the case n = 1in (2.19). Given (2.19), we use the scaling in (2.18) in

(2.10).

We have just described a general scaling strategy. We present a specific scaling algorithm for
aclass of closed queueing networks that follows this strategy in Section 5. With the aid of (2.19),
we are able to treat multiplicities in the factors of the generating function. However, to treat near
multiplicities, we must go beyond (2.19), as we do in Section 5.5. Hence, (2.19) should be

regarded only as areasonable starting point. Difficult caseswill require refinement.
2.3 Verification of the Accuracy of Computation

Theinversion algorithm given by (2.2), (2.3) and (2.6) with scaling (2.10) isreally afamily of
algorithms, one for each vector | = (I4,...,1,). Our experience is that there exists a minimum
vector | min = (I'1,min» - - - » | p,min) Such that the algorithm will be sufficiently accurate whenever

| = | ,in. However, the required computation increases as | increases, so we do not want | larger
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than necessary. Typicaly I1mn = 1, lomin = I3min = 2 lamin = Ismin = lemin = 3, €tC.

Each | corresponds to a unique set of contours in the p-dimensional complex plane.

In addition to being a means to achieve greater accuracy, we use the vectors | to verify the
accuracy. If we run the algorithm with | , and I g, wherelo 1g = | in, |4 # | g @nd the answers
agree up to t significant places (with large t, say 6 or higher), then we regard both answers as
accurate up to t significant places. (This agreement could happen by chance only with very small
probability.) We have tested this property for many cases where the results can be computed

easily by other methods.
2.4 Euler Summation and Truncation

In[1,9] Euler summation is used to efficiently calculate infinite series arising in the inversion
of Laplace transforms. We also use Euler summation here to speed up the calculation of large
finite series in (2.3). Euler summation is especialy appropriate for alternating series. Note that
we have chosen our parameters so that the inner sums of the inversion formula (2.3) will tend to

be nearly an alternating series.

Consider areal series of theform

S= Y (-Dkay, (2.20)
k=0
and let the partial sums be
j
S = 3 (-1)a . (2.21)
k=0

Hereay = Ofor k > K, but in general this need not hold. Euler summation approximates S in

(2.20) by

E(mn) = S, + (—1)”+1m_l(—1)k2‘("+1)Aka - 5 Oykg (2.22)
’ n z n+1 Z ) n+k » .
k=0 k=0
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where A isthe finite-difference operator; i.e., Aa, = an+1—a, andAka, = A(AK 1a,).

We suggest using the Euler sum on the inner sums in (2.3) and (2.5) whenever K; is large.
(Note that for the inner sum in (2.3) the Euler sum should be applied twice, once for positive k
and once for negative k) Clearly, using the Euler sum (2.22) makes sense only if

Kj > (m + n). Wetypicallyusen = 11andm = 20 or 40.

In general, it is difficult to show that Euler summation will necessarily be effective. Hence,
we just apply it and see if it works, using the error estimate [E(m,n) — E(m,n +1)and the
accuracy verification in Section 2.3. Euler summation has worked for al the closed queueing
network examples we have considered, including the examples here in Section 8. 1n some cases,
Euler summation is effective because the terms in the series S very rapidly approach 0. Then

Euler summation is tantamount to simple truncation, but thisis not the only case.

We mention that for the loss networks considered in [7] Euler summation is less effective, but
significant computational savings are still possible via appropriate truncation, after identifying
where the primary contribution to the sum comes from. There also are many alternative
acceleration procedures, see Wimp [40]. In other words, the inversion agorithm offers the

possibility of further computational savings through further analysis.
2.5 Computational Complexity and Storage Requirements

To understand the computational complexity, look at the basic inversion formulain (2.3) and
(2.6). The computational complexity is determined by how many times we have to compute the
transform G(z). Other work (such as finding the scaling factors) is relatively small. From (2.2),
(2.3) and (2.6), we see that the total number of times G(z) has to be computed is about

p p
21 L MK, (2.23)
=1 j=1

where p is the dimension of the generating function (number of closed chains), K; is the
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population of thej™ chainand | i isthe " roundoff-error-control parameter in (2.3).

To say more, we need to know more about the structure of G(z). For the special case of the
closed queueing networks considered in Section 4, G(z) is given in (4.5). For that generating
function, each computation of G(z) requires about pg + p + q Bpq  complex
multiplications, where q' is the number of distinct single-server queues (excluding multiplicities).
Hence, the total number of complex multiplications is of order

p P
pq'2p'1'r|l|,- 'r|1K,- . (2.24)
1= 1=

An analysis of the computational complexity of previous algorithms has been done by
Conway and Georganas [14]. From p. 177 of [14], we see that the number of multiplications and

additions in the convolution algorithm for the case of al single-server queuesis

2p(N-1) |£| (K + 1), (2.25)
j=1

where N is the total number of queues.

p
From (2.24) and (2.25), we see that the dominant term is [7] K; in both cases. Based on this
j=1

initial analysis, our algorithm is worse than the convolution algorithm, because we have the

p
additional factor 2P 1 [ !; and because we need complex multiplication. As an example, for
j=1

p
p = 4wetypically havel; = 1,1, = I3 = 2andl3 = 3; thisgives2P ™! M!; = 9.
j=1

However, there are several other considerations strongly favoring our agorithm. First, g
may be significantly less than N, as is the case in our numerical examples. Second, if the class
populations K; are large, then we can exploit Euler summation as in Section 2.4. If Euler

summation isindeed used withm + n = 31, then (2.24) isreplaced by
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pq’ 29'1|£| ¥ |£| min{ 31, K;} . (2.26)
ji=1 j=1

For example, if K; = 3100 for all j, then (2.26) is areduction of (2.24) by afactor of 100P.

P
On p. 177 of [14] it is noted that the term [T (K; + 1) in (2.25) needs to be replaced by
j=1

p
[N (Kj+1)(K;+2)/2 if all queues have load-dependent service rates, causing a dramatic
j=1

increase in computation. In contrast, whenever the generating function can be expressed in a

simple closed form the computational burden with our algorithm will not increase significantly.

Another dramatic reduction of (2.24) and (2.26) with our algorithm occurs if we can exploit

dimension reduction, which we discuss in the next section. This effectively reduces p.

A fina consideration is the storage requirement. We have virtually no storage requirement

since we compute g(K) directly without storing intermediate values. In contrast, the storage

P
requirement with the convolution algorithm is about 2 [ (K; +1).
j=1

3. Dimension Reduction by Decomposition

In genera, the inversion of a p-dimensional generating function G(z) represents a p-
dimensional inversion whether it is done directly or by our proposed recursive technique.
Fortunately, however, it is often possible to reduce the dimension significantly by exploiting
gpecia structure. To see the key idea, note that if G(z) can be written as a product of factors,
where no two factors have common variables, then the inversion of G(z) can be carried out by
inverting the factors separately and the dimension of the inversion is thus reduced. For example,
if G(z1,22,23) = G1(z1)G2(22,23), then G can be treated as one two-dimensional problem
plus one one-dimensional problem, which is essentially a two-dimensional problem, instead of

one three-dimensional problem. The factors can be treated separately because factors not
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involving the variable of integration pass through the sum in (2.3). We call this an ideal
decomposition. It obviously provides reduction of computational complexity, but we do not
really expect to be able to exploit it, because it essentially amounts to having two or more
completely separate models, which we would not have with proper model construction. (We

would treat them separately to begin with.)

Even though ideal decomposition will virtually never occur, key model elements (e.g., closed
chains) are often only weakly coupled, so that we can till exploit a certain degree of
decomposition to reduce the inversion dimensionality, often dramatically. Theideais to look for
conditional decomposition. The possibility of conditional decomposition stems from the fact that
when we perform the (j—1)% inversion in (2.2), the outer variables z;, .. ., zj_, are fixed.
Hence, for the (j— 1) inversion it suffices to look for decomposition in the generating functions
regarded as a function of the remaning p-j+1 variables. For example, if
G(z21,25,23) = G1(21,22) G, (z1,23), then for each fixed z4, the transform G as a function of
(z5,z3) factors into the product of two functions of a single variable. Hence G can be treated as

two two-dimensional problemsinstead of one three-dimensional problems.

More generaly, we select d variables that we are committed to invert. We then look at the
generating function with these d variables fixed and see if the remaining function of p—-d
variables can be factored. Indeed, we write the function of the remaining p —d variables as a
product of factors, where no two factors have any variables in common. The maximum
dimension of the additional inversion required beyond the designated d variables is equal to the
maximum number of the p —d remaining variables appearing in one of the factors, say m. The
overal inversion can then be regarded as being of dimensiond + m. Theidea, then, isto select

an appropriate d variables, so that the resulting dimensiond + mis small.

This dimension reduction can be done whenever a multidimensional transform can be written
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as a product of factors. As we will see in Section 4, this structure always occurs with closed
gueueing networks. For closed queueing networks there is afactor for each queue in the network,
and the variable z; appears in the factor for queue i if and only if chain j visits queue i. Thus,
conditional decomposition tends to occur when chains tend to visit relatively few queues. This
property is called sparseness of routing chains in [27]. In [27] it is noted that this sparseness

property islikely to be present in large communication networks and distributed systems.

To carry out this dimension reduction, we exploit the representation of the generating function

G(z) asaproduct of separate factors, i.e.,
m - ~
G(2) = M Gi(2) (31)

where m = 2 and Z; is a subset of {z;,25,...,2,}. We assume that each G (2;) cannot be
further factorized into multiple factors, unless at least one of the latter is a function of all

variablesin the set Z;.

We now represent the conditional decomposition problem as a graph problem. We construct
a graph, called an interdependence graph, to represent the interdependence of the variables z, in
the factors. We let each variable z, be represented by a node in the graph. For each factor

éi (z;) in (3.1), form afully connected subgraph I'; by connecting al nodes (variables) in the set
~ m
Zj. Thenletl' = [l .
i=1

Now for any subset D of I, we identify the maximal connected subsets S; (D) of ' -D; i.e.,

Si(D) is connected for each i, S;(D) n §;(D) = O wheni # jand [] S;(D) = I'=D. Let (AQ
i

be the cardinality of the set A. Then the dimension of the inversion resulting from the selected
subset D is

inversion dimension = [P+ max{[5; (D)} . (3.2



-21-

It is natura to consider the problem of minimizing the overall dimension of the inversion.

Thisis achieved by finding the subset D to achieve the following minimum:

minimal inversion dimension = Il;/lmip{ PO+ max{(5 (D)} . (3.3
|

In generdl, it seems difficult to develop an effective algorithm to solve this graph optimization
problem, and we suggest it as an interesting research problem. However, for the small-to-
moderate number of variables that we typically encounter, we can solve (3.3) by inspection or by
enumeration of the subsets of I in increasing order of cardinality. Since our overall algorithmis
likely to have difficulty if the reduced dimension is not relatively small (e.g., < 10), it is not
necessary to consider large sets D in (3.3). This dimension reduction isillustrated in Section 5.4

and Examples 3 and 4 in Section 7.

As we mentioned in the introduction, it turns out that our approach to dimension reduction is
essentially equivaent to the tree algorithm of Lam and Lien[27] used with the convolution
algorithm, even though the actual algorithms are different. The connection is easily seen by
noting that convolution of normalization constants corresponds to multiplication of the generating
functions. It appears that the dimension reduction is easier to understand and implement with

generating functions, because multiplication is a more elementary operation than convolution.

4. Closed Queueing Networks

In this section we consider multi-chain closed queueing networks with only single-server
gueues (service centers with load-independent service rates) and (optionally) infinite-server
queues. This section closely follows Sections 2.1 and 2.2 of Bertozzi and McKenna [3], which in
turn closely follow Bruel and Balbo [5]. However, we do not consider the most general models

in[3,5]. We use the following notation:

+ p=number of closed chains
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M = number of job classes (M=p).

N = number of queues (service centers). Queuesl,...,q are assumed to be of the single-server
type and queues g +1,...,N are assumed to be of the infinite-sever (1S) type. Asusual, for the
single-server queues, the service discipline may be first-come first-served (FCFS), last-come
first-served preemptive-resume (LCFSPR) or processor sharing (PS). In the case of FCFS,
the service times of al job classes at a queue are assumed to be exponential with the same

mean.

Ryi,sy = routing matrix entry, probability that a class r job completing service at queue i will
next proceed to queue j as a class s job for 1<i,j<N, 1<r,s<M (i.e., class hopping is

allowed). The pair (r,i) isreferred to as a stage in the network.

class vs. chain: Two classes r and s communicate with each other if for some i and j, stage
(s,j) can be reached from stage (r,i) in afinite number of steps and vice versa. With respect
to the relation of communication, al the classes can be divided into mutualy digjoint
equivalence classes called (closed) chains (ergodic sets in Markov chain theory).  All classes
within a chain communicate. No two classes belonging to different chains communicate.
Since we are considering the steady-state distribution of a model with only closed chains, we
do not need to consider any transient stages, i.e., stages (r,i) that will not be reached infinitely

often.
K; = number of jobsinthej™ closed chain, 1 < j < p, which is fixed.
K = (Kq,...,Kp), the population vector, specified as part of the model data.

n,; = number of jobsof classr in queuei, 1<r<M, 1<i<N.

M
n; = number of jobsin queuei,i.e, n; = > n;. 1<i<N.
r=1
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n = (n,j), 1<r<M, 1<i<N, thejob vector, the queue lengths, the state variable.

Cj =setof stagesinthe™ closed chain. Clearly, ¥ nj = Kj, 1=j<p.
(r.i)OC

gji= X N, number of jobsfrom chainj at queuei.
r:(r,i)dgc;

s(K) = state space of alowable job vectors or queue lengths (including those in service), i.e.,

O 0
S(K) = m:n;0Z" and > nyi = Kj,1<j<pn, (4.2)
0 (r.)0C, 0

where Z " isthe set of nonnegative integers.
e, = vidit ratio, i.e., solution of the traffic rate equation

Z €y Rri,sj = €y foral (s,j)0Cy and 1<k<p. (4.2)
(r,)DC,

For each chain there is one degree of freedom in (4.2). Hence, for each chain j, the visit ratios

{ e : (r,i)0OC;} are specified up to aconstant multiplier.
t,i =the mean servicetimefor classr at queuei.
Pri = tiier, 1<r<M, 1<i<N, thereative traffic intensities.

The steady-state distribution is given by (1.1) and the partition function by (1.2), where

g M p,_n,i a8 N M p,_n,i g
— r r
=m0 Fm N NS0 43
lj_l r=1 Dj_q+1 r=1 0
N
Pio = X 2 priadpj = Y pyfori=1,2,..,q, the aggregate relative traffic
i=gq+1(r,i)0C; (r,i)OC

intensities.

The generating function G(z) is given by (1.4), using (1.2) and (4.3). Asshown in (2.25) of

Bertozzi and McKenna[3], G(z) can be expressed simply as
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Up 0
expdy PjozO
=1 |:|
G(z2) = J . (4.9

[N

In general, there may be multiplicity in the denominator factors of (4.4) if two or more queues

areidentical with respect to visits by customers of al classes. In such a situation (4.4) becomes

Op O
expl Pjozd
G(2) = =+ 45
q O p gm -’ .
Mao- >piz0
i=10 j=1 O
where
¢
_Z m; = Q. (4.6)

i=1

For us, (4.5) is the relevant form, not (4.4); i.e., the key parameters are p and q'. Our algorithm
simplifies by having different queues with identical single-server parameters. (Evidently the

reverseistrue for the theory of residues[3].)

Given the normalization constant g(K) in (1.2) and (4.3), we can directly compute the
steady-state probability mass function p(n) in (1.1). Moreover, several important performance
measures can be computed directly from ratios of normalization constants. For example, the

throughput of classr jobs at queuei is

g(K-1;)

0/ = &f ———
Il r g(K)

for (r,i)0C; , (4.7)

where 1; is the vector with a 1 in the j ™ place and 0's elsewhere; e.g., see p. 147 of [26]. The
means E[n,;] and E[q;;] and higher moments E[nk] and E[qj"i] can aso be computed directly

from the normalization constants, but the standard formulas involve more than two normalization
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constant values. We develop an improved agorithm for means and higher moments via

generating functions in Section 6 below.

From (4.7) we see that we will often need to compute normalization constants g(K) for
several closely related arguments K. When the population vector K is large, it is possible to
calculate such closely related normalization constants efficiently by exploiting shared

computation. This technique is described in Section 5.2 of [7].

5. Scaling for Closed Queueing Networ ks with Single-Server and I nfinite-Server Queues

In this section we indicate how to choose the scale parameters o o; and a; in (2.10) in order to
invert the generating function G(z) in (4.5) for the class of closed queueing networks considered
here. Our final scaling algorithm is given in Section 5.5 beginning with (5.41). We develop it
by starting with more elementary cases and work our way up to the full generality of (4.5). The

general strategy has already been described in Section 2.
5.1 Scaling for a Single Chain with Only Single-Server Queues

In this case we have (4.5) with p = 1 without the term in the numerator corresponding to

infinite-server queues. Using (2.10), we see that the scaled generating function is given by

o1

G(z1) = (5.1)

q n
iljlgl ~ P1il1Z15

When there are no multiplicities (i.e.,, m; = 1for al i) and one aggregate relative traffic intensity
p1i IS dominant (substantially larger than all others), it is easy to see that we should have
o, = /max{p1;}. Wenow give amore careful analysis to account for the multiplicities. See

Section 5.5 below for a discussion of near multiplicities.

Carrying out a partial fraction expansion with (5.1), we get
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5(z) = am S 5 Ai 5.2
(Zl) - aOlZ z |j ) ( . )
=1 =1 gl T Pula1Zy
where
O
_ O _ oo
_q\mi—J m; =]
Aij = (_1) s Bdmi_, G(Zl)gg (5.3)
Qo1 (M =j)!(p1i0q) Ddzl 00 )
DZl - POy )

In general, the constants A;; in (5.3) are difficult to compute (except when m; = 1 for all i), so
we will treat them as unknown constants. Through a term-by-term binomia expansion and by

collecting the coefficient of zfl , We get

g m
g(Ky) = 2 SABjj(Ky) , (54)
i=1 j=1
where
— + K _1D
B (K1) = oy - Dprant (55)
O 10

Note that (5.4) is of the same form as (2.20). Hence, we can get the scale parameters by focusing
on the fastest growing function Bj; (K1), and imposing condition (2.22). Note that, for any given
i, the term corresponding to j = m; is the fastest growing; therefore we concentrate only on that
term. It can be shown that the most restrictive condition in (2.22) comes from n = 1 and that

(2.22) will be satisfied with = 1 by setting

dgr =1 and aj = Min{ai/py} , (5.6)
|

where
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" O Ko+ i 21iKs (5.7)

[ —[]
DDJ-EIl Ki + 21Ky +j g

for m > 1.

From (5.6) and (5.7), we see that we do indeed have the obvious scaling with a; = 1 when
m; = 1 for al i. Moreover, we have this same scaling when K, becomes very large, because

a; » 1fordliasK; - cowhenm; > 1.
5.2 Scaling for a Single Chain with Single-Server and Infinite-Server Queues

In this case the term in the numerator of (4.5) corresponding to the infinite-server queues has

to beincluded. Instead of (5.2), from the partial-fraction expansion we get

Aij eploalzl

(5.8)
Sl ~ Pij Glzlg

— g ™M
G(z1) =0 > >
i=1j=1

Atfirst assumem; = 1forali. For easeof notation, alsolet A;; = A;. Then (5.8) becomes

. _ q Ai eplOalzl
G(Zl) = U1 z . (59)

=1 Sl - plialzlg

Collecting the coefficient of zfl on theright side of (5.9), and after some manipulation, we get
q
g(K1) = Y ABi(Ky1) , (5.10)
i=1

where

_ Ki (p1o/pai)]
Bi(Ky) = ap(pyiag) Z&

. (5.11)

Again (5.10) is of the same form as (2.20). The fastest growing term in this case is the one

corresponding to the largest p4;. Let
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P1max = Miax{pli} : (5.12)

To proceed further with (5.11), we consider two cases: In Case 1, p1p/P1max < K1, While in
Case 2, p1o/P1max > K1 . In Case 1, by noticing the connection to the Poisson distribution, it

can be shown that

| / i
L gbulpim) ¢ 5 (P1PLI)’ _ (puipim)

< : for | > Ky . (5.13
2 <o j!

Using (5.13), we see that condition (2.22) is satisfied (with B = 2) by making the following

choices of scale parameters

Ao = € PoPrmd and ay = 1/pg e - (5.14)

In Case 2, relation (5.13) does not hold. In this case we control the growth rate of the fastest

growingtermin (5.11). Let B (K) represent thisterm, which is given by

(Ollplo)K1 O(ch(Oflplo)K1

Bi (K1) = ag K1 TR KCe

(5.15)

The approximate expression in (5.15) is obtained by Stirling’s approximation to the factorial.
Note that B; (K1) isindependent of i (since Case 2 ensuresthat p1o/p1; > K4 for al i). Therefore,
we can control the growth rate of Bj (K1) for al i by choosing the scale parameters to cancel out

the two dominant terms in the expression for the factorial. Thisis done with the choice

-K Ky
Ogp =€ ' and aq = — . (5.16)
P10

The scaling for Cases 1 and 2 in (5.14) and (5.16) can be combined as follows:

— A 1P — ; DKl 1 0
Ogp = € and a; = MinO— , —[]. (5.17)
i P Pi1ig
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Finally, based on (5.6) and (5.17), we extend the scaling in the case m; > 1 asfollows:

— A %1P1p0 — : DKI a; O
Ogp = € and o, = MinO—, —[, (5.18)
i P Piig

where a; isasin (5.7)
5.3 Scaling for Multiple Chainswith Single-Server and Infinite-Server Queues

For the general case, the generating function isasin (4.5). In order to carry out the innermost
level of inversion (i.e., the p™ or last step of inversion) with respect to Z, we may assume that z;

fori = 1,2,...,p—lisconstant. Werewrite (4.5) as

O p-1 o oo exp(Ppozp) 0
0 expOY pjoz0 OO g

6 O O=1 g 00 ,g o O 519
z) = - 00gd PpiZ 0.
ge 0 e O gplOl-—F—0 g
gl O-2piz0 oo™ 0 1-3p,z80 O
o4 =t Oppg O j=1 0 O

The first factor on the right side of (5.19) is a constant, while the second factor is the same as
in the one-dimensional inversion considered in Section 5.2 with p4o replaced by pyo and py;

O p-1 O
replaced by pp/L— > pjizj0d The second parameter is complex, so we replace it by its
0 0

i=1

modulus. Using (5.18), we get the scaling as

O O
—a,p . UK, O p-1 NN
Qgp =€ "™ and ap = MinO—, (ajp/pp) L 3 pjizd, (5.20)
' OPpo 0 j=2 [
O O
where
O
L for m =1
ajp = Bﬂni—l K. +] D1/2I,,Kp (5.21)
o0 25 o my > 1

Oj=1 Kp+2Ipr+j 0
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Note that it is possible to have p,; = 0 for somei, but not al i. If py; = O, then a;,/py = =,

so that the i " term does not yield the minimum in (5.20).

Next we consider the inversion with respect to z,_1. The generating function in this step is

the inverse function in the p step. Using (5.19), we can writeit as

9P D (zp1.Kp) = 1p as(z)g

p-1
exp[ 3 Pjoz] m K K, —k
B =1 g i e (ppo) +K —k-10 Ppi’
o A e
I—I [1_ zp“z]] i i=1 j=1 k=0 D[l ZpJIZJ p
i=1 j=1 j=1
where Aj; has an expression similar to (5.3). The dominant termin (5.22) is of the form
h-1 1l
expd Pjoz0
dger O (5.23)
q |:| p_l d\p+m . .
|_| - 2 pjiz0
=10 j=1 g

Note that in (5.22) we have implicitly assumed that pj, # 0. If instead p,; = O for somei, then

-k

g p-1 e
corresponding to that i the term pgp k/[&— 2 PjiziO would be missing. Hence, instead of
O =1 0
(5.23), in general the dominant termin (5.22) is
[p-1 O

expdy Pjozi0
=1 D
- (5.24)

g [0
o- Z PjiZ
O O

i=1
whereny = 1lif py # 0andny = 0 otherwise.

Note that (5.24) is similar to G(z) with p replaced by p -1 and m; replaced by K,np + m;.

Therefore, from (5.20), we get the scaling in the (p - 1) stepasag -y = € ***P*" and
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O O

Op-1 = MinO———, (Qj p-1/Pp-1,i) L= 3 PjizJ, (5.29)
! Dpp—l,o O j=1 [
O

O
where

Sp S (5.26)
Qjp-1 = U —[] , :
P Oj=1 Kp—l"'ZIpr—l"'J O

whereN; ,—1 = Kynp + m; — 1withn,; defined as above.
Proceeding as above, we get the scaling in step j, 1<j<p, as

0

—ap ) DKJ-
7% and a; = MinO—,
i Pjo
O

O j-1
Qgj = € (aij/pji)Eﬂ-_ > PuiZk (5.27)
k=1

SISISISIS

where

121 K.
ON;; Kj+| Ij 1

aj; = ]
o= Ki+2lKi+l g

(5.28)

and

p
Nij = mi—-1+ ¥ Kynyg , (5.29)
k=j+1

withn, = 1if p #0and n = 0 otherwise. In (5.29) if an upper sum index is smaller than

the lower sum index, then that should be interpreted as a vacuous sum.

Note that the scale parameters above are not constant. The scaling at the j ™ step depends on
z, for 1<k<j-1. Since the z,’s change during the course of inversion, so do the scale
parameters. From (2.3), it is clear that the z, values are aways on a circle and therefore the
modulus [z[is constant. Furthermore, since the parameters p,; are nonnegative the most

restrictive scaling (smallest values of a;) comes when z, = [z,[i.e., the point z, is on the
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positive real line) for 1<k<j—1. From (2.3) it is clear that this restrictive scaling is indeed done
once during the course of the inversion algorithm. If we use the restrictive scaling for all cases,
then the scale parameter at the | step becomes constant. The advantage of this scaling is that we
then need to compute each scale parameter only once. Secondly, we need not recover the original
inverse function from the inverse of the scaled generating function in each step using (2.10).
Instead, the recovery may be done only once at the end of all inversions and al intermediate
computation may be done using only scaled functions. The use of this restrictive scaling makes
all the computations related to scaling insignificant compared to the overall computations.
Through numerical investigations we observed that the restrictive scaling produces about the
same accuracy as the scaling in (5.27), so that we recommend using it. It isas given below:

-a;Pi . DKJ j_l D
an = e "iPio gnd C(j = |\/|ill’1|]E s (aij/pji)(l— z pki[ZkUD, (530)
[HLg! k=1 O

where a;; isasgivenin (5.28).

Our numerical experience indicates that the scaling procedure just described works in almost
all cases. However, for some very large examples (e.g., Example4 in Section 8) the scale
parameter o; may need to be modified slightly. Thisis done by multiplying a; by afactor 3; in
therange 0.8 < 3; < 1.2. We can determine if further tuning is necessary by using the accuracy

check based on different sets of the |; parameters.
5.4 Scaling with Dimension Reduction

In many situations there will be dimension reduction. As indicated in Section 3, the
possibility of dimension reduction can be checked using the interdependence graph approach.
The scaling can be done independently of the dimension reduction, just as described in
Section 5.3, except that the dimension reduction determines the order of the variables to be

inverted. The d variables requiring full inversion become variables z4, . . ., 4 and the remaining
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p —dvariablesbecome zy 1, . . . , Zp; i.€., the remaining variables appear in the inner loops.

It is also possible to directly determine scaling after the dimension reduction is done. We
illustrate that in this subsection with an example. We also show how it is sometimes possible to

replace anumerical inversion by an explicit formula.

Consider a closed queueing network with p closed chains, one infinite-server queue and p —1

groups of single-server queues where each group i has m; identical queues. The i chain
(2 < i £ p) goesthrough each single-server queue in group i at least once and the infinite-server
gueue any number of times. (For notational simplicity, we assume that the group index i ranges
from 2 to p, so that there are no groups with index 1.) As for the first chain, it goes through the
infinite-server queue and all single-server queues in the model at least once. Note that we have

not fully specified the routing matrix here, which is not necessary for computing g(K).

For thismodel, 9" = p—l1andpj; = Ounlessj = 1orj =iori =0, i.e, the generating

function becomes

Lp 1l
exp DZ pjozjg
=1
G(z) = - . (5.31)

p I
i|:|2 Sl =~ PiZi—P1j Zlgn

To construct the interdependence graph for G(z), we form a subgraph with two nodes for
each factor in the denominator, z; and z; for 2 < i < p. Since the numerator can be viewed as a
product of p factors, each with one z variable, each factor in the numerator is represented by a
one-node subgraph. Taking the union of all these subgraphs, we obtain the interdependence

graph I for (5.31) as depicted below.



Figure 1. Interdependence graph I for (5.31)

If we delete the subset D = {z,}, then ' becomes disconnected into subsets S; (D) = {z;}
for2 < i < p. According to (3.2), the dimension of the inversion resulting from the subset D is 2

inthiscase. That is, the inversion dimension can be reduced from p to 2.

To show the inversion order more precisely, equation (5.31) can be rewritten as

0
OPPLT 5 ep(poz)
p i S i
A Bpnd . _wa T
i=2 o l1-piizap

G(z) = (5.32)

If we keep z; constant, then the first factor on the right side of (5.32) becomes constant and the
second factor becomes a product of p —1 terms, each of which isafunction of asingle z variable.
Each such factor may be inverted independently with respect to the corresponding z variable, and
once we take a product of each inverse function, we get a function of z; and K, ,K3,...,K,. A
final inversion with respect to z; yields the desired normalization constant g(K). So the p-

dimensional problem is reduced to atwo-dimensional one. Next comes the question of scaling.

From the scaling in Section 5.2, we see that the scaling required to invert the i factor

(2<i<p) in (5.32) isgiven by

e DK, O
agp = e " and a; = MlnDp—, (ai/pii)(1-p1i®100, (5.33)
O

nPio

where
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O
L for m =1
= 534
a; Bm_l K, +] 321K (5.34)
N w50 for my > 1.

nj=1 Ki+2liKi+j g
It is also possible to explicitly invert the i!" product factor (2<i<p) in (5.32) and, when we

do, we get

g®(z1,K,) =

D ) -
eXpBJlozlm p Ki %)IOD E}ni-l-Ki_k_lD plll<I “
g

- 5.35
i|:p|2 ELPuZlEm Dz go N e DELL Pz R
The dominant term in (5.35) is of the form
eXPBDlozlg
iIZIDIZSl - pliZlET<i o
Therefore, from (5.18), we get the scaling in order to invert with respect to z; as
Opgy =€ “** and a; = MinExK_l, ﬂg (5.36)
’ i gPwo P
where
[(Nia Kq+j /2K
T 0 KK (530
and
Ni; = mj-1+K; , (5.38)

It is to be noted that all scaling done in this subsection could also be derived from the final
scaling equations in Section 5.3 ((5.28)—5.30)); in this sectionn;; = 1forj = 1andj = i and

n;i = Ootherwise.
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5.5 Near Multiplicities

We have indicated that much of the difficulty in the scaling is due to the possibility of
multiple factors in the denominator of (4.5). It should be intuitively clear that these same
difficulties can arise with near multiplicities, and that so far our scaling algorithm does not
account for near multiplicities. Moreover, in an application we might not recognize exact

multiplicities.

In this subsection we introduce a heuristic scheme to account for near multiplicities. Consider
the single-chain setting with only single-server queues in Section 5.1, and assume, without loss of
generality, that p;; = py ;4 for al i. (This involves a sorting, which is of low complexity.)
Without multiplicities or near multiplicities, the scaling should be a; = 1/p41, but with
multiplicities or near multiplicities perhaps other terms should play a role in the minimum in
(5.6). To capture the effect of near multiplicities, for the scaling only, we replace p 4; in (5.1) and

(5.6) by the average of thei largest relative traffic intensities, i.e.,

i
P1i = = 2 Pk - (5.39)
k=1

Moreover, in (5.7) we act asif the multiplicity associated with the i ™ group of queuesis

m; = Z mg ; (540)

i.e., wereplace a; in (5.7) with a; based on m; in (5.40). Notethata; = a; andpq; = pqg, but
that 8; < a; and py; = py;, SO that the first ratio a,/pq; is unchanged, but the other ratios in
(5.6) are decreased, which may reduce a4 in (5.6). The extra reduction will tend to occur when

there are near multiplicities.

Based on this idea, we propose replacing the restrictive scaling in (5.30) by an even more

restrictive scaling. Welet
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~ o050 UKy a0
Qgj = € and o; = Min —, —[J, (5.41)
' OPjo pji O
where
oN K+ O 502
aij = — 0 , .
=1 K]+2|JKJ+I 0
p
Nij = mi—1+ Z Kkr]k, (543)
k=j+1
OJ -
0 Pji =0
Pi =0q i _ 3 (5.44)
0= Z pjk! p]l >0,
Ol k=1
i ~
m; = z my , (545)
k=1
n if 20
e =0, . ¥ (5.46)
if pg =0

with {pji:1<i=<q'} being the sorted version (in decreasing order of magnitude) of

i-1 -
{pji/(1- 3 puED :1<i<qg} and {M:1<i<q'} is the rearanged version of
k=1

{m :1<i < q} associated with{ p;;}.

6. Momentsvia Generating Functions

Given the steady-state probability mass function, we can calculate moments. Without loss of
generality, let (r,i)dC,. We start with a standard expression for the probability mass function

of qy;, the number of chain 1 customers at queue i, namely,

o pfi(a(K=KL1)=p1ig(K - (k+1)1y))
P(dy = k) = 30 : (6.1)
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see (3.257) on p. 147 of [28]. (A similar expression holds for the mass function of n,; [28]. It
involves p,; instead of p4;.)

From the tel escoping property of (6.1), we can write the tail probabilities as

pig(K —k1,)

P(qli 2 k) = W : (6-2)

From (6.2) we obtain the standard formulafor the mean,

o K, K -kl
E[dsi] = gl P(qy 2 k) = k:1pii% ; (6.3)

e.g., see (3.258) on p. 147 of [28]. Unfortunately, formula (6.3) is not too convenient for us,
because it requires K, +1 normalization function calculations and thus K; + 1 numerica

inversions. We now show how this mean can be calculated by two inversions.

For this purpose, we rewrite (6.3) as

Kin(K
Elqy] = plg(—K()) -1, (6.4

where

h(K) = 3 pika(kK,) .

K
(6.5)
k=0

Let H(z;) be the generating function of h(K) with respect to K. Then

Hz) = 5 Z'h(mK,) = 5 27
m=0

m=0

m
> pirFa(k,K 2)
k=0

(1) .

> © 9" (z1/p1i, K2)

= 3 prfo(kK,) 3 2 = e , 6.6)
k=0 m=k Zq

where g (z4,K ) is the partial generating function in (2.1). Now, if H(z) represents the full

generating function of h(K), then from (6.6) it is clear that
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G(lepli 1 221 LRI 1Zp)

H(z) = =7,

(6.7)

Since H(z) is of the same form as G(z) it may be inverted by the established inversion procedure.

Hence, we can obtain the mean E[q4;] using two inversions from (6.4). We invert G(z) and

H(z), respectively, to abtain g(K) and h(K).

By the same approach, we can a so calculate higher moments. For example,

o 2p5h(K
Elay (@ D] = 23 KAy 2 K) = ‘);(—K()) ,

where

Ky
hi(K) = 3 kpiFa(k.K ) .
k=0

Let H4(z,) bethe generating function of h, (K) with respect to K. Then

0 © Ky
Hi(z1) = 3 ZThi(mK,) = ¥ 21" S kpifg(k.K )
k=0

m=0 m=0

< -k : Uz, o
= Y kpiig(kKz) ¥ 7' = Oe—0-—-9""(21/p1i » K2) .
k=0

m=k Dl_zl Dazl

Moreover, the full generating function of h{ (K) is

z1 9
Hi(2) = o G(z/py . 22, 7).

Zq 621
Finally, note from (4.5) that
0 H
0G(z) _ U ¢ mipy U
et = B+ T —— ().
i=1 1_ 7
0 ( j:zlpjl ])D

(6.9)

(6.9)

(6.10)

(6.11)

(6.12)

so that the new generating function is a sum of generating functions of the same form as G(z).
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For higher factorial moments, we proceed in the same way using (6.2) and
Ky

E[d1i(d1i—1)...(as -1 +1)] = |kZ k(k=1)...(k=1+2)P(qs; = k) . (6.13)
=0

For more on moments, see McKenna[29], McKenna and Mitra[31] and references there.

7. A Summary of the Algorithm

For general p-dimensional transforms, the overall inversion algorithm is obtained by
combining (2.2), (2.3), (2.5), (2.9) and (2.10), which requires specifying the parameters y; , I, 0 o;
and aj, 1 < j < p. The function G(K) is thus calculated by p nested inversions of G;(z),
1<j<p in(29). Wefirst determine the order of the variables to be inverted by applying the
dimension reduction scheme in Section 3. Given the order of the variables to be inverted, we use
the special structure of the closed queueing networks to determine the scale parameters o o; and
a;. In particular, we use the scale parameters ao; and o in (5.30) in (2.9). We then apply
(2.2)«2.5) to calculate g, (K1) = g(K) and (2.10) to calculate g(K). In particular, from (2.10)

we obtain

-1
Ooj

I Jo
n
M=t
n

9(k) = a; “g(K) . (7.1)

Finally, to do (2.2)2.5), we need to specify the inversion parametersy; and | ;. Asindicated
in Section 2, as standard values we use |1 =1, y; = 11; |, =13 =2, y, = y3 = 13;
l4 =15 =1 =3, ¥4 = Y5 =Yg = 15. If necessary, we increase y; to reduce the aliasing
error, and we increase | j to reduce the roundoff error, with the understanding that this will
increase the computation time. The general idea is to control errors more carefully on the inner

loops (for largej).

We have just given a full algorithm with specific values for the parameters y;,l;,a¢; and

a;j,1 < j < p. These parameters can be used for tuning if necessary. We repeat the calculation
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with different sets of parameters|; to obtain an accuracy check.

For large models, we can calculate using logarithms, as indicated in Section 2.2, and we can
exploit shared computation of closely related normalization constants as indicated at the end of

Section 4.

8. Numerical Examples

All computations reported in this section were done on a SUN SPARC-2 workstation using

double-precision arithmetic.

As apreliminary sanity check, we verified the accuracy of our algorithm by testing it against
simple examples for which the exact value is readily available. In particular, we tested our
algorithm against the classical Koenigsberg[22] formula for single-chain models with only
distinct single-server queues, (3.9) in [3], and the generalization allowing IS queues, (3.22) in [3].
In al cases there was agreement to 8-12 significant digits. Furthermore, whenever our results
based on two different contours agreed up to n significant places, they also agreed with the
aternate formula to that many places. This observation indicates that we can rely on our internal

accuracy check.

In this section we give numerical results for our algorithm applied to four more challenging
closed queueing network examples. For each example, we calculate the normalization constant
g(K) in (1.2) and (4.3) for specified population vectors K from the generating function G(z) in
(4.5). Thus the parameters are the number of chains, p, the number of distinct single-server
queues, q', the multiplicities m;, the aggregate relative traffic intensities p;;, 1 <j <p,

0 <i < q', andthe desired population vector K.

Note that the normalization constant g(K') only depends on these parameters p,q’ ,m;,p;; and

K. Hence, we do not fully specify the models below. In particular, we do not give the routing
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probabilities R,; 5 or the mean servicetimest,;. Thus, there are many detailed models consistent
with our partial mode specifications. One possible routing matrix consistent with the data that
we provideisacyclic routing matrix, al of whose entriesare 0'sand 1's, which yields visit ratios
e = 1 for al stages (r,i) from (4.2). If we consider this case, then t,; = p;; and the
throughputs 8,; in (4.7) coincide with the normalization constant ratios g(K -1;)/g(K). Weaso
display these ratios along with the values of g(K) in our numerical results below. We note that
the throughputs for any more detailed model can be found by solving (4.2) for the visit ratios e,

and then applying (4.7).

For the first three examples, the total number of single-server queues is the same, namely,
g = 50. However, in each example we consider ten distinct queues, each with multiplicity five.
Thus, q' = 10 in each example. This reduces the computational complexity for our algorithm,
but not for the others. We also allow for IS queues, with almost no additional computational
complexity. (Note that any number of IS queues can be aggregated trivialy into a single 1S

gueue.) Multiplicities and the presence of IS queues evidently complicate the theory of residues
[3l.

What is different in our examples is the number of closed chains. The first example has only
one chain, and is thus the easiest example. The second example has four chains, while the third
and fourth examples have eleven chains. However, the dimension can be reduced from eleven to
two in the last two examples, whereas the dimension cannot be reduced below four in the second
example, so that for our algorithm the second example is the most difficult. The last case of the

second example took about half an hour (on the SUN SPARC-2 workstation).

The numerical results below are shown to seven significant figures, which is more than
adequate for most applications. However the realized accuracy was found to be 8-12 significant

places. This was determined either by comparison with the convolution algorithm or by our
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internal accuracy check using two sets of |; values for each case. (The parameter |; appears in

(2.3); see Section 2.3.) Each number below is expressed as aek, which means ax 10X.

For al the examples, we used Euler summation whenever K; exceeds C, requiring the
computation of C terms. Euler summation works in al these examples, providing tremendous
computational savings whenever a particular K; is large. For al examples C = 100 was
adequate and for most examples C = 31 was adequate.

Example 1. In the first example, there are an arbitrary number of infinite-server queues and a
total of 50 single-server queues, which consist of 10 distinct queues, each with a multiplicity of 5.
The model has one closed chain going through all infinite-server queues and each single-server

gueue at least once.

The classical closed-form expression for the normalization constant g(K) due to Koenigsberg
[17,22,23] holds in a single-chain model when there are no multiplicities and no |oad-dependent
servers, see (3.9) of [3]. Bertozzi and McKenna [3] derived corresponding closed-form
expressions for g(K) when there are multiplicities but no load-dependent servers ((3.12) of [3])
and when there is an IS queue but no multiplicities ((3.22) of [3]), but evidently no closed-form
expression has yet been derived for the case considered here in which there are both multiplicities
and an IS queue. Moreover, with either multiplicities or an IS queue, our algorithm may be
competitive with computation from the closed-form formulas. However, without multiplicities or

load-dependent servers, the simple classical formula (3.9) of [3] seems clearly best.

Herep = 1,9 = 10andm; = 5,1 < i < 10. The relative traffic intensitiesare p1g = 5

and
pyi = 0.1 for i =1,2,...,10,

so that p ;; ranges from 0.1 to 1.0. We consider eight cases for the total population: K, = 2x10X

fork = 0, 1,..,7. Wegivethe numerica results below in Table 1.



aoopulation Ky Enormalizationconstantg(Kl) Bratiog(Kl—l)/g(Kl) E
0 0 0 0
0 2 [5.377500€2 [16.043701e-2 0
0 20 [1.906584el13 [14.461782e-1 0
0 200 [11.381312e26 09.659115e-1 0
O 2000 U1.284918e31 Ho.978987e-1 O
B 20,000 51.541538e35 59.997990e~1 g
5 200,000 1.569301€39 79.999800e-1 0
0 2,000,000 []1.572100e43 []9.999980e-1 0
H 20,000,000 H1.572380e47 H9.999998e-1 H

Table 1. Numerical results for Example 1.

For all but the last case, the numbers agree with the convolution algorithm (the agreement is
more than the displayed seven digits; often up to 12 digits). A straightforward implementation of
the convolution algorithm seemed to have numerical under/overflow problem, but we corrected
for this by working with logarithms and ratios of very large or very small quantities. In the last
case, the convolution algorithm runs out of storage space, so that we verify the accuracy only by

our internal accuracy check using two different values of | ; as explained in Section 2.3.

In terms of computation time, our inversion algorithm is virtually instantaneous (less than one
half second) for all these cases, because Euler summation with 31 terms works. In contrast, the
convolution algorithm took 2 minutes for K; = 200 and 20 minutes for K; = 2000. Thus, we
would project that the convolution algorithm would take over three hours for the last case with

K, = 20,000.

To provide a further computational check, we also considered this same example with the
multiplicity of each queue changed from 5 to 1. Then we can also apply formula(3.22) of
Bertozzi and McKenna[3]. Moreover, from that formula we can calculate the limiting value of

the normalization constant asK,; — o, whichisfinitein thiscase. In particular, in this case
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ex / 5109
lim g(K,) = gp(pl,o Prw) egllo = 408986.88024 .
o M(P120-P1,i) '

i=1

Here are some of our resultss For K; =2, g(K;) = 57.050000000; for K; = 200,
g(K1) = 408986.87849; and for K; = 2000, g(K 1) agrees with the asymptotic formula to all
exhibited digits. For the first two cases, our results agree with (3.22) of Bertozzi and
McKenna[3] to all exhibited digits.

Example 2. This example isidentical to Example 1 except that now p = 4 and each of the four
chains goes through each of the 50 single-server queues at least once and the first chain does not
go through any infinite-server queue. No dimension reduction is possible in this case, because pj;
is positive for al i and j. Since we have 10 distinct queues, each with multiplicity 5, this model
does not satisfy the assumptions for the residue resultsin [3]. However, as we have noted before,

the multiplicities reduce the computational complexity here. The relative traffic intensities are:
Po =0, po =5, P =10, pgyp =20
and
pji =01li+j-1fori=1,...,10 ad j=1,...,4

so that pj; ranges from 0.1 to 4.0. (Again there are both multiplicities and near multiplicities.)

We give numerical resultsfor nine casesin Table 2 below:
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U chain populations g U O
EKl Ky, K3 Ky gnormalizationconstantg(K) gratiog(K—ll)/g(K) B
o 2 2 2 20 3.915239%14 U 6.347791e-2 O
g 20 2 2 2 B 1.066795625 E 4.429595¢-1 S
0 100 2 2 2 g 2.254450e36 0  8677053e-1 0
0] 500 2 2 20 3.288626044 0  9.793468e-1 0
[5000 2 2 20 4.527130e54 O  9.9799%1le1 0
U020 20 2 2 U 3.859354e45 U 3.499500e-1 U
B 100 100 2 2 B 2.719940e129 g 5.030302¢e-1 S
0500 50 2 2 g 1.653278e497 O 5.22114lel 0
0500 50 5 5 [ 1.026054e515 0  5.100207e-1 0

Table2. Numerical results for Example 2.

Here again we verified accuracy in all but the last case using the convolution algorithm. The
agreement, again, is more than the displayed seven digits. The convolution algorithm runs out of
storage space for the last case, so that we verify accuracy in that case only by our internal
accuracy check by, for which we used the following sets of |; parameters:

Setl:ll

1,|2=2,|3:2,|4=3

Set2:|1 1,|2=2,|3:3,|4=3

The computation time for our algorithm is half an hour for the last case using Euler summation
with 31 terms, which effectively reduces both K, and K, from 500 to 31. If the convolution
algorithm did not have any storage problem, it would have taken over three and a half hoursin the
last case. It is to be noted that even if we multiply K; and K, by a factor of 10 or 100, our
computation time would remain about the same, but the convolution agorithm would have its
run-time and storage requirement multiplied by 10 or 1002.

Example 3. Againg = 50,q" = 10andm; = 5,1 < i < 10, but now p = 11. However, here
it is possible to reduce the dimension to 2, so that this example is actually easier than Example 2
for our agorithm. (This would also be the case for the tree convolution agorithm [27].) The

relative traffic intensities are:
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Pjo = 5j —10for j =2,3,...,11, and pyp = 50,
pj = 0.1(j-1) for j=2,...,11,
py; =1+ 01(j-1) for j=2,...,11,

with p;; = Ofor all other (j,i).

This example is precisely of the form considered in Section 5.4. Indeed, the generating
function is given in (5.31) and the interdependence graph is given in Figure 1 there. Thus, the

dimension can be reduced from 11 to 2. The numerical resultsfor eight cases are givenin Table 3

below.
U chain populations g O [
ﬂ(l- for2 < j <11, Ky Enormalization constant g(K) Eratio g(K-17)/g(K) E
g 2 2 B 1.235628e25 g 1.492001e-2 g
0 2 20 7.503087e45 O l296652e-1 0
0 2 200 [ 5.970503e129 0 4477497e-1 0
0 2 2000 O 1.937826e683 0  4.982502e-1 0
O  5(j-1) 2 O 3.004462€107 0  8.039024e-3 O
O 5(j-1) 20 U 1.677866€133 U 6.803960e-2 O
g 5(j-1) 200 E 8.032122e260 E 2.858885¢-1 B
0 5(j-1) 2000 1.617153e926 0  4.746674e-1 0
Table 3. Numerical results for Example 3.
In each casg, the inversions for variables z,,z3, . . ., 11 are done explicitly, using (5.35), and

henceno | isinvolved for 2 < j < 11. Hence, only a one-dimensional algorithm is required for
thisexample. The accuracy is checked by doing the calculation withl; = 1landl; = 2

Example 4. Thisis our most challenging problem. It is the same as Example 3 except that we
change the multiplicities m; and the chain populations K;. We increase m; from 5 to 100,
1 < i < 10. Hence, now thereare g = 1000 single-server queues, but till only ' = 10 distinct
queues. We consider three cases. First, we increase the chain populations to K; = 200 for
2 <j <11 We obtain three subcases by considering three different values for K. Our

numerical results are given below in Table 4.
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Lehain populations g O g
%@- for2<j<11 K1 gnormalization constant g(K) Eratio g(K-1,)/g(K) g
O 200 20 U 1.232036€278 0 4582083e-3 O
g 200 200 g 29417406579 B 4.281094e-2 B
0 200 2000 . 3.399948e2037 0 258548%-1 0
0 200 20,000 9.07177e8575 0  4.846930e-1 0

Table 4. Numerical resultsfor Case 1 of Example 4.

As in Example 3, the accuracy was checked by performing the calculations twice, once with
I, = 1 and once with I; = 2. Again, the inversions for variables z,,z3,...,2z4; are done

explicitly by (5.35), so that the numerical inversion was essentially one-dimensional.

The results in Table 4 were obtained in less than one minute by exploiting Euler summation
with 51 terms. This example would seem to be out of the range of existing algorithms, with the
possible exception of the tree convolution algorithm and the ones based on asymptotics [21,30].
For example, convolution would require a storage of size 2001°x2x10* = 2.5x10%’ for the last

case of Table4. Thelast case would appear to be difficult even for the tree algorithm.

From [30-33], we see that the PANACEA algorithm based on asymptotics requires that there
be an IS queue and that each chain visit this queue. Unlike [30-33], the asymptotic
approximation in [21] does not require any 1S queue, but it requires that all chain populations be
large. To show that our algorithm does not have such limitations, we consider two modifications
of Case1l. Case 2 has classes 1 and 2 with small populations, while the other class populations
remain large. In particular, we let K, = 2 and K3 = 5. Numerical results for Case 2 appear

below in Table 5.
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U chain populations g O 0
B Kjfor2<j<11 Ky gnormalization constant g(K) gratiog(K—ll)/g(K) B
nall cases: 2 O 3.842031e407 0 5128582¢-4 0
, = 2, 20 o 1.484823e454 o 5087018e3 o
5 = 5and 200 6.0032316747 O 47067832
K; =200,4<j<s11 2000 [ 5.442693e2154 O 2.705391e-1 O
B 20,000 E 2.494765e8617 E 4.852817e-1 B

Table5. Numerical resultsfor Case 2 of Example 4.

Case 3 is amodification of Case 2 in which we remove all the IS nodes, i.e., we set Pjo =0
for al j. Numerical results for Case 3 appear below in Table6. Asfor Case 1, Cases 2 and 3

reguired about a minute on the SUN SPARC-2 workstation.

U chain populations O [ O
E Kjfor2<j<11 Ky Hnormalizationsconstantg(K) Era’tiog(K—ll)/g(K) H
aII cases 2 U 9.959619e313 0 4762073e-4 O
20 E 1.447107e361 B 4.728591e-3 E

= 5 and 200 1.222889e660 0 441744482 0
[K =200,4<j< 2000 [ 2.948943e2096 0  2.645993e-1 0
E 20,000 E 42105418588 E 4.851015e-1 E

Table6. Numerical results for Case 3 of Example 4.

Before closing this section, we point out that if the model is such that we cannot take
advantage of any of our speed-up techniques (namely, dimension reduction, fast summation of
large sums and large queue multiplicities), then our algorithm will be slower than the convolution
algorithm, as already indicated in Section 2.5. Similarly, if dimension reduction is possible but
none of the other speed-ups, then our agorithm will be slower than the tree convolution

algorithm, which also does dimension reduction in the time domain.

To illustrate, Lam and Lien [27] analyze an example with 64 queues and 32 chains, requiring
about 3x107 operations. We analyzed this model and observed that the effective dimension can

be reduced from 32 to 9. However, all chain populations are between 1 and 5 and so our speed-
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up technique based on Euler summation does not apply. Also there are no multiplicities. We
estimated that our operation count for this example would be about 102, so that our agorithm is
considerably slower than the tree convolution agorithm, even though our algorithm is faster than

the pure convolution agorithm, which has an operation count of about 1023

. It appears that our
algorithm nicely complements the tree algorithm, because the tree algorithm will be faster if the
effective dimension after dimension reduction remains large but al chain populations are small.

In contrast, our agorithm will be faster if the effective dimension after dimension reduction is

small (typically 5 or less) but some of the chain populations are large.

9. Conclusions

We have presented a general algorithm for calculating normalization constants in product-
form models by numericaly inverting their generating functions (Section 2). An advantage of
this agorithm over recursive algorithms is the very small storage requirement. Another
advantage is the fast computation of large sums using acceleration methods, in particular Euler
summation. We have shown how the dimension can often be dramatically reduced by exploiting
conditional decomposition (Section 3). We have indicated that this dimension reduction scheme

is closely related to the tree convolution algorithm of Lam and Lien [27].

We have considered in detail the special case of closed queueing networks with only single-
server and IS queues, where the IS gqueues are optiona (Section 4), and developed an explicit
scaling algorithm for this class of models (Section 5). We have shown how to calculate mean
gueue lengths and higher-order moments directly by performing only two inversions of the same
form as for the normalization constant (Section 6). We have summarized the inversion algorithm
(Section 7). Finaly, we have presented a few numerical examples illustrating the algorithms and

showing that it can solve some challenging problems (Section 8).
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In subsequent work (e.g., [7]) we have developed detailed scaling agorithms for other
subclasses of product-form models, extending Section 5. In other more recent work we have
developed an effective automatic, dynamic scaling algorithm that requires only limited
knowledge of special generating function structure, in the spirit of Lam [26]. This scaling alows
us to analyze models with general state-dependent service rates just as efficiently as the models

considered in this paper.

In conclusion, we think that the numerical inversion algorithm here usefully complements
existing algorithms for closed queueing networks and related models, and that there is significant
potential for further progress with this approach.

Acknowledgment. Wethank Y aakov Kogan for discussions that helped motivate this work. We

thank Yoni Levy and the referees for useful comments.
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